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ABSTRACT

The set of boundary points at which a BMOA function in the unit ball of C' fails to have a radial
limit may be an arbitrary CA of measure zero. Similar results are given for the Bloch space and for
VMOA. As an application it is shown that there exist functions with no radial limits in the
holomorphic Besov spaces interpolating between the Hardy space H2 and the Bloch space.

0. Introduction

Notation and terminology will be for the most part as in [20]: the notation
Hp = HP(B) (0</7=^oo) will refer to the usual Hardy spaces of holomorphic
functions in Bd = B, the (Euclidean) unit ball of Cd, and the boundary of B will
be denoted 5,/ = S. We will set D = Bx. The rotation-invariant Borel probability
measure on 5 is o.

It is very well known that a bounded holomorphic function in D must possess a
radial limit at almost every point of the boundary. In fact this theorem of Fatou is
optimal: if £c=S, has measure zero then there exists a bounded holomorphic
function with a radial limit at no point of E (cf. the introduction to [17]).

The situation in Bd (d 2= 2) is not quite so simple. While it is certainly still true
that a bounded holomorphic function must have a radial limit almost everywhere
(this follows easily from the corresponding fact in one variable), this is far from a
characterization of the sets of radial divergence for //°°-functions. For example,
any function in HX(B2) must have a limit at the point (e", 0) for almost every
value of /, although these points form a set of measure zero; this is because the
points (e", 0) form the boundary of a (smoothly) embedded holomorphic disc.
Nagel and Rudin [14; 20, Theorem 11.2.4] have given a remarkable generaliza-
tion: if y is a Cl + t curve in 5 which is transverse to the 'complex-tangential'
directions, then y is the boundary of a disc which is in a sense 'almost
holomorphic', so that any / 6 HX(B) must have a radial limit at almost every
point of y. (This was extended to rectifiable y in [15].) But basic questions
concerning the structure of the sets of divergence for //"-functions remain open.
In particular, it is not known whether / e HX(B) must have a radial limit almost
everywhere with respect to an arbitrary 'representing measure' for the ball
algebra [20, p. 247], even when the representing measure arises from a proper
holomorphic map from the disc to the ball; one may obtain a positive result here
if the image of the disc has finite area [27].

It appears that Hx is the only one of the //^-spaces in which the structure of the
sets of divergence depends in this way on the splitting of the tangent space into
complex tangential and transverse directions. This is easy to see: take d = 2 and
set

(0.0)
7 = 1
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Then f e Hp for all p <<x>, although / has a radial limit at none of the points
(e", 0). (In fact/lies in the space called 'BMOA2' in [10]; if the exponents in (0.0)
are replaced by a sequence tending to infinity somewhat faster then / lies in
'BMOA,'. See § 1 for definitions and comments.)

Given a function / defined in B, let Ef be the set of boundary points at which /
fails to have a radial limit. We shall show that if E e S is a G6 then there exists a
Bloch function / such that Ef = E; if o(E) = 0, we may achieve / e BMOA
(Theorem 1). This does not quite characterize {Ef: f e 58} or {Ef: f e BMOA},
because in general Ef need be only a G6a. (In fact the function constructed in
Theorem 1 has infinite radial variation on E and finite radial variation elsewhere;
note that the set where an arbitrary function has infinite radial variation must be
a G , )

The proof of Theorem 1 would be much simpler if we restricted attention to
compact sets; in this regard we point out that Theorem l(i) is not sufficient for the
application given in Theorem 3. Let Xp (2^p ^oo) denote the Besov space in B
interpolating between the Bloch space 2ft(B) and H2 (so that X2 = H2(B) and
Xaa = ffl(B); see (1.10) below). We show in Theorem 3 that for 2<p^*> there
exists f e Xp with Ef = S. The proof proceeds by first constructing g e Xp with
o(Eg) = 1; this is relatively simple (Proposition 0). Then we apply Theorem l(ii)
to find h e BMOA such that f = g + h e Xp has no radial limits.

One cannot expect a similar pointwise statement for VMOA or 58,,, because [8]
a function in 38O(D) must have a radial limit at each point of a dense subset of the
circle; in fact this set must have Hausdorff dimension 1 [12,13]. (Similarly, it is
known that a Bloch function must have radial limits on a dense set if the value
infinity is allowed; indeed, Theorem 1 of [5] shows that if/ e 58(D) and o{Ef) = 1
then the real part of/must have radial limit +°° on a dense set. For us the word
'limit' will mean 'finite limit'.) It is shown in Theorem 2 below that if ju is a
(regular Borel) measure on S then there exists an / e %(B) with /j.(S\Ef) = 0,
and that if /i is singular then there exists a VMOA function with this property.
Various special cases of Theorems 1 and 2 appear in [1; 17; 18; 21, Theorem 5.2;
22; 26].

The proofs of Theorems 1 and 2 are substantially simpler if £ is circled; that is,
if e"t, e E whenever £ e E. This is largely because if E is circled then the function
/ in the two theorems may be constructed as a lacunary sum of homogeneous
polynomials, so that the restriction to a complex line through the origin is a
lacunary power series; a great deal is known about questions of convergence for
such series. We shall see that most of Theorem 1 can be reduced to this case by a
device known in some circles as homogenization; we prove the theorem for
circled sets in § 3 and then indicate in § 4 how the general case follows.

Related results for d = 1 may be found in [11].
It is a pleasure to thank Alan Noell and Wade Ramey for stimulating

discussions on these topics.

1. Definitions and statement of results

If/: B-»C and £e 5, we will define fK: D ^ C b y

(1.0) /c(A)=/(A£) (XeD).

The Bloch space $}(B) can be defined in terms of these 'slice functions' fc [25].
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We begin with d — \. We write/ e 8ft(D) if / i s holomorphic in D and

for some finite constant c; for/ e 58(£>) we set

(1-2) 2

Ae

(Of course (1.2) defines only a seminorm on 38(£>); one might regard (1.2) as
defining a norm on S8(D)/C.)

The space %(D) is the set of all / e S8(D) with

(1.3) hm(l- |A|2 ) | / ' (A) |=0.
|A|—1

It is easy to see that 58O(£>) is precisely the closure in 58(D) of the polynomials.
We will say that/ 6 3ft(B) if/is holomorphic in # and H/dlg^o) is bounded for

£eS ; we set

(1-4) H/llgB(B) = supll/dla(/>)-

QeS

Thus a function / holomorphic in B is a Bloch function if and only if

(1.5) (l-\z\2)\Rf(z)\^c,
where R denotes the radial derivative [20, p. 103]; as in the case where d = 1, we
say that / e %(B) if
(1.6) lim(l-|z|2)|fl/(z)| = 0,

|zh-1

and we note that £fto(B) is the closure of the polynomials in 38(fi).
We turn now to the definition of BMOA. If / e Ll(S) = L\o) and 2. c 5 with

CT(.2) > 0 then we define f& = o(2.)~l jafdo. For t, e 5 and 6 > 0 we define

(1.7) 2a(£) = {!eS: |£ -£ |<<5};

finally, BMO = BMO(5) denotes the space of all functions/ e L2(S) such that the
quantity o(2.ylSa_ \f -fa\ do is bounded for 3. = 2a(£), ^ e 5, 6 > 0.

As usual, BMOA = BMO n/ / 2 , and VMOA is the closure of the (holomor-
phic) polynomials in BMOA; it is easy to see that / e VMOA if and only if
/ e BMOA and

(1.8) lim sup a(aa(C))-' [ 1/ ~Uh(K)\ do = 0.

Our notation 'BMOA' is not consistent with the notation in [2,19], etc.
Following [10], let BMOA, be the space defined above, and set BMOA2 equal to
the space of holomorphic functions satisfying a BMO condition with respect to
the well-known 'non-isotropic balls' on the boundary (see (2.2) below). It often
seems that BMOA2 is the more 'natural' of the two spaces, because, for example,
the dual of the (holomorphic) Hardy space Hl(B) is BMOA2. It is shown in [10]
that BMOAi is a proper subspace of BMOA2, so that our results for BMOA,
contain the corresponding results for BMOA2.
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NOTE. The proof in [10] does not explicitly exhibit an element of
BMOA2\BMOA,. It may be of some interest to see that a lacunary series gives
a simple example of such a function.

Let g(A) = £°°=i ^l0> (^ e &)• Then g e $(D), because g is a lacunary series with
bounded coefficients [4]. Now set f(z) = g(zl) (z = (z,, z') e C x Cd~l). The fact
that g e $)(£>) implies that / e BMOA2 (for much stronger results of this sort see
[19]). However f $BMOA,: it is easy to see that |g'(A)|^clO/ for all A in the
annulus defined by the inequality |1 - 1CP - |A|| ̂ c lCP, and this shows that
(1 — \z\2) |V/|2 cannot be a Carleson measure. (Define Ch = {(z,, z')\ \z'\<h,
zx = rei',\t\<h,\-h<r<\-2h2}. Note that |z'|2*£ ^(1 - kil2) for zeC*
(0 < h < 2-). It follows that jCh (1 - |z|2) |V/|2 ^ c/22""1 log(l//i).)

We define £y to be the set of all £ e S such that / does not have a radial limit at
£. Theorem 1 below states in part that if E a S is a G6 with CJ(£) = 0 then there
exists / e BMOA with E = Ef. For the proof of Theorem 3 we will need explicit
estimates on the rate of oscillation of /on radii terminating at points of E; this
requires another definition.

We set

tojif) = a>j(f, 0 = sup{|/(f£) -f(sO\: s, t e lj},

where /, = [1 - 2"(y"u, 1 - 2~u+x)], and we define

(1.9) (o(J) = (o(f, £) = lim sup a>j(f, Z).
J »CO

(Thus co(f) might be called the (radial) dyadic oscillation of/.)

THEOREM 1. (i) Suppose KcS is compact. There exists f e ^(B) such that f
extends to a holomorphic function in a neighbourhood of B\K but f has a radial
limit at no point of K; in fact co(f, £) > 0 for | e K.

(ii) Suppose E czS is a G6. There exists f e 58(#) such that a)(f, | ) >0for % e E
while all of the first-order partial derivatives of f have non-tangential limits at every
point of S\K.

(iii) / / o(K) = 0 then we may obtain / e BMOA(fl) in part (i); similarly if
o(E) = 0, we may obtain f e BM0A(5) in part (ii).

In particular Ef = K in (i) and Ef = E in (ii). This may be compared with
previous results in this direction. It was shown in [23] that there exists a function
/ e ®(B) with o(Ef) = 1, while the result of [26] states that there exists/ e 2ft(B)
with Ef = S.

The proof of Theorem l(ii) will show that we could obtain non-tangential
convergence of the partial derivatives of any given order on S\E; further we
could obtain admissible convergence, or indeed convergence in essentially any
'approach region', in place of non-tangential convergence.

Since any set of measure zero is contained in a G6 of measure zero, we obtain
the following corollary.

COROLLARY. Suppose E c S and o{E) = 0. Then there exists f e BMOA(fi)
such that f has a radial limit at no point of E.
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Theorem 2 gives a similar result for 58,, and VMOA.

THEOREM 2. (i) Let \x be a (regular positive Borel) measure on S. There exists
f e %(B) with fi(S\Ef) = 0.

(ii) / / /i is singular then we may obtain f e VMOA in part (i).

For / holomorphic in B and 1 =£/? < oo we will write / e Xp if

(1.10) | \Rf(z)\" (1 - \z\2y~x dm(z) < oo,

where m is Lebesgue measure in Cd and R is the radial derivative. As p tends to
infinity (1.10) becomes the condition that \Rf(z)\ (1 - |z|2) be bounded, so that
we define Xx = 58(#). Note that X2 is the Hardy space H2; the spaces Xp

(2</?<oo) are simply the holomorphic Besov spaces interpolating between H2

and 38(5). (The fact that X2 = H2(B) follows from the case where d = 1 by the
trivial identity \\f\\2

HHB) = J5 \\U\\2
HHD)do{£).)

We shall prove the following theorem.

THEOREM 3. / / 2 <p < oo r/ien there exists f e Xp with Ef = 5.

We will prove Theorem 3 in the next section, assuming the validity of Theorem
1; the manipulations with 'Ryll-Wojtaszczyk polynomials' involved may serve as
motivation for the somewhat more delicate constructions required in the proof of
Theorem 1.

2. Proof of Theorem 3

LEMMA 0. Suppose that Pk is a polynomial in Cd homogeneous of degree
2k, 2 *£ p =£ oo, and suppose that

(with the obvious interpretation for p = °°). Define / = E*=i /*. Then f e Xp.

It will be clear to readers familiar with the various characterizations of the
classical Besov spaces [16; 24, § V.5] that the lemma is valid for p ^ 1. It is very
easy to give a direct proof for 2 =̂  p < °°.

Proof. It suffices to consider the two cases p = 2 and p = °°, by interpolation.
The lemma is trivial for p = 2, since X2 = H2.

Suppose that (2.0) holds with p = °°; that is, \\Pk\\co is bounded. This implies
that each slice function f^ is a lacunary series with bounded coefficients; thus
f^e^(D) [4], and in fact ||/g||»(D) is bounded for £eS . This implies that
/ e ®(B) = Xx, by definition.
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We will begin the proof of Theorem 3 by constructing a function / e Xp

(2<p <°o) with o(Ef) = 1, using the so-called Ryll-Wojtaszczyk polynomials. As
in [21], we define

(2.1) </(£,£) = (1-|<£, £>|2)* ( U e 5 ) .

It is shown in [21, Lemma 2.2] that d satisfies the triangle inequality on S; d is not
quite a metric, because d{t,, §) = 0 if and only if § = e'% (£, § e 5). We define

(2.2) 4a(e) = {$ e S: </(£,£)< 6} (£ e S, S > 0).

Lemma 2.2 of [21] shows that

(2.3) o( 2d2

We will say that the set T a S is '<5-separated' if the sets 3,6{t,) {t,eY) are
pairwise disjoint.

Fix a positive integer k for a moment. Let 5 = {Ak)~J; here A is a small
positive number to be determined. Now let Fc=S be a maximal 6-separated
subset of S. (Note that F is a singleton if d = 1.) Define

(2.4) H^(z)=2 (z,Ok-

It is shown in [21, Theorem 2.1] that there exists a constant c = c(d, A) such that
IWJ^cin B.

The sequence of homogeneous polynomials Wl,W2,... defined in the previous
paragraph is called an 'RW sequence' in [21], where the existence of such
polynomials is applied to a wide variety of problems. One of the original
applications in [23] was to show that there exists/ e 38(fi) with o(Ef) = 1; in fact
/ = Ey°°=i Wy has this property. We shall see that if 2 <p < °o then one may obtain
/ e Xp with o{Ef) = 1 by a similar construction. We begin by showing that if A is
small enough then the terms in (2.4) have almost disjoint support, in the
following sense.

LEMMA 1. Suppose k is a positive integer and 6 = {Ak)~~2, as above. Suppose T
is a maximal 6-separated subset of S. If A > 0 is small enough then there exists a
constant y = y(A, d) such that

(2.5) K 5 , £ > * l H ( £ e r , § € 2

and

(2.6) 2 \(S,?)k\<l aer^e

Proof. The proof of Theorem 2.1 in [21] shows that (2.6) holds with 7 = 5, say,
if A is small enough. Once A is fixed so that (2.6) holds with y=\, it is easy to
see that (2.5) holds as well, with perhaps a smaller value of y. Suppose first that
y2 ̂  \A, so that y2d2 =s \. Since 1 - u ^ e~cu for 0 =£ u ^ 4, we obtain

(2.7) I(£, %)k\2 ^ (1 - y2<52)* ^ e-ck^2 = e~cy2'A

for £ e ®Ly6i£); we need merely choose y so that exp(-cy2M) 5= - .̂
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The values of A and y will be fixed from now on so that the statement of
Lemma 1 holds.

Note that (2.5) and (2.6) imply that

(2.8) |W*(§)|H

Together with (2.3) and the maximality of T this gives the following corollary.

COROLLARY 1. For each p > 0 there exists cp >0, depending only on d and p,
such that

(2.9) \\Wk\\p^cp (A: = 1,2,...).

We will use the following 'scrambling lemma'.

LEMMA 2 [20, Lemma 7.2.7]. Suppose that (xk) is a uniformly bounded
sequence of non-negative measurable functions on S with £* = i JsXk do = °°. Then
there exist unitary maps Uu U2) ... such that

(2.10) £**("*£) = «
k = \

for almost every £ e S.

(The lemma is valid under weaker hypotheses; see, for example, [7, Theorem
5.1.2]. The hypothesis of uniform boundedness is needed for the particularly
elegant proof given in [20].)

We can now prove the 'almost everywhere' version of Theorem 3.

PROPOSITION 0. IfKp^n, there exists f eXp such that o(Ef) = 1.

Proof. As mentioned earlier, the case where p = o° is due to Timoney [25]; we
will simplify the notation by supposing that 2<p <°°.

It follows from (2.9) that

V ^ I f ->
(2 .11) > . k~y\ |W2*I "Cr = 00•

*=l Js

Now Lemma 2 shows that there exist unitary maps Uu U2,... such that

(2.12) 2/K P 2 » ( w = G0

almost everywhere on 5. Fix such a sequence and define

(2.13) f(z) = 2 k~^W2k{Vkz).

Lemma 0 shows that feXp. Fix £eS as in (2.12). Since W2k°Uk is

homogeneous of degree 2k, we see that

(2.14)
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where ak = k~~W2k(Uk£). Thus ft, is given by a lacunary power series with
coefficients which are not square summable (2.12); hence cr,(E/c) = 0 [28, v.I,
p. 203].

Since /^ has radial limits almost nowhere for almost every value of £, Fubini's
theorem shows that o{Ef) = 1.

Proof of Theorem 3. By Proposition 0 we may find /, e Xp such that o(Efl) = 1.
Choose a G^-set E <= S with o(E) = 0 and S\Efl c E.

Theorem l(ii) shows that there exists f2 e BMOA with £}, = E. Certainly
f2eXp, since

BMOA c H2 D 38 = X2 D Xx c Xp.

Let / = / i + / 2 . Then feXp; we will show that Ef = S. Note first that
S\E ci £/( D S\Eh c £7.

Now suppose that £ e £. Then /> diverges at £, but /, may diverge at £ as well.
However, Theorem 1 tells us not only that f2 has no radial limit at £ but that in
fact (o(f2, £)>0. On the other hand, if/, is as in (2.13) then/, e %(B), because
the coefficients in (2.13) tend to zero. This shows that <o(/,) = 0 on all of S; in
particular, a>(f, £) > 0, so that £ e Ef.

3. Theorem 1 /or circled sets

Recall that A and y are constants with values fixed so that Lemma 1 holds. We
can obtain pointwise results instead of just 'a.e.' results by using the following
lemma instead of measure-theoretic arguments like Lemma 2.

LEMMA 3 [3,26]. There exists a constant N, depending only on y and the
dimension d, such that ifTczS and F is (\yd)-separated then there exist pairwise
disjoint 6-separated sets Fv (1 =s v «£ N) with T = U"=i Tv.

We fix a value of N so that Lemma 3 holds; we also fix a number a> 1 such
that a2N < 2, and a positive integer k° such that if k 5= k° then there exists an
integer k' with a^k'/k^ a2.

Our next task is to define a certain polynomial W% associated with each integer
k ^ k" and circled compact set K c S. We will show that there exists a lacunary
sum of /V uniformly bounded homogeneous polynomials such that the sum of the
absolute value of the terms gives a rough approximation to the characteristic
function of K.

Fix a circled compact set KaS and an integer k5= k{\ and set 8 = (Ak)~* as
before. Now let F c K be a maximal (iy6)-separated subset of K, and write
r = UC=irv as in Lemma 3. Because k^k(\ we may find integers fc = fc(l)<
ki2)<...<kiN) such that a^k{v+l)/k(v)^ a2 for l ^ v ^ N - 1 . (Note that
kiN)^2k.) Define

(3.0)
v = l

We note first that if <5V = (Ak{y))~~2 then dv^26, so that our choice of F implies
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that

(3.1)

It follows that

(3.2)

/ f c

max 2
t«=r.

u
v=l

< « ,

U £

** 2

by Lemma 1.
We shall see that / = £°°=i W* is a Bloch function satisfying the conclusion of

Theorem l(i) if (/c;) is a sequence tending to infinity sufficiently rapidly. The
proof is a simple 'gliding hump' argument, using the following lemma. As usual,
rC={rz: zeC}.

LEMMA 4. Suppose that K is a circled compact subset of S, and C is a compact
subset of the closed ball B with K DC = 0 . Then there exists r > 1 such that W%
tends to zero uniformly on rC as k —> °°. (Hence all the partial derivatives of W%
tend to zero uniformly on C.)

Proof. We may find a circled relatively open set V czS and a number T < 1
such that

C c r B U {s%: | e S\V, 0 ^ s ^ 1}.

Since W% is a sum of N uniformly bounded homogeneous polynomials of
degree at least k, it is clear that W%—»0 uniformly on rxB for r < 1/r; we may
therefore assume that C = {s%: ̂  e S\V, 0=^5^1}.

Since K is circled, we have C H e"K = 0 for all t. Thus by compactness there
exists j3 < 1 such that
/ o ' i \ I / 7 f-\\ < a ( f- c- is r c- s~i\.
\J--J) I \^> W I P ^ b ^ * » - j ^ ^ ^ / 5

hence there exists p > 0 with

(3.4) d(l,Z,)^p (£eK, |G5\V).

Fix k ̂  A:0 and § e 5\V; let 6 = {Ak)~\ as always. Let F = Uv=i Fv as in the
definition of W%, and (as in [21, Theorem 2.1]) define

Hm = {ZeT: md^d(%, £)<("» +1)6}.

As in [21], the disjointness of the sets 2.y6n{^) (£, 6 F) shows that the cardinality
of Hm is at most (4(m + 2)/y)2d~2. Because of (3.4) we also have Hm = 0 for
m < (pi6) - 1, that is, for m < p(Akf2 - 1. And for £ e FVD Hm we have

exp(-m2MA:),

so that

(3.5) K l . O r ^ K I , C>|*^exp(-m2/2.4) (£ e rvn//w> §
Let mk be the least integer greater than or equal to p(Akf2 - 1. Recalling that

k(v) ^ 2k in the definition of W£, we obtain finally

(3.6) (2 e rC).
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Since the ratio of successive terms in (3.6) tends to zero, the sum is no larger
than a constant times the first term, so that

(3.7) \WZ(z)\^cr2kkd-]exp(-ip2k) (zerC).

If we choose r > 1 so that r2e~p2/2<l then (3.7) shows that Wf ->0 uniformly
on rC.

We can now prove Theorem l(i) (for circled sets). Suppose Kc=S is a circled
compact set. Choose compact sets Cjt with y ^ l , such that CjCzCj+], B\K =
U7=i Cj> a r |d Cj is contained in the interior of rCj for r > 1. By Lemma 4 we may
choose positive integers kj and constants ry > 1 (y 2* 1) such that kj+{ 5= 4/c, and

(3.8) | W # z ) | ^ 2 - > (2 6/)-Cy).

Define

(3-9) /(*)=2w#z)-
7 = 1

Then/ e $(/?) as in Proposition 0, and (3.8) shows that / i s holomorphic in the
interior of Uy°=i rjCj.

It remains only to show that (o(f, £ ) > 0 for every %eK. However, if £ e K
then (3.2) shows that /§ is a lacunary power series with (bounded) coefficients
which do not tend to zero (/5 is lacunary because kj+x^Akj in (3.9), while
k{v+x)lk(v)^a>\ and k(N)lk^2 in the definition of Wf.) Thus the fact that
(x)(f) > 0 on K is a consequence of the following lemma.

LEMMA 5. Suppose nj+jrij 5= or > 1 and |cy| =s 1 for all j . Let g(X) = £JLi cyA"y for
X& D. If the coefficients Cj do not tend to zero then co(g, e") > 0 for every t.

Theorem 1 of [6] shows that g has no radial limits (see also [9]). Although the
statement of the theorem in [6] says nothing about the rate of divergence, the fact
that (o(g, e")>0 for all t follows from the proof given in [6]. (The lemma is
proved in [6] by 'the method of repeated differentiation' [9] together with an
argument involving finite differences; an application of Landau's inequalities or a
normal-families argument may be used instead.)

We have proved Theorem l(i) (for circled sets); we will show next that if
o(K) = 0 then the function / defined by (3.9) lies in BMOA if kj tends to infinity
rapidly enough.

Lemma 4 shows that if K c 5 is circled and compact then

(3.10) l i £

Thus if K<=S is a circled compact set with o(K) = 0 then l i m * ^ ||Vy£||2 = 0.
This implies that the function / given by (3.9) lies in BMOA if the kj tend to
infinity rapidly enough, by the following proposition.

PROPOSITION 1. Suppose that fx,f2, ... e VMO(S), | | / A | | B M O ^ 1 for all k, and
lim^oo H/tU, = 0. Then the function

(3.H) / = £/*,-
lies in BMO if (kj) is a sequence tending to infinity fast enough.
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(More precisely: there exist functions i/>y: W—»l\l such that f eBMO if (kj) is
any sequence with kJ+l ̂  Vy(̂ i> ..., kj) for all j.)

Proof. Set sn = T,"=ifkr We need only prove the following statement.

lfkx<k2<...<kn are such that \\fk.\\x ^2~'(1 ^j^n) and | M B M O < 2 , then
ll/*n+1ll. ^ 2 - ( " + 1 ) and |k+1| |BMO<2/or large enough kn+l.

Let us define

(3.12) osc,(g, £) = o{2L)-x \ \g-g3L\ do

for geL\S) and 9. = 2.6{t) (recall definition (1.7)). Let 2 - ||SJBMO =
Since sn e VMO, we may choose p > 0 so that if 2. = Qd(Z) with 0 < <5 < p then

(3.13) oscfo, 3)<l

If kn+l is large enough then ||An+1||i < 2 ~ ( " + 1) and

(3.14) \\fk.JU<ito(2p(Z)).

It follows that ||^-,-I||BMO<2. IfO<6<p, we have

by (3.13). If, on the other hand, 6 s* p then

osc,(s,,+1, S) ^ HJ

by (3.14).

We can now prove Theorem l(ii) (for circled sets E). We have already
established the estimates we need in the course of proving Theorem l(i); it is only
the outline which is a bit more involved.

Proof of Theorem l(ii) (when E is circled). Suppose the circled set E c 5 is a
G6. Choose circled open sets Vn a S (n 5= 1) with Vn+X

 c Vn and E = f~X=i K- For
each n we may write Vn = U"=i Kn,j> where Knj is a circled compact set and
KnJnKnJ. = 0 ( | y -y ' |> l ) . Define Kn<o = 0. We will show that if the integers
knj are chosen properly then

(3-15) / = £ lWnJ
n=\ j=\

defines a Bloch function satisfying the conclusion of Theorem l(ii); here
WnJ = Wf as in (3.0), with K = KnJ and k = knJ.

We begin by partitioning the set of all positive powers of 4 into infinitely many
infinite subsets:

(3.16) {4m: m = l,2,...}=\JJn,
n = \
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where the Jn are infinite and pairwise disjoint. The knj will be chosen so that

(3.17) knJeJn, knJ+l>knJ.

This will ensure that the exponents appearing in Wnj are distinct from those in
Wn.j. unless {n, j) = {n', j ' ) .

We need some notation for non-tangential approach regions. For p e (0, 1) and
£ e 5 let Qp(§) denote the convex hull of {§} U {2: \z\ < p). If CaS, we define

Since Knj is a compact subset of SXU^'-, Kn L, Lemma 4 shows that if knj is
large enough then

(3.18) \WnJ(z)\ + 2 \D,WnJ(z)\ ^ 2"("+» (2 e CnJ),

where Cnj = QPn+.(S\Ult)-l Knl), with pn = 1 - 1/n. (Here /)/ is the partial
derivative with respect to z,.)

Suppose now that § e S\E. Then £ e Ki for at most finitely many values of n,
since Kn+,cKn, and for each value of n such that § e Vn we have f e (?„, except
for at most three values of y. Thus (3.18) holds for all 2 e QPn+.(|), except for at
most finitely many values of (n, j). This shows that the series (3.15) converges
uniformly on Qp(%) for every p e (0, 1), as does the corresponding series for D,f,
so that D,f has a non-tangential limit at £.

One may show that / e 59(5) and that co(f) > 0 on E exactly as in the proof of
part (i) of the theorem.

The proof that we may obtain / e BMOA if £ is a G6 of measure zero is
somewhat more technical; this is because the sets Vn in the proof above cannot
have measure zero, being open. One may proceed as follows.

Suppose £ is a circled G6 of measure zero. Choose a preliminary collection of
circled open sets Vn with £ = CX=X Vn and Vn+xczVn. Write Vx = Uy°=i Kij and set

(3.19) /> = !>..,

where WUJ = W%, K = KLj, k = k{J as before.
Certainly if kUj tends to infinity fast enough then ||/i(2)||00<c by Lemma 4, so

II/IIIBMO<C- However /, $ VMO, so we cannot simply apply Proposition 1 as
before.

It i s c l e a r , h o w e v e r , t h a t /, i s c o n t i n u o u s o n K, if t h e s e q u e n c e kxj g r o w s f a s t
enough, because Kx jP\Kx r = <Z) for | y - y ' | > l . This implies tha t / , is 'locally
VMO' on Vx in the following sense. We will say that g e BMO(S) is locally VMO
on the open set V if osc,(g, •£,)—• 0 whenever Qj = 2.6(£j) is a sequence with
dj-*O, such that Uy°=i>2/ is contained in some compact subset of V. (Recall
definition (3.12).)

We will choose a new open set V2 <= V2 with £ <= V2. Since o(E) = 0, we are free
to choose V2 so that each of the numbers o(V2 0 Kx y) is as small as we wish. We
will then write V2 = Uy°= 1 ^2,/ a n d define f2 as in (3.19); we will then choose
V3 c V2 fl V3 such that each o(V3 n K2J) is very small, and so forth, finally setting

J ~ Ltn=\]n-

The proof that D,f converges on S\E and a)(f)>0 on £ will be exactly as
before; these facts depended only on our choosing each kn y large enough. We
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need only show that if at each stage we choose Vn+X so that each o(Vn + i n KnJ) is
small enough then the BMO norm of the partial sum ^ = Em=i/m remains
bounded. This follows from (3.10), by Proposition 2.

PROPOSITION 2. Suppose that g e BMO(S) and | |g | |BMo<2. Suppose g is locally
VMO on the open set V czS, and write V = UJ°=i Kj, where the Kj are compact sets
with Kj H Kj- = 0 for |y; — j ' \ > 1. Then there exists a sequence Ej > 0 (y ̂  0) such
that if he L'(S), \\h\U* 1, |*(§)| ^ *o M all | e 5\V, anrf J*. |A| < ey /or j ^ 1,

Proof. By hypothesis we may choose /3, 2= 0 (; 2= 1) such that if ,2 = 2.6(t;) with

(3.20) osc.fe,

Let t = 2— | |g | |BMo>0. Below, we will suppose that t< 1 for convenience. Let
e() = \t, and for y ^ 1 choose ey > 0 so that

yj.Zl) EjOyUfi^g)) — Z t.

Suppose h is as in the statement of the proposition. Write h=hx + h2, where hx

is supported on V and h2 is supported on S\V. Our choice of e(, shows that

(3.22) I I M B M o ^ H M - ^ k

we will show that

(3.23) Htf + A i l lBMo^- i f ,

so that \\g + h||BMO ^ 2 - \t < 2, as required.
Suppose now that 2. = 2.&{%). The argument is split into two cases.
Case I: 6 =s j8y /or some y ^ 1 W*7/J QC\ Kj^ 0 . In this case we see that

(3.24) osc,(g

by (3.20) and our hypotheses on h.
Case II: 6 > /*, whenever 2.DKj^0 (y ̂  1). In Case II we define

Then

(3.25) osc,(g + hu 3.)

=2 - r + y=2 - \t.
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4. Theorem 1

In § 3 we proved Theorem 1 for circled sets; now we will see how the general
case follows.

We begin with Theorem l(i). Suppose that K c Sd is compact. Fix a, /3 > 0 with
a2 + p 2 = 1, a n d d e f i n e K' a Sd+l b y K' = {(eua, e i l p £ ) : £ e K , t e U } . T h e n K' is
a compact circled subset of Sd+l, so by the results in the previous section we may
obtain Fe@(Bd+l) such that EF = K', and in fact w(F) >0 on K', while F
extends holomorphically past every point of Sd+l\K'. We now define/: Bd-^C
by f(z)eF(a,Pz).

It is clear that / extends to a function holomorphic in a neighbourhood
of Bd\K, and the fact that / e ®(Bd) follows from the inequality |VF(z)| ̂
c ( l - | z | 2 ) " ' ; the radial derivative satisfies this inequality by definition (1.5),
while if v is a unit vector with (v, z) =0 and Dv denotes differentiation in the
direction v, then Lemma 4.8 of [25] shows that

(4.0) \DvF(z)\^c(l-\z\2yK

Finally, the fact that a)(f) >0 on K follows from the fact that co(F) >0 on K'
by the following lemma.

LEMMA 6. Suppose F e ^{Bd+X), for d^l, and fix £ = (£ , , £ ' ) e S<y+1. Then

(4.1)

Lemma 6 follows from (4.0).
The proof of Theorem l(ii) from the circled case is exactly the same; if F a n d /

are related as above then it is clear that non-tangential convergence for the partial
derivatives of F implies non-tangential convergence for the partial derivatives
of/.

We turn now to Theorem l(iii). Supposing that K<=Sd is a compact set with
o(K) = 0 we define K'aSd+l as above. Then K' is a circled compact set of
measure zero, so the previous section gives us F eBMOA(Bd+i) such that
(o(F)>0 on K' and F extends to a neighbourhood of Bd+]\K'. A new difficulty
arises at this point: the fact that F e BMOA(Z?rf+1) does not imply that
/ e BMOA(Bd), if f(z) = F(a, j8z) as above.

It seems likely that one could show that in fact/, e BMOA(fi^) for almost every
/, if Fe BMOA{Bd+{) and ftz) = F(ei'a, e"pz). However this is not necessary.
Define

(4.2) U P
ten

It is clear that the proof of Proposition 1 remains valid with | | | |* in place of
IHIBMO S O that we may obtain ||F||*<oo above.

The second half of Theorem l(iii) follows similarly.

5. Theorem 2

Theorem 2(i) is very simple. Suppose that n is a (regular Borel) measure on 5
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(so that ju(S)<o°), and define / a s in (2.13). It follows from Proposition 0 that
o(Ef) = 1, while the proof of Theorem 3 shows that/ e £fto(B). As in the proof of
Theorem 2.1 of [21], Fubini's theorem shows that we may find a unitary map U
such that fi(Eg) = n(S), if g(z) = f(Uz).

The second part of the theorem requires only a little more work. Suppose jU is a
singular measure on Sd, and define a measure \i' on Sd+l by

(5.0) [ cpdii' = (2JZ)-1 I K \ cp(e"a, e'pO dan(0 dt,
Jsd+l A) Jstl

where a and /? are as in the previous section.
We may choose a circled G6 set E<zSd+i such that on+](E) = 0 and

ti'(S\E) = 0. Now Theorem 1 shows that there exists GeBMOA(Brf+l) with
Ec = E, and in fact the construction in § 3 gives

(5.1) C = 2/>

where P, is a polynomial homogeneous of degree njt nj+jrij ^ ar> 1, and

(5.2) i|/}(C)|2 = - UeE).
7 = 1

As noted at the end of the previous section, we may actually obtain
g, 6 BMOA(^) for all t here, where g,(z) = G(e"a, e"/3z).

We will set

(5.3) F = 2ajPJt
/•=•

where ay > 0 and lim;Woo ay = 0.
Now, the fact that ay->0 shows that F eVMOA(Bd+l) and in fact / e

VMOA(Bd) for every t (where f,(z) = F(e"a, e'^z)), because the estimates
showing that G e BMO show as well that

(5.4) 2 ajPj c max fly,
BMO

and similarly for ||-||* (see (4.2)).
However, it is easy to see that (5.2) implies that

(5.5) 2aj\Pj(Z)\2 = °o a.e. [/!'],

if fly tends to 0 slowly enough.
As in § 2, set F^(X) = F(A£) for £ e Sd+l and Xe D. Then F§ is a lacunary power

series with coefficients equal to fly-/y(|) (see (2.14) above). It follows that F? has
radial limits at almost no points of the unit circle whenever £ satisfies (5.5).
This shows that for almost every t we have ju(£,) = /i(5), where £, =
{£ e 5rf: (e"ar, e"p£) e EF). Now Lemma 6 shows that /, has radial limits almost
nowhere [p], for almost every t.
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