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Fig.7. Random modal 2-SAT transition (degree 1). N is the number of propositional
variables (i.e. primitive concepts); L is the number of and branches.

case a phase transition can be found; formulae are in conjunctive normal form,
with L conjuncts and 2 disjuncts, where each literal could be either an existential
or a universal expression, whose restriction is a L-2-CNF formula with ground
literals. Again, also in this experiment the transition appears smooth. The same
transition has been found using both ¢crRACK and KRIS. For the same reasons
as above, CRACK is slower than KRIS in the hard cases. More experimental and
theoretical studies are needed in order to generalize this preliminary result.
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the easy-hard-easy pattern for satisfiability, within a sat/un-sat transition in
3-SAT problems, at around the critical empirical value of 4.2 L/N. The sat/un-
sat transition appears smooth since we did not consider formulae with more
that 20 conjuncts for our limited computing resources?. Extensive tests show
that average cases in propositional 3-SAT are 3 orders of magnitude harder than
average cases in full ALC with random grammar: this gives strong evidence that
the random grammar based generator does not capture any of the hard cases,
where the testing is more meaningful.

It is interesting to notice that in the (easy) ALC cases CRACK is 3 times faster
than KRIS, whereas in the hard propositional cases (with 4.2 L/N) the ratio is
inverted. This is due to the way CRACK handles in general non-deterministic
rules (like the disjunction rule: —(,): CRACK naively generates a fresh new frame
at each non-deterministic point of the computation. We are re-implementing the
basic resource manager in order to reuse unused frames instead of generating
new ones; moreover, more specific heuristics is needed in order to avoid non-
deterministic choices.

Then, we tried to extend the study to the ALC case — which is in correspon-
dence to the propositional multi-modal logic K, [Schild,1991; Halpern and
Moses,1985]. It turned out that it is not easy to find a parameter leading to a
phase transition; moreover, no results are presented in the literature for satisfi-
ability in PSPACE-complete languages — like ALC. Nonetheless, we have found
some interesting cases®. For example, figure 7 indicates that even in the modal

2 SQatisfiability checkers tailored for propositional calculus are much more efficient than
our tableaux-based architecture.
® Thanks to Roberto Sebastiani.



the presence of enumerated types — i.e., one—of — yields to implicit assertions
which can not be easily treated as ABox constraints in the general architecture.
A powerful query language for retrieval has been implemented in CRACK.
Apart from the possibility of querying an ABox with the usual open world se-
mantics, it is possible to efficiently query an ABox under a closed world assump-
tion. Closed queries make sense because give to the knowledge base a database
interpretation, which is the preferred one in most real applications. The answer
to such a query i1s computed as if the knowledge base had a closed world seman-
tics; it is equivalent to a query on the knowledge base having the usual open
world semantics, where each atomic role and concept is prefixed by the epis-
temic operator [Donini et al.,1992)]. Individuals are indexed with respect to the
taxonomic structure of concept terms, in order to optimize the retrieval task.

5 Testing Description Logics

In this section we present some preliminary results on testing the hardness of
satisfiability in description logics. The first problem in such an effort is to find
a reasonable way of generating random knowledge bases to be used in the test.
It turns out that it is not even an easily defined task. In fact, it 1s not clear how
a random distribution in the multi-dimensional space of well formed formulae of
description logics (knowledge bases) could be expressed. Which parameters are
the relevant ones? Which structures are representative of the average element of
the space? Does such a distribution include both easy and hard problems?

It is possible, like it has been done in [Baader et al.,1994a], to generate
random knowledge bases' according to a predefined structure, which should re-
semble the one of real knowledge bases used in different applications based on
description logics. A more general idea would be to generate knowledge bases ac-
cording to the grammar of the language itself, where each transition has the same
probability. However, an extensive testing proved that the generated knowledge
bases do not include the real hard cases, and, moreover, they are almost always
satisfiable cases (more than 95%, for ALC knowledge bases).

For these reasons, we looked for particular structures of knowledge bases
that could be easily characterized in terms of an order parameter with respect
to satisfiability, and showing some neat difficult case in correspondence to a
phase transition in the satisfiability probability space. [Cheeseman et al.,1991]
conjecture that all NP-complete problems have at least one order parameter
and the hard to solve problems are around a critical value (phase transition) of
this order parameter; the phase transition separates the over-constrained from
the under-constrained regions of the problem space. There are many papers —
e.g. refer to [Gent and Walsh,1994] — giving quite extensive case studies and
some theoretical results for propositional logic. Figure 6 points out the random
propositional 3-SAT transition obtained with the propositional sub-language of
CRACK. Of course, this is not a surprising result, since theoretical studies foresee

! In this section, knowledge bases mean just TBoxes.



if (:instance objectl (:all rolel concept)) in dbase and
(:inverse role) specializes rolel
then add (:instance object concept) to constrack
add (:related object objectl role) to dbase
endloop
return(dbase)
endfunction

4 Extensions to the language

The CRACK system currently implements the rules found in the literature yield-
ing complete reasoning for a larger language than ALCRZFO. Roles and features
have been syntactically unified, so that the existential and universal quantifiers
can be uniformly used with them. Composition, range and domain have been
added for roles. Existential agreement between role paths, singleton variable and
fill operators have been added for concepts. The CRACK language can express,
for example, the schema-views language for querying object-oriented databases
— with the exception of cyclic definitions in the schema [Buchheit et al.,1994).

We plan to add the possibility of expressing general inclusion statements — as
in [Buchheit et al.,1993; Baader et al.,1994b). Of course, in this case only a sub-
set of the language should be used in order to guarantee the termination of the
satisfiability procedure. Number restrictions, which are present in KRIS and in
other systems, can be naively implemented within CRACK, using the same basic
modules (like the one for variable renaming) and data structures; however, the
efficiency of such a straightforward implementation should be tested. Perhaps,
more sophisticated data structures are needed to handle efficiently number re-
strictions. Another possible extension we have taken into consideration are plural
entities [Franconi,1993].

CRACK supports also an efficient way of management of ABox constraints,
1.e. constraints where only individuals are involved. From an abstract point of
view, the architecture described so far already supports ABox constraints, since
they are uniformly processed as a special type of constraint. Since no variables
but only individuals are involved, ABox constraints may be considered static —
i.e. they may be stored permanently, being the same for every computation. This
avolds redundant applications of the same rules. Thus, a permanent frame con-
taining pre-completed ABox constraints is maintained in the constraint system,
as the bottom frame. A pre-completion is the processing of the deterministic
part of a constraint, which is necessarily equal in every completion of the initial
constraint system. The non-deterministic ABox constraints are stored in the en-
tries of the permanent frame, such that they could be processed in later stages.
Moreover, dependencies between individuals is maintained, in order to consider
only connected parts of the ABox in the processing. Of course, revision of ABox
constraints is disallowed without canceling the permanent frame (or at least the
connected part of it) and recomputing the whole pre-completion. Preliminary,
but not sufficiently complete, tests show that ABox reasoning is quite efficient.
We are still working on optimizing this task. It should be noted, however, that



endloop
return(new-dbase)
endfunction

There 1s a EVAL-. . .~CONSTRAINTS function for each type of constraint; func-
tions for ALC are listed below — the complete listing for ALCRZFO can be
found in [Bresciani et al.,1995]. These functions apply the corresponding rule to
the constrack and the database; they return NIL if a clash i1s found; otherwise
they return the modified database. They change the constrack, removing used
constraints and possibly adding new constraints.

function
eval-and-constraints (object,constrack,dbase)
foreach concept of and-constraint for object
if concept is simple
then if (concept = bottom) or (:instance object (:not concept))
in database
then return(NIL)
else add (:instance object concept) to dbase
else add (:instance object concept) to constrack
endloop
return(dbase)
endfunction

function
eval-or-constraints(object,constrack,dbase)
foreach concept of or-constraint for object
new-db := sat(copy(constrack) + (:instance object concept),
add-frame (dbase))
unless new-db=NIL return(new-db)
endloop
return(NIL)
endfunction

function
eval-some-constraints (object,constrack,dbase)
foreach (:some role concept) of some-constraint for object
new-object := create-variable
add (:related object new-object role) and
(:instance new-object concept) to constrack
endloop
return(dbase)
endfunction

function
eval-role-constraints (object,constrack,dbase)
foreach (:related object objectl role) of role-constraint for object
if (:instance object (:all rolel concept)) in dbase and
role specializes rolel
then add (:instance objectl concept) to constrack



be stored during a satisfiability proof. Associated to each object, there are the
persistent constraints containing the object itself. A role (or feature) structure
contains the information about the relation between two objects.

In the constraint system there is always only one active role-structure be-
tween the same pair of objects: the last one added. When a new relation is
established between two objects already related in a non-active frame, the old
relation is copied from the newest of the non-active frames and updated in the
current active frame. On the contrary, information on attributes is distributed
over the frame chain. The difference between an attribute and a role 1s that the
latter needs an efficient handling of the holds test predicate.

Every instance of the above described structures is local to a single frame;
thus, entries of different frames do not share any structure. This 1s necessary
for the backtracking mechanism, since it is necessary to discard the last frame
without any change in the previous ones.

3.3 The Satisfiability Abstract Algorithm

During the computation, a structure called constrack maintains constraints be-
fore their use. The satisfiability checker iterates over such constraints, applies
the propagation rules and inserts persistent constraints in the constraint system.
The constrack structure is indexed by object names and it is simpler than the
constraint system structure, since it does not allow for complex indexing between
objects and concepts.

The function SAT takes a set of constraints and a constraint system struc-
ture and returns the completed constraint system, if the set of constraints are
satisfiable, nil otherwise.

function sat(ConstraintsSet,database)

constrack := set2constrack(ConstraintsSet)

new-dbase := database

foreach object in constrack
new-dbase := eval-object(object,constrack,new-dbase)
if new-dbase = NIL then EXIT_WITH_FAILURE

endloop

EXIT_WITH_SUCCESS

endfunction

The function EVAL-OBJECT evaluates all the constraints related to a given
object. It modifies the constrack, by inserting new constraints, and the database.
If a clash is found, the it returns NIL, otherwise it returns the modified database.

function eval-object(obj,constrack,dbase)
new-dbase := dbase
loop until there are no constraints for obj
new-dbase := (OR eval-and-constraints(obj,constrack,new-dbase)

eval-role-constraints(obj,constrack,new-dbase))
if new-dbase = NIL return(NIL)
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Fig. 5. The data structure for an entry.

tion of clashes, and for an effective insertion of new constraints in the database
itself. Moreover, the data structure is capable to cope with the non-determinism
of the database updating, and with the problem of variable renaming.

The data structure has been organized in a way that new rules can be added
without reimplementing the database structure. Thus, the expressivity of the
language can be extended by just adding new rules, being not necessary to
change the whole system architecture or the data structures.

The Constraint System is the structure for the database, holding descrip-
tions of persistent constraints. A constraint system is represented by a stack of
frames. Each frame is a backtrack point for a non-deterministic rule: when a
non-deterministic rule is applied, a new empty frame is pushed on the top of
the stack. The top frame is called active frame. The active frame is the loca-
tion where the information is stored at a certain point of the non-deterministic
computation. Backtracking pops the top frame from the constraint system, such
that the preceding frame becomes active.

A Frame is the data structure for a deterministic part of a database. It is
a pair consisting of a table of entries indexed by objects (either variables or
individuals) and a mapping from variables to objects — implementing a rename
function. Note that an index may appear, obviously, at most once within a
frame; however, the same object may be an index for different entries in different
frames. The mapping binds variables to objects and allows to collapse two or
more objects without an explicit change in the frame structure. The rename
function is defined only through the mapping in the active frame.

An FEntry is the data structure for persistent constraints indexed by objects
— see figure b for details. It maintains information about constraints which must
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Fig.4. The set of the conditional assertions for ALC.

inserts a new constraint into a sequence determining a “good” place for it. The
strategy function does not modify a sequence when trying to add an already
present constraint.

In figure 4 the set of the conditional assertions for ALC is listed — the com-
plete set for ACCRIF @ can be found in [Bresciani et al.,1995]. The domains of
the operational semantics are: objects names (@), including individuals names
(J) and variables names (V); Concept Names (Cpam); Role Names (Rnam);
Feature Names (Fnam); Concept Expressions (C); Role Expressions (R); Fea-
ture Expressions (F). The terminology function 7 maps a concept name into its
definition; if a concept name does not have a definition, the terminology function
returns the name itself. The normal form function Nf maps a concept expression
into its normal form.

3.2 The Data Structures

A special data structure is used to implement the database, in order to allow for
efficient computation of the applicability conditions of the rules, for a fast detec-



3.1 Operational Semantics

The operational semantics is defined through a formal system that allows to
prove assertions of the form “(S, DB) F v” | where S is a sequence of constraints,
DB is a database and v is either a database or the symbol FAIL. An assertion
of this kind states that an “evaluation” of constraints in S over the database
DB produces the result v. If v is FAIL the constraint set with respect to the
database 1s unsatisfiable, otherwise the result is a new database DB’ from which
a model may be derivable.

A database is a pair (¥, p}, where X is a set of constraints and p is a rename
function mapping objects into objects. Due to the unique name assumption,
the rename function restricted to individuals must be the identity. The rename
function may change as new constraints are added to the constraint system by
the propagation rules; for this reason, we introduce the notation p[z, 7] — where
p is a rename function — denoting a new rename function p’ equal to p except
that p'(r) = z. We also impose some restrictions on the structure of role and
feature constraints in the database. For every pair of related objects there must
be at most one role constraint — the conjunction of all asserted role constraints
— and if a role binds a pair of objects its inverse should bind the inverted pair
of objects. A similar restriction is applied also for feature constraints (and their
inverses). According to this, adding role or feature constraints involves some
extra operations on the set; for sake of simplicity, will will ignore this in the
following.

There are five types of constraints: instance, relation, attribute, inequality
and equality constraints (x : C, # Ry, « fy, # £y, « = y). Only persistent
constraints are stored in a database. They are those which may be used more
than once during a satisfiability proof. For example, a universal constraint is
processed any time a new filler for the role (i.e. a new role constraint) is added
to the constraint system; on the contrary, an existential constraint is processed
only once. It can be verified that persistent constraints are only of the kind: = : A,
v:-A 2 VR.C, 2(RY TR )y, afy, of Ly, £y, 2 : f], where RT R~ are
conjunctions of roles and inverse roles respectively.

The formal system of operational semantics is given in form of pre-conditions
which should be verified in order to prove the truth value of every assertion.
Operationally, the control of the “executor” is fixed by the sequence of pre-
conditions to check. Let’s see, for example, the conditional assertion about the
and concept:

((pz  D)(x(pz - C)S), (5, )} F »
(<(z:CND).S> (X, p)Fo

This rule states that the result of the evaluation on a sequence, whose head is
the conjunction of two concepts, over a database ({X,p)) is the same as the
evaluation on a sequence obtained by adding two new constraints (pz : C' and
px : D) to the rest of the original sequence (S) over the same database. Please
note the strategy two-place function #: it maps a constraint and a sequence of
constraints into a new sequence of constraints. Intuitively, the strategy function
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Another peculiarity of our approach is that the computation is driven by
the constraints, and not by the non-deterministic choice of applicable rules. At
the beginning of a satisfiability proof, constraints are inserted in a queue and
processed in a sequential manner. A constraint triggers the application of only
one rule, and thereafter it could be either inserted in the database of permanent
constraints — if the constraint itself could be necessary in the future for checking
the application of some other rule triggered by some other constraint or for
detecting a clash — or otherwise discarded. The application of a rule may generate
other new constraints, which are pushed in the queue and further elaborated.
Figure 3 presents the CRACK architecture.

This architecture may deal with very expressive languages, and it can be
extended to handle new propagation rules without having to reconsider the con-
trol mechanism of the system. Moreover, the treatment of new types of clashes
or new types of operations on constraints can be easily added to the system by
changing only the affected modules. It should be noted that the union of two sets
of propagation rules complete for two different languages, may not be necessarily
complete for the union of the languages. In fact, unwanted interactions between
operators may be introduced in the larger language; in such cases, one should
refer to the literature in order to implement the correct set of rules.

In the following, the formal operational semantics describing the behavior of
the system for handling our sample language ALCRZFO will be introduced, the
data structures will be analyzed, and an abstract overview to the satisfiability
algorithm itself will be given.



in a constraint system S if zQy is in S and @ specializes R — i.e. RT C QF
and R~ C @~ . For the calculus, we consider only concepts in a normal form
[Bresciani et al.,1995]. An arbitrary ALCRIFQO concept can be transformed in
polynomial time into an equivalent concept in the normal form.

Propagation rules are either deterministic — they yield a uniquely determined
constraint system — or non-deterministic (e.g. —() — yielding several possible
constraint systems. A constraint system is said to be complete if no propagation
rule is applicable to it. Because of the presence of non-deterministic rules, several
complete systems can be derived from the starting one. A constraint system is
satisfiable if and only if there exist a clash free complete constraint system which
can be derived from it by applying the propagation rules.

3 Implementing Tableaux Calculus

In this section we will show a general architecture for implementing reasoning
systems based on tableaux calculi; in our case, it will be a procedure for deciding
satisfiability of ACCRZIF O knowledge bases.

The main idea is to implement directly the rules of tableaux calculus, as op-
posed to the currently implemented tableaux-based description logics relying on
a functional algorithm, like e.g. KRIS [Baader and Hollunder,1991]. A functional
algorithm exploits the property of independency between traces of a satisfiability
proof. This property assumes that a completed system can be partitioned into
traces, where the computation can be performed independently —1i.e. a clash can
be generated only by constraints belonging to the same trace. Unfortunately, it
seems that expressive languages do not have this nice quality. For example, in-
verse roles and one-of introduce interactions between traces. The unsatisfiability
of the concept:

JACHILD. (Man 1 { peter }) M 3CHILD. (—Man M { peter })

can not be detected with a trace-based algorithm. The two traces generated by
the two existential quantifications on CHILD are independently satisfiable, but
are globally unsatisfiable, since both existential variables should be co-referenced
to the individual peter.

Thus, our general satisfiability algorithm does not assume any kind of inde-
pendency between traces, since it has to be used for very expressive description
logics. This allows for deductions like that in the above example. However, there
is a price to pay for this choice: sub-languages where the complexity of satisfia-
bility is PSPACE-complete are not handled properly with such a non-trace algo-
rithm. In fact, the plain non-deterministic application of the propagation rules
may generate an exponential number of variables. In general, such a straight-
forward implementation does not assure that the obtained procedure is optimal
with respect to worst case complexity of the satisfiability problem for the im-
plemented language. We believe that such worst cases are unlikely to happen
in practice, just as exponential in time worst cases do not happen in real and
average knowledge bases. For a preliminary study on the meaning of average
knowledge base refer to the section b of the paper.
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and y is a new variable

S —, {zpy, zqy}US
ifz:ptqgin S,
and there is no z s.t.
both zpz and z¢z in 5,
and y is a new variable
S—g {zpy, Tqz, y#£ 2z} US
ifz:p ;Z ¢ in S,
and there are no y', 2’ s.t.
zpy', vqz’ and y' £ 2" in S,
and y, z are new variables
S —o {zpz, zqy}US
if x(pog)yin S,
and there is no w s.t.
both zpw and wqy in 5,
and z is a new variable
S — funct [y/Z]S
if fy and zfzin 5,
and y is not an individual,
and y is not equal to z
S —y [#/ai]S
fz:{ar...an }in S,
and z 1s not an individual
S—_p {z#a...s#a}JUS

fz:={ar...an}in S

Fig. 2. Propagation rules for the ALCRIFO description logic.

whether there is at least one model for a knowledge base X', made out of TBox
axioms and ABox statements.

The only known reasoning method for propositionally complete description
logics is based on tableaux calculus [Hollunder and Nutt,1990]. The tableaux-
based calculus to decide the satisfiability of ALCRZF O knowledge bases oper-
ates on constraints. A constraint is an expression of the type z : C'| xRy, zpy
and = # y, where z,y are objects, i.e. either individuals or variables belonging
to a predefined set of variable symbols. Starting from a system .S associated to
a knowledge base — i.e. obtained by directly translating into constraints every
ABox statement — the propagation rules are applied, until a model of X' is ex-
plicitly obtained or a contradiction (a clash) is generated: the propagation rules
preserve satisfiability. A clash is a system having one of the forms: {z : L};
{e: A o —-A}; {e#a}; {o: 1, fy}; {efa, «fb} if a and b are individuals;
{a:{ay...a, }} with a # a; for all 1.

Figure 2 lists a set of propagation rules for ALCRZIFQO; they are a simple
variant of the standard rules found in the literature for the various sublanguages.
Avrole R=RiM...MRMN(Rpr1 M. .MR,~1) is written as the pair (RT, R™)
where RT = {Ry,..., R;} and R™ = {Rpy1,..., Rn}. We say that xRy holds



C,D— Al

T A*
1] 0
-C'| AT\ C*
CnbD| ¢’ np?
cCubpb| c?uD?
YR.C | {i €A | V. R*(4,5) — C*(j)}
IR.C | {i € AT |35. R*(4,5) AN CF ()}
pl] AT\ dom p*
p:C | {i € dom p* | CI(PI(i))}
piq| {i € domp” Ndom¢” | p” (i) = ¢" (1)}
P ;Z q| {i € dom p* ndom ¢* | p*(3) # ¢* (1)}
{ai...an} {a ... a2}
RQ— P|
R {(i,5) € ATxAT | R%(5,4)}
RMOQ R'nQ*
pg— f1
pog pzo qI

Fig. 1. Syntax and semantics for the ALCRIFO description logic.

Stimulated by the studies in the literature about the hardness of the satisfiabil-
ity problems for some classes of random propositional formulae, we have tried
to explore the probability space of satisfiability in the case of description logics.
Such tests are just at the beginning, but we believe that it is a good direction
to explore.

2 The ALCRIFO Description Logic

In the following, we will consider only ALCRIFQO, a significative fragment of
the language currently implemented in CRACK, because it embeds the main pe-
culiarities of the system. We will not go into details of the language, since it
is just a collection of standard constructors in description logics. ALCRIFQO
extends the propositionally complete concept language ALC [Schmidt-SchauB
and Smolka,1991] with role conjunction (R)[Hollunder et al.,1990], inverse roles
(Z) [Donini et al.,1991], feature selection, agreement and disagreement (F) [Hol-
lunder and Nutt,1990], enumerated types () [Schaerf,1994]. Section 4 describes
the full ¢cRACK language and some of its possible extensions. Figure 1 defines
syntax and semantics of ACCRIFO.

Knowledge base satisfiability is the basic reasoning task, since all the rele-
vant reasoning tasks — like concept satisfiability, concept subsumption, instance
checking, retrieval — are reducible to it. Checking for KB satisfiability is deciding
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Abstract. The aim of the CRACK project is the research and the devel-
opment of a knowledge representation architecture based on description
logics. The cRACK system is different from other knowledge representa-
tion systems for the high expressivity of the language and the possibility
of having sound and complete reasoning procedures. With respect to
other systems available in the research community, CRACK is more ex-
pressive, it is expandable to new constructs, it treats the conceptual and
individual levels in a homogeneous way, it is modular, and it is compara-
bly fast. However, CRACK algorithms are not optimal in the worst cases,
e.g. in some (arguably rare in practice) worst cases they may require
exponential memory. The performance of the system has been tested
against several different classes of random knowledge bases, characterized
by an order parameter generating phase transitions in the satisfiability
probability space.

1 Introduction

In this paper we present the knowledge representation system CRACK, an imple-
mentation of an expressive description logic. In the report [Bresciani et al.,1995]
more details on CRACK can be found. The greatest motivation for the CRACK
project is the possibility of having a modular system, where the expressivity of
the language could be extended, without re-implementing the control part of the
system. Thus, experimentation with many operators and — if a very expressive
language is implemented — with different sub-languages can be done.

Algorithmsin CRACK are based on the tableaux calculus technique, according
to the many recent theoretical works in description logics. However, differently
from other implementations, rules of tableaux are directly implemented, allow-
ing for a high grade of modularity by just adding/removing rules. As a further
consequence of this choice, 1t turns out that the conceptual and the individ-
ual levels are treated in a uniform manner. The architecture of the system has
been organized in such a way that different possible extensions of the language
— involving many different condition testing for the rules, different basic data
management, or different clash checking — can be easily added on top of the core
system.

The final part of the paper is dedicated to the topic of testing such a sys-
tem, by considering the problem of generating random average knowledge bases.



