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ABSTRACT

The set of boundary points at which a BMOA function in the unit ball of C fails to have a radial
limit may be an arbitrary G, of measure zero. Similar results are given for the Bloch space and for
VMOA. As an application it is shown that there exist functions with no radial limits in the
holomorphic Besov spaces interpolating between the Hardy space H? and the Bloch space.

0. Introduction

Notation and terminology will be for the most part as in [20]: the notation
HP = H?(B) (0<p =) will refer to the usual Hardy spaces of holomorphic
functions in B, = B, the (Euclidean) unit ball of C“, and the boundary of B will
be denoted S, =S. We will set D = B,. The rotation-invariant Borel probability
measure on S is 0.

It is very well known that a bounded holomorphic function in D must possess a
radial limit at almost every point of the boundary. In fact this theorem of Fatou is
optimal: if E < S, has measure zero then there exists a bounded holomorphic
function with a radial limit at no point of E (cf. the introduction to [17]).

The situation in B, (d = 2) is not quite so simple. While it is certainly still true
that a bounded holomorphic function must have a radial limit almost everywhere
(this follows easily from the corresponding fact in one variable), this is far from a
characterization of the sets of radial divergence for H™-functions. For example,
any function in H”(B,) must have a limit at the point (e”, 0) for almost every
value of ¢, although these points form a set of measure zero; this is because the
points (e”, 0) form the boundary of a (smoothly) embedded holomorphic disc.
Nagel and Rudin [14; 20, Theorem 11.2.4] have given a remarkable generaliza-
tion: if y is a C'** curve in § which is transverse to the ‘complex-tangential’
directions, then y is the boundary of a disc which is in a sense ‘almost
holomorphic’, so that any f € H”(B) must have a radial limit at almost every
point of y. (This was extended to rectifiable y in [15].) But basic questions
concerning the structure of the sets of divergence for H™-functions remain open.
In particular, it is not known whether f € H*(B) must have a radial limit almost
everywhere with respect to an arbitrary ‘representing measure’ for the ball
algebra [20, p. 247], even when the representing measure arises from a proper
holomorphic map from the disc to the ball; one may obtain a positive result here
if the image of the disc has finite area [27].

It appears that H™ is the only one of the H”-spaces in which the structure of the
sets of divergence depends in this way on the splitting of the tangent space into
complex tangential and transverse directions. This is easy to see: take d =2 and
set

0.0) f(z 22) = 2 @)
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Then f € H? for all p <o, although f has a radial limit at none of the points
(e”, 0). (In fact f lies in the space called ‘BMOA,’ in [10}; if the exponents in (0.0)
are replaced by a sequence tending to infinity somewhat faster then f lies in
‘BMOA,’. See § 1 for definitions and comments.)

Given a function f defined in B, let E, be the set of boundary points at which f
fails to have a radial limit. We shall show that if £ < S is a G then there exists a
Bloch function f such that E,=E; if o(E)=0, we may achieve f e BMOA
(Theorem 1). This does not quite characterize {E,: f € B} or {E;: f e BMOA},
because in general £, need be only a G,,. (In fact the function constructed in
Theorem 1 has infinite radial variation on E and finite radial variation elsewhere;
note that the set where an arbitrary function has infinite radial variation must be
a G())

The proof of Theorem 1 would be much simpler if we restricted attention to
compact sets; in this regard we point out that Theorem 1(i) is not sufficient for the
application given in Theorem 3. Let X, (2 <p <) denote the Besov space in B
interpolating between the Bloch space %B(B) and H? (so that X, = H*(B) and
X. = B(B); see (1.10) below). We show in Theorem 3 that for 2 <p <« there
exists f € X, with E; =S§. The proof proceeds by first constructing g € X, with
o(E,) = 1; this is relatively simple (Proposition 0). Then we apply Theorem 1(ii)
to find h e BMOA such that f =g + h € X, has no radial limits.

One cannot expect a similar pointwise statement for VMOA or %,, because 8]
a function in %,(D) must have a radial limit at each point of a dense subset of the
circle; in fact this set must have Hausdorff dimension 1 (12, 13]. (Similarly, it is
known that a Bloch function must have radial limits on a dense set if the value
infinity is allowed; indeed, Theorem 1 of [5] shows that if f € B(D) and o(E;) =1
then the real part of f must have radial limit +o on a dense set. For us the word
‘limit’ will mean ‘finite limit’.) It is shown in Theorem 2 below that if u is a
(regular Borel) measure on S then there exists an f € %,(B) with u(S\E;) =0,
and that if p is singular then there exists a VMOA function with this property.
Various special cases of Theorems 1 and 2 appear in [1;17;18; 21, Theorem 5.2;
22;26].

The proofs of Theorems 1 and 2 are substantially simpler if E is circled; that is,
if "¢ € E whenever { € E. This is largely because if E is circled then the function
f in the two theorems may be constructed as a lacunary sum of homogeneous
polynomials, so that the restriction to a complex line through the origin is a
lacunary power series; a great deal is known about questions of convergence for
such series. We shall see that most of Theorem 1 can be reduced to this case by a
device known in some circles as homogenization; we prove the theorem for
circled sets in § 3 and then indicate in § 4 how the general case follows.

Related results for d = 1 may be found in [11].

It is a pleasure to thank Alan Noell and Wade Ramey for stimulating
discussions on these topics.

1. Definitions and statement of results
If f: B—>C and { €S, we will define f,: D—C by

(1.0) fA)=f(AL) (AeD).
The Bloch space %(B) can be defined in terms of these ‘slice functions’ f, [25].
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We begin with d = 1. We write f € B(D) if f is holomorphic in D and

(BY fOI<{—5p (GeD)

for some finite constant c; for f € (D) we set

(1.2) 1f llaor = sup(1 = 1AP) 1f ()]

(Of course (1.2) defines only a seminorm on %B(D); one might regard (1.2) as
defining a norm on %(D)/C.)
The space By(D) is the set of all f € B(D) with

(1.3) lim (1~ 12) | (1) =0.

It is easy to see that %By(D) is precisely the closure in B(D) of the polynomials.
We will say that f € B(B) if f is holomorphic in B and || f¢||ap) is bounded for
CesS; we set

(1.4) ||f||se(13) = S;‘:Is) ”ft;”%(D)-

Thus a function f holomorphic in B is a Bloch function if and only if

(1.5) (1= 1z") IRf(2)I <c,

where R denotes the radial derivative [20, p. 103]; as in the case where d = 1, we
say that f € By(B) if

(1.6) lim (1- 12 IRf (2)] =0,

and we note that %B,(B) is the closure of the polynomials in B(B).
We turn now to the definition of BMOA. If f € L'(S) = L'(0) and 2 c § with
0(2) >0 then we define f, = 0(2) ' [, fdo. For { €S and 6 >0 we define

(1.7) 25(8)={5eS: 1§-L|<d};

finally, BMO = BMO(S) denotes the space of all functions f € L*(S) such that the
quantity 0(2)™'[4 |f — fo| do is bounded for 2= 94), e S, §>0.

As usual, BMOA = BMO N H?, and VMOA s the closure of the (holomor-
phic) polynomials in BMOA; it is easy to see that f e VMOA if and only if
f e BMOA and

(1.8) lim sup O(Qé(C))"I |f = fayo)l do=0.
6—0 CeS 25(8)

Our notation ‘BMOA’ is not consistent with the notation in [2,19], etc.
Following [10], let BMOA, be the space defined above, and set BMOA, equal to
the space of holomorphic functions satisfying a BMO condition with respect to
the well-known ‘non-isotropic balls’ on the boundary (see (2.2) below). It often
seems that BMOA, is the more ‘natural’ of the two spaces, because, for example,
the dual of the (holomorphic) Hardy space H'(B) is BMOA,. It is shown in [10]
that BMOA, is a proper subspace of BMOA,, so that our results for BMOA,
contain the corresponding results for BMOA,.
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Note. The proof in ([10] does not explicitly exhibit an element of
BMOA,;\BMOA,. It may be of some interest to see that a lacunary series gives
a simple example of such a function.

Let g(A)= L2, A'* (A € D). Then g € B(D), because g is a lacunary series with
bounded coefficients [4]. Now set f(z) =g(z)) (z =(z,, z') e C x C*™"). The fact
that g € B(D) implies that f e BMOA, (for much stronger results of this sort see
[19]). However f ¢ BMOA: it is easy to see that |g'()| =c1(¥ for all A in the
annulus defined by the inequality |1 —107/ —|A||<c107, and this shows that
(1 =1z |Vf|* cannot be a Carleson measure. (Define C, = {(z,, z'): |2'|<h,
zy=re", |t|<h, 1—h<r<1-2h%}. Note that |z'|’<3(1—|z]*) for zeC,
(0<h <3). It follows that [, (1—|z|*) |[Vf|>=ch®*~'log(1/h).)

We define E; to be the set of all { € S such that f does not have a radial limit at
. Theorem 1 below states in part that if Ec S is a G5 with o(E) =0 then there
exists f €e BMOA with E = E;. For the proof of Theorem 3 we will need explicit
estimates on the rate of oscillation of f on radii terminating at points of E; this
requires another definition.

We set

w,(f) = w,(f, &) = sup{|f (t0) = f(sO)I: s, te L},

where [;=[1-27Y"Y,1-27Y*Y] and we define
(1.9) o(f) = w(f, §) =lim sup w;(f, £).
jo®
(Thus w(f) might be called the (radial) dyadic oscillation of f.)

THeOREM 1. (i) Suppose K c § is compact. There exists f € B(B) such that f
extends to a holomorphic function in a neighbourhood of B\K but f has a radial
limit at no point of K; in fact w(f, §)>0 for § e K.

(i1) Suppose E c S is a Gs. There exists f € B(B) such that w(f, E)>0forEeE
while all of the first-order partial derivatives of f have non-tangential limits at every
point of S\K.

(i) If o(K)=0 then we may obtain f ¢ BMOA(B) in part (i); similarly if
o(E) =0, we may obtain f e BMOA(B) in part (ii).

In particular £, =K in (i) and E; =E in (ii). This may be compared with
previous results in this direction. It was shown in [23] that there exists a function
f € B(B) with a(E;) =1, while the result of [26] states that there exists f € %B(B)
with E; =§.

The proof of Theorem 1(ii) will show that we could obtain non-tangential
convergence of the partial derivatives of any given order on S\E; further we
could obtain admissible convergence, or indeed convergence in essentially any
‘approach region’, in place of non-tangential convergence.

Since any set of measure zero is contained in a G5 of measure zero, we obtain
the following corollary.

CoroLLARY. Suppose Ec S and o(E)=0. Then there exists f e BMOA(B)
such that f has a radial limit at no point of E.



RADIAL DIVERGENCE IN BMOA 149

Theorem 2 gives a similar result for %, and VMOA.

THeoREM 2. (i) Let u be a (regular positive Borel) measure on S. There exists
f € By(B) with u(S\E;) =0.
(i1) If u is singular then we may obtain f € VMOA in part (i).

For f holomorphic in B and 1<p < we will write f € X, if

(1.10) | RGP (1= 12y~ dm(z) <

where m is Lebesgue measure in C? and R is the radial derivative. As p tends to
infinity (1.10) becomes the condition that |Rf(z)| (1 —|z|?) be bounded, so that
we define X, = %B(B). Note that X, is the Hardy space H?; the spaces X,
(2<p <) are simply the holomorphic Besov spaces interpolating between H*
and B(B). (The fact that X, = H*(B) follows from the case where d =1 by the
trivial identity [|f113zs) = [ || fell3no) do(£).)

We shall prove the following theorem.

THEOREM 3. If 2 <p < then there exists f € X, with E; = §.

We will prove Theorem 3 in the next section, assuming the validity of Theorem
1; the manipulations with ‘Ryll-Wojtaszczyk polynomials’ involved may serve as
motivation for the somewhat more delicate constructions required in the proof of
Theorem 1.

2. Proof of Theorem 3

Lemma 0. Suppose that P, is a polynomial in C’ homogeneous of degree
2%, 2<p <, and suppose that

(2.0)

TMs

I Pellp <o
1
(with the obvious interpretation for p = ). Define f =Yy, P,. Then f € X,,.

It will be clear to readers familiar with the various characterizations of the
classical Besov spaces [16;24, § V.5] that the lemma is valid for p = 1. It is very
easy to give a direct proof for 2<p <o,

Proof. It suffices to consider the two cases p =2 and p =, by interpolation.
The lemma is trivial for p =2, since X, = H%

Suppose that (2.0) holds with p = «; that is, ||P||. is bounded. This implies
that each slice function f, is a lacunary series with bounded coefficients; thus
fee B(D) [4], and in fact ||fe|lsop) is bounded for [ e€S. This implies that
f € B(B) = X, by definition.
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We will begin the proof of Theorem 3 by constructing a function f e X,
(2 <p <=) with 0(E;) = 1, using the so-called Ryll-Wojtaszczyk polynomials. As
in [21], we define

2.1) d(&, E)=(1- KL E)D (& EeS).

It is shown in [21, Lemma 2.2] that d satisfies the triangle inequality on S; d is not
quite a metric, because d(&, £) =0 if and only if §=¢“Z (§, £ € S). We define

(2.2) 95(8)={E€S: d(& E)<8} (LeS 6>0).
Lemma 2.2 of [21] shows that
(2.3) 0(24(8))=6%"% (0<8=1).

We will say that the set 'c S is ‘O-separated’ if the sets 25(¢) ({ €T) are
pairwise disjoint.

Fix a positive integer k for a moment. Let 8 = (Ak)™%; here A is a small
positive number to be determined. Now let 'S be a maximal §-separated
subset of S. (Note that I is a singleton if d = 1.) Define

24 Wi(z) = CZF (z, D)~
It is shown in [21, Theorem 2.1] that there exists a constant ¢ = ¢(d, A) such that
W, <cinB.

The sequence of homogeneous polynomials W), W,, ... defined in the previous
paragraph is called an ‘RW sequence’ in [21], where the existence of such
polynomials is applied to a wide variety of problems. One of the original
applications in [23] was to show that there exists f € B(B) with o(E,) = 1; in fact
f = L=\ Wy has this property. We shall see that if 2 < p < then one may obtain
f € X, with o(E;) =1 by a similar construction. We begin by showing that if A is
small enough then the terms in (2.4) have almost disjoint support, in the
following sense.

Lemma 1. Suppose k is a positive integer and & = (Ak)"%, as above. Suppose T
is a maximal O-separated subset of S. If A >0 is small enough then there exists a
constant y = y(A, d) such that

(2.5) I(E, ) 123 (LeT, E€2,(0))

and

(2.6) S HECYISE (T Eca,u()
Lo

Proof. The proof of Theorem 2.1 in [21] shows that (2.6) holds with y = 3, say,
if A is small enough. Once A is fixed so that (2.6) holds with y =13, it is easy to
see that (2.5) holds as well, with perhaps a smaller value of y. Suppose first that
y?<1A, so that y?6*<13. Since 1 —u =e~*“ for 0<u <4, we obtain

(27) I(C, §>k|2> (1 — YZ(SZ)k = e—ckylé2 — e—(yZ/A

for £ € 2,5(§); we need merely choose y so that exp(—cy?/A) = .
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The values of A and y will be fixed from now on so that the statement of

Lemma 1 holds.
Note that (2.5) and (2.6) imply that

@29) W1z (8 24(0))
Together with (2.3) and the maximality of I this gives the following corollary.

CoroLLARY 1. For each p >0 there exists ¢, >0, depending only on d and p,
such that

(2.9) Will,=c, (k=1,2,..).
We will use the following ‘scrambling lemma’.
LemMMa 2 [20, Lemma 7.2.7]. Suppose that (x.) is a uniformly bounded

sequence of non-negative measurable functions on S with Y.5_, [ x« do =». Then
there exist unitary maps U,, U,, ... such that

(2.10) 2 x(Uel) =
k=1
for almost every L € S.
(The lemma is valid under weaker hypotheses; see, for example, [7, Theorem
5.1.2]. The hypothesis of uniform boundedness is needed for the particularly

elegant proof given in [20].)
We can now prove the ‘almost everywhere’ version of Theorem 3.

ProrosiTion 0. If 2<p <, there exists f € X, such that o(E;) = 1.
Proof. As mentioned earlier, the case where p = % is due to Timoney [25]; we

will simplify the notation by supposing that 2 <p <.
It follows from (2.9) that

@2.11) 3 k“J (Wl do = co.
k=1 S
Now Lemma 2 shows that there exist unitary maps U, U,, ... such that
(2.12) > kT WU b)) = o
k=1

almost everywhere on S. Fix such a sequence and define

(2.13) f(2)= i_o‘, k™ W(U,.2).

Lemma 0 shows that feX,. Fix €S as in (2.12). Since WyoU, is
homogeneous of degree 2¥, we see that

©

(2.14) feA)=f(A8) = 3 ad?,

k=1
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where ak=k“%W2k(U,‘C). Thus f; is given by a lacunary power series with
coefficients which are not square summable (2.12); hence o,(E;)=0 [28, v.I,
p. 203].

Since f; has radial limits almost nowhere for almost every value of {, Fubini’s
theorem shows that o(E;) = 1.

Proof of Theorem 3. By Proposition 0 we may find f, € X,, such that o(E;) = 1.
Choose a Gs-set E c S with o(E)=0 and S\E;, c E.

Theorem 1(ii) shows that there exists f, e BMOA with E£,=FE. Certainly
£ € X, since

BMOAcCH’N®B=X,NX.cX,.

Let f=fi+f,. Then feX,; we will show that E,=S. Note first that
S\E:CIE&lr]S\t%EC:Ek.

Now suppose that { € E. Then f, diverges at {, but f; may diverge at { as well.
However, Theorem 1 tells us not only that f, has no radial limit at { but that in
fact w(f,, £) > 0. On the other hand, if f, is as in (2.13) then f, € B\(B), because
the coefficients in (2.13) tend to zero. This shows that w(f;) =0 on all of S; in
particular, w(f, £) >0, so that { € E,.

3. Theorem 1 for circled sets

Recall that A and y are constants with values fixed so that Lemma 1 holds. We
can obtain pointwise results instead of just ‘a.e.’ results by using the following
lemma instead of measure-theoretic arguments like Lemma 2.

LemMa 3 [3,26]). There exists a constant N, depending only on y and the
dimension d, such that if T c S and T is (3y8)-separated then there exist pairwise
disjoint 6-separated sets T, (1<sv<N)withT={J}_,T,.

We fix a value of N so that Lemma 3 holds; we also fix a number a > 1 such
that a®¥ <2, and a positive integer k” such that if k = k" then there exists an
integer k' with a <k'/k < a”.

Our next task is to define a certain polynomial W associated with each integer
k =k" and circled compact set K = S. We will show that there exists a lacunary
sum of N uniformly bounded homogeneous polynomials such that the sum of the
absolute value of the terms gives a rough approximation to the characteristic
function of K.

Fix a circled compact set K = § and an integer k = k", and set & = (Ak)~} as
before. Now let I'c K be a maximal (}yd)-separated subset of K, and write
r=(JY_,T, as in Lemma 3. Because k = k", we may find integers k = k) <
k®D<...<k™ such that a<k®*P/k™M<a® for Isv<N-1. (Note that
k™) <2k.) Define

(3.0) Wi)=2 2 (z )"

v=1 (el,

We note first that if 8, = (Ak"’)~* then &, = 18, so that our choice of T implies
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that
N
(3.1) Kc VL=J] ;LEJr 2,5,(8)
It follows that
(2) max | 3 (& 0= (k)
by Lemma 1.

We shall see that f =Y, W,'fi is a Bloch function satisfying the conclusion of
Theorem 1(i) if (k;) is a sequence tending to infinity sufficiently rapidly. The
proof is a simple ‘gliding hump’ argument, using the following lemma. As usual,
rC={rz: zeC}.

LeMMA 4. Suppose that K is a circled compact subset of S, and C is a compact
subset of the closed ball B with KN\ C = . Then there exists r > 1 such that WX
tends to zero uniformly on rC as k— . (Hence all the partial derivatives of W5
tend to zero uniformly on C.)

Proof. We may find a circled relatively open set V = § and a number 1<1
such that

CctBU{s& EeS\V,0=ss=<1}.

Since W is a sum of N uniformly bounded homogeneous polynomials of
degree at least k, it is clear that WX — 0 uniformly on rzB for r <1/7; we may
therefore assume that C = {s&: £eS\V,0=<s=<1}.

Since K is circled, we have C Ne“K = for all r. Thus by compactness there
exists 8 <1 such that

(3.3) {z, &)I<B (§eK,zeC);
hence there exists p >0 with
(3.4) dE, B)=p (EeK, EeS\V).

Fix k = k" and & € S\V; let & = (Ak)™?, as always. Let T=|JY_, T, as in the
definition of W, and (as in [21, Theorem 2.1]) define
H, ={(CeT: md<d(g )<(m+1)8).
As in [21], the disjointness of the sets 2.,,4(5) (£ €T') shows that the cardinality
of H, is at most (4(m +2)/y)*~2. Because of (3.4) we also have H,, = for
m<(p/8)—1, that is, for m < p(Ak)>—1. And for { eI", N H,, we have
& )P =1-d*§ §)<1—-m>s*
=1-—m?*/Ak <exp(—m?/Ak),
so that

(3.5) K& OIM'<KE &)|* <exp(-m*/2A) (LeT,NH,, EeS\V).

Let m, be the least integer greater than or equal to p(Ak)Ii — 1. Recalling that
k™ <2k in the definition of W§, we obtain finally

(3.6) IWE(2)| < r? i (4(m +2)/y)¥ %" (z €rC).

m=my
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Since the ratio of successive terms in (3.6) tends to zero, the sum is no larger
than a constant times the first term, so that

(3.7 IWE(2)| < cr**k?~' exp(—3p*k) (z €rC).
If we choose r>1 so that r’e~**2 <1 then (3.7) shows that WX— 0 uniformly
on rC.

We can now prove Theorem 1(i) (for circled sets). Suppose K = S is a circled
compact set. Choose compact sets C;, with j=1, such that C;= C,,,, B\K =
=1 C;, and C; is contained in the interior of rC; for r > 1. By Lemma 4 we may
choose positive integers k; and constants r,> 1 (j = 1) such that k;,, = 4k; and

(3.8) IWE@) <27 (zerC).
Define
(3.9) f(z)= 21 Wi(z).
e

Then f € B(B) as in Proposition 0, and (3.8) shows that f is holomorphic in the
interior of Uj~, r,C;.

It remains only to show that w(f, §) >0 for every & € K. However, if £E€ K
then (3.2) shows that f; is a lacunary power series with (bounded) coefficients
which do not tend to zero (f: is lacunary because k;.,=4k; in (3.9), while
KO*Y/ kM =z a>1 and k™/k <2 in the definition of W{.) Thus the fact that

w(f)>0on K is a consequence of the following lemma.

Lemma 5. Suppose n;./n;= a>1and |c;| <1 for all j. Let g(4) = X-, ;A" for
A€ D. If the coefficients c; do not tend to zero then w(g, e") >0 for every t.

Theorem 1 of [6] shows that g has no radial limits (see also [9]). Although the
statement of the theorem in [6] says nothing about the rare of divergence, the fact
that w(g, e”) >0 for all ¢ follows from the proof given in [6]. (The lemma is
proved in [6] by ‘the method of repeated differentiation’ [9] together with an
argument involving finite differences; an application of Landau’s inequalities or a
normal-families argument may be used instead.)

We have proved Theorem 1(i) (for circled sets); we will show next that if
o(K) =0 then the function f defined by (3.9) lies in BMOA if k; tends to infinity
rapidly enough.

Lemma 4 shows that if K < § is circled and compact then

(3.10) “T sup ||WE|l, < co(K).

Thus if K< S is a circled compact set with g(K) =0 then lim,_., ||[W£|],=0.
This implies that the function f given by (3.9) lies in BMOA if the k; tend to
infinity rapidly enough, by the following proposition.

ProposiTION 1. Suppose that f, f,, ... e VMO(S), ||fillsmo =1 for all k, and
lim_« || fell, = 0. Then the function

(3.11) f=2k
j=1
lies in BMO if (k;) is a sequence tending to infinity fast enough.
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(More precisely: there exist functions y;: N— N such that f e BMO if (k;) is
any sequence with k; ., = y;(k,, ..., k;) for all j.)

Proof. Sets, =Y/, fv,- We need only prove the following statement.

If k,<k,<...<k, are such that (PSS 277 (1<j<n) and ||s,|lsmo <2, then
I fe,lli <27 and ||s, .1 |lsmo <2 for large enough k, ..

Let us define

(3.12) osci(g, 2) = o(9)" [ lg —gsl do

2
for ge L'(S) and 2= 924(&) (recall definition (1.7)). Let 2 — ||s,|lsmo =1>0.
Since s, € VMO, we may choose p >0 so that if 2 = 24({) with 0< d < p then
(3.13) osc(s,, 2)<3.
walli <270 and

(3.14) Il fri Il < 3t0(2,(2))-
It follows that ||s,.|lemo <2. If 0< d < p, we have

If k,,,, is large enough then || f;

05C1(S, 41, 2) < 08Ci(S,, 2) + 0s¢,(fi
<3+ lfe,nllamo <2,
by (3.13). If, on the other hand, é = p then

0S¢ (Sp+1, 2) < [IsullBmo + 20(,929@))“ ||fk,,+.||1
s2—r+4r<?,

2)

n+1?

by (3.14).

We can now prove Theorem 1(ii) (for circled sets E). We have already
established the estimates we need in the course of proving Theorem 1(i); it is only
the outline which is a bit more involved.

Proof of Theorem 1(ii) (when E is circled). Suppose the circled set Ec S is a
Gs. Choose circled open sets V,, =S (n=1) with V,, =V, and E =(Y,_, V,. For
each n we may write V, =L, K,,;, where K, ; is a circled compact set and
K.,NK, ;=3 (lj—j'|>1). Define K, ,=<. We will show that if the integers
k. ; are chosen properly then

(3.15) f= ; ; W, ;

defines a Bloch function satisfying the conclusion of Theorem 1(ii); here
W, ;= Wg asin (3.0), with K=K, and k =k, .

We begin by partitioning the set of all positive powers of 4 into infinitely many
infinite subsets:

(3.16) (@ m=12.3=UJ,

n=1}
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where the J, are infinite and pairwise disjoint. The k,, ; will be chosen so that
(3.17) knj€Jny Kpju1>ky;.

This will ensure that the exponents appearing in W, ; are distinct from those in
W, ;- unless (n, j)=(n’, j').

We need some notation for non-tangential approach regions. For p € (0, 1) and
E e S let Q,(&) denote the convex hull of {§} U {z: |z| <p}. If Cc S, we define
Q,(C) = Ugec Q,(8). |

Since K, ; is a compact subset of S\_JZ/_; K,,,, Lemma 4 shows that if &, ; is
large enough then

d
(3.18) IW,.(2)] + [_21 IDW, (2)| <27 (z€C,)),

where C,;=Q, (S\ULj_,K, ), with p,=1—1/n. (Here D, is the partial
derivative with respect to z;.)

Suppose now that £ € S\E. Then § € V,, for at most finitely many values of n,
since V,,, c V,, and for each value of n such that § € V,, we have § € C, ; except
for at most three values of j. Thus (3.18) holds for all z € Q,, (), except for at
most finitely many values of (n, j). This shows that the series (3.15) converges
uniformly on (&) for every p € (0, 1), as does the corresponding series for D,f,
so that D,f has a non-tangential limit at &.

One may show that f € %(B) and that w(f) >0 on E exactly as in the proof of
part (i) of the theorem.

The proof that we may obtain f e BMOA if E is a G, of measure zero is
somewhat more technical; this is because the sets V, in the proof above cannot
have measure zero, being open. One may proceed as follows.

Suppose E is a circled G of measure zero. Choose a preliminary collection of
circled open sets V, with E =(\;_, V, and V,,, c V,. Write V, =, K, ; and set

(3.19) fi =§ Wi

where W, ;= W§, K=K, ;, k =k, as before.

Certainly if k, ; tends to infinity fast enough then || fi(z)||l. <c by Lemma 4, so
Il fillemo <c. However f, ¢ VMO, so we cannot simply apply Proposition 1 as
before.

It is clear, however, that f, is continuous on V; if the sequence k, ; grows fast
enough, because K,;NK, ;= for |j—j'|>1. This implies that f; is ‘locally
VMO’ on V, in the following sense. We will say that g e BMO(S) is locally VMO
on the open set V if osc (g, 2;)— 0 whenever 2, =93,((;) is a sequence with
6;,—0, such that [, 2, is contained in some compact subset of V. (Recall
definition (3.12).)

We will choose a new open set V, c V, with E < V,. Since o(E) = 0, we are free
to choose V, so that each of the numbers o(V, N K, ;) is as small as we wish. We
will then write V,=J, K,; and define f, as in (3.19); we will then choose
Vyc VNV, such that each a(V3 N K, ;) is very small, and so forth, finally setting
f=En=1f

The proof that D;f converges on S\E and w(f)>0 on E will be exactly as
before; these facts depended only on our choosing each k, ; large enough. We
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need only show that if at each stage we choose V,, ., so that each o(V,., N K, ) is
small enough then the BMO norm of the partial sum s, =}, f, remains
bounded. This follows from (3.10), by Proposition 2.

ProposiTioN 2. Suppose that g e BMO(S) and ||gllsmo <2. Suppose g is locally
VMO on the open set V < S, and write V =_;_, K ;» where the K; are compact sets
with K;NK;. =@ for |j —j'| > 1. Then there exists a sequence € >0 (j = 0) such
that if h e L*(S), ||hll«<1, |h(E)| < ¢, for all E€S\V, and [y |h|<¢ for j=1,
then ||g + hllgmo <2.

Proof. By hypothesis we may choose ;=0 (j=1) such that if 2= 2,(§) with
0<p; and 2N K; #J then

(3.20) osc,(g, 2) <3.

Let t =2~ ||g|lsmo > 0. Below, we will suppose that ¢t <1 for convenience. Let
€ = 4t, and for j =1 choose ¢ >0 so that

(3.21) £0(24(E)) " =270+,

Suppose A is as in the statement of the proposition. Write h = h, + h,, where h,
is supported on V and h, is supported on S\V. Our choice of ¢, shows that

(3.22) 172]lsmo < llAall- < 4¢;
we will show that
(3.23) llg + hillemo <2 — 3¢,

so that ||g + h||gmo <2 — 5t <2, as required.
Suppose now that 2 = 24(&). The argument is split into two cases.
Case 1. 6 <, for some j=1 with 2N K; # . In this case we see that

(3.24) osc(g + h,, 2) <osc|(g, 2) + oscy(h,, 2)
<jitlhll.<3<2-4,

by (3.20) and our hypotheses on A.
Case 11: 6 > fB; whenever 2N K; # (j =1). In Case II we define

J={j: QﬂKﬁEQ}.
Then

(3.25) oscy(g + hy, 2) s oscy(g, 2) +oscy(hy, 2)
<llgllowo +20(2)™' [ Iyl do
2

<lgllswo + 23, o(24(8) "' Ihildo
jed K;

<llgllamo +2 2, £0(24(E))™"
j=1

=2—t+4t=2-14
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4. Theorem 1

In § 3 we proved Theorem 1 for circled sets; now we will see how the general
case follows.

We begin with Theorem 1(i). Suppose that K < S, is compact. Fix a, 8> 0 with
o’ + B*=1, and define K' = S,,, by K’ = {(e"a, e"BE): { €K, teR}. Then K’ is
a compact circled subset of S,.;, so by the results in the previous section we may
obtain F e B(B,,,) such that E =K', and in fact w(F)>0 on K', while F
extends holomorphically past every point of S,;, \K’. We now define f: B,—C
by f(z) € F(a, Bz).

It is clear that f extends to a function holomorphic in a neighbourhood
of B,\K, and the fact that f € B(B,) follows from the inequality |VF(z)|<
c(1=|z|>)7"; the radial derivative satisfies this inequality by definition (1.5),
while if v is a unit vector with (v, z) =0 and D, denotes differentiation in the
direction v, then Lemma 4.8 of [25] shows that

(4.0) |D,F(z)| <c(1—|z)" &

Finally, the fact that w(f)>0 on K follows from the fact that w(F)>0 on K’
by the following lemma.

LEmMa 6. Suppose F € B(Byy,), for d=1, and fix E=(&§,, §') € S,.,. Then
4.1 [[q(F(w.(r)) = F(ya(r))} =0,

if i(r) = (51, r&') and yo(r) = {y\(r), E)E = (1&E* + r |E'P)E.

Lemma 6 follows from (4.0).

The proof of Theorem 1(ii) from the circled case is exactly the same; if F and f
are related as above then it is clear that non-tangential convergence for the partial
derivatives of F implies non-tangential convergence for the partial derivatives
of f.

We turn now to Theorem 1(iii). Supposing that K = §, is a compact set with
0o(K) =0 we define K'cS§,,, as above. Then K’ is a circled compact set of
measure zero, so the previous section gives us F e BMOA(B,,,) such that
w(F)>0 on K’ and F extends to a neighbourhood of B,,,\K'. A new difficulty
arises at this point: the fact that F e BMOA(B,,,) does not imply that
f e BMOA(B,), if f(z) = F(«, Bz) as above.

It seems likely that one could show that in fact f, e BMOA(B,) for almost every
t, if Fe BMOA(B,,,) and f,(z) = F(e"a, e"Bz). However this is not necessary.
Define

(4.2) IF||.«= ?U“g ”fr”BMO(s,,)-

It is clear that the proof of Proposition 1 remains valid with ||-||, in place of
| llsmo, SO that we may obtain ||F||, <o above.
The second half of Theorem 1(iii) follows similarly.

S. Theorem 2

Theorem 2(i) is very simple. Suppose that u is a (regular Borel) measure on §
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(so that u(S) <), and define f as in (2.13). It follows from Proposition 0 that
o(E;) = 1, while the proof of Theorem 3 shows that f € %,(B). As in the proof of
Theorem 2.1 of [21], Fubini’s theorem shows that we may find a unitary map U
such that u(E,) = u(S), if g(z) = f(Uz).

The second part of the theorem requires only a little more work. Suppose @ is a
singular measure on S,, and define a measure ' on S, by

(5.0) L

el + 1

wau' =) [ gteta et do(e)ar

where « and B are as in the previous section.

We may choose a circled Gs set EcS,,, such that o,.,(E)=0 and
w'(S\E)=0. Now Theorem 1 shows that there exists G e BMOA(B,,,) with
Es = E, and in fact the construction in § 3 gives

™

(5.1) G=>P

J

where P, is a polynomial homogeneous of degree n;, n;,,/n;= a>1, and
(52) 2 P@QF=> (LeE).
j=1

As noted at the end of the previous section, we may actually obtain
g, € BMOA(B,) for all ¢ here, where g,(z) = G(e"a, e"Bz).
We will set

(5.3) F=32 apP,
j=1

where ;>0 and lim,_ . a; = 0.

Now, the fact that a;— 0 shows that F e VMOA(B,.;) and in fact f e
VMOA(B,) for every t (where f,(z) = F(e"a, ¢"Bz)), because the estimates
showing that G e BMO show as well that

L3

Z a;F;

j=n

(5.4)

< ¢ maxa,,
BMO j=n

and similarly for ||-||, (see (4.2)).
However, it is easy to see that (5.2) implies that

(5.5) gﬁmﬁw=wa©Ml

if a; tends to 0 slowly enough.

Asin § 2, set Fg(A) = F(AE) for § € S,., and A € D. Then Fy is a lacunary power
series with coefficients equal to a;P(§) (see (2.14) above). It follows that F; has
radial limits at almost no points of the unit circle whenever & satisfies (5.5).
This shows that for almost every ¢ we have u(E)=u(S), where E, =
(€S, (e"a, e"BE) € Er}. Now Lemma 6 shows that f, has radial limits almost
nowhere [u], for almost every ¢.
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