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Abstract

We obtain matching upper and lower bounds for the amount of time to find the predecessor of a given
element among the elements of a fixed compactly stored set. Our algorithms are for the unit-cost word
RAM with multiplication and are extended to give dynamic algorithms. The lower bounds are proved for
a large class of problems, including both static and dynamicpredecessor problems, in a much stronger
communication game model, but they apply to the cell probe and RAM models.

1 Introduction

Many problems in computer science involve storing a setSof integers and performing queries on that set.
The most basic query is themembership query, which determines whether a given integerx is in the set. A
predecessor queryreturns the predecessorpred(x;S) of x in S, that is, the largest element of the setS that
is less thanx. If there is no predecessor (which is the case whenx is smaller than or equal to the minimum
element ofS), then a default value, for example, 0, is returned.

Predecessor queries can be used to efficiently perform nearest neighbour queries (i.e. find the element
of S that is closest to the given integerx). They can also be used to determine the rank of an elementx with
respect toS(i.e. the number of elements inS less than or equal tox), even though this information is stored
only for elements ofS.

The static dictionaryproblem is to store a fixed set and perform membership querieson it; thestatic
predecessorproblem allows predecessor queries. If insertions and deletions may also be performed on the
set, we have thedynamic dictionaryproblem and thedynamic predecessorproblem, respectively.

The complexities of searching (for example, performing membership or predecessor queries) and sorting
are well understood under the assumption that elements are abstract objects which may only be compared.
But many efficient algorithms, including hashing, bucket sort, and radix sort, perform word-level operations,
such as indirect addressing using the elements themselves or values derived from them.�Research supported by the National Science Foundation under grants CCR-9303017 and CCR-9800124
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Often, such algorithms are applied only when the number of bits to represent individual elements is very
small in comparison with the number of elements in the set. Otherwise, those algorithms may consume huge
amounts of space. For example, van Emde Boas trees [43, 42] can be used to perform predecessor queries
on any set of integers from a universe of sizeN in O(log logN) time, but they requireΩ(N) space.

However, there have been important algorithmic breakthroughs showing that such techniques have more
general applicability. For example, with two level perfecthashing [25], anyn element set can be stored in
O(n) space and constant time membership queries can be performed. Fusion trees fully exploit unit-cost
word-level operations and the fact that data elements need to fit in words of memory to store static sets of
sizen in O(n) space and perform predecessor queries inO(plogn) time [27].

For the static predecessor problem, it has been widely conjectured that the time complexities achieved
by van Emde Boas trees and fusion trees are optimal for any data structure using a reasonable amount of
space [28]. We prove that this is NOT the case. Specifically, we construct a new data structure that storesn
element sets of integers from a universe of sizeN in nO(1) space and performs predecessor queries in time
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Using recent generic transformations of Andersson and Thorup [7, 10], the algorithm can be made dynamic

and the space improved toO(n), although the time increases toO
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We also obtain matching lower bounds for a class of problems that includes the static predecessor prob-

lem. These lower bounds are proved in the powerful communication game model and improve Miltersen’s
Ω(plog logN) lower bound [35] and Miltersen, Nisan, Safra, and Wigderson’s Ω((logn)1=3) lower bound
[35, 37]. The key to our lower bounds is to use a better distribution of inputs on which to consider the
behaviour of the algorithm. However, this requires a more complicated analysis. The same approach has
also been used to obtain anΩ(log logd= log log logd) lower bound for the approximate nearest neighbour
problem over the universef0;1gd [15].

A description of related work is given in Section 2, followedby our lower bounds in Section 3.4, and
our new algorithms in Section 4. Throughout the paper log will denote a logarithm to the base 2 and[i; j℄
will denote the set ofj� i +1 integersfi; i +1; : : : ; jg.
2 Related Work

The simplest model in which the dictionary and predecessor problems have been considered is thecom-
parison model. In this model, the only operations that involve the query key x are comparisons betweenx
and elements of the setS. Using binary search, predecessor and membership queries can be performed in
O(logn) time on a static set of sizen stored in a sorted array. Balanced binary trees (for example, Red-Black
trees, AVL trees, or 2-3 trees) can be used in this model to solve the dynamic dictionary and predecessor
problems inO(logn) time. A standard information theory argument proves thatdlog(n+1)e comparisons
are needed in the worst case for performing membership queries on a static set.

Faster algorithms are possible whenx or some function computed fromx can be used for indirect ad-
dressing. IfS is a static set from a universe of sizeN, one can trivially perform predecessor queries using
N words of memory in constant time: Simply store the answer to each possible queryx in a separate loca-
tion. This also works for more general queries. If the numberof bits,k, needed to represent each answer is
smaller than the number of bitsb in a memory word, the answers can be packedb=k to a word, for a total of
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O(Nk=b) words. For example, for membership queries,k = 1. In this special case, updates to the table can
also be performed in constant time.

If the universe sizeN is significantly less than 2b, whereb is the number of bits in a word, then packed
B-trees [27, 6, 12, 40] are time and space efficient. Specifically, using branching factorB� b=(1+ logN),
insertions, deletions, and membership and predecessor queries can be performed inO(logn= logB) steps
usingO(n=B) words.

The most interesting data structures are those that work foran arbitrary universe whose elements can fit
in a single word of memory (i.e.N� 2b) and use a number of words that is polynomial inn, or ideallyO(n).
The static dictionary problem has optimal constant-time data structures with these properties: Constant time
membership queries can be obtained for any set of sizen using anO(n2) word hash table and a hash function
randomly chosen from a suitable universal family [13]. Fredman, Komlòs, and Szeméredi [25] improved
the space toO(n) using two level perfect hashing. Their data structure can beconstructed inO(n) expected
time. To evaluate the hash functions, multiplication and division of logN bit words are used. Recently it
was shown that hash functions of the form

h(x) = ax mod 2dlogNe div 2dlogNe�r ;
for r � dlogne, suffice for implementing the two level perfect hashing datastructure [20, 21]. Notice that
the evaluation of such functions does not depend on constanttime division instructions; a right shift suffices.
Raman [40] proves that it is possible to choose such hash functions deterministically inO(n2 logN) time.
using a different type of hash function, Pagh [38] has recently shown how a linear space static dictionary
with constant query time can be constructed deterministically in n(logn)O(1) time.

Dynamic dictionaries can be built using two level perfect hashing, rehashing when necessary (with
hash functions randomly chosen from an appropriate universal family), to perform membership queries in
constant time and perform updates in expected constant time[21, 22, 19]. Miltersen [36] has constructed
a deterministic dynamic dictionary using error correctingcodes and clustering. It performs membership
queries in constant time and performs updates in timeO(nε) for any constantε > 0. All of these data
structures useO(n) space.

Although hashing provides an optimal solution to the staticdictionary problem, it is not directly appli-
cable to the predecessor problem. Another data structure, van Emde Boas (or stratified) trees [43, 42], is
useful for both static and dynamic versions of the predecessor problem. These trees support membership
queries, predecessor queries, and updates inO(log logN) time. The set is stored in a binary trie and binary
search is performed on the logN bits used to represent individual elements. The major drawback is the use
of an extremely large amount of space:Ω(N) words.

Willard’s x-fast trie data structure [44] uses the same approach, but reduces the space toO(nlogN) by
using perfect hashing to represent the nodes at each level ofthe trie. In y-fast tries, the space is further
reduced toO(n) by only storingΘ(n= logN) approximately evenly spaced elements of the setS in the x-fast
trie. A binary search tree is used to represent the subset ofO(logN) elements ofS lying between each
pair of consecutive elements in the trie. Both of Willard’s data structures perform membership and prede-
cessor queries in worst-caseO(log logN) time, but use randomization (for rehashing) to achieve expected
O(log logN) update time.

Fusion trees, introduced by Fredman and Willard [27] use packed B-trees with branching factorΘ(logn)
to store approximately one out of every(logn)4 elements of the setS. The effective universe size is reduced
at each node of the B-tree by using carefully selected bit positions to obtain compressed keys representing
the elements stored at the node. As above, binary search trees are used to store the roughly equal-sized
sets of intermediate elements and a total ofO(n) space is used. Membership and predecessor queries take
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O(logn= log logn) time. Updates takeO(logn= log logn) amortized time. (The fact that this bound is amor-
tized arises from the worst caseΘ((logn)4) time bound to update a node in their B-tree.) This data structure
forms the basis of their ingeniousO(nlogn=log logn) sorting algorithm. Fusion trees actually allow one to
implement B-trees with any branching factor that isO((logN)1=6), so forn� (logN)(log logN)=36, the time
bounds for fusion trees can be improved toO(plogn) while retainingO(n) space. This is done by using
branching factorΘ(2plogn) in the B-tree and storing 2Θ(plogn) elements in each of the binary search trees.
For the remaining range,n> (logN)(loglogN)=36, Willard’s y-fast tries have query time and expected update
timeO(log logN) = O(plogn).

Andersson [6] uses similar ideas to construct another data structure withO(plogn) time membership
and predecessor queries, expectedO(plogn) update time, andO(n) space. As above, onlyΘ(n=2

p
logn)

elements are stored in the main data structure; the rest are in binary search trees of heightΘ(plogn). His
idea is to reduce the length of the representation of elements by a factor of 2

p
logn using

p
logn recursive

calls each of which halves the length (as in van Emde Boas trees and y-fast tries). Essentially, 2
p

logn equally
spaced levels of the y-fast trie data structure are stored. At this point, packed B-trees with branching factor
2
p

logn and heightO(plogn) are used.

Also using B-trees with compressed keys, Hagerup [28] can construct a static ranking dictionary inO(n)
time, given the elements in sorted order. His data structureusesO(n) space and performs rank, selection,
and, hence, predecessor queries, inO(1+(logn)= logb) time.

Brodal [11] constructs a data structure that is similar to Andersson’s but uses buffers to delay inser-
tions and deletions to the packed B-tree. In the worst case, it usesO( f (n)) time to perform updates and
O(logn= f (n)) time to perform predecessor queries, for any nice functionf such that log logn� f (n) �p

logn. However, it usesO(nNε) space, for some constantε > 0.

Thorup [41] shows thatO(nlog logn) time is sufficient to perform a batch ofn predecessor queries. He
uses a trie of height lognlog logn over anN1= lognlog logn letter alphabet. For each query, binary search is used
to find the deepest trie node which is a prefix of the query word,as in van Emde Boas trees or x-fast tries, in
timeO(log(lognlog logn)) =O(log logn). This reduces the original problem to a collection of subproblems
of combined sizen over a universe of sizeN1= lognlog logn. In this smaller universe, linear time sorting can be
used to solve all the subproblems in a total ofO(n) time.

Interpolation search can be used to perform membership and predecessor queries in a static set of size
n in expected timeO(log logn) under the assumption that the elements of the set are independently chosen
from some distribution [39, 45].

Andersson’s exponential search trees [7] give a general method for transforming any static data structure
that performs membership and predecessor queries in timeT(n) into a linear space dynamic data structure
with query and amortized update timeT 0(n), whereT 0(n)� T(nk=(k+1))+O(T(n)), provided the static data
structure can be constructed innk time and space, for some constantk� 1. The root of the tree has degree
Θ(n1=(k+1)) and the degrees of other nodes decrease geometrically with depth. Instances of the static data
structure are used to implement the search at each node. Global and partial rebuilding are used to update the
data structure. Combined with fusion trees, packed B-trees, and x-fast tries, exponential search trees give a
solution to the dynamic predecessor problem that uses worstcase search time and amortized update time

O
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andO(n) space. Andersson and Thorup [10] have combined a variant of exponential search trees with eager
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partial rebuilding to improve the resulting dynamic data structure, achieving worst-case instead of amortized
bounds for update time.

Although priority queues can be implemented from dynamic predecessor, there are more efficient data
structures. Thorup [41] gives a randomized priority queue with expected timeO(log logn) for insert and
extractmin and a deterministic priority queue with amortized timeO((log logn)2). Using exponential search
trees, Andersson and Thorup [10] improve this bound toO((log logn)2) in the worst case.

Another problem that can be solved using predecessor queries is one dimensional range search (i.e. find
some element ofScontained within a query interval, if one exists). However,Alstrup, Brodal, and Rauhe
[3] have recently obtained a static data structure of sizeO(n) for storing a setSof n integers that supports
range search in constant time. Using this data structure, they can approximately count (i.e. to within a factor
of 1+ ε, for any constantε > 0) the number of elements ofSthat that lie within a query interval in constant
time. They can also return all elements ofScontained within a query interval in time linear in the number
of elements ofSreported.

One of the most natural and general models for proving lower bounds for data structures problems, and
one that is ideally suited for representing word-level operations, is thecell probemodel, introduced by Yao
[48]. In this model, there is a memory consisting ofcells, each of which is capable of storing some fixed
number of bits. A cell probe algorithm is a decision tree withone memory cell accessed at each node. The
decision tree branches according to the contents of the cellaccessed. We only count the number of memory
cells accessed in the data structure; all computation is free. This means that no restrictions are imposed on
the way data is represented or manipulated, except for the bound on the size of values that each memory
cell can hold. Thus, lower bounds obtained in this model apply to all reasonable models of computation and
give us insight into why certain problems are hard.

In this model, Fredman and Saks [26] showed that any dynamic data structure supporting rank queries
for sets of integers from a universe of sizeN requireΩ(logN= log logN) amortized time per operation. A
rank query asks how many elements in a given set of integers are less than or equal to a given integer. It is
interesting that, for static sets, predecessor queries andrank queries are equally difficult [28].

Alstrup, Husfeldt, and Rauhe [4] considered a generalization of the dynamic predecessor problem in a
universe of sizeN: the marked ancestor problem in a tree ofN nodes. They proved a tradeoff,

t 2 Ω
�

logN
log(ublogN)� ;

between the update timeu and the query timet in the cell probe model with word sizeb. If the word size
and update time are both inO(logN)O(1), this gives a lower bound ofΩ(logN= log logN) for query time.
They also construct a RAM algorithm which matches this querytime while using onlyO(log logN) time
per update andO(N) words, each containingO(logN) bits.

Ajtai, Fredman, and Komlos [1] showed that, if the word length is sufficiently large (i.e.nΩ(1) bits), then
any set of sizen can be stored, using a trie, inO(n) words so that predecessor queries can be performed
in constant time in the cell probe model. On the other hand, Ajtai [2] proved that, if the word length is
sufficiently small (i.e.O(logn) bits), and onlynO(1) words of memory are used to represent any set ofn
elements, then worst-case constant time for predecessor queries is impossible.

Miltersen [35] observed that a cell probe algorithm can be viewed as a two-party communication pro-
tocol [47] between a Querier who holds the input to a query anda Responder who holds the data structure.
In each round of communication, the Querier sends the name ofa memory cell to access and the Responder
answers with the contents of that memory cell. The communication game model is more general, since
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the response at a given round can depend on the entire historyof the computation so far. In the cell probe
model, the response can depend only on which memory cell is being probed, so different probes to the same
memory cell must always receive the same response. In fact, for many problems, the cell probe complexity
is significantly larger than the communication complexity [34].

Miltersen [35] generalized Ajtai’s proof to obtain anΩ(plog logN) lower bound on time in this model
for the problem of finding predecessors in a static set from a universe of sizeN. In [37], it was shown that for
certain universe sizes, Ajtai’s proof and its generalization in [35] also gives anΩ((logn)1=3) lower bound
on time. These lower bounds (and the lower bounds in our paper) actually apply to a large natural class
of data structure problems introduced in [24]. Furthermore, Miltersen [35] provides a general technique
for translating time complexity lower bounds (under restrictions on memory size) for static data structure
problems into time complexity lower bounds for dynamic datastructure problems. In particular, he shows
that the time to perform predecessor queries isΩ(plog logN) if the time to perform updates is at most
2(logN)1�ε

for some constantε > 0.

Although the cell probe model is useful for proving the most generally applicable data structure lower
bounds, it does not permit one to analyze the particular instructions necessary for these algorithms.

Fich and Miltersen [23] have shown that, for the standard RAMmodel (which includes addition, multi-
plication, conditional jumps, and indirect addressing instructions, but not shifts, bitwise Boolean operations,
or division), the complexity of performing membership queries in a set of sizen stored using at mostN=nΩ(1)
words (of unbounded size) requiresΩ(logn) time. Thus, for this model, binary search is optimal.

AC0 RAMs allow conditional jumps and indirect addressing, as well as any finite set of AC0 instructions
(such as addition and shifts, but not multiplication or division). Hagerup [28] gave an AC0 RAM algorithm
for the dynamic predecessor problem that usesO(n) words and performs queries and updates inO(1+
logn= logb) time. Andersson, Miltersen, and Thorup [9] showed how to efficiently implement fusion trees
on anAC0 RAM. In the same model, Andersson, Miltersen, Riis, and Thorup [8] proved that the time
complexity of the static dictionary problem isΘ(plogn= log logn). Their algorithm usesO(n) words and

their lower bound holds even if 2(logn)O(1)
words are allowed. It is intriguing that the somewhat unusual

function describing the time complexity in this case is the same as the one that we derive in a different
context.

On the pointer machine model, the time complexity of the dynamic predecessor problem isΘ(log logN)
[32, 33, 31].

3 Lower Bounds

Our lower bounds are proved in the general language-theoretic framework introduced in [35]. We begin
with a brief description of the class of problems and then show how certain problems in this class can be
reduced to various data structure problems. Next, we present some technical combinatorial lemmas. This
is followed by a lower bound proof in the communication game model for any static problem in our class.
Finally, a number of corollaries are given, including tradeoffs between update and query time for dynamic
data structure problems.
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3.1 Indecisive Languages and the Static Prefix Problem

Let Σ denote a finite alphabet that does not contain the symbol? and letε denote the empty word. We focus
attention on a special class of regular languages.

DEFINITION 3.1: A regular languageL � Σ� is indecisiveif and only if for all x2 Σ� there existz;z0 2 Σ�
such thatxz2 L andxz0 =2 L.

Thus, for an indecisive language, knowing that a particularword is a prefix of the input does not determine
the answer to the membership query for that input.

Suppose thatL is an indecisive language that is accepted by a deterministic finite automaton withq
states. Thenq� 2, since the automaton accepts some words and reject others.Furthermore, the stringsz
andz0 in Definition 3.1 can be chosen to be of length at mostq�1.

For any stringy = y1 � � �yN 2 (Σ[f?g)� and any nonnegative integerj � N, let PREj(y) 2 Σ� denote
the string of length at mostj obtained by deleting all occurrences of? from the lengthj prefix, y1 � � �y j ,
of y. For example, ify = 01??01, then PRE2(y) = 01 and PRE5(y) = 010. LetZ(N;n) denote the set of
strings in(Σ[f?g)N containing at mostn non-? characters.

DEFINITION 3.2: LetL � Σ� andx 2 Σ�. Thestatic (L;N;n;x)-prefix problemis to store an input string
y2 Z(N;n) so that, for anyj 2 [0;N℄, the query “Isx �PREj(y) 2 L?” may be answered. Whenx= ε, the
static(L;N;n;x)-prefix problem will also be called the static(L;N;n)-prefix problem.

If N0 � N andn0 � n, then any string inZ(N;n) can be viewed as a string inZ(N0;n0) by appending?N0�N

to it. Thus the static(L;N0;n0;x)-prefix problem is at least as hard as the static(L;N;n;x)-prefix problem.

The static(L;N;n;x)-prefix problem for any languageL and any stringx 62 L can be reduced to the static(f0;1g�1;N;n)-prefix problem as follows. Given an instancey2 (Σ[f?g)N, let y0 2 f0;1;?gN be defined
so that

y0i =8<: ? if yi =?
1 if yi 6=? andx �PREi(y) 2 L
0 if yi 6=? andx �PREi(y) 62 L:

Then, by construction,x �PREi(y) 2 L if and only if PREi(y0) 2 f0;1g�1. Thus, the static(f0;1g�1;N;n)-
prefix problem is the hardest such problem. Similarly, whenx2 L, the static(L;N;n;x)-prefix problem can
be reduced to the(f0;1g�1;N;n;1)-prefix problem.

3.2 Related Problems

DEFINITION 3.3: Thestatic (N;n)-predecessor-parity problemis to store a setS� [1;N℄ of size at mostn
so that for any valuex 2 [1;N℄, the parity of the predecessor ofx in the setS, parity(pred(x;S)), can be
determined.

The static(N;n)-predecessor-parity problem is no harder than the static predecessor problem. It can also be
reduced to the static(f0;1g�1;N;n)-prefix problem, as follows. Given a setS� [1;N℄ of size at mostn, let
y2 f0;1;?gN be defined so that

yi =8<: ? if i 62 S
1 if i 2 Sandi is odd
0 if i 2 Sandi is even.
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Thenpred( j;S) is odd if and only ifPREj�1(y) 2 f0;1g�1.

Conversely, the static(f0;1g�1;N;n)-prefix problem can be reduced to the static(2N;n)-predecessor-
parity problem, as follows. Given a stringy2 f0;1;?gN, let S= f2i�1 j yi = 1g[f2i j yi = 0g � [1;N℄.
ThenPREj(y) 2 f0;1g�1 if and only if parity(pred(2 j +1;S)) = 1.

DEFINITION 3.4: Thepoint separation problemis to store a set of points in the plane and decide whether
they all lie on the same side of a query line.

The static(f0;1g�1;N;n)-prefix problem can also be reduced to the point separation problem, as follows.
Given an instancez2 f0;1;?gN of the prefix problem, an instance of the point separation problem can be
constructed as follows, using ideas in [16, 17]. Supposei1 < � � � < is�1 denote the indices of the non-?
characters ofz. Let is = N+1 andP = fpi1;xi1i2; pi2; : : : ;xis�1is; pisg, wherepi j = (2i j ;4i2j ) for j = 1; : : : ;s
and, for j = 1; : : : ;s�1,

xi j i j+1 =� (i j + i j+1;2i2j +2i2j+1) if zi j = 0(i j + i j+1;4i j i j+1) if zi j = 1:
Then, fork 2 [1;N℄, PREk(z) 2 f0;1g�1 if and only if there are points inP on both sides of the query line
y= 2(2k+1)x� (2k+1)2 (which is tangent to the parabolay= x2 at the point(2k+1;(2k+1)2)).

Therank of an elementx in a setS is the number of elements inS that are less than or equal tox.

DEFINITION 3.5: Therank problemis to store a set from an ordered universe so that, for any element in the
universe, the rank of the element in the set can be determined. Therank parity problemis to store a set from
an ordered universe so that, for any element in the universe,the parity of the rank of the element in the set
can be determined.

The rank parity problem is no harder than the rank problem. The static((11)�1;N;n)-prefix problem is
equivalent to the rank parity problem for subsets of[1;N℄ of size at mostn. Let y 2 f1;?gN be a string
and letS� [1;N℄ be a set such thatyi = 1 if and only if i 2 S. ThenPREj(y) 2 (11)�1 if and only if
parity(rank( j +1;S)) = 1.

DEFINITION 3.6: The(exact) range counting problemis to store a set from an ordered universe so that, for
any two elementsx� x0 in the universe, the number of elements in the set that are in the range[x;x0℄ can be
determined.

The range counting problem is no harder than the rank problem.

3.3 Combinatorial Preliminaries

In this section, we state two combinatorial results which are important for the lower bound proofs given in
the next subsection.

The following form of the Chernoff-Hoeffding bound followseasily from the presentation in [18].

Proposition 3.1: Fix H �U with jHj � ρjU j and letS�U with jSj = s be chosen uniformly at random.
Then

Pr[jH \Sj � ρs=4℄� (p2=e3=4)ρs < 2�ρs=2:
8



The next result is a small modification and rephrasing of a combinatorial lemma that formed the basis
of Ajtai’s lower bound argument in [2].

Suppose we have a treeT of depthd such that all nodes on the same level have the same number of
children. For̀ = 0; : : : ;d let V̀ be the set of nodes ofT on level` (i.e. at depth̀ ) and for` < d let f` be the
fan-out of each node on level`. ThusjV̀ +1j= f`jV̀ j for `= 0; : : : ;d�1.

For any nodev2 T, let leaves(v) denote the set of nodes inVd that are descendants ofv and, ifv is not
the root ofT, let parent(v) denote the parent ofv. Let A(0); : : : ;A(m�1) be disjoint sets of leaves ofT and
let A=Sm�1

c=0 A(c). The leaves inA(c) are said to havecolour c. A nonleaf nodev hascolour c if leaves(v)
contains a node inA(c). Forc= 0; : : : ;m�1, letA0(c) = fv j leaves(v)\A(c) 6= φg denote the set of nodes
with colourc. Note that the setsA0(0); : : :A0(m�1) are not necessarily disjoint, since a nonleaf node may
have more than one colour.

The density of a nonleaf node is the maximum, over all coloursc, of the fraction of its children that have
colourc. A nonleaf nodev is δ-denseif it has density at leastδ.

Let Rδ`(c) be the set of those nodes on level` that are colouredc and do not have aδ-dense ancestor
at levels 1; : : : ; `�1. In particular,Rδ

1(c) = A0(c)\V1. The fraction of nodes on level` that are inRδ`(c)
decreases exponentially with`.
Proposition 3.2: For 1� `� d, jRδ`(c)j � δ`�1jV̀ j.
Proof By induction on`. The base case,`= 1, is trivial sinceRδ

1(c)�V1.

Now let 1� ` < d and assume thatjRδ`(c)j � δ`�1jV̀ j. If v2 Rδ`+1(c), then, by definition,v has colourc
and no ancestor ofv at levels 1; : : : ; ` is δ-dense. Sincev has colourc, parent(v) also has colourc and, thus,
parent(v) 2 Rδ`(c). Furthermore, parent(v) is notδ-dense, so fewer thanδ � f` of its children are inRδ`+1(c).
Hence, jRδ`+1(c)j< δ � f`jRδ`(c)j � δ � f` �δ`�1jV̀ j= δ`jV̀ +1j;
as required.

We now prove Ajtai’s Lemma:

Proposition 3.3: (Ajtai’s Lemma) LetT be a tree of depthd� 2 such that all nodes on the same level ofT
have the same number of children. Suppose that at least a fraction α of all the leaves inT are coloured (each
with one ofm colours). Then there exists a level`, 1� `� d�1, such that the fraction of nodes on level`
of T that areδ-dense is at least

α�mδd�1

d�1
:

Proof By Proposition 3.2,jRδ
d(c)j � δd�1jVdj for all coloursc. Let A be the set of all coloured leaves inT

and letRδ =Sm�1
c=0 Rδ

d(c)� A. There arem colours; thereforejRδj �mδd�1jVdj.
If w2 A�Vd and none of its ancestors at levels 1; : : : ;d�1 areδ-dense, thenw2Rδ. Thusw2 A�Rδ

implies that some ancestor ofw at some level 1; : : : ;d�1 is δ-dense.

For ` = 1; : : : ;d�1, let δ` denote the fraction of nodes inV̀ that areδ-dense. Observe that because
the fan-out at each level ofT is constant, for anyv 2 V̀ , jleaves(v)j = jVdj=jV̀ j. Therefore, for each̀,
1� `� d�1, the number of leaf nodes ofT that lie belowδ-dense nodes inV̀ is δ` jVdj. It follows thatjA�Rδj � d�1

∑̀=1

δ`jVdj:
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But jA�Rδj= jAj� jRδj � α jVdj�mδd�1jVdj, so

d�1

∑̀=1

δ` � α�mδd�1:
Thus there is somè, 1� `� d�1, such thatδ` � (α�mδd�1)=(d�1), as required.

The number ofδ-dense nodes can change significantly with a small change inδ. Consider a treeT
of depthd � 2, where all nodes on levell have fl = 2el children, for 0� l � d� 1. ThenT hasN =
f0 � � � fd�1 = 2E leaves, whereE = e0 + � � �+ ed�1. Let a � 0 ande� 1 be integers such thata � e�
minfe1; : : : ;ed�2;ed�1g and letm= 2e(d�1)�a. Colour a fractionα = 2�a of the leaves ofT as follows: The
x+1’st leaf is coloured if and only if thea least significant bits of the binary representation ofx are all 0.
The colour of this leaf is a number in[0;m�1℄ whose binary representation is formed by the concatenation
of selected bits fromx’s binary representation. Specifically, divide the binary representation ofx into d
blocks of lengthe0; : : : ;ed�1. Then concatenate together thee most significant bits in each of the middle
d�2 blocks plus thee�a most significant bits in the least significant block. The rootof the treeT has
density 1 and all other internal nodes have density 2�e. Thus whenδ � 2�e, all internal nodes areδ-dense;
whereas, whenδ > 2�e, only the root ofT is δ-dense. An example withd = 4, e0 = e3 = 1, e1 = e2 = 2,
e= 1, anda= 1 is depicted in Figure 1. The positions of the selected bits in the binary representation (i.e.
those that determine the colour of the leaves) are shaded.

0 0 1 1 2 2 3 30 0 1 1 2 2 3 30 0 1 1 2 2 3 30 0 1 1 2 2 3 3

e e

e1 2e e3

f ff 112

f0

f3

e0

a

Figure 1: An Example Related to Ajtai’s Lemma

3.4 Lower Bounds for Static Problems

In this section, we present an adversary argument that proves a lower bound on the time to perform prefix
queries for any indecisive language, provided strings are stored using only a polynomial amount of memory.

As discussed in the introduction, Miltersen [35] observed that one can phrase a static data structure
algorithm in the cell-probe model in terms of a communication protocol between between two players: the
Querier, who holds the input to a query, and the Responder, who holds the data structure. Each probe that
the Querier makes to the data structure, a cell name, consists of logm bits of communication, wherem is
the number of memory cells, and each response by the Responder, the contents of that named cell, consists
of exactlyb bits of communication. The number of rounds of alternation of the players is the timet of the
cell-probe communication protocol.

For technical reasons, we require that, at the end of the protocol, both the Querier and the Responder
know the answer to the problem instance. Since we are considering decision problems, the answer to each
problem instance is a single bit. In this case, once one of theplayers knows the answer, the other player
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can be told the answer in the next round. Therefore, if there is an algorithm for the static(L;N;n;x)-prefix
problem that uses at mostt�1 probes, then there is a communication protocol that solvesthis problem in at
mostt rounds.

The lower bound, in the style of [30], works ‘top down’, maintaining, for each player, a relatively large
set of inputs on which the communication is fixed. Unlike [30], we actually have non-uniform distributions
on the Responder’s inputs, so our notion of ‘large’ is with respect to these distributions. The distributions
get simpler as the rounds of the communication proceed.

If Z is a probability distribution on a setZ andB� Z, we useµZ(B) to denote the probability an element
randomly chosen from the distributionZ is in B. LetU(N;n) be the distribution which chooses an element
y= y1 : : :yN from Z(N;n) by first choosingS� [1;N℄ of sizen uniformly at random and then, independently
for each j 2 S, choosingy j 2 Σ[f?g uniformly at random, and finally settingy j = ? for j =2 S. That is,
each of the

�N
i

�jΣji strings inZ(N;n) with exactlyi non-? characters has probability
�N�i

n�i

�=[�N
n

�(jΣj+1)n℄.
The base case of the lower bound considers the situation in which no communication is performed.

Specifically, we argue that there do not exist a large set of positions A� [1;N℄ and a large set of strings
B� Z(N;n) for which the static(L;N;n;x)-prefix problem can be solved, for allj 2 A andy2 B, without
communication.

Lemma 3.4: Suppose thatL � Σ� is an indecisive regular language accepted by a deterministic finite au-
tomaton withq states. LetN � n > 0 and suppose thatb � 2(jΣj+ 1)q, αn � max(8qb2;12b3), and
β� 2�2b+1. Consider any set of positionsA� [1;N℄, with jAj �αN, and any set of stringsB� Z(N;n), with
µU(N;n)(B)� β. Then, for anyx2Σ�, there exist integersa;a0 2A and a stringy2B such thatx�PREa(y)2 L
andx �PREa0(y) 62 L.

Proof Let x 2 Σ�. Consider the event that a stringy randomly chosen from the distributionU(N;n) has
x �PREa(y) 2 L for all a2 A or x �PREa(y) 62 L for all a2 A. We will show that the probability of this event
is less thanβ. SinceµU(N;n)(B)� β, it will follow that there exist integersa;a0 2 A and a stringy2 B such
thatx �PREa(y) 2 L andx �PREa0(y) 62 L.

It is convenient to restrict attention to a well spaced subset of A. Specifically, it is possible to choose
a0 < a1 < � � � < ab2 2 A such thatj[ai�1 +1;ai ℄j = ai �ai�1 � b(jAj � 1)=b2
 � jAj=b2� 1. SincejAj �
αN � αn � 8b2, it follows that j[ai�1 + 1;ai ℄j � jAj=b2�1 � αN=b2� 1 � 7αN=(8b2) > αN=(2b2) for
i = 1; : : : ;b2.

LetS� [1;N℄ with jSj=nbe chosen uniformly at random. Then, sinceq�αn=(8b2) andαn=(4b2)�3b,
applying Proposition 3.1 withH = [ai�1+1;ai ℄ andρ = α=(2b2),

Prob[j[ai�1+1;ai ℄\Sj< q℄� Prob[j[ai�1+1;ai ℄\Sj � αn=(8b2)℄< 2�αn=(4b2) � 2�3b:
Sinceb� 4, there areb2 � 2b intervals. Therefore, the probability that at least one of them contains

fewer thanq elements ofS is less thanb22�3b � 2�2b � β=2.

Now consider any fixed choice forS that has at leastq elements in each of theseb2 intervals. For
each interval[ai�1+1;ai ℄, consider the setQi of the lastq elements ofS in the interval.L is an indecisive
regular language. Therefore, for each fixed choicew for the symbols ofy that occur before the first element
of Qi , there are stringsz;z0 2 (Σ[ f?g)q such thatx �PREai (wz) 2 L and x �PREai (wz0) 62 L. There are(jΣj+1)q equally likely ways that the characters ofy in positions indexed byQi will be assigned values.
Thus, with probability at least(jΣj+1)�q, eitherx�PREai�1(y) 2 L andx�PREai (y) 62 L or x�PREai�1(y) 62 L
andx �PREai (y) 2 L. Therefore, the probability that this event does not occur is at most 1� (jΣj+1)�q.
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Since the choices of the portions of stringy in each of theb2 intervals[ai�1+1;ai ℄ are independent, the
probability that eitherx �PREai (y) 2 L for all i = 0; : : : ;b2 or x �PREai (y) 62 L for all i = 0; : : : ;b2 is at most(1� (jΣj+1)�q)b2 � e�(jΣj+1)�qb2 < 2�2b � β=2< β

sinceb� 2(jΣj+1)q.

BecauseµU(N;n)(B) � β, it follows that there exists a stringy2 B such that neitherx �PREa(y) 2 L for
all a2 A nor x �PREa(y) 62 L for all a2 A.

Let L � Σ� be an indecisive regular language. We define a sequence of distributions onZ(N;n) and use
it to demonstrate that no cell-probe communication protocol usingnk memory cells ofb bits can solve the
static(L;N;n;x)-prefix problem int rounds. Given integersb, k, t, N, andn we will define two sequences
of integersNi andni for i = 0; : : : ; t � 1 with N0 = N, andn0 = n. The general idea of the lower bound
argument is to find, after each round, a portion of the Querier’s and Responder’s inputs on which the cell-
probe communication protocol has made little progress. After i rounds, the possible values of the Querier’s
input will lie in an interval of lengthNi and, within this interval, the Responder’s inputy will have at most
ni non-? elements. Thus, the Responder’s input can be viewed as an element ofZ(Ni;ni) together with a
modified prefixx0 consisting ofx together with all characters ofy preceding this interval.

More precisely, letb, k, t, N, andn be positive integers and define� α = n�1=(4t)� u= 8kt� r = 16bu=α� f = 8ru=α = 128bu2=α2� N0 = N� n0 = n� and, fori = 0; : : : ; t�1, defineNi+1 = (Ni= f )1=u andni+1 = ni=(ru).
We say that the tuple of parameters(b;k; t;N;n) satisfies theintegrality conditionif 1=α is an integer

greater than 1 and, for every integeri 2 [0; t℄, Ni andni are integers andNi � ni .

If n is the 4t’th power of an integer larger than 1, then 1=α is an integer greater than 1 andf andr are
also integers. Sincef � ru andu� 1, the conditionNt � nt is sufficient to imply thatNi � ni for i 2 [0; t℄.
Furthermore, ifNt andnt are both integers, thenni = (ru)t�int andNi = f (ut�i�1)=(u�1)Nut�i

t are integers for
i 2 [0; t℄. In particular, the integrality condition will hold for(b;k; t;N;n) if n is the 4t’th power of an integer
larger than 1 and there are integersNt � nt such thatn= (ru)tnt andN = f (ut�1)=(u�1)Nut

t .

Suppose that the integrality condition holds for(b;k; t;N;n). We define a probability distributionZi

on Z(Ni;ni) inductively, for i = t; : : : ;0. The basis,Zt , is the distributionU(Nt ;nt). For everyi < t, each
string in Z(Ni;ni) can be thought of as labelling the leaves of a treeTi with depthu+1, having fan-outf
at the root and a completeNi+1-ary tree of depthu at each child of the root. We choose a random element
of Zi as the sequence of leaf labels of the treeTi, which we label using the distributionZi+1 as follows:
First, chooser nodes uniformly from among all the children of the root. For each successively deeper level,
excluding the leaves, chooser nodes uniformly among the nodes at that level that are not descendants of
nodes chosen at higher levels. (Notice that, since the root of Ti has f � ru children, it is always possible to
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choose enough nodes with this property at each level.) Independently, for each of theseru nodes,v, choose
a stringwv2 Z(Ni+1;ni+1) fromZi+1 and label the leftmost leaf in theh’th subtree ofv with theh’th symbol
of wv, for h= 1; : : : ;Ni+1. Label all other leaves ofTi with ?.

Lemma 3.5: Suppose thatL � Σ� is a regular language accepted by a deterministic finite automatonM
with q states. Suppose(b;k; t;N;n) satisfies the integrality condition,b � 16, and 2b � 4q. Let x 2 Σ�,
A � [1;Ni ℄ with jAj � αNi, andB � Z(Ni;ni) with µZi (B) � β = 2�2b+1. Suppose there is at � i round
cell-probe communication protocol, usingm� nk memory cells ofb bits, that correctly determines whether
x �PREj(y) 2 L for all j 2 A andy 2 B. Then there existx0 2 Σ�, A0 � [1;Ni+1℄ with jA0j � αNi+1, B0 �
Z(Ni+1;ni+1) with µZi+1(B0) � β and at� i�1 round cell-probe communication protocol, usingm cells of
b bits, that correctly determines whetherx0 �PREj 0(y0) 2 L for all j 0 2 A0 andy0 2 B0.
Proof We begin with an overview of the argument. Our goal is to identify a nodev in Ti and fix one round
of communication in the originalt � i round cell-probe communication protocol to obtain a newt � i�1
round communication protocol that still works well in the subtree rooted atv.

We first focus attention on the message the Querier sends during the first round of communication for
each of its possible input queries (i.e. leaves inTi). A node is a good candidate forv if there is some message
such that a large fraction of the node’s children have a leaf among their descendants for which this message
is sent. Using Proposition 3.3 (Ajtai’s Lemma), we show thatthere is always a level with many nodes that
are good candidates forv.

Next, we selectv from among these nodes and fix the values of those leaves whichare not descendants
of v so that the following property holds. If the Responder’s string y is chosen according to the distribution
Zi , the probability thatv is one of ther nodes chosen on its level,y2 B, andy is consistent with the fixed
values of the leaves not inv’s subtree is not too much smaller than the probability thaty2 B. Moreover, we
can fix the response so that the probability thaty is also one on which the Responder gives this response is
not too much smaller.

If v is one of the nodes chosen on its level, then only the leftmostdescendants of its children may have
values other than?. This implies that the answer to the prefix problem is the sameif any of the leaves in the
subtree rooted at a given child ofv is the input query. Thus we can identify the portion of the string y below
v with an element inZ(Ni+1;ni+1), and the input query belowv with the position of its ancestor among the
children ofv.

Now, we proceed to give the details of our proof.

Finding the nodev

We examine the behaviour of the Querier during the first roundof the original cell-probe communication
protocol to find a set of candidates for the nodev. For each value ofj 2 A, the Querier sends one ofm
messages indicating which of them memory cells it wishes to to probe. Colour thejth leaf ofTi with this
message.

To find the nodev, we first find a level̀ of Ti with manyα-dense nodes. Then we fix ther(`�1) nodes
chosen at higher levels and show that, with high probability, many of ther nodes selected at level` areα-
dense. We fix the choice of a setV of db2=8e α-dense nodes at level`. Next we fix the levels of leaves that
are not descendants ofV. All other leaves, except for the leftmost descendant of each of theNi+1 children
of each node inV are set to?. Finally, for each node inV, we consider the restriction ofB projected onto
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the remaining unfixed leaves of the subtree rooted at the nodeand choose the node that contains the highest
density of elements fromZi+1.

SincejAj � αNi, it follows from Proposition 3.3 (Ajtai’s Lemma) that thereexists a level̀ such that
1 � ` � u and the fraction ofα-dense nodes in level̀ of Ti is at least(α�mαu)=u. By the integrality
condition,α � 1=2. Furthermore,u> 6 andm� nk = α�4kt = α� u

2 . Therefore(α�mαu)=u� α(1�α
u
2�1)=u> 3α=(4u):

We now argue that there is a sufficiently large set of candidates forv among theα-dense nodes at level`
and a way of labelling all leaves ofTi that are not descendants of these candidates so that the probability of
choosing a string inB remains sufficiently large.

Note that in the construction ofZi from Zi+1, the r nodes chosen on level` are not uniformly chosen
from among all nodes on level`. The constraint that these nodes not be descendants of any ofthe r(`�1)
nodes chosen at higher levels skews this distribution somewhat and necessitates a slightly more complicated
argument.

Consider the different possible choices for ther(`�1) nodes at levels 1; : : : ; `�1 of Ti in the construction
ofZi fromZi+1. By simple averaging, there is some such choice withµZ0i (B)� β, whereZ0i is the probability
distribution obtained fromZi conditioned on the fact that this particular choice occurred. Fix this choice.

Let R be the random variable denoting the set ofr nodes chosen at level`. Since the choice of nodes
at higher levels has been fixed, there are certain nodes at level ` that are no longer eligible to be inR.
Specifically, each of ther nodes chosen at levelh < ` eliminates itsN`�h

i+1 descendants at level` from
consideration. In total, there are `�1

∑
h=1

r �N`�h
i+1 < 2r �N`�1

i+1

nodes eliminated from consideration at level`. There aref N`�1
i+1 nodes at level̀ , so the fraction of nodes

at level` that are eliminated is less than 2r= f = α=(4u). Thus, of the nodes at level` that have not been
eliminated, the subsetD of nodes which areα-dense constitutes more than a fraction 3α=(4u)�α=(4u) =
α=(2u).

We may view the random choiceR of the r nodes at level̀ as being obtained by choosingr nodes
randomly, without replacement, from the set of nodes at level ` that were not eliminated. Applying Propo-
sition 3.1 withρ = α=(2u) andjRj= r,

Pr[jD\Rj � rα=(8u)℄ < 2�rα=(4u) = 2�4b:
Sinceb� 1, this probability is smaller than 2�2b = β=2. Let E be the event that at leastrα=(8u) = 2b of
the r elements ofR areα-dense. ThenµZ00i (B) � β� β=2 = β=2, whereZ00i is the probability distribution
obtained fromZ0i conditioned on the fact that eventE occurred.

Assume that eventE has occurred. ThenjD\Rj � 2b. LetV be the random variable denoting the first 2b
nodes chosen forR that are also inD. By simple averaging, there is some choice forV with µZ000i

(B)� β=2,
whereZ000i is the probability distribution obtained fromZ00i conditioned on the fact that this particular choice
for V occurred. Fix this choice.

Finally, consider the different possible choicesσ for the sequence of labels on those leaves which are
not descendants of nodes inV. By simple averaging, there is some choice forσ with µZ�i (B) � β=2, where
Z
�
i is the probability distribution obtained fromZ000i conditioned on the fact that this particular choice forσ

occurred. Fix this choice.
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By construction, the distributionZ�i is isomorphic to a cross-product of 2b independent distributions,
Zi+1, one for each of the nodes inV. Specifically, for eachv2V, the string consisting of the concatenation
of the labels of the leftmost descendants ofv’s children is chosen fromZi+1. (All other descendants ofv are
labelled by?.) Forv2V andy chosen fromZ�i , let πv(y) denote the string consisting of theNi+1 characters
of y labelling the leftmost descendants of theNi+1 children ofv. Let Bv = fπv(y) j y2 B is consistent with
σg. Then

β=2� µZ�i (B)� ∏
v2V

µZi+1(Bv):
Hence, there is somev2V such that

µZi+1(Bv)� (µZ�i (B))1=jV j � (β=2)1=2b = 1=2:
Choose that nodev.

Fixing a round of communication for each player

Sincev is α-dense, there is some messagec that the Querier may send in the first round such thatjA0j=Ni+1�
α, where

A0 = f j 0 2 [1;Ni+1℄ j the j 0-th child ofv is colouredcg;
i.e., there is some inputj corresponding to a descendant of thej 0-th child of v on which the Querier sends
messagec in the first round. We fix the message sent by the Querier in the first round to bec.

For each nodev2V and stringy2 B, let λv(y) 2 Σ� denote the string consisting of the non-? characters
of y labelling the leaves ofTi that occur to the left of the subtree rooted atv. For each statep of the
deterministic finite automatonM, let Bv;p denote the set of stringsy0 2 Bv for which there existsy 2 B
consistent withσ such thatπv(y) = y0 andx �λv(y) takesM from its initial state to statep. SinceBv is the
(not necessarily disjoint) union of theq setsBv;p, there is a statep0 such that

µZi+1(Bv;p0)� µZi+1(Bv)=q� 1=(2q):
Fix any functionι : Bv;p0 ! B so that, for each stringy0 2 Bv;p0 , ι(y0) is consistent withσ, πv(ι(y0)) = y0, and
x �λv(ι(y0)) takesM from its initial state to statep0. In other words,ι(y0) witnesses the fact thaty0 2 Bv;p0 .

There are only 2b different messages the Responder can now send. Therefore, there is some fixed
messagec0 for which

µZi+1(B0)� 1=(2q2b)� 2�2b+1 = β;
since 2b � 4q, whereB0 is the set of stringsy0 2 Bv;p0 such that, in round one, given the inputι(y0) and the
queryc, the Responder sendsc0. We fix the message sent by the Responder in the first round to bec0.
Constructing the t� i�1 round protocol

Choosex0 2 Σ� to be any fixed word that takesM from its initial state to statep0.
Consider the following newt � i�1 round protocol: Given inputsj 0 2 A0 andy0 2 B0, the Querier and

the Responder simulate the lastt� i�1 rounds of the originalt� i round protocol, using inputsj 2 A and
y= ι(y0) 2 B, respectively, wherej is the index of some leaf inTi with colourc that is a descendant of the
j 0-th child of nodev. Note that it doesn’t matter which leaf of colourc in the subtree rooted at thej 0-th
child of v is chosen. This is because every leaf in this subtree, exceptthe leftmost leaf, is labelled by?, so
PREj(y) is the same no matter which leaf in the subtree is indexed byj.
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It follows from the definitions ofA0 andB0 that, for inputsj andy, the original protocol will send the fixed
messagesc andc0 during round one. By construction, the new protocol determines whetherx�PREj(y) 2 L.

Sinceπv(y) = y0 and j is the index of a leaf inTi that is a descendant of thej 0th child of nodev, PREj(y) =
λv(y) �PREj 0(y0). Furthermorex�λv(y) andx0 both lead to the same statep0 of M, sox�PREj(y) = x�λv(y) �
PREj 0(y0) 2 L if and only if x0 �PREj 0(y0) 2 L. Thus the new protocol determines whetherx0 �PREj 0(y0) 2 L.

We now combine Lemma 3.4 and Lemma 3.5 to prove the main technical result.

Theorem 3.6: Let L � Σ� be an indecisive regular language accepted by a deterministic finite automaton
with q states and letx 2 Σ�. There is a constantc > 0 such that ifb� max(16;2(jΣj+1)q), (ckb2t)4t �
n � (ckb2t)8t , andN � n(ckt)t , then there is not round cell-probe communication protocol for the static(L;N;n;x)-prefix problem usingnk memory cells ofb bits each.

Proof Let c=256. Suppose thatb� max(16;2(jΣj+1)q), (ckb2t)4t � n� (ckb2t)8t , andN � n(ckt)t . To
obtain a contradiction, suppose that there is at round cell-probe communication protocol for the static(L;N;n;x)-prefix problem usingm� nk memory cells ofb bits. Letn0 = (ckb2t)4t � n andk0 = 2k. Then
n0 � n andm� (n0)k0 .

Let u = 8k0t, α = (n0)�1=(4t), r = 16bu=α, f = 128bu2=α2, N0 = N, n00 = n0, and letNi+1 = (Ni= f )1=u

andn0i+1 = n0i=(ru) for i = 0; : : : ; t�1.

Note thatf = 128b�64(k0)2t2(n0)1=2t � n. One can now easily check that sinceN � n(256kt)t , Nt � n�
nt . As noted above,Nt � N=( f ut ).

Therefore(b;k0; t;N;n0) satisfies the integrality condition and the algorithm workscorrectly for all inputs
j 2 A = [1;N℄ andS2 B= Z(N;n0). Since 2b � b� 2q+1 � 4q, b� 2, Lemma 3.5 can be appliedt times
starting withA= [1;N℄ andB= Z(N;n), to obtainx0 2 Σ�, A0 � [1;Nt ℄ with jA0j � αNt , B0 � Z(Nt ;nt) with
µZt (B0) � β = 2�2b+1, and a 0 round cell-probe communication protocol that correctly determines whether
x0 �PREj(y) 2 L for all j 2 A0 andy 2 B0. This implies thatx �PREj(y) 2 L for all j 2 A0 andy 2 B0 or
x0 �PREj(y) 62 L for all j 2 A0 andy2 B0.

Sinceα = (n0)�1=(4t) andt � 1, α1+t � (n0)�1=2. Also, n0 � (256kb2t)4t andb� 4q, so

αn0t = αn0(ru)t = n0α1+t(16bu2)t � (n0)1=2

16b(8k0t)2)t � (256b2kt)2t

bt(32k0t)2t = 42tb3t � 16b3 > 8qb2

sincet � 1. ButNt � nt > 0, b� 2(jΣj+1)q, andβ = 2�2b+1. Therefore, by Lemma 3.4, there exist integers
a;a0 2 A0 and a stringy2 B0 such thatx0 �PREa(y) 2 L andx0 �PREa0(y) 62 L. This is a contradiction.

The following two results, which are direct consequences ofthe preceding result, give us the desired
lower bounds for the static prefix problem.

Theorem 3.7: For any indecisive regular languageL, any stringx, any positive integerk, and any pos-
itive constantε, there exists a functionn(N) � N such that any cell probe data structure for the static(L;N;n(N);x)-prefix problem using(n(N))k memory cells of 2(logN)1�ε

bits requires timeΩ(log logN= log log logN)
per query.

Proof Fix k;ε > 0 and choose the largest integert such that(logN)ε � (ckt)4t wherec is the constant from
Theorem 3.6. Clearlyc0 log logN= log log logN� t � c00 log logN= log log logN for some constantsc0;c00 > 0
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depending only onk and ε (and the constantc). Let b = 2(logN)1�ε
and setn = (cb2kt)4t . Then, forN

sufficiently large,b�max(16;2(jΣj+1)q) and

n(ckt)t � n(logN)ε=4 � h(logN)ε28c0(logN)1�ε loglogN
loglog logN

i(logN)ε=4 < N:
Therefore, by Theorem 3.6, any cell-probe data structure for the static(L;N;n;x)-prefix problem requires

time at leastt +1 usingnk memory cells ofb bits each.

Theorem 3.8: For any indecisive regular languageL, any stringx, and any positive integersk;k0, there is
a functionN(n) such that any cell probe data structure for the static(L;N(n);n;x)-prefix problem usingnk

memory cells of(logN(n))k0 bits requires timeΩ(plogn= log logn) per query.

Proof Fix k andk0 and consider the largest integert for which n� (ckt)8k0t2+4t(logn)8k0t wherec is the
constant from Theorem 3.6. Thent � c0plogn= log logn wherec0 > 0 is a constant depending only onk

andk0 (and the constantc). SetN = n(ckt)t andb= (logN)k0 = [(ckt)t logn℄k0 , son� (ckt)8k0t2+4t(logn)8k0t =(cb2kt)4t . For all t � 3, (t +1)t+1 � t2t and, hence by the choice oft, it follows that n� (cb2kt)8t . For
N sufficiently large,b� max(16;2(jΣj+1)q) Thus, by Theorem 3.6, any cell-probe data structure for the
static(L;N;n;x)-prefix problem requires time at leastt +1 usingnk memory cells ofb bits each.

It follows from the reductions described in Sections 3.1 and3.2 that the static predecessor problem is at
least as hard as any static prefix problem. Thus, we obtain thefollowing corollaries.

Corollary 3.9: Consider any cell probe data structure for the static predecessor problem that stores each set
S from a universe of sizeN usingjSjO(1) memory cells of 2(logN)1�Ω(1)

bits. Then, in the worst case, queries
takeΩ(log logN= log log logN) time.

A result similar to Corollary 3.9 was independently shown byXiao [46].

As noted in Section 2, the static predecessor problem for a set Sfrom a universe of sizeN can be solved
in constant time in the cell probe model usingO(jSj) memory cells ifjSj 2 (logN)O(1) [1]. With indirect
addressing, it can also be solved in constant time usingjSjO(1) memory cells ifN2 jSjO(1). Thus, in Corollary
3.9, the worst case occurs for a setSof size(logN)ω(1) andNo(1).
Corollary 3.10: Consider any cell probe data structure for the static predecessor problem. If each set of
sizen from a universe of sizeN is stored usingnO(1) memory cells of(logN)O(1) bits. Then, in the worst
case, queries takeΩ(plogn= log logn) time.

The reductions in Sections 3.1 and 3.2 also imply that the same lower bounds apply to the static versions
of the predecessor parity problem, the point separation problem, the rank problem, and the exact range
counting problem.

3.5 Lower Bounds for Dynamic Problems

One can apply the results of Section 3.4 to obtain lower bounds for dynamic data structures, using a transla-
tion argument given by Miltersen [35].

For a2 Σ[f?g andi 2 [1;N℄, the operation update(i;a) applied to a stringy2 Z(N;n) updates thei’th
letter of the string to bea. It can only be applied if the resulting string is also inZ(N;n).
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DEFINITION 3.7: LetL � Σ� and letx2 Σ�. Thedynamic(L;N;n;x)-prefix problemis to maintain a string
y 2 Z(N;n) under update operations and support the queries “Isx �PREj(y) 2 L?”, for all j 2 [1;N℄. The
semi-dynamic(L;N;n;x)-prefix problemis a restricted version of the dynamic(L;N;n;x)-prefix problem in
which the operation update(i;a) can only be applied when thei’th letter of the string is? anda 6=?.

Because the semi-dynamic prefix problem is a restricted version of the dynamic prefix problem, lower
bounds for the former also apply to the latter.

Theorem 3.11: Consider any cell-probe data structure for the semi-dynamic (L;N;n;x)-prefix problem.
Suppose there areb = (logN)O(1) bits per memory cell and the data structure uses 2O(b) memory cells. If

the amortized time for updates isnO(1), then the worst-case query time is noto
�p

logn= log logn
�

.

Proof Suppose there is a data structure such that the amortized time for updates isnO(1). Using static
dictionary techniques from [26], we obtain a space efficientsolution to the static(L;N;n;x)-prefix problem.

Let y2 Z(N;n) and consider the configuration of the data structure that results from updating the string?N to becomey, one character at a time. At each time step, at most one memorycell of the data structure
is changed, so inn updates,nO(1) memory cells are changed. Suppose that the indices of all these changed
memory cells, together with their new values, are stored in aperfect hash table that usesnO(1) memory cells,
each containingb bits.

To determine whetherx �PREj(y) 2 L, given j 2 [1;N℄, it suffices to simulate the query algorithm used
by the dynamic data structure. Each probe to a locationi in the dynamic data structure is simulated by
searching the hash table for the keyi. If it is present, the associated value is used; otherwise, the value of
location i in the initial (empty) state of the dynamic data structure isused. Since the simulation of a single
probe can be done in constant time, the worst case query time in the static data structure isO(t), wheret is
the worst case query time in the semi-dynamic data structure.

It follows from Theorem 3.8 thatt is noto
�p

logn= log logn
�

.

The restriction of 2O(b) on the number of memory cells is reasonable, since it is the number of different
cells that can be accessed when performing indirect addressing.

Exactly the same proofs apply to the dynamic predecessor problem with inserts instead of updates.

Theorem 3.12: Consider any cell-probe data structure for the semi-dynamic predecessor problem (i.e. no
delete operations are performed) on[1;N℄ restricted to sets of size at mostn. Suppose there areb =(logN)O(1) bits per memory cell and the data structure uses 2O(b) memory cells. If the amortized time
for inserts isnO(1), then the worst-case query time is noto(plogn= log logn).

Similar lower bounds, but for even larger word size, can be obtained in terms of the universe size.

Theorem 3.13: Consider any cell-probe data structure for the semi-dynamic (L;N;n;x)-prefix problem.
Suppose there areb = 2(logN)1�Ω(1)

bits per memory cell and the data structure uses 2O(b) memory cells. If
the amortized time for updates is 2(logN)1�Ω(1)

, then the worst-case query time isΩ(log logN= log log logN).
Proof The proof is the same as for Theorem 3.11, except that we need to track the parameters slightly
differently and use Theorem 3.7 instead of Theorem 3.8.
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Fix someε > 0 and suppose thatb = 2(logN)1�ε
. If the amortized time per update is at most 2(logN)1�ε

,
then the time to performn updates isO(nb). As in the proof of Theorem 3.11, a hash table containing
O(nb) entries ofb bits each can be constructed. Now, letk = 2 and setn to the value chosen in the proof
of Theorem 3.7 as a function ofb andN andk. Sincen� b, the hash table has sizeO(n2) and we obtain
a static data structure that meets the conditions of Theorem3.7. Therefore it has worst-case query time
Ω(log logN= log log logN).
Theorem 3.14: Consider any cell-probe data structure for the dynamic predecessor problem on[1;N℄ re-
stricted to sets of size at mostn on which no delete operations are performed. Suppose there are b =
2(logN)1�Ω(1)

bits per memory cell and the data structure uses 2O(b) memory cells. If the amortized time for
inserts is 2(logN)1�Ω(1)

, then the worst-case query time isΩ(log logN= log log logN).
When there is no a priori restriction on the number of memory cells used by the dynamic data structure,

we can obtain lower bounds for worst-case query time given anupper bound on the worst-case, rather than
the amortized, update time.

Theorem 3.15: Consider any cell-probe data structure for the semi-dynamic (L;N;n;x)-prefix problem.
Suppose there areb= 2(logN)1�Ω(1)

bits per memory cell and the worst-case time for updates is 2(logN)1�Ω(1)
.

Then the worst-case query time isΩ(log logN= log log logN).
Proof Let ε > 0 and suppose there is a data structure for the semi-dynamic(L;N;n;x)-prefix problem such
that the worst-case timeT per update and the number of bitsb per memory cell are both bounded above by
2(logN)1�ε

. If L � Σ�, there are only(jΣj+1)N possible different updates. At each of the at mostT steps
in the update algorithm for a given update, there are at most 2b ways to branch (depending on the value
controlling the branch). Hence, the total number of different memory cells that can be accessed during any

update is at most(jΣj+1)N2bT, which is bounded above by 22(logN)1�ε=2

for N sufficiently large. Therefore it
takes at mostb0 = 2(logN)1�ε=2

bits to describe which cell is updated at each step.

We now apply the same hash table construction as in Theorems 3.11 and 3.13 to solve the static(L;N;n;x)-prefix problem. We get a table with at mostnT = O(nb0) entries each ofb0 bits. The remainder
of the proof proceeds as in the proof of Theorem 3.13 withb0 replacingb.

Theorem 3.16: Consider any cell-probe data structure for the semi-dynamic (L;N;n;x)-prefix problem.
Suppose there areb = (logN)O(1) bits per memory cell and the worst-case time for updates is 2O(plogn).
Then the worst-case query time is noto

�p
logn= log logn

�
.

Proof Consider a cell-probe data structure for the semi-dynamic(L;N;n;x)-prefix problem withb =(logN)k0 bits per memory cell and worst-case update timeT = 2O(plogn).
As in the proof of Theorem 3.15, the number of different possible memory cells accessed during an

update is at most(jΣj+1)N2bT. Thus(logN)O(1)2O(plogn) bits are needed to represent which memory cell
is updated.

Let k = 2. Following the proof of Theorem 3.8, chooseN = n(ckt)t , wherec is the constant from the
proof of Theorem 3.6 andt is Θ(plogn= log logn). Then logN = 2Ω(plogn).

Therefore, for this value ofN, only (logN)O(1) bits are needed to describe which memory cell is updated
at each step of the dynamic algorithm. The hash table construction results in a data structure for the static
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(L;N;n;x) prefix problem usingnT =O(n2) memory cells of(logN)k0 bits each, for some constantk0 > 0. A
query can be performed by simulating each step of the query algorithm for the semi-dynamic data structure
in constant time. From Theorem 3.8, it follows that the worst-case query time for the resulting static data
and, hence, for the semi-dynamic data structure is at leastc0plogn= log logn for some positive constantc0.

There are analogous lower bounds for the semi-dynamic predecessor problem.

4 An Optimal Static Predecessor Data Structure

This section presents a new data structure for the static predecessor problem that matches the lower bounds
for query time in Section 3.4 to within a constant factor. Theprevious best static predecessor data structures
all use one of Williard’s small space variants of van Emde Boas trees to do substantial range reduction. The
essential idea of this range reduction is that one is able to perform a binary search on the binary representa-
tion of the query element to find the portion that is most relevant for determining its predecessor.

Our key contribution is to replace most of the uses of this binary search by a new, faster, multi-way
search that either reduces the number of bits in the relevantportion of the binary representation by a large
factor or significantly reduces the number of elements underconsideration. This technique was motivated
by our lower bound work: Our first algorithm was for the restricted class of inputs used in our lower bound
proof and these inputs provided us with key intuition.

At each round of the binary search procedure, Willard uses a perfect hash table. This table stores the
nodes at the middle level of the binary trie representing therelevant bits of the subset still under considera-
tion. To implement our multi-way search, we replace the binary search with a method for parallel hashing
that examines several different levels of the binary trie atonce. Because of limits on the sizes of the tables
we can accommodate, we are only be able to represent some of the nodes at these different levels of the
binary trie, namely, those with many leaves in their subtrees. The missing nodes mean that we sometimes
get a substantial reduction in the size of the set under consideration, instead of always obtaining a substantial
range reduction.

We begin by describing our method for parallel hashing. Next, we explain how to implement one
round of multi-way search. Then we build a data structure forthe predecessor problem when the set size,
universe size, and word size are in certain ranges. Finally,we incorporate previous techniques and optimize
parameters to obtain a data structure for any range of parameters.

Throughout this section,� the symbolhci denotes the binary string of lengthk representingc2 [0;2k�1℄,� the symbolhhcii denotes the binary string of length 2k representingc2 [0;22k�1℄, and� the symbol�c� denotes the binary string of lengthr +1 representingc2 [0;2r+1�1℄.
A string is stored right justified in a word (or a constant number of words), padded with 0’s on the left, as
necessary. For example, if there areb� lk bits per word, a string of lengthl over the alphabet[0;2k�1℄ is
stored asb� lk zero bits followed by the concatenation of thek-bit binary representations of each of thel
letters.
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We describe the space requirements of some of our data structures in terms of the total number of bits
used,B, and a lower bound on the number of bits,b, in a single word of memory. For anyb that is at least
the lower bound, the data structure can be configured to useO(B=b) words.

Parallel Hashing

We begin by showing that, if the word lengthb is sufficiently large, it is possible to evaluateq independent
linear space perfect hash functions in parallel in constanttime and, hence, perform membership queries inq
dictionaries in parallel in constant time.

Lemma 4.1: Let S1; : : : ;Sq � [0;2k�1℄ be sets of size at most 2r , wherer < k. If memory words contain
b2Ω(kq2) bits, then there is anO(kq2(r+1)q)-bit data structure that can be constructed inO(kq2(r+1)q) time
and supportsq parallel membership queriesz1 2 S1?; : : : ;zq 2 Sq? in constant time.

Proof Let i 2 [1;q℄. SinceSi contains at most 2r elements, it is possible, inO(k22r) time, to (deterministi-
cally) construct a two-level hash functionhi : [0;2k�1℄�! [0;2r+1�1℄ which is one-to-one onSi [40, 20,
25]. More specifically, it is possible to find constantsai ;ai;0; : : : ;ai;2r+1�1 2 [0;2k�1℄, pi;0; : : : ; pi;2r+1�1 2[0;2r+1�1℄, andr i;0; : : : ; r i;2r+1�12 [0; r℄ and functionsfi : [0;2k�1℄�! [0;2r+1�1℄ andgi; j : [0;2k�1℄�![0;2r i; j �1℄, for j = 0; : : : ;2r+1�1, such that

fi(x) = aix mod 2k div 2k�1�r ;
gi; j (x) = ai; jx mod 2k div 2k�r i; j for j = 0; : : : ;2r+1�1; and

hi(x) = pi; fi (x)+gi; f (x)(x):
The data structure consists of the(2q�1)k-bit string a = haqih0ihaq�1ih0i � � � h0iha1i and four 2(r+1)q

element arraysA, R, P, andM, where, for j1; : : : ; jq 2 f0;1gr+1,� A[� j1� �� � � jq�℄ = haq; jqih0i � � � h0iha1; j1i 2 f0;1gk(2q�1),� R[� j1� �� � � jq�℄ = h2rq; jqih0i � � � h0ih2r1; j1 i 2 f0;1gk(2q�1),� P[� j1� �� � � jq�℄ = � p1; jq� �� � � pq; jq� 2 f0;1g(r+1)q, and� M[� j1� �� � � jq�℄ = hx1i � � � hxqi 2 f0;1gkq, such that, fori = 1; : : : ;q, eitherhi(xi) = j i andxi 2 Si

or hi(xi) 6= j i and j i 62 hi(Si).
This data structure can be stored using(2q�1)k+2k(2q�1)2(r+1)q+(r+1)q2(r+1)q+kq2(r+1)q2O(kq2(r+1)q)
bits. The time to construct the data structure isO(kq22r) for finding theq two-level hash functions and
O(2(r+1)q) for constructing the arrays.

Given a wordZ containing the stringhz1i � � � hzqi 2 (f0;1gk)q the functionh(z1; : : : ;zq)= (h1(z1); : : : ;hq(zq))
can be computed in constant time as follows.� ExpandZ so that there are(2q�1)k bits with value 0 between eachk-bit character ofZ. To do this,

multiply Z by the string(h0i2q�2h1i)q to give the string(h0iq�1hz1i � � � hzqi)q. Then perform a bitwise
AND with the string(h0i2q�11k)q to obtain the stringW = hz1ih0i2q�1hz2ih0i2q�1 � � � h0i2q�1hzqi.
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� Multiply z1; : : : ;zq by the constantsa1; : : : ;aq, respectively. This is done by multiplyingW by the
stringa to obtain the stringhhaq�z1ii � � � hha1�z1iihhaq�z2ii � � � hha1�zq�1iihhaq�zqii � � � hha1�zqii 2 f0;1g2kq2 :
Then, perform a bitwise AND with the string(0k1r+10k�r�1hh0iiq�2)qhh0ii, to obtainF 0 =� f1(z1)�
02k(q�1)�r�1 � f2(z2)� 02k(q�1)�r�1 � � � � fq�1(zq�1)� 02k(q�1)�r�1 � fq(zq)� 02k(q�1)+k�r�1:� CompressF 0 to getF =� f1(z1)�� f2(z2)� �� � � fq(zq)�2 f0;1g(r+1)q. To do this, multiplyF 0 by
the bit string(02k(q�1)�r�21)q and then AND the result with the bit string 1q(r+1)0(2q(q�1)+1)k�q(r+1)
to obtain the bit string� f1(z1)� �� � � fq(zq)� 0(2q(q�1)+1)k�q(r+1). Finally, shift the result right(2q(q�1)+1)k�q(r +1) bit positions.� Multiply z1; : : : ;zq by the valuesa1; f1(z1); : : : ;aq; fq(zq), respectively. This is done by multiplyingW by
A[F℄, which giveshhaq; fq(zq)�z1ii � � � hha1; f1(z1)�z1ii � � � hhaq; fq(zq)�zqii � � � hha1; f1(z1)�zqii:
Then, perform a bitwise AND with the string(0k1khh0iiq�2)qhh0ii, to geth0ihz01ihh0iiq�2h0ihz02ihh0iiq�2 � � � h0ihz0q�1ihh0iiq�2h0ihz0qihh0iiq�1;
wherez0i = ai; fi (zi)zi mod 2k. Compress this string by multiplying it by(hh0iiq�2h1i)q, taking the AND
with 1qk0(2q�1)(q�1)k, and shifting right(2q�1)(q�1)k bit positions to obtainZ0 = hz01ih0i � � � h0ihz0qi,� Multiply z01; : : : ;z0q by the values 2r1; f1(z1) ; : : : ;2rq; fq(zq) , respectively. As in the first two steps, this is

done by multiplyingZ0 by (h0i2(q�1)h1i)q, performing a bitwise AND with the string(h0i2q�11k)q,
and multiplying byR[F℄, which giveshh2rq; fq(zq) �z01ii � � � hh2r1; f1(z1) �z01ii � � � hh2rq; fq(zq) �z0qii � � � hh2r1; f1(z1) �z0qii:
Then, perform a bitwise AND with the string(1k0khh0iiq�2)qhh0ii, to obtain

G0 = hg01ih0ihh0iiq�2hg02ih0ihh0iiq�2 � � � hg0q�1ih0ihh0iiq�2hgqih0ihh0iiq�1;
whereg0i = gi; fi (zi)(zi) = z0i div 2k�r i; fi (zi ) 2 f0;1gr i; fi (zi ) . Note that sincer i; fi (zi) < r < k, it follows thathg0ii= 0k�r�1 �g0i�.� CompressG0 to getG =�g01� �� � �gq�2 f0;1g(r+1)q. As above, to do this, multiplyG by the bit
string(02k(q�1)�r�21)q, AND the result with the bit string 1q(r+1)02kq(q�1)+k�(r+1)(q�1) and shift right
2kq(q�1)+k� (r +1)(q�1) bit positions.� Add P[F℄ =� p1; f1(z1)� �� � � pq; fq(zq)� andG to obtainH =�h1(z1)� �� � �hq(zq)�.

To complete the membership queries, compare the corresponding k-bit fields of M[H℄ andZ. Sincehi is
one-to-one onSi , it follows thatzi 2 Si if and only if zi is in the(q+1� i)’th least significantk-bit field of
M[H℄.

To compare the corresponding fields in parallel, computeE, the exclusive OR ofM[H℄ andZ. Next
compute the AND ofE and(01k�1)q and subtract the result from(10k�1)q. Finally, AND the result with(10k�1)q and the complement ofE to get the string whosek(q+1� i)th least significant bit is 1 if and only
if zi 2 Si for i = 1; : : : ;q and all of whose other bits are 0.
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Multi-way Search in a Trie

Next, we explain the fundamental primitive for our new technique which is based on parallel hashing. Let
S denote a set ofs strings, 1< s� n, of lengthL over the alphabet[0;2k�1℄ and letT denote the trie of
branching factor 2k and depthL representing this set. Each node at depthd of T corresponds to the length
d prefix of some element ofS. ThusT contains at mostLs+1 nodes. A nodev in T is said to ben-heavy
(which we will simply refer to asheavysince the value ofn will always be understood) if the subtrie rooted
at v has at least max(s=n1=L;2) leaves. Any ancestor of a heavy node is a heavy node. The root of T is
always heavy and no leaf is heavy. For 0< d < L, there are at mostn1=L heavy nodes at depthd.

Lemma 4.2: LetT be a trie of depthL over the alphabet[0;2k�1℄ with at mostn leaves. If 2L(L�1)� logn
and memory words containb2Ω(kL2) bits, then there is anO(kLn)-bit data structure that can be constructed
in O(kLn) time such that, given a stringx= x1 � � �xL of lengthL over [0;2k�1℄, the longest proper prefix of
x that is a heavy node inT, and the length of this prefix, can be determined in constant time.

Proof If L = 1, the empty word is the only proper prefix ofx, so we may assume thatL > 1. LetSd = fz2[0;2k�1℄ j yz is a heavy node at depthd for some heavy nodey at depthd�1g, for 0< d < L. SinceT has
at mostn1=L heavy nodes at depthd, it follows thatSd has size at mostn1=L.

We use a slight variant of the data structure in Lemma 4.1, with q= L�1 andr = d(logn)=Le. Specif-
ically, if M[� j1� �� � � jq�℄ = hy1i � � � hyqi, then there exists 0� e� q such thaty1 � � �ye is a heavy node.
hi(yi) = j i for 1� i � e, andhi(yi) 6= j i for e< i � q. Furthermore, ife< q, theny1 � � �yez is not a heavy node
for all z2 f0;1gk with he+1(z) = je+1. Note thatyi 2 Si andhi is one-to-one onSi for i = 1; : : : ;e. Hence,
if h(x1; : : : ;xq) = ( j1; : : : ; jq) andx1 � � �xd is the longest proper prefix ofx which is a heavy node, thend� e
andxi = yi for i = 1; : : : ;d.

Thus, to find the length,d, of the longest proper prefix ofx which is a heavy node, it suffices to compute
H =�h1(x1)� �� � �hq(xq)� and find the length of the longest common prefix ofM[H℄ andX = hx1i � � � hxqi.
This can be computed by computingE, the exclusive OR ofM[H℄ andX, computing the prefix OR ofE,
taking the AND withh1iq, then computing the Hamming weight of the resulting string (which can be done
by multiplying the string byh1iq, shifting rightk(q�1) bits, and taking the AND with the string 1k), and
finally subtracting the result fromq. Alternatively, look up the prefix OR ofE in a hash table of sizeO(kq)
containing the stringsf0kq�i1i j i = 0; : : : ;kqg stored together with the corresponding values ofd.

The prefix of lengthd of x can be obtained by shiftingx right k(L�d) bit positions.

The data structure usesO(kLn) bits and can be constructed inO(kLn) time. This follows from Lemma 4.1
using the fact that(r +1)q < ((logn)=L+2)(L�1) = [(L�1)(logn)+2L(L�1)℄=L � [(L�1)(logn)+
logn℄=L = logn.

The Static Predecessor Data Structure

Now, we present our new data structure for the static predecessor problem. It is constructed recursively,
using multi-way search in a tree, described above.

Lemma 4.3: If n, u, andc are positive integers such thatn� uu, c� u, and memory words containb�
2uc+2 bits, then there is a static data structure for representinga set of at mostn integers from the universe[0;2uc �1℄ that supports predecessor queries inO(u) time, usesO(n2=u2) words, and can be constructed in
O(ucn2) time.
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Lemma 4.3 follows immediately from the following technicallemma, by settingL = 1, a = u, and
s= n. This technical lemma will be in a convenient form for the recursive construction. At each stage in
the recursion, either the sizes of the set being represented will decrease by at least a factor of n1=u or the
number of bits required to represent each element will decrease by a substantial amount. The parametersa
andc are upper bounds on the number of additional rounds of set-size reduction and range-size reduction,
respectively, that can be performed.

As a result of a round of range-size reduction, the number of bits required to represent an element will
decrease to the largest power ofu less than the current value. If another range reduction is performed next,
then the power ofu will decrease by one. When set-size reduction is performed,the range also gets smaller,
but the size of the resulting range may vary. Although the number of bits will not necessarily be a power of
u, it will be a small integer multipleL of a power ofu, whereL � u.

Lemma 4.4: If a, c, L, n, s, andu are integers such thata;c2 [0;u℄, n� uu, L 2 [1;u℄, s� na=u, and memory
words containb � [2(u�1)2� 1℄Luc bits, then there is a static data structure for representinga set ofs
integers from the universe[0;2Luc �1℄ that supports predecessor queries inO(a+ c) time, usesO(sn=u2)
words, and can be constructed inO(sLucn) time.

Proof If a= 0 thens= 1 and it suffices to store the element. Therefore, we assume that a> 0.

If c= 0 andL = 1, then the universe is[0;1℄ and a 2-bit characteristic vector suffices. Ifc� 1 andL = 1,
thenLuc = L0uc0 , whereL0 = u andc0 = c�1. Therefore, we may assume thatL > 1.

Let Sbe any set ofs� na=u integers from the universe[0;2Luc �1℄ and letT0 denote the binary trie of
depthLuc representingS.

For j 2 [1;c℄, let Tj be the trie of depthLuc� j and branching factor 2u
j
that consists of all nodes inT0 at

levels divisible byu j , where nodev is the parent of nodew in Tj if and only if v is the ancestor at distance
u j from w in T0. ThenTj representsS, when viewed as a set of strings of lengthLuc� j over the alphabet[0;2uj �1℄.

Note that the set of nodes ofTj is exactly the set of nodes ofTj�1 at depths divisible byu. Furthermore,
the children of each non-leaf nodev in Tj are the leaves of the subtrie of depthu rooted atv in Tj�1.

For every nodev in Tc, let minS(v) denote the smallest element ofSwith prefix v and maxS(v) denote
the largest element ofSwith prefix v.

The data structure is built recursively. For the purposes ofanalysis, we will associate each recursive
instance of the data structure with a node in one of the treesTc; : : : ;T0. The entire data structure will be
associated with the root ofTc. The subproblems for sets of strings of length 1< L0 � u over the alphabet[0;2uj �1℄ will be associated with distinct non-leaf nodes ofTj . The data structure consists of the following
parts:

1. the data structure described in Lemma 4.2, withT = Tc andk= uc,

2. for each non-heavy nodev in Tc that has a heavy parent and for each heavy nodev in Tc:

(a) maxS(v), minS(v), andpred(minS(v);S),
3. for each heavy nodev in Tc with at least two children:

(a) a linear size perfect hash table containing the letters (in [0;2uc �1℄) labelling edges fromv to
non-heavy children ofv,
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(b) a recursive instance of the data structure for the setS0v = fv0 2 [0;2uc �1℄ j v � v0 is a child ofvg
of size at mosts (which we associate with nodev in Tc�1), and

4. for each non-heavy nodew at depth 0< d < L in Tc with a heavy parent and at least two leaves in its
subtree:

(a) a recursive instance of the data structure for the setS0w = fv0 2 [0;2uc �1℄L�d j w�v0 2 Sg of size
at mosts=n1=L � s=n1=u � n(a�1)=u (which we associate with nodew in Tc, if d < L�1, or node
w in Tc�1, if d = L�1).

To find the predecessor ofx2 [0;2k�1℄ in the setS, first determine the longest prefixv of x that is a
heavy node inTc, as described in Lemma 4.2. Suppose thatv is at depthd.

If v has at most one child, then

pred(x;S) =� pred(minS(v);S) if x�minS(v)
minS(v) if x> minS(v).

Now consider the case whenv has at least two children. Determine whether some child ofv is a prefix
of x, using the hash table containing all ofv’s non-heavy children. By definition ofv, if there is such a child,
then it is not heavy.

If no child of v is a prefix ofx, then

pred(x;S) =� pred(minS(v);S) if x�minS(v)
maxS(v � pred(xd+1;S0v)) if x> minS(v).

Find pred(xd+1;S0v) using the recursive instance of the data structure for the set S0v. Note thatv�pred(xd+1;S0v)
is either a non-heavy child of the heavy nodev or is itself heavy, so the largest element ofS in the subtree
rooted at this node is stored explicitly.

Finally, consider the case when some childw of v is a prefix ofx. If w has exactly one leaf in its subtree,
then

pred(x;S) =� pred(minS(w);S) if x�minS(w)
minS(w) if x> minS(w).

Otherwise,

pred(x;S) =� pred(minS(w);S) if x�minS(w)
w � pred(xd+2 � � �xL;S0w) if x> minS(w).

Find pred(xd+2 � � �xL;S0w) using the data structure for the setS0w.

It follows by induction that predecessor queries are supported inO(a+c) time.

Next, we analyze the storage requirements of the entire datastructure (including all recursive instances
of the data structure for the subproblems).

First, we count the total space used by part 2(a) of the construction. There are at mostsLuc� j +1 nodes
in Tj some of which contribute a constant number of words. Ifj = c, these words are at mostLuc � uc+1

bits long. If j < c, these words are at mostu j+1 bits long. This gives a total ofO(csLuc+1) bits.

Now, we count the total space used by part 3(a) of the construction. Since each treeTj hass leaves, there
are at most 2(s�1) nodes inTj with siblings (i.e. that are children of nodes with at least two children).
Each of these nodes can be viewed as contributing at most a constant number ofu j -bit entries to its parent’s
perfect hash table. Thus, over the entire recursive data structure, the hash tables useO

�
∑c

j=0suj
�= O(suc)

bits.
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Finally, we count the total space used by part 1 of the construction. The only association of nodes ofTc

with recursive instances of the data structure occur as a result of part 4(a) of the construction. Since these
nodes are non-heavy children of heavy nodes, they have siblings inTc. Therefore, at most 2(s�1) nodes in
addition to the root are associated with an instance of the data structure. For each such node, part 1 of the
construction is an instance of the data structure of Lemma 4.2 with T the subtree (of depth at mostL) rooted
at this node andk= uc, which usesO(Lucn) bits. In total,O(sLucn) bits are used.

Similarly, for j < c, each node inTj that is associated with a recursive instance of the data structure
either has a sibling (in case the instance arose from part 4(a) with d < L�1), or is also a node inTj+1 with
at least two children (in case the instance arose from part 4(a) withd = L�1 or from part 3(b)). Since each
tree hass leaves, it contains at mosts�1 nodes with two or more children and at most 2(s�1) nodes with
siblings. For each such node, part 1 of the construction is aninstance of the data structure of Lemma 4.2
with T the subtree (of depth at mostu) rooted at this node andk = u j , which usesO(u j+1n) bits. In total,
over all treesTj , with j < c, the number of bits used isO(∑c�1

j=0suj+1n) = O(sucn).
Altogether,O(csLuc+1)+O(suc)+O(sucn)+O(sLucn) = O(sLucn) bits are used. Sinceb2Ω(Luc+2),

only O(sn=u2) words are needed.

It remains to determine the construction time of the data structure. The only two time-consuming parts
of the construction are 1 and 3(a). Since the time needed to construct an instance of the data structure
from Lemma 4.2 is bounded above by the same quantity as the upper bound on the number of bits used,
it follows that O(sLucn) time suffices to construct all the instances that occur in some part 1 during the
recursive construction. A perfect hash table with 2(s�1) or feweru j -bit elements (or a collection of perfect
hash tables with a combined total of 2(s� 1) elements) can be constructed inO(s2u j) time [40]. Thus
O(s2uc) � O(sLucn) time suffices to construct all the instances that occur in some part 3(a) during the
recursive construction.

The data structure of Lemma 4.3 is not quite enough on its own to achieve our desired result, since
it requires a particular relationship between the universesize and the set size. Also, Lemma 4.3 requires
word size greater than the logarithm of the universe size. However, combining this with packed B-trees and
a small number of rounds of range reduction using Willard’s x-fast tries, we obtain an upper bound that
matches our lower bound for the static predecessor problem in Section 3.4.

Theorem 4.5: There is a static data structure for representingn integers from the universe[1;N℄ that uses

O(n2 logn= log logn) words of logN bits and answers predecessor queries in timeO

 
min

(
log logN

log log logN
;s logn

log logn

)!
.

Moreover, this data structure can be constructed inO(n2+ε) time for anyε > 0.

Proof Let b= logN. If n< 24(log logN)2=(log log logN), then(logn)= logb� (logn)= log logN <p8logn= log logn� 4
p

2log logN= log log logN;
for N sufficiently large. In this case, we use Fredman and Willard’s fusion trees [27] which, as shown by
Hagerup [28], can be parameterized to useO(n) words, support predecessor queries inO(1+(logn)= logb)
time and can be constructed inO(n) time.

Now assume thatn� 24(log logN)2=(log log logN). Then
p

logn= log logn�p
2log logN= log log logN for N

sufficiently large. Therefore, it suffices to give anO(log logN= log log logN) query time in this case. Letu
be the smallest integer such thatuu � logN. Then, forN sufficiently large,(log logN)= log log logN � u�
2(log logN)= log log logN�p(2logn)= log logn anduu� (logN)2� n1=u. Observe that since(u�1)u�1 <
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logN, uu= logN � uu=(u�1)u�1 � u(1+1=(u�1))u�1 � eu. Therefore 2uu�2 � (2elogN)=u� logN, for
u� 2e, which holds forN sufficiently large.

In this case, the data structure has two parts. The first part consists of the topd4logue levels of Willard’s
x-fast trie [44]. This reduces the problem of finding the predecessor in a set of sizen from a universe of size
N to finding the predecessor in a set of size at mostn from a universe of size 2k, wherek= (logN)=2d4logue�(logN)=u4 � uu�4.

For each resulting subproblem, the set size is at mostn, b = logN � 2uu�2, and the universe size is at
most 2k � 2uu�4

. Therefore, the data structure of Lemma 4.3, withc = u�4, can be used. The time spent
by the query in this portion of the data structure isO(u) and the query takes onlyO(logu) steps in the x-fast
trie portion of the data structure. Thus, the total query time isO(log logN= log log logN).

There areO(u4) subproblems. By Lemma 4.3, the data structures for each subproblem usesO(n2=u2)
space and the truncated x-fast trie usesO(nlogN) � O(n2) space. Thus the total space used isO(n2u2) �
O(n2 logn= log logn).

For each subproblem, the data structure can be constructed in O(n2uu�4) time, for a total ofO(n2uu) time
over all subproblems. Each level of the x-fast trie can be constructed in timeO(n2 logN) = O(n2uu), using
the time bounds for hash table construction [40], and there are O(u4) levels. Thus, the total construction
time isO(n2uu+4), which isO(n2+ε) for any constantε > 0.

Our algorithm also works for sets of positive floating point numbers that use a fixed number of bits for
the exponent followed by a fixed number of bits for the mantissa, where the exponent is expressed using
biased notation. This is because lexicographic ordering ofthe binary strings representing numbers in this
way is consistent with the numerical order of these numbers [29].

Similarly, our algorithm can be used for sets of rational numbers with numerators and denominators at
mostk2O(b) bits long, if each rational numberx=y, wherex2 [0;2k�1℄ andy2 [1;2k�1℄ is represented
by the 3k-bit binary representation of the integerbx4k=y
. To see why, note that ifbx4k=y
< bx04k=y0
, then
x4k=y< x04k=y0 and if bx4k=y
 = bx04k=y0
, then(x4k=y)�1< x04k=y0 < (x4k=y)+1, so�1<�yy0=4k <
x0y�y0x< yy0=4k < 1 and, hence,x=y= x0=y0, sincex0y�y0x is an integer.

Algorithms for Related Problems

Observe that any data structure for the static predecessor problem for sets of sizen from the universe[1;N℄
can be augmented (usingO(n) additional space) to solve the static(L;N;n;x)-prefix problem for any lan-
guageL � Σ� and any stringx2 Σ� using only a constant amount of additional time. Specifically, given a
stringy2 (Σ[f?g)N, consider the setS= fi j yi 2 Σg. Add a hash table of sizeO(n) storing each element
of S[f0g in a different location. Together with each elementj 2 S[f0g, also store the answer to the query
“Is x �PREj(y) 2 L?00. To determine whetherx �PREj(y) 2 L for an arbitrary elementj 2 [0;N℄, first use the
hash table to determine whetherj 2 S[f0g and, if so, return the precomputed answer. Otherwise, find the
predecessorj 0 of j in S. Then use the answer to the question “Isx �PREj 0 2 L?” stored in the hash table.

Similarly, the static-predecessor-parity problem, the static rank-parity problem, and the static rank prob-
lem can be solved within the same time bounds.

The point separation problem for a set of points in the plane,with coordinates that are rational numbers
expressed as the quotient of twob-bit words is considered by Chazelle [16]. He shows that asking whether a
query (do all points in the set lie on the same side of a given line?) reduces to finding the predecessor among
the slopes of the lines comprising the convex hull of the points in the set. Thus, this problem can be solved
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in time O
�

min
n(logb)= log logb;p(logn)= log logn

o�
.

Exponential search trees [7, 10] can be combined with our static data structure to give a linear size
dynamic data structure.

Corollary 4.6: The dynamic predecessor problem for a set of up ton integers from the universe[1;N℄ can

be solved on a RAM withO(n) words of logN bits, in timeO

 
min

((log logn) log logN
log log logN

;s logn
log logn

)!
.

5 Conclusions

In this paper, we achieve asymptotically matching upper andlower bounds for the static predecessor problem
and the static prefix problem for indecisive languages. We obtained the lower bound first and then worked
for a long time trying to improve it. Eventually, in an attempt to understand the reasons for our difficulties,
we started looking for a communication game algorithm that would be efficient for inputs drawn from the
hard distribution used in our lower bound. The algorithm we obtained for this problem directly led to the
development of our algorithm in Section 4. This is an examplewhere the insight obtained from a lower
bound can lead to a substantially improved algorithm.

Further connections have been made between the approximatenearest neighbour problem for inputs in[1;N℄d, for constantd, and our bounds for the predecessor problem. Amir, Efrat, Indyk, and Samet [5] give
a reduction from the predecessor problem to the approximatenearest neighbour problem in one dimension
to derive anΩ(log logN= log log logN) lower bound for the approximate nearest neighbour problem.Using
an extension of our data structure, Cary [14] gives a data structure that matches this lower bound for any
constant number of dimensions.

It would be nice to remove the log logn factor in the numerator in the first term of the minimum in
Corollary 4.6 so that our upper and lower bounds would match for the dynamic versions of these problems.

For the static version of the predecessor data structure, could an algorithm be obtained that uses linear
or nearly-linear space, rather than quadratic space without using the full power of exponential search trees?
A key place where there is room for improvement in our arguments is in Lemma 4.3 when the set size is
reduced. Our construction and analyses do not take advantage of the fact that the set may be drastically
reduced in size, rather than simply reduced periodically byn1=u factors. The ability to adjust to different
set sizes is one of the main advantages of exponential searchtrees and, in order to do this, one may need a
similar structure.
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[33] K. Mehlhorn, S. Näher, and H. Alt. A lower bound on the complexity of the Union-Split-Find problem.
SIAM Journal on Computing, 17:1093–1102, 1988.

[34] P. B. Miltersen. The bit probe complexity measure revisited. In Alain Finkel, Patrice Enjalbert, and
Klaus W. Wagner, editors,STACS 93: 10th Annual Symposium on Theoretical Aspects of Computer
Science, volume 665 ofLecture Notes in Computer Science, pages 662–671, Wurzburg, Germany,
February 1993. Springer-Verlag.

[35] P. B. Miltersen. Lower bounds for Union-Split-Find related problems on random access machines. In
Proceedings of the Twenty-Sixth Annual ACM Symposium on Theory of Computing, pages 625–634,
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