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Focusing of a femtosecond vortex light pulse
through a high numerical aperture objective

Baosuan Chen', Jixiong Pu"’, and Olga Korotkova’

!College of Information Science &Engineering, Huagiao University, Quanzhou, Fujian 362021, China
“Department of Physics,University of Miami, Coral Gables, FL, USA
* jixiong@hqu.edu.cn

Abstract: We investigate the focusing properties of a femtosecond vortex
light pulse focused by a high numerical aperture objective. By using the
Richards-Wolf vectorial diffraction method, the intensity distribution, the
velocity variation and the orbital angular momentum near the focus are
studied in great detail. We have discovered that the femtosecond vortex light
pulse can travel at various speeds, that is, slower or faster than light with a
tight focusing system. Moreover, we have found that the numerical aperture
of the focusing objective and the duration of the vortex light pulse will
influence the orbital angular momentum distribution in the focused field.
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1. Introduction

In some optical measurements, it is often desired to achieve high temporal and spatial resolution
[1-3]. Femtosecond light pulses are often employed to increase the temporal resolution, and
thus they have been extensively studied [3—6]. Recently, with an increasing number of new
applications, the vortex beams have generated great research interest, which lead to a new
branch of singular optics in modern optics [7-9]. Vortices in femtosecond pulse are of great use
in topological spectroscopy. Spatially controlled light with vortices can be used for
characterization of topological properties of materials [10]. Therefore, it is important to study
on the femtosecond vortex light pulse. On the other hand, the three-dimensional spatial
resolution can be increased by tight focusing system [1,11,12]. We notice that the focusing of
laser beams through a high numerical aperture (NA) objective will achieve tighter focal spots
which can be used in applications such as microscopy, lithography, optical data storage, optical
trapping and plasma physics [12—16]. However, to the best of our knowledge, there are no
papers studying the focusing of femtosecond vortex light pulses through a high NA objective.
This paper is devoted to study on the tight focusing properties of the femtosecond vortex light
pulses in the focal field.

2. Theory

In this paper, we use the x -polarized Bessel-Gaussian femtosecond light pulse as the vortex
model. The electric field of such a pulse can be expressed as

E(r,¢,t)=E,J (ar) exp(=r’/ 0'02 )exp(im@) A(1), (1)

where E and o, are the constant amplitude and the beam size, J (ar) is the Bessel
function of the first kind in which « is the Bessel parameter. exp(im¢) is the vortex phase

factor and mis the corresponding topological charge. A(?) is the temporal pulse shape which
we assume to have Gaussian profile, i.e [17].

A(t) = exp[—(a,t / T) Jexp(—iw,1), )

where a, = (2In2)"*, T is the pulse duration, and @, is its central angular frequency.

The focusing objective is assumed to obey sine condition » = f'sin@ [18], where [ is the

focal length of the high NA objective, and & is the numerical-aperture angle, shown in Fig. 1.
Then we obtain the pupil apodization function of a single spectral component as [6]

5(0..0) = # [ £ ¢,y expionya
T

(f sin@)* )

2

T
=——FE,J (o fsin@)exp[—

V2a

We use the above field distribution as illumination. Then the electric field of a single spectral
component in the focal region when the light pulse is focused by a high NA objective is given
by the Richards-Wolf vectorial diffraction method as [18-20]

lexp(img) exp[-T* (@ — @,)’ / 4ag2]

' 0
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= iKf (2 i .
E(r,p,z,0)=— s J; J; S(0, ¢, o) explikr sin 0 cos(¢ — @) + ikz cos 0]

(cos’ gcos @ +sin’ ge_ 4)
xsin@cos@| cosgsing(cosd-1)e, |dgdo

sin @ cos ge.

where k = w/ ¢ is the wave vector related to the angular frequency of the pulse, and ¢ is the

light velocity in vacuum. € is the maximum numerical angle of the objective.

..................

vortex beam  obiecive lens \g
i or-. /
'1' —0 z %

Gaussian
light pulse = f -

Fig. 1. Tight focusing system.

By a Fourier-transformation, the electric fields of the femtosecond pulse in the vicinity of
the focal spot can be calculated by the superposition of each spectral component as [6]

E (10,20 = [ E (r.0,z,0)exp(-ion) do, (j=x,,2) (5)

Then we get the total intensity near the focus as follows

I(r,p,z,t) = Z Ij(r,(p,z,t): Z |Ej(r,(p,z,t)|2. (6)

j=x.,z j=x..2

The velocity of the light pulse along the z-axis can be expressed by the formula
W(t) = d=(t)/ dt . 7)

where z(¢) is the average longitudinal propagation distance defined by the beam centroid [21].

Finally, the orbital angular momentum (OAM) of the vortex light pulse is also investigated.
Since the vortex light pulse is focused by a high NA objective, the OAM should be analyzed
under the nonparaxial condition suggested by [7,22]

J._m+o) o [[axtlE@f /(K -]

z

oo e o J': dRl|EGo K — k%) k(7))

®)

where K =ksin@, @ is the angular frequency of the incident pulse, o is the helicity of the
light beam related to the polarization state of the light pulse, m is the topological charge of the
light pulse. Obviously, when the incident light pulse is x -polarized, o equals to zero.
Therefore, the total OAM of the vortex light pulse can be written as [7]

&

L =- o .E J:I(r,(o,z,l)rdrd(p, )

(2]
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where & is the permittivity constant in vacuum. It is shown that the OAM distribution is

related to the intensity distribution on the transverse plane.

Based on the above derived equations, we will investigate the focusing properties of the
femtosecond light pulse through a high NA objective in the following by some numerical
calculations.

3. Results and discussions

We show in Fig. 2 the total intensity distribution and its x, y and z components in the focal
plane when the femtosecond light pulse is tightly focused. We found that there is a tiny dark
core with non-zero central intensity in the total intensity distribution. It is shown that the
intensity has three components in the focal region which means that the x -polarized
Bessel-Gaussian femtosecond light pulse is depolarized when it is focused by a high NA
objective. Moreover, the maximum intensity of the x, y and z components are calculated
to be 94.5%, 0.2% and 10.6% of the total intensity respectively, indicating that the
y -component contributes least to the total intensity. This means that the x component plays a

dominant role in shaping the total intensity. The central intensity of the z component leads to
the non-zero central intensity of the overall intensity [23].

N
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Fig. 2. Contour plots of the intensity distributions in the focal plane. (a) The total intensity / ; (b)
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(a) (b) (<)

the x -component / ; (c) the y -component / ; (d) the z -component 7 . The other parameters

15 -1

are chosen as @, =7.57x10"s , T =5/fs, a:O.Smmil, f=1lem o, =2cm, m=1,

NA=09,t=0fs, E =1.

Figure 3 shows the phase distributions of the x, y and z components with central
angular frequency. It is shown that the phase distributions present screw wave-front. From Fig.
3(a), it can be seen that there exists a screw phase distribution corresponding to the
X -component intensity distribution in Fig. 2(b). And in Fig. 2(d), we can find that there are two
dark regions in the center, leading to the two screw wave-fronts in the phase distributions in Fig.

3(c).

a0
®in

(c)

Fig. 3. Phase distributions in the focal plane. (a) the x -component; (b) the y -component; (c)
the z -component. The other parameters are chosen to be the same as in Fig. 2.

The propagation evolution of the femtosecond vortex light pulse focused by a high NA
objective is illustrated in Fig. 4 (Media 1). It is shown that there is a dark region with non-zero
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central intensity along the z-axis, i.e., in the longitudinal direction, corresponding to the dark
core with non-zero central intensity in Fig. 2. Moreover, we notice that the light pulse
propagates faster when it is far enough away from the focal plane (i.e. z=0 plane) and slows
down near the focus. The more detailed velocity variation is given in Fig. 5. We evaluate the
pulse speed by the average longitudinal propagation distance of the beam centroid, i.e., the
velocity along the z -axis, which is described in Eq. (7) and also defined in detail in Reference

[21]. The pulse velocity is normalized to the velocity of light in vacuum ¢ =3x10°m/s . It is
seen that the total velocity and the three component velocity all slow down to about half the
velocity in vacuum at the focus. That is because in tight focusing process, the light pulse
velocity ¢ is projected onto the z-axis as velocity v(¢), shown in the inset in Fig. 1. This
result is important since it offers a new technique to control the motion state of photons and
enables research on controlling the interaction of light and materials.

Fig. 4. (Media 1) The propagation evolution of the femtosecond vortex light pulse. The other
parameters are chosen to be the same as in Fig. 2.

1.0
0.8

vicos /7

044/

Fig. 5. Pulse velocity distribution and its x, y and z component velocity distributions near
the focus. The parameters are chosen to be the same as in Fig. 2.

Then we compare the total velocity variation with certain parameters in Fig. 6. Figure 6(a)
shows the comparison between non-vortex light pulse and vortex light pulse. We found that the
femtosecond vortex light pulse generally propagates slower than the non-vortex light pulse.
And the larger the topological charge is, the smaller the propagation speed is, indicating that the
slow light phenomenon is more pronounced in femtosecond vortex light pulse. That is because
the vortex light pulse carries OAM, which means that there is an azimuthal component of the
linear momentum density at all points within the pulse. And this will reduce the linear
momentum comparing with a non-vortex light pulse, or a lower-charge vortex, leading to a
speed reduction of the light pulse. The influence of pulse duration T on the longitudinal velocity
is illustrated in Fig. 6(b). It is shown that for the same topological charge( m = 1), the velocity of
a pulse with a smaller pulse duration is larger than that of a pulse with a larger pulse duration.
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Fig. 6. Pulse velocity distribution with (a) different topological charges and (b) different pulse
duration( m = 1). The other parameters are chosen to be the same as in Fig. 2.

As is known to all, the vortex beam carries OAM, and so does the vortex light pulse. We
then present the dependence of normalized OAM distribution on the numerical aperture of the
focusing objective (NA) and the pulse duration of the femtosecond vortex light pulse (T) as the
vortex light pulse is focused by a high NA objective in Fig. 7. It is seen that the OAM increases
near the focus and reaches peak on the focal plane. That is because the femtosecond vortex light
pulse is focused into a tight spot with intense intensity when the light pulse is focused by a high
NA objective and the OAM coincides with the intensity distribution. Moreover, from Fig. 7(a),
we can see that the larger the NA of the focusing objective is, the larger is the OAM. And from
Fig. 7(b), it is obvious that the OAM increases with the increment of the pulse duration T.

1.04 1.0
N \/_/\/\/—\—/
7084 = PAAUTIRN - s 2084
g N LA - 1 o~
106 f06 S _o-ao-T ST
z = = . ==
. 3
‘-T; 0.4 3 04 e T
I [ NA=0.8
...... T=51%
0.24 - - =--NA=0.9 024 o T
NA=0.95 ——T=10f5]
0.0 T T T T T 1 00 T T T T T 1
6 4 2 0 2 4 6 6 4 2 0 2 4 6
Z/A Z/A
(a) (b)
Fig. 7. Dependence of OAM distribution on (a)NA and (b)T. The other parameters are the same
as in Fig. 2.

4. Conclusions

In conclusion, we have studied the focusing properties of a femtosecond vortex light pulse by a
high NA objective based on Richards-Wolf vectorial diffraction theory. We found that the
propagation velocity slows down near the focus and that non-vortex light pulse propagates
faster than vortex light pulse. We also found that a smaller pulse duration will lead to a higher
propagation velocity. Moreover, the OAM increases as the NA of the focusing objective
increases or as the pulse duration T increases. The results obtained in this paper might be useful
in applications of femtosecond vortex pulses, such as optical tweezers, etc.
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