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Abstract. We propose a new clustering method that uses a similarlity metric deived from electrical 

resistance networks. The proposed metric allows us to quantify the mutual relevancy between data 

objects or nodes. We show how to derive the metric from the data collection and how to apply it to 

various application contexts. Our theoretical analyses and experiments show the excellent potential 

of the method to identifying clusters of networks and to improving data clustering performance on a 

number of data sets.   

Introduction and related work 

A fundamental challenge in data clustering is to find clusters that are relevant for data objects of 

interest [1-3]. More specifically, data objects in the same cluster exhibit higher similarity and data 

objects in the different clusters are less similar. Data clustering may find the properties and features 

of data in data sets. Therefore, it has broad applications in domains such as image segmentation, 

text analysis, and chemical data clustering. Clustering methods that have been proposed include 

k-means, hierarchical, and spectral. Among these, spectral clustering, which is based on similarity 

matrix of data objects and applies Laplacian matrix of graphs, offers many benefits [1]. The 

similarity matrix forms an important focal point in such data clustering schemes [2], but so far no 

general rules have been developed for dealing with similarity matrices.  

In this study, we tackle the data clustering problem by defining a new similarity metric based on 

the resistance of electrical networks [2]. The metric is derived from the effective resistance 

distances between pairs of vertices in an undirected, weighted graph, wherein nodes represent data 

objects that are linked together based on some relationships. Edge weights represent the strength of 

relationships and are interpreted as electrical resistances. Based on the resistance distances between 

pairs of objects, we demonstrate how to assess the similarity between objects by deriving the metric 

from the data collection and applying it to clustering data for various application domains. Our 

theoretical analyses and experiments confirm that the method finds good clusters of networks and 

improves the data clustering performance on several datasets. 

We cover the needed background and introduce the basis of our method, that is, computing 

resistance distances, in Section 2. In Section 3, we discuss and analyze the application of resistance 

distance in clustering. In Section 4, we evaluate the performance of our method using a number of 

data sets. Finally we conclude the paper and suggest directions for future work in Section 5. 

Resistance distance in networks 

Our objective is to define a measure in the data space that allows us to judge the similarity of 

data objects [2]. To accomplish this, our model consists of an undirected weighted graph G = (V, E, 
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w), where the node set V corresponds to the set of data objects, the edge set E designates the 

existence of similarity between objects, and weight w of an edge defines the strength of the 

similarity associated with a particular edge. We begin by building a similarity graph (Figure 1a), 

where greater similarity between two objects is represented by a higher weight. 

An edge represents direct similarity between two objects. To measure similarity between any 

pair of objects, we view the weighted graph as an electrical network [3-6], as depicted in Figure 1b. 

In the electrical version of the graph, the weight wij of the edge (i, j) corresponds to the conductance 

cij, which is the reciprocal of its electrical resistance, that is rij = 1/cij = 1/wij. We can use the 

electrical network thus obtained to compute the effective electrical resistance between any two 

nodes, which forms the basis of our similarity measure (see the example in Figure 2). This measure, 

called “resistance distance,” has an intutitive random-walk interpretation [1].  

 
(a)                    (b) 

Fig. 1.  A weighted graph and its associated electrical resistance network. 

 
Fig. 2.  Simple example of computing resistance distances in a 4-node graph. 

In general, the computation of the resistance between any two nodes is fairly complex, re-

quiring us to consider all the paths between them. We compute the resistance distance by means 

of graph Laplacian L = D – A [4, 5, 7], where A represents the adjacency matrix of the re-

sistance network and D is the degree matrix of the graph (D is diagonal, with dii being the de-

gree of node i). For i = 1, 2, … , n, the (i, i) diagonal entry of L is defined to make the ith row 

sum equal to zero. For a connected graph, effective resistance is computed as: 

rij = L
+

ii + L
+

jj – 2L
+

ij 

where L
+
 represents the pseudoinverse of L and L

+
 = (L + (1/n)J)

–1
 – (1/n)J, with J being the 

matrix all of whose elements are 1. From [5], we have X = (L + (1/n)J)
–1

 and: 

rij = xii + xjj – 2xij 

Alternatively, the following formula [7]: 

 rij = |L(i, j)| / |L(i)| 

where L(i) and L(i, j) are the matrices obtained from L by deleting its ith row and ith column or 

by deleting both its ith and jth rows and columns, respectively, is also available to us. 

Data clustering based on resistance distance 

 We now introduce our clustering method, using rij to be the similarity measure among n 

nodes or data objects {1, 2, … , n}. The terms rij are elements in the similarity matrix R = (rij), 

computed by one of the preceding two formulas. We can construct a sequence of vectors g1, 

g2, … , gn such that: 

 || gi – gj ||
2
 = rij   

where || z || denotes the norm of the vector z. This end can be met by taking gi to be the ith col-

umn of X
1/2

, that is: 

 [g1 g2 … gn] = X
1/2

   

Expanding || gi – gj ||
2
, we get xii + xjj – 2xij, which equals rij by one of our previous formulas. 

 According to Theorem 2 of [5], the eigenvalues of X are 1/µ1, 1/µ2, … , 1/µn–1, 1, and there 

exists an orthogonal matrix W such that: 

 X = W
t
 diag[1/µ1, 1/µ2, … , 1/µn–1, 1]W 
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Thus: 

 X
1/2

 = W
t
 diag[1/µ1

1/2
, 1/µ2

1/2
, … , 1/µn–1

1/2
, 1]W 

          

 

 
Fig. 3.  Example for explaining the theorem. 

 Let L1 = D1 – R, where R is the similarity matrix and D1 is the degree diagonal matrix. Re-

call that, for i = 1, 2, … , n, the (i, i) entry of L1 is defined to make the ith row sum equal to 0. 

Compute k unit eigenvectors of the equation D1
–1

L1u = λu. Let clustering number be k, Y = [u1 

u2 … uk], and cluster the k-dimensional row vectors of Y. The clustering results are S1, S2, … , 

Sk and the corresponding row vectors are yj
i
, i = 1, 2, … , k, j = 1, 2, … , ni. Let r1, r2, … , rk be 

k-dimensional normal orthogonal vectors. Then, we have the following result.  

Theorem: )./21(

2

1 1

1 nkry
n
k

k

i
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j

i

i

jn

i

++≤−∑∑
= =  

Proof: Omitted.

  In way of further explanation, consider that according to the theorem, members of cluster Si 

are closer to the k-dimensional normal orthogonal vector ri. Thus, in Figure 3, based on the 

computed similarity matrix R of Figure 2 and the row vectors of Y computed in our theorem, we 

obtain y1
1
, y2

1
 ∈ S1 and y1

2
, y2

2
 ∈ S2. 

In comparison with the results of [1], our clustering algorithm leads to better performance. 

If the network is connected, we proceed as follows: 

 (1) Input the clustering number k and compute R = (rij) by one of two formulas; 

 (2) Make n k-dimensional row vectors of Y = [u1 u2 … uk] as data object set; 

 (3) Cluster the row vectors of Y by the algorithm of k-means; 

 (4) The original object i belongs to Sj iff the ith row of Y belongs to Sj. 

For a disconnected graph, we can handle each connected component by separately forming its 

vector of object set and then adding some constant vector to each of the vectors thus derived. In 

this way, the Euclidean distances between connected components become larger. 

Experimental results 

 To verify the clustering performance of our algorithm, we simulate a series of experiments 

using different data sets, and then compare our results with those of the k-means algorithm and 

the NJW algorithm [1]. 

For the specific clustering problems considered, we describe the relations of data objects by 

means of graphs, which come in two varieties of disconnected and connected. We begin our 

experiments with disconnected graphs and then proceed to examples involving connected graph, 

which may be viewed as a special case of the former, with just one connected component. 

        
(a)                     (b) 

Fig. 4.  Example of clustering in a disconnected graph.   Fig. 5.  Example of data clustering  

                                                  by the NJW algorithm of [1]. 
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For points in the 2-dimensional space, we use the Euclidean distance metric to decide 

whether any two points are adjacent. Consider, for example, the 2-dimensional point set 

‘ABCD2012’ of Figure 4a. We proceed by deriving the coordinates of each point, computing the 

Euclidean distance between them, and generating their Euclidean distance matrix.  

To deal with this point set as graph, we set a threshold according to practical considerations, 

and deem two points connected iff the Euclidean distance between them is less than the thresh-

old. Thus, the point set forms a disconnected graph with its corresponding adjacency matrix. We 

then compute the connected components of the graph and form the adjacency matrix of each 

component. We next compute the resistance distance between pairs of nodes by either of the 

two available formulas to generate the resistance distance matrix for each component. Next, we 

find the degree diagonal matrix of resistance matrix, and continue with calculating the Laplaci-

an matrix L of each component. Finally, we calculate the eigenvalues and eigenvectors of the 

matrix D1
–1

L1 and cluster these k eigenvectors by the algorithm of k-means, leading to the result 

shown in Figure 4b, where the success of our algorithm in separating the components is indi-

cated by using different colors and tags. 

To compare the performance of our algorithm with those of the k-means algorithm and the 

NJW algorithm of [1], we performed additional experiments. In the first of our experiments, we 

repeated the clustering of the data presented in Figure 1a of [1], with the results presented in 

Figure 5. Success in this experiment required an adjustment in the parameter σ, a detail that re-

quired much effort, because it was not introduced in [1].       

Conclusion and further research 

We have proposed a new similarity measure and applied it to different datasets for clustering. 

The theoretical analysis and experimental results show the method to be capable of finding good 

clusters of networks, while improving the data clustering performance compared with the other 

methods on several datasets.  

We plan to seek potential improvements in our algorithm and to make more extensive 

experimental evaluations. In our experiments, we will seek worst-case conditions that expose 

weaknesses of our algorithm, in an effort to make modifications to counteract the problems. We 

will also assess the performance for various data-set categories so as to identify the best application 

areas and those to be avoided or marked as candidates with evaluation with multiple methods. Also, 

applications of our method to network clustering research may be pursued.  
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