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epted (Day Month Year)The problem of resolving genotypes into haplotypes, under the perfe
t phylogeny model,has been under intensive study re
ently. All studies so far handled missing data entriesin a heuristi
 manner. We prove that the perfe
t phylogeny haplotype problem is NP-
omplete when some of the data entries are missing, even when the phylogeny is rooted.We de�ne a biologi
ally motivated probabilisti
 model for genotype generation and forthe way missing data o

ur. Under this model, we provide an algorithm, whi
h takes anexpe
ted polynomial time. In tests on simulated data, our algorithm qui
kly resolves thegenotypes under high rates of missing entries.Keywords: haplotype; haplotype blo
k; genotype; SNP; algorithm; 
omplexity; genotypephasing; haplotype resolution; perfe
t phylogeny.1. Introdu
tionA 
entral 
urrent 
hallenge in human genome resear
h is to learn about DNA di�er-en
es among individuals. This knowledge will hopefully lead to �nding the geneti

auses of 
omplex and multi-fa
torial diseases. The distin
t single-base sites alongthe DNA sequen
e, whi
h show variability in their nu
lei
 a
ids 
ontents a
ross thepopulation, are 
alled single nu
leotide polymorphisms (SNPs). Millions of SNPshave already been dete
ted23, and it is estimated that the total number of 
ommonSNPs is 10 million18.In diploid organisms (e.g. humans) there are two nearly-identi
al 
opies of ea
h
hromosome. Most te
hniques for determining SNPs provide a pair of readings,one from ea
h 
opy, but 
annot distinguish from whi
h of the two 
hromosomesea
h reading 
ame16. The goal of phasing (or resolving) is to infer that missinginformation. The original 
on
ated data from both 
hromosomes are 
alled thegenotype of the individual, and is represented by a set of two nu
leotide readings forea
h site. The two separated sequen
es 
orresponding to the two 
hromosomes of an1
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2 Gad Kimmel and Ron Shamirindividual are 
alled his/her haplotypes. If the two bases in a site are identi
al (resp.di�erent), the site is 
alled homozygote (resp., heterozygote). For re
ent reviews onbiologi
al and 
omputational aspe
ts of haplotype analysis see Halldorsson et al.12and Hoehe et al.15.Resolving the genotypes is a 
entral problem in haplotyping. It has been ar-gued that more a

urate asso
iation studies 
an be performed on
e the genotypesare resolved16;5. In the absen
e of additional information, ea
h genotype 
an beresolved in 2h�1 di�erent ways, where h is the number of heterozygote sites inthe genotype. To �nd the 
orre
t way, resolution is done simultaneously on all theavailable genotypes, and a

ording to a model. A pioneering approa
h to haplotyperesolution was Clark's parsimony-based algorithm4. A likelihood-based EM algo-rithm 7;19 gave better results. Stephens et al.25 and Niu et al.20 proposed MCMC-based methods whi
h gave promising results. All of those methods assumed that thegenotype data 
orrespond to a single blo
k with no re
ombination events. Hen
e,for multi-blo
k data the blo
k stru
ture must be determined separately.Re
ently, a new 
ombinatorial formulation of the phasing problem was suggestedby Gus�eld11. A

ording to this model, phasing must be done so that the resultinghaplotypes de�ne a perfe
t phylogeny tree. This model assumes that for the studiedregion along the 
hromosome, re
ombination o

urred infrequently, and the in�nitesite model holds11. Gus�eld showed how to solve the problem eÆ
iently, and simpleralgorithms were subsequently developed by Bafna et al.2 and Eskin et al.6. Eskinet al.6 showed good resolving results with small error rates on real genotypes. Theyalso reported that their algorithm was faster and more a

urate in pra
ti
al settingsthan Stephens et al.'s method25.In real genotype data (e.g., refs21;8;5) some of the data entries are often missing,due to te
hni
al 
auses. Current phasing algorithms (whi
h are based on perfe
tphylogeny) require 
omplete genotypes. This situation raises the following algo-rithmi
 problem: Complete the missing entries in the genotypes and then resolvethe data, su
h that the resulting haplotypes de�ne a perfe
t phylogeny tree. We
all this problem in
omplete perfe
t phylogeny haplotype (IPPH). It was posed byHalld�orsson et al.12. In order to deal with su
h in
omplete data, Eskin et al.6 useda heuristi
 to 
omplete the missing entries, and showed very good results. However,having an algorithm for optimally handling missing data entries should allow morea

urate resolution. In this paper we address the IPPH problem.A spe
ial 
ase of IPPH was studied in phylogeny by Pe'er et al.22. In the in
om-plete dire
ted perfe
t phylogeny problem, the input is an n �m spe
ies-
hara
tersmatrix. The 
hara
ters are binary and dire
ted, i.e., a spe
ies 
an only gain 
har-a
ters, and 
ertain 
hara
ters are missing in some spe
ies. The question is whetherone 
an 
omplete the missing states in a way admitting a perfe
t phylogeny. Pe'er etal. provided a near optimal eO(nm) time algorithm for the problema. This problemaWe use eO notation to suppress polylogarithmi
 fa
tors in presenting 
omplexity bounds. Formally,eO(g(n)) := ff(n) j 9n0 > 0; 9
 > 0;9d > 0;8n � n0 : 0 � f(n) � 
[logn℄dg(n)g.
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The In
omplete Perfe
t Phylogeny Haplotype Problem 3is a spe
ial 
ase of IPPH in whi
h all the sites in all genotypes are homozygote, andthe root is known.The IPPH problem has two variants: rooted (or dire
ted) and unrooted (or gen-eral). In the rooted version, one haplotype is given as part of the input. This hap-lotype is referred to as the root of the tree, even though it may not be the realevolutionary root of the tree. This holds, sin
e ea
h of the haplotypes 
an be usedas a root in the perfe
t phylogeny tree10. The unrooted version is a more dire
tformulation of the pra
ti
e in biology, sin
e in phasing, the root of the haplotypes isnot given. However, we argue that the more restri
ted rooted version is of pra
ti
alimportan
e: Though theoreti
ally �nding a root might take an exponential time, inpra
ti
e often there is one genotype whi
h is 
omplete and homozygote in all sites,whi
h 
an be used as a root. As we shall demonstrate in Se
tion 5 on simulatedand real biologi
al data, virtually always at least one su
h genotype exists. If thereis no su
h genotype, one 
an use a genotype with few undetermined sites and enu-merate the values in these sites. In the rare 
ases that this too is not feasible, one
an physi
ally separate the two 
hromosomes of a single individual and sequen
eone haplotype, as was done in Patil et al.21. This pro
edure is 
onsiderably moreexpensive than standard genotyping te
hniques, but it will be performed only forone individual, so the pri
e is small. Thus, both variants of IPPH are biologi
allyimportant.In this paper, we show that rooted IPPH is NP-
omplete. The hardness ofunrooted IPPH follows immediately from the hardness of determining the 
ompat-ibility of unrooted partial binary 
hara
ters (in
omplete haplotype matrix)24. Thiswas observed �rst by R. Sharan (private 
ommuni
ation). However, this result doesnot imply the hardness of rooted version. In fa
t, our proof for rooted IPPH is quiteinvolved.To 
ope with the theoreti
al hardness of IPPH, we invoke a probabilisti
 ap-proa
h. We de�ne a sto
hasti
 model for generating the haplotypes and for theway missing entries o

ur in them. The model assumptions are mild and seem toapply to biologi
al data. In addition, we assume that the number of sites m growsmu
h more slowly than the number of genotypes n. Spe
i�
ally, we assume thatm = o(n:5). As m is bounded by the blo
k size whi
h in pra
ti
e is not more thana modest 
onstant (10-30), this 
ondition also holds in pra
ti
e. We design an al-gorithm whi
h always �nds the 
orre
t solution, and under the assumptions abovetakes an expe
ted time of eO(m2n). A similar probabilisti
 approa
h leading to 
om-parable results was developed simultaneously and independently by Halperin andKarp13.To test our algorithm, we applied it to simulated data using biologi
ally realisti
values of the parameters, and 
al
ulated an upper bound � on the main fa
tor in therunning time. �m gives a bound on the number of times the polynomial algorithm ofPeer et al.22 would be invoked to 
omplete the 
al
ulation. � may be exponential,but under the model assumptions it was shown to have an expe
ted polynomialtime. On data with 200 genotypes and 30 sites, we show that on average � < 4000
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4 Gad Kimmel and Ron Shamireven when only two haplotypes are present and the rate of missing entries is 50%.For a more realisti
 
ase of �ve haplotypes and 20% missing entries, E [�℄ < 100.Hen
e, the algorithm runs in modest time even far beyond the range of its provableperforman
e.The paper is organized as follows: Se
tion 2 presents de�nitions and preliminar-ies. Se
tion 3 shows the hardness result. Se
tion 4 presents the algorithm and theprobabilisti
 analysis. Se
tion 5 summarizes our experimental results.A preliminary version of this study was published in the Pro
eeding of theSe
ond RECOMB Satellite Meeting on SNPs and Haplotypes17.2. PreliminariesIn this se
tion we provide basi
 defnitions, lemmas and observations that are neededfor our analysis. Figure 1 demonstrates the main de�nitions.Given n genotypes, the haplotype inferen
e problem is to �nd n pairs of haplo-types ve
tors that 
ould have generated the genotypes ve
tors. Formally, the inputis an n �m genotype matrix M , with M [i; j℄ 2 f0; 1; 2g. The i-th row M [i; �℄ de-s
ribes the i-th genotype. The j-th 
olumn des
ribes the alleles in the j-th lo
ation:0 or 1 for two homozygote alleles, and 2 for a heterozygote site. A 2n�m binarymatrixM 0 is an expansion of the genotype matrixM if ea
h rowM [i; �℄ expands totwo rows denoted by M 0[i; �℄ and M 0[i0; �℄, with i0 = n+ i, satisfying the following:for every i, if M [i; j℄ 2 f0; 1g, then M [i; j℄ =M 0[i; j℄ =M 0[i0; j℄; if M [i; j℄ = 2, thenM 0[i; j℄ 6=M 0[i0; j℄. M 0 is also 
alled a haplotype matrix 
orresponding to M .De�nition 1. Perfe
t Phylogeny Tree for a MatrixA perfe
t phylogeny for a k � m haplotype matrix M 0 is a tree T with a root r,exa
tly k leaves and integer edge labels, and a binary label ve
tor (lv(1) : : : lv(m))for ea
h node v, that obeys the following properties:1. Ea
h of the rows in M 0 is the label of exa
tly one leaf of T .2. Ea
h of the 
olumns labels exa
tly one edge of T .3. Every edge of T is labelled by one 
olumn.4. For any node v, lv(i) 6= lr(i) if and only if i labels an edge on the unique path fromthe root to v. Hen
e, given the root label, the root-node paths provide a 
ompa
trepresentation of all node labels.An equivalent de�nition appeared in ref.2. Note that we disallow edges withmultiple labels, and repla
e them by paths with a single label per edge.Problem 1. The Perfe
t Phylogeny Haplotype Problem (PPH) 11Given a matrix M , �nd an expansion M 0 of M whi
h admits a perfe
t phylogeny.We now de�ne a generalization of PPH that allows missing data entries. Theinput to our problem is an in
omplete genotype matrix, i.e., a matrix M withM [i; j℄ 2 f0; 1; 2; ?g, where '?' indi
ates a missing data entry. The pro
ess of repla
-ing ea
h '?' by 0,1 or 2 is 
alled 
ompleting the matrix M .
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The In
omplete Perfe
t Phylogeny Haplotype Problem 5Problem 2. In
omplete Perfe
t Phylogeny Haplotype Problem (IPPH)Given an in
omplete genotype matrix M , 
an one 
omplete M , so that there existsan expansion M 0 of M , whi
h admits perfe
t phylogeny?The following de�nitions are impli
it in refs.3;6.De�nition 2. Perfe
t Phylogeny ForestLet M be a haplotype matrix, and let P = (VP ; EP ) be a perfe
t phylogeny tree
orresponding to M . The perfe
t phylogeny forest of P is a dire
ted forest F =(VF ; EF ) whose verti
es are the edges of P , and for u; v 2 VF , u is a parent ofv in F if and only if the edge 
orresponding to u in P is a parent of the edge
orresponding to v in P .Hen
e, the verti
es of perfe
t phylogeny forest 
orrespond to M 0's 
olumns, andre
e
t the order of mutations in the phylogeny tree. Clearly, ea
h perfe
t phylogenytree 
an be 
onverted into perfe
t phylogeny forest and vi
e versa. Thus,M 0 admitsa perfe
t phylogeny tree i� it admits a perfe
t phylogeny forest. For a 
olumnj 2 f1; 2; : : : ;mg of M 0, we denote by uj its 
orresponding vertex in the perfe
tphylogeny forest.
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Perfect phylogeny tree Perfect phylogeny forestHaplotypeGenotype
matrixFig. 1. Genotypes, haplotypes and trees. A genotype matrix M , a haplotype matrix M 0 that isan expansion of M , the perfe
t phylogeny tree of M 0, and the 
orresponding perfe
t phylogenyforest.For a perfe
t phylogeny forest F , we say that two verti
es are in parenthoodrelation if one is an an
estor of the other. Otherwise, we say that they are in broth-erhood relation. Note that brothers 
an either be in di�erent 
onne
ted 
omponents,or be in the same 
omponent and have the root on the path 
onne
ting them.The following spe
ial 
ase of IPPH will be a main subje
t of our investigation.Problem 3. In
omplete Perfe
t Phylogeny Haplotype, rooted version (rooted-IPPH)Given an in
omplete genotype matrix M and a haplotype r, 
an one 
omplete M ,su
h that there exists an expansion M 0 of M , whi
h admits an perfe
t phylogeny,with r as a root?
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6 Gad Kimmel and Ron ShamirIn this problem, we 
an assume w.l.o.g. that the input root haplotype is r0 =(0; : : : ; 0) (ref. 10). The following lemma explains the 
onne
tion between F andM 0, and is key for our 
onstru
tion:Lemma 1. (Bafna et al.2, Eskin et al.6) Let M 0 be a haplotype matrix, and letF = (VF ; EF ) be a perfe
t phylogeny forest, 
orresponding to perfe
t phylogenytree with the root r0 = (0; 0; : : : ; 0). F is perfe
t phylogeny forest of M 0 i� forall ua; ub 2 VF and for every haplotype i:(1) If ua is an an
estor of ub then M 0[i; a℄ = 1 or M 0[i; b℄ = 0.(2) If ua and vb are in brotherhood relation, then M 0[i; a℄ = 0 or M 0[i; b℄ = 0.In the rest of this se
tion, we provide our own de�nitions, building on thoseintrodu
ed above, and prove several lemmas whi
h will be needed for our analysis.De�nition 3. Constrained Mixed GraphA 
onstrained mixed graph (CMG) is a triplet G
 = (V;E;X), where G = (V;E) isa graph and X = fX1; X2; :::; Xpg, where for ea
h i: Xi � V . The sets Xi are 
alledXOR relations. G has four types of edges: undire
ted, dashed undire
ted, dire
tedand dashed dire
ted.De�nition 4. Parenthood Conne
ted ComponentsTwo verti
es u and v in a 
onstrained mixed graph are in the same parenthood
onne
ted 
omponent if there exists a path between u and v 
onsisting only ofundire
ted or dire
ted edges (a parenthood relation). Note, that edge dire
tions arenot important in this de�nition.De�nition 5. Constrained Mixed Completion GraphFor a 
onstrained mixed graph G
 = (V;E;X), we de�ne its 
onstrained mixed
ompletion graph G0 = (V;E0) to be a 
omplete graph (with a single edge forea
h pair u; v 2 E), where E0 
ontains two types of edges: dire
ted and dashedundire
ted. The edge types indu
e a labelling L : E0 ! f0; 1g, where a dire
tededge is labelled with 0, and dashed undire
ted edge is labelled with 1. G0 mustmaintain all the following properties:(1) All G0 edges maintain the following properties:(a) If e : (u; v) 2 E is an undire
ted edge then E0 must 
ontain a dire
ted edgefrom u to v or from v to u.(b) Dire
ted edges and dashed undire
ted edges in G are un
hanged in G0.(
) If e : (u; v) 2 E is a dashed dire
ted edge from u to v then the 
orrespondinge0 : (u; v) 2 E0 must be a dashed undire
ted edge or a dire
ted edge from uto v.(2) G0 
ontains a spanning forest F = (V;EF � E0), 
onsisting of dire
ted edgesonly, su
h that:
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omplete Perfe
t Phylogeny Haplotype Problem 7(a) If node u 2 V is an an
estor of v 2 V in F , then there is a dire
ted edgefrom u to v in G0.(b) For any two nodes in V , if neither node is an an
estor of the other in F ,then they are 
onne
ted by a dashed undire
ted edge in G0.(3) For ea
h XOR relation Xi, for every three verti
es: xi;a; xi;b; xi;
 2 Xi, thefollowing holds: L(xi;a; xi;b)� L(xi;b; xi;
)� L(xi;a; xi;
) = 0.bProblem 4. Constrained Mixed Graph Completion Problem (CMGC)Given a 
onstrained mixed graph G, provide a 
onstrained mixed 
ompletion graphof G, if su
h exists.

aa

b c

d e

c

A B

XOR relations: {b,c,e}, {a,b,d}

b

d e

Fig. 2. Example of CMGC problem. A: an instan
e of a graph for CMGC with XOR relations. B:a possible solution for this instan
e. The edges of the forest appear in bold.An example of CMGC problem is presented in Figure 2. The de
ision version ofCMGC problem is to de
ide whether there exists a 
onstrained mixed 
ompletiongraph G0 for G. An important property of the 
onstrained mixed 
ompletion graph,is that it 
an be viewed as a dire
ted spanning forest F , with additional edgesbetween nodes, a

ording to the relation of those nodes in the forest: a dashedundire
ted edge for a brotherhood relation, and a dire
ted edge for a parenthoodrelation.The following notation is adopted from Eskin et al.6: 
(M;x) is de�ned as theset of rows of M 
ontaining the value x in 
olumn 
. Let 
; 
0 be 
olumns and letx; y be elements of f0; 1g. The pair 
; 
0 indu
es (x; y) inM if ((
(M;x)\
0(M; y))[(
(M;x) \ 
0(M; 2)) [ (
(M; 2) \ 
0(M; y)) 6= ;. Let R(M; 
; 
0) be the set of pairs(x; y) su
h that (
; 
0) indu
es (x; y) in M . Note, that R(M; 
; 
0) does not 
ontainpairs with '?', but only '0' and '1'. Note also that R(M; 
; 
0) 
ontains (0,0) for every
; 
0 by our assumption that the root is (0; : : : ; 0).Let 
; 
0 be two 
olumns su
h that 
(M; 2)\
0(M; 2) 6= ;. LetM 0 be an expansionof theM , after 
ompleting the missing entries, whi
h admits a perfe
t phylogeny. WebThe operator � denotes the boolean xor operator.
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8 Gad Kimmel and Ron Shamirsay that M 0 resolves the pair of 
olumns (
; 
0) unequally if f(0; 0); (0; 1); (1; 0)g =R(M 0; 
; 
0) and equally if f(0; 0); (1; 1)g = R(M 0; 
; 
0). A

ording to Lemma 1, M 0must resolve the pair (
; 
0) either equally or unequally, and 
an not resolve the pairin both ways.For an in
omplete genotype matrix M , we build a 
onstrained mixed graphG
(M), where ea
h 
olumn in M has a 
orresponding vertex in G
. The edgesrepresent the possible relations of the 
olumns in the perfe
t phylogeny forest,and are determined a

ording to lemma 1: For ea
h two verti
es ua; ub: (1) IfR(M;a; b)nf(0; 0)g = f(1; 1); (1; 0)g then ua is an an
estor of ub in F . The edge(ua; ub) is set as a dire
ted edge from ua to ub. (2) If R(M;a; b)nf(0; 0)g = f(1; 1)gthen ua; ub are in parenthood relation in F , but it is unknown whi
h of theverti
es is the an
estor. The edge (ua; ub) is set as an undire
ted edge. (3) IfR(M;a; b)nf(0; 0)g = f(1; 0); (0; 1)g then ua; ub are in brotherhood relation in F .The edge (ua; ub) is set as a dashed undire
ted edge. (4) If R(M;a; b)nf(0; 0)g =f(1; 0)g then either ua is an an
estor of ub in F , or ua; ub are in brotherhood rela-tion in F . The edge (ua; ub) is set as a dashed dire
ted edge from ua to ub. (5) IfR(M;a; b)nf(0; 0)g = ; then the relation of ua; ub in F is unknown. In that 
ase:(ua; ub) =2 E. The labelling of unlabelled edges 
orresponds to sele
ting the type ofedge in the 
ompletion of G
 for solid undire
ted and for dashed dire
ted edges.In addition, for ea
h row i, the set of 
olumns a1; : : : ; at, su
h that M [i; a1℄ =; � � � ;= M [i; at℄ = 2, imply a XOR relation on the 
orresponding verti
esua1 ; : : : ; uat . Ea
h pair of verti
es of G
 is labelled with L : (ua; ub) ! f0; 1; ?gas follows: A solid (dire
ted or undire
ted) edge, i.e., a parenthood relation, is la-belled with 0; dashed undire
ted edge, i.e., a brotherhood relation, is labelled with1; and all other 
ases, i.e., an unknown relation, are labelled with '?'. The last setis 
alled unlabelled pairs.Step 1: Primary Label CompletionA primary label 
ompletion of G
(M) is an assignment of a label s to unlabelled pairsof verti
es, by performing the following step as long as possible: Find three verti
esxi;a; xi;b; xi;
 2 Xi, su
h that L(xi;a; xi;b) and L(xi;b; xi;
) are set and L(xi;a; xi;
)is not, and assign: L(xi;a; xi;
) = L(xi;a; xi;b)� L(xi;b; xi;
).De�ne UG
 to be the set of unlabelled pairs after primary label 
ompletion wasperformed. UG
 is independent of the order of 
hoosing the triplets2.Step 2: Se
ondary Label CompletionA label 
ompletion of a 
onstrained mixed graph G
(M) is an assignment of a labelin f0,1g to pairs (ua; ub) 2 UG
 , su
h that for ea
h XOR relation Xi, for every threeverti
es xi;a; xi;b; xi;
 2 Xi, the 
ondition: L(xi;a; xi;b)�L(xi;b; xi;
)�L(xi;a; xi;
) =0 is satis�ed.After se
ondary label 
ompletion, we 
an perform label resolution using the in-
omplete haplotype matrix, whi
h is de�ned as follows: Given an in
omplete geno-type matrixM , an expansion forM is in an in
omplete haplotype matrixM 0 whi
hsatis�es the expansion rules for 
omplete matri
es, and also preserves all '?' values.
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omplete Perfe
t Phylogeny Haplotype Problem 9Formally, ea
h row M [i; �℄ expands to two rows denoted by M 0[i; �℄ and M 0[i0; �℄,su
h that for every i, if M [i; j℄ 2 f0; 1; ?g, then M [i; j℄ = M 0[i; j℄ = M 0[i0; j℄;if M [i; j℄ = 2, then either M 0[i; j℄ = 0 and M 0[i0; j℄ = 1, or M 0[i; j℄ = 1 andM 0[i0; j℄ = 0.Step 3: Label ResolutionA label resolution of a Genotype matrix M is an expansion of M to an in
ompletehaplotype matrix M 0, a

ording to the label fun
tion L: For every two 
olumnsa; b, if there exists i, su
h that M [i; a℄ = M [i; b℄ = 2, if L(ua; ub) = 0 resolve (a; b)equally and if L(ua; ub) = 1 resolve (a; b) unequally. The output of this pro
ess isan in
omplete haplotype matrix.Label resolution of an in
omplete genotype 
an be done by algorithm E2Mproposed by Bafna et al.2. Observe, that any submatrix M [i; (a; b)℄, where M [i; a℄andM [i; b℄ are not both equal 2, has a unique expansion in any in
omplete haplotypematrix. Hen
e, for su
h submatrix, the resolution is not in
uen
ed by the labelfun
tion.Primary label 
ompletion was suggested by Bafna et al.2 as part of an algorithmfor 
omplete genotype matrix phasing. Interestingly, Bafna et al. proved that on
eprimary label 
ompletion is performed, for any possible (legal) se
ondary label 
om-pletion of UG
 , label resolution of the genotype matrix results in a haplotype matrix,whi
h admits a perfe
t phylogeny. This is true for a 
omplete genotype matrix (withno missing entries), but not for the in
omplete 
ase. A simple example for that isan in
omplete haplotype matrix that does not admit a perfe
t phylogeny (see e.g.,Pe'er et al.22, Figure 2). Now 
onsider su
h a matrix to be the input genotype ma-trix, by dupli
ating ea
h haplotype to form a fully homozygote genotype. Here, noprimary and se
ondary resolution is needed, sin
e there are no heterozygotes in thematrix. Thus, every se
ondary resolution results in an in
omplete haplotype matrix(namely, the same input matrix), whi
h does not admit a perfe
t phylogeny. Thefollowing lemma des
ribes a weaker 
onne
tion between se
ondary label 
ompletionand the solution of IPPH.Lemma 2. Suppose M is an in
omplete genotype matrix that has a 
ompletionthat admits a perfe
t phylogeny. Then there exists some se
ondary label 
ompletionof UG
 , su
h that a label resolution of the in
omplete genotype matrix M gives anin
omplete haplotype matrix, that 
an be 
ompleted to M 0.Proof. SupposeM 
an be 
ompleted to a binary matrixM�, so that there exists anexpansion M 0 of M�, whi
h admits a perfe
t phylogeny. Let C be the set 
olumnsof M . The perfe
t phylogeny implies some label fun
tion fL on the pairs of theverti
es of G
(M), i.e., 8i; j 2 C : fL(ui; uj) 2 f0; 1g. This 
omplete label fun
tion
an not 
ontradi
t the XOR relations of G
(M) (for proof, see ref.2). Next, primarylabel 
ompletion of G
(M), for the known pairs, must mat
h the labels in fL, asthere is only one possible primary label 
ompletion. Then, we 
an 
hose the followingse
ondary label 
ompletion: (ui; uj) 2 UG
 : L(ui; uj) = fL(ui; uj), whi
h obviously



May 11, 2004 9:46 WSPC/INSTRUCTION FILE ipph-jb
b
10 Gad Kimmel and Ron Shamirgives an equivalent label fun
tion to fL. Thus, using this se
ondary label 
ompletionof M , a label resolution of the in
omplete genotype matrix M gives an in
ompletehaplotype matrix, that 
an be 
ompleted to M 0.3. The Hardness ResultIn this se
tion we show that IPPH-rooted is NP-
omplete. Clearly, the problembelongs to NP. To prove NP-hardness, we will show the following polynomial re-du
tions: 3-SAT / CMGC / rooted-IPPH.We note that this also implies an alternative proof of the hardness of unrootedIPPH: to form the redu
tion rooted-IPPH / IPPH, given an instan
e (M; r) ofrooted-IPPH, we simply add the genotype row r to M . The resulting matrix M�is the input to IPPH. In a solution to the latter, there will be a leaf labelled withr, and thus it solves the former problem. Conversely, if M has a solution with rootr then it is also a solution for M�. The same idea was used for another purpose byBafna et al.2.We �rst prove the redu
tion from CMGC:Theorem 1. CMGC / rooted-IPPHProof. Given a 
onstrained mixed graph G
 = (V;E;X) for the CMGC problem,we build a matrixM , and set r = (0; 0; : : : ; 0). (M; r) will serve as input for rooted-IPPH. Let jX j = p. M has dimensions (2jEj+ p) � jV j. For ea
h e 2 E there aretwo 
orresponding rows, and their indi
es are denoted by N0e and N1e . For ea
hXi 2 fXig1�i�p there is one row with index NXi . The 
olumn i 2 f1; 2; :::; jV jg
orresponds to vertex ui in G
.The 
onstru
tion of M is as follows:(1) For ea
h e = (ua; ub) 2 E, we add two rows M [N0e ; �℄ and M [N1e ; �℄, su
h that8u
 2 V nfua; ubg, M [N0e ; 
℄ =M [N1e ; 
℄ =?, and:(a) If e is an undire
ted edge then M [N0e ; a℄ = 0;M [N0e ; b℄ = 0;M [N1e ; a℄ =1;M [N1e ; b℄ = 1.(b) If e is a dashed undire
ted edge then M [N0e ; a℄ = 0;M [N0e ; b℄ =1;M [N1e ; a℄ = 1;M [N1e ; b℄ = 0.(
) If e is a dire
ted edge from ua to ub then M [N0e ; a℄ = 1;M [N0e ; b℄ =0;M [N1e ; a℄ = 1;M [N1e ; b℄ = 1.(d) If e is a dashed dire
ted edge from ua to ub then M [N0e ; a℄ = 0;M [N0e ; b℄ =0;M [N1e ; a℄ = 1;M [N1e ; b℄ = 0.(2) For ea
h fXig1�i�p, we add one row M [NXi ; �℄, su
h that 8uj 2 Xi :M [NXi ; j℄ = 2 and 8uk 2 V nXi : M [NXi ; k℄ =?.This 
ompletes the des
ription of the redu
tion. Clearly the redu
tion is poly-nomial.())
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t Phylogeny Haplotype Problem 11Suppose that rooted-IPPH(M ,r) = TRUE, i.e., M has an expansion M 0 thatadmits a perfe
t phylogeny tree, with r0 as a root. Thus, M 0 has a dire
ted perfe
tphylogeny forest F = (VF ; EF ). Let bF = (VF ; bEF ) be a 
omplete graph, where forea
h u; v 2 VF , we add a dire
ted edge from u to v if u is an an
estor of v in F , ora dashed undire
ted edge if neither node is in an
estor of the other.We 
laim that bF is a 
onstrained mixed 
ompletion graph of G
. This is provenby 
he
king that all three properties of bF as a 
onstrained mixed 
ompletion graphof graph G
 hold (
ompare De�nition 5). Property 2 hold sin
e by the 
onstru
tionof bF , F is a rooted spanning forest of bF as required. In order to prove property 3 weuse Lemma 2 in Bafna et al.2: the stru
ture of the rows fM [NXi ; �℄g1�i�p for
es thatfor ea
h of the XOR relations, for every three verti
es xi;a; xi;b; xi;
 2 (Xi � VF ), theequation L(xi;a; xi;b)�L(xi;b; xi;
)�L(xi;a; xi;
) = 0 holds. Finally, property 1 holds,sin
e for an edge e 2 E the values in the two 
orresponding rows fM [N je ; �℄gj2f0;1gare determined in step 1 of the 
onstru
tion of M : The edge (u; v) in graph G
determines the possible relations of u and v in F . Sin
e, by the assumption, M hasan expansion M 0, that admits a perfe
t phylogeny forest F , it follows that for ea
hu; v 2 F , the edge e0 = (u; v) 2 EF must be set a

ording to e = (u; v) 2 E in G
: Ife is an undire
ted edge then e0 must be a dire
ted edge; if e is a dashed undire
tededge then e0 must be a dashed undire
ted edge; if e is a dire
ted edge from u to vthen e0 must be a a dire
ted edge from u to v; and if e is a dashed dire
ted edgefrom u to v then e0 must be a dashed undire
ted edge or a dire
ted edge from u tov. This proves property 1. Thus, bF is the 
onstrained mixed 
ompletion graph ofG
, and CMGC(G
) = TRUE.(()Suppose that CMGC (G
) = TRUE, i.e., there exists a 
onstrained mixed 
om-pletion graph G0 for G
. A

ording to the se
ond property of G0, there exists adire
ted forest F = (EF ; V ), whi
h spans V . Due to the third property, the 
om-pletion of edges in G
, does not violate the XOR relations. We 
reate an expansionM 0 of M as follows: resolve the '2' of the genotypes in those rows, a

ording to G0:for two verti
es fua; ub 2 Xig1�i�p, in 
ase M [NXi ; a℄=M [NXi ; b℄ = 2, if there isan undire
ted dashed edge between ua; ub 2 V , then resolve the pair of 
olumns(a; b) unequally, and if there is an dire
ted edge between ua; ub 2 V , then resolvethe submatrix equally. Sin
e those edges are 
ompleted in G0 a

ording to XOR re-lations (see De�nition 5, property 3), ea
h of the '2's in these rows 
an be resolveda

ordingly.We denote the remaining 2jEj�jV j matrix byM�. Note thatM�[i; j℄ 2 f0; 1; ?g.We 
all the f0; 1g entries \
onstants", and the '?' entries \variables". We denotethe set of 
olumn indi
es of 
onstants in row i by Ci, and the set of 
olumn indi
esof variables in this row by Vi. Complete the variables entries in the matrix M� to



May 11, 2004 9:46 WSPC/INSTRUCTION FILE ipph-jb
b
12 Gad Kimmel and Ron Shamir
reate a matrix M�� as follows:M��[i; j℄j2Vi = � 1 if 9
 2 Ci s.t.: M�[i; 
℄ = 1 ^ uj is an an
estor of u
0 otherwiseM�� is a binary matrix and an expansion of M . We 
laim that M�� admits aperfe
t phylogeny forest. Moreover, this forest is F . This will be proven by showingthat ea
h two 
olumns in M�� do not 
ontradi
t F , and thus, a

ording to Lemma1, F is a perfe
t phylogeny forest of M��.Consider two verti
es ua; ub 2 V and their 
orresponding 
olumns a; b in M��.For ea
h row i, we examine the three possible 
ases for M��:(1) ua; ub 2 CiM(i; a) and M(i; b) were set a

ording to the edge (ua; ub) 2 E, whi
h byde�nition of G0, does not 
ontradi
t F .(2) ua 2 Ci; ub 2 ViFirst, suppose M��[i; a℄ = 0: If M��[i; b℄ is set to 0, then there is no 
ontra-di
tion for any relations of ua and ub in F . Otherwise, if M��[i; b℄ is set to 1,then there exists 
 2 Ci su
h that M 0[i; 
℄ = 1 and ub is an an
estor of u
. Sup-pose, on the 
ontrary, that ua; ub 
ontradi
t F in row i. This means, that thereare two rows j; k su
h that M�[j; a℄ = 1,M�[j; b℄ = 0,M�[k; a℄ = 1,M�[k; b℄ = 1,i.e., a

ording to these rows, ua is an an
estor of ub in F . Sin
e ub is an an
estorof u
, then ua must be an an
estor of u
. However, a

ording to the 
onstru
tionof M , ua 
annot be an an
estor of u
, sin
e M��[i; a℄ = 0 and M��[i; 
℄ = 1 anda; 
 2 Ci.Se
ond, suppose M��[i; a℄ = 1: If M��[i; b℄ is set to 0, 
learly ub is not anan
estor of ua, so M�� does not 
ontradi
t F . Otherwise, if M��[i; b℄ is set to1, then there exists 
 2 Ci, su
h that M��[i; 
℄ = 1 and ub is an an
estor of u
.In 
ase 
 = a, ua and ub 
an not be in a brotherhood relation. In 
ase 
 6= a, uaand u
 are in parenthood relation, and sin
e ub is an an
estor of u
, it followsthat ua and ub 
an not be in a brotherhood relation.It follows that, in this 
ase, M�� does not 
ontradi
t F .(3) ua; ub 2 ViFirst, suppose that M 0[i; a℄ and M 0[i; b℄ are both set to 0. Obviously, thesubmatrix does not 
ontradi
t F .Se
ond, suppose w.l.o.g. thatM 0[i; a℄ is set to 0 andM 0[i; b℄ is set to 1. Thereexists 
 2 Ci; 
 6= a su
h that M 0[i; 
℄ = 1 and ub is an an
estor of u
. Suppose,on the 
ontrary, that ua; ub 
ontradi
t F in row i. This means, that there aretwo rows j; k su
h thatM�[j; a℄ = 1,M�[j; b℄ = 0,M�[k; a℄ = 1,M�[k; b℄ = 1, i.e.,a

ording to these rows, ua is an an
estor of ub in F . Sin
e ub is an an
estorof u
, then ua must be an an
estor of u
. However, in that 
ase, M 0[i; a℄ shouldhave been set to 1.Third, suppose that M 0[i; a℄ and M 0[i; b℄ are both set to 1. There exist
a; 
b 2 Ci su
h that M 0[i; 
a℄ = 1, M 0[i; 
b℄ = 1 and ua is an an
estor of u
aand ub is an an
estor of u
b . Clearly, u
a and u
b are in parenthood relation,
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t Phylogeny Haplotype Problem 13so w.l.o.g. suppose that u
a is an an
estor of u
b . Thus, both ua and ub arean
estors of u
b , and it follows that ua and ub 
an not be in brotherhoodrelation.It follows that, in this 
ase, M�� does not 
ontradi
t F .Theorem 2. 3-SAT / CMGCProof. For a 3-SAT instan
e � we build a CMGC graph G
. Denote the variablesof � by fYig1�i�t and the 
lauses by fCjg1�j�s. Our 
onstru
tion will be formedfrom four types of CMG sub instan
es. First we de�ne these four graph stru
tures :variable base graph 
ontains two verti
es denoted by xi0 and xi1, with no edgebetween them. This graph is denoted by V ari.
lause base graph (see Figure 3) 
ontains 6 verti
es denoted by f
jtg0�t�5. Theedges are indi
ated in Figure 3. This graph is denoted by Clj .positive variable 
onne
tor (see Figure 3) 
ontains 12 verti
es denoted byfai;jt g0�t�5, and fbi;jt g0�t�5. The edges are indi
ated in Figure 3. This graphis denoted by Pos.negative variable 
onne
tor (see Figure 3) 
ontains 8 verti
es denoted byfdi;jt g0�t�3 and fei;jt g0�t�3. The edges are indi
ated in Figure 3. This graph isdenoted by Neg.

j

a

a

a

ba

b

b

b

i,j

i,j

i,ji,j

i,j

i,j

1

2 2

3

0

i,j

i,j

1

0 d e

d

d

e

e

e

i,j

i,j

i,j

i,j i,j

i,j

i,j

i,j

0 0

2 2

11

3

a i,j

i,j b

b

i,j

i,j

4 4

55

3 3

d

a

c

c

c

c

c

cj

j

j

j

j

j

4

3

2

10

5

Pos NegClFig. 3. The building blo
ks of the redu
tion. Clause base graph (left), positive variable 
onne
tor(middle), and negative variable 
onne
tor (right). In ea
h 
ase, the 
ir
led vertex sets representXOR relations. Edge types (dire
ted, undire
ted, solid, dashed) are as shown in the graphs.



May 11, 2004 9:46 WSPC/INSTRUCTION FILE ipph-jb
b
14 Gad Kimmel and Ron Shamir

Neg

a

a

a

ba

b

b

b

i,j

i,j

i,ji,j

i,j

i,j

1

2 2

3

0

i,j

i,j

1

0 d e

d

d

d

e

e

i,j

i,j

i,j

i,j i,j

i,j

i,j

i,j

0 0

2 2

11

3

a i,j

a bi,j

i,j

4 4

55

3 3 di,j

3

d2

1

0
i,j

e

e

e

e

i,j

i,j

i,j

i,j

3

2

1

0a i,j

0

a i,j

a i,j

2

1

a i,j

3

a4

i,j

a i,j

5

i,jb

b

b

b

5

i,j

4

i,j

3

i,j

i,j

2

1

i,j

0

T F

T F T F

F T
e

d

di,j

i,j

b

b

i,j

b

PosFig. 4. Completion of variable positive and negative 
onne
tors. Note that in Pos (left) the 
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onstrain the ways to 
omplete the variable 
onne
tors. Infa
t, that there are two possible ways to 
omplete the positive variable 
onne
torand the negative variable 
onne
tor with undire
ted edges. Both of the ways for bothtypes of 
onne
tors are presented in Figure 4. An important key to understandingthe redu
tion, is that in the positive 
onne
tor, the type (dashed or non-dashed)of edge (ai;j0 ; bi;j0 ) is the same as the type of the edge (ai;j5 ; bi;j5 ). In the negative
onne
tor, the type of edge (di;j0 ; ei;j0 ) is the opposite from the edge (di;j3 ; ei;j3 ). Thesetwo types will play the role of True and False in the redu
tion.The 
onstru
tion of G
 is done as follows:1. For ea
h variable fYig1�i�t 
reate a 
opy of variable base graph V ari.2. For ea
h 
lause fCjg1�j�s 
reate a 
opy of 
lause base graph Clj .3. For all 1 � j � s, for all 1 � k � 3 do:4. if Yi is the k-th literal in 
lause Cj then do:
reate a 
opy of positive variable 
onne
tor with supers
ripts i; j.identify ai;j0 with xi0 and bi;j0 with xi1.identify ai;j5 with 
ik and bi;j5 with 
ik+1.5. if :Yi is the k-th literal in 
lause Cj then do:
reate a 
opy of negative variable 
onne
tor with supers
ripts i; j.identify di;j0 with xi0 and ei;j0 with xi1.identify di;j3 with 
ik and ei;j3 with 
ik+1.This 
on
ludes the redu
tion whi
h is 
learly polynomial. For 
onvenien
e, we also
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all an undire
ted dashed edge a positive edge, and a dire
ted or undire
ted (solid)edge a negative edge.())Suppose that 3-SAT(�) = TRUE. There exists a satisfying truth assignment� : (Yi) ! fT; Fg for �. For ea
h variable graph fV arig1�i�t 
omplete the edgea

ording to the assignment: 81 � i � t : (xi0; xi1) is determined to be a positiveedge if �(Yi) = T , or a negative edge, otherwise. Now, resolve the XOR relations inall the variable 
onne
tors. In ea
h the 
lause base graphs Clj , at least one of thethree edges (
j1; 
j2), (
j2; 
j3), and (
j3; 
j4), is a positive edge. It follows, that in ea
h
lause base graph there is more than one parenthood 
onne
tivity 
omponent. Ea
hsu
h 
omponent has only solid edges between members, and there is a dire
ted edgebetween verti
es 
ja and 
jb, only if a = b+ 1. It follows, that a dire
ted tree 
an bebuilt in ea
h of the 
omponents of a 
lause base graph, under the 
onstrains of G
.In addition, any of the two possible 
ompletions of ea
h of the variable 
on-ne
tors, for any assignment, provides parenthood 
onne
tivity 
omponents in thevariable 
onne
tors as follows: ea
h 
omponent is a 
onne
ted 
omponent in thesubgraph of the solid edges only. These 
omponents 
an be dire
ted in a transitivefashion (see Figure 4). Thus, in ea
h variable 
onne
tor, one 
an form a dire
tedsub-tree in ea
h 
omponent, a

ording to G
 
onstrains. Note, that subgraphs oftwo di�erent variable 
onne
tors Con1 and Con2 may be in the same parenthood
onne
tivity 
omponent. This may happen only when two variable 
onne
tors are
onne
ted to the same 
lause base graph, to edges (
j1; 
j2) and (
j3; 
j4) respe
tively,and when (
j2; 
j3) is a dire
ted solid edge and (
j1; 
j2) and (
j3; 
j4) are undire
teddashed edges. In this 
ase, there is only one dire
ted edge whi
h 
onne
ts Con1 andCon2, so trees T1 and T2 
an be built on Con1 and Con2 separately and dire
tedusing the 
ommon edge, and then T1 and T2 
an be united to a spanning dire
tedtree on Con1 [ Con2.It follows that the graph 
an be divided into h parenthood 
onne
tivity 
om-ponents fRig1�i�h, where a dire
ted spanning tree Ti 
an be built in ea
h of this
omponents, under the 
onstrains of G
. Sin
e ea
h of the trees is in di�erent par-enthood 
onne
tivity 
omponent, then Shi=1 Ti is a dire
ted forest spanning on G
verti
es. The 
onstrained mixed 
ompletion graph 
an now be a

omplished simplyby 
ompleting the rest of the missing edges, in ea
h parenthood 
onne
tivity 
om-ponent a

ording to its spanning tree, and between the 
omponents, by undire
teddashed edges. It follows that CMGC (G
)=TRUE.(()Suppose that 3-SAT(�) = FALSE. Then for ea
h truth assignment to the vari-ables at least one of the 
lauses has all literals assigned to be FALSE. This impliesthat in any 
ompletion of G
, there will be always one 
lause base graph Clj , su
hthat all the three edges: (
j1; 
j2), (
j2; 
j3) and (
j3; 
j4), are negative, i.e., solid di-re
ted edges. Thus 
j5 must be an an
estor of 
j0 in the forest. But this 
ontradi
tsthe undire
ted dashed edge between 
j0 and 
j5, so a spanning forest whi
h satis�ed
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onstraints does not exist. Thus, CMGC (G
)=FALSE.4. An Algorithmi
 Solution for IPPHIn spite the negative results of Se
tion 3, we provide an eÆ
ient algorithmi
 ap-proa
h to IPPH. We propose a probabilisti
 model for data generation and arguethat the model holds for biologi
al data. Under this model, we provide an algorithmthat takes an expe
ted polynomial time for both the rooted and the unrooted ver-sions of IPPH. A similar probabilisti
 approa
h leading to 
omparable results wasdeveloped simultaneously and independently by Halperin and Karp13.Pe'er et al.22 suggested an algorithm that requires eO(mn) time for solving therooted version of perfe
t phylogeny with missing data on an n�m haplotype matrix.Let the input in
omplete haplotype matrix be fM , with fM [i; j℄ 2 f0; 1; ?g, and letthe root be r. We denote by IDP(fM ,r) the 
ompleted matrix obtained by performingthis algorithm on fM . We also use IDP(fM) to denote IDP (fM ,r0). We use h(�; �) todenote the Hamming distan
e between two binary ve
tors. We use �0(j) and �1(j)for the numbers of 0s and 1s in the j-th 
olumn of M , respe
tively.Suppose the root r0 is known. Given an in
omplete matrix M, we build a 
on-strained mixed graph, as des
ribed in Se
tion 2. We then perform primary label
ompletion. A

ording to Lemma 2, if M 
an be 
ompleted to M� so that thereexists an expansion M 0 of M� that admits a perfe
t phylogeny, then there existssome se
ondary label 
ompletion of UG
 , that 
an form the basis to 
ompletion ofM�. Thus, the 
omputational 
hallenge is to �nd su
h se
ondary label 
ompletion.Suppose we were able to guess the 
orre
t se
ondary label 
ompletion. In that 
ase,let fM be the resulting in
omplete haplotype matrix, generated by performing labelresolution a

ordingly. A 
ompletion of fM 
an be done in polynomial time by 
om-puting IDP(fM). Hen
e, the bottlene
k step is �nding a se
ondary label 
ompletion.Due to the hardness result in Se
tion 3, a polynomial time algorithm for �nd-ing the 
orre
t se
ondary label 
ompletion does not exist, unless P=NP. However,by making several assumptions on the properties of the genotype data, this 
anbe performed by a polynomial expe
ted time algorithm. We now des
ribe theseassumptions, and for ea
h one, we provide its biologi
al motivation:(1) Ea
h entry value in the original genotype matrix is repla
ed by '?' with prob-ability ep, independently of the other values. This assumption makes sense asmissing data entries are 
aused by te
hni
al problems in the biologi
al experi-ment, that tend to generate independent "misses" ('?'s).The same value ep may be used for all entries. One may 
laim, that o

a-sionally di�erent SNPs may have di�erent probability for a missing entry, dueto distin
t diÆ
ulties in sequen
ing di�erent regions in the human genome. Inthat 
ase, we denote by epi the probability for a missing entry in the i-th SNPand set ep to be: ep � maxifepig.(2) Ea
h haplotype hi, whi
h is a node in a perfe
t phylogeny tree, is 
hosen tobe in a genotype with probability of �i, independently. This assumption is also
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t Phylogeny Haplotype Problem 17made in the Hardy-Weinberg equilibrium model14. Moreover, we assume thatthese probabilities do not depend on n or m.(3) The number of 
olumns m grows mu
h more slowly than the number of rowsn. Spe
i�
ally, we use m = o(n:5). This assumption applies in all biologi
als
enarios: In future experiments, the number of genotypes is expe
ted to beeven larger than today, while m is not expe
ted to grow substantially, sin
e mis the size of a "blo
k", i.e., a region in the 
hromosome where the number ofre
ombination events in the sampled population is small. A 
onstant bound onm is thus plausible, but for our analysis, a mu
h weaker assumption than thatis required.Prob-IPPH(M):1. Let G
(M) = (V;E;X) be the 
onstrained mixed graph of M .2. Let r be a ve
tor su
h that rj = 0 if �0(j) > �1(j) and 1 otherwise.3. Perform primary label 
ompletion of G
(M).4. For i = 0 ! �m2 �For ea
h possible root r 2 f0; 1gm, su
h that h(r; r) = i doRelabel the matrix entries a

ording to r, so that r0 is the new root.For ea
h possible se
ondary label 
ompletion of UG
 ,su
h that jf(ua; ub) : (ua; ub) 2 UG
 ^ L((ua; ub)) = 0gj = i doPerform label resolution of M to fM .If IDP(fM) is 
ompatible then output IDP(fM) and halt.5. Output: "no solution". Fig. 5. An algorithm for IPPH.Our algorithm was designed to solve IPPH under the assumptions above. Infor-mally, algorithm Prob-IPPH(M) ignores the missing data entries in order to de
idethe relation between ea
h two 
olumns in the matrix. As we shall prove, if it isimpossible to 
on
lude the relation deterministi
ally from the matrix, with highprobability, a 
orre
t relation is obtained just by guessing.Theorem 3. Under the assumptions of the model, algorithm Prob-IPPH(M) solvesIPPH 
orre
tly within expe
ted time of eO(m2n).Proof. Corre
tness: Algorithm Prob-IPPH(M) enumerates all possible roots andall possible relations between every pair of 
olumns (parenthood or brotherhood).Thus, 
orre
tness trivially follows.Complexity: Steps 1-3 
an all be done in O(m2n) time. The main time 
onsumingstep of the algorithm is step 4. The algorithm 
an stop for any 0 � i � m2. Wedenote by S0, an upper bound to the running time of the algorithm, when it stopsfor i = 0, and by ES0 the event that the algorithm stops for i = 0. Similarly, wedenote by S0, an upper bound to the running time of the algorithm, when it doesnot stop for i = 0, and by ES0 the event that the algorithm does not stop for i = 0.
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18 Gad Kimmel and Ron ShamirTrivial upper bounds for S0 and S0 are:S0 = eO(m2n); (1)S0 = eO(m2n2m2):Let Fi;j be the set of rows a su
h that M [a; i℄ =M [a; j℄ = 1, or M [a; i℄ = 1 andM [a; j℄ = 2, or M [a; i℄ = 2 and M [a; j℄ = 1. Clearly, if Fi;j 6= ; then the 
olumnsi; j are in parenthood relation.De�nition 6. Informative and Enigmati
 Pairs of ColumnsA pair of 
olumns i; j in an in
omplete genotype matrix is 
alled an informative pairif there is at least one row a, su
h that a 2 Fi;j in the original 
omplete genotypematrix, i.e., the two 
orresponding verti
es of the 
olumns in the perfe
t phylogenyforest are in parenthood relation. The row a is 
alled an informative row w.r.t.
olumns i; j.A pair of 
olumns i; j in an in
omplete genotype matrix is 
alled an enigmati
 pairif the relation between i; j 
an not be 
on
luded dire
tly from these 
olumns, andthere exists at least one row a, su
h that M [a; i℄ =? or M [a; j℄ =?. Su
h row a is
alled an enigmati
 row w.r.t. 
olumns i; j.Let Ii;j be the event that that the pair of 
olumns i; j is an informative pair, andlet Ei;j be the event that the pair of 
olumns i; j is an enigmati
 pair. Let I(a)i;j , denotethe event that row a 2 Fi;j . We denote the set of all pairs of haplotypes, whi
h
reate a genotype whi
h belongs to Fi;j by HFi;j . Now, a

ording to assumption(2), the probability that row a belongs to Fi;j is Pr[I(a)i;j ℄ =Pha;hb2HFi;j �a�b: Wedenote Pr[I(a)i;j ℄ by qi;j .Let E(a)i;j denote the event that the row a is enigmati
 w.r.t. the 
olumns i; j.The probability of E(a)i;j , for all a; i; j is p = 2ep(1 � ep) + ep2: We now 
al
ulate thejoint probability Pr[Ii;j ; Ei;j ℄:Pr[Ii;j ; Ei;j ℄ = Pr[8a : fI(a)i;j ! E(a)i;j g℄� Pr[8a : f:I(a)i;j g℄= Pr[8a : f:I(a)i;j _ E(a)i;j g℄� Pr[8a : f:I(a)i;j g℄= Pr[8a : f:(I(a)i;j ^ :E(a)i;j )g℄� Pr[8a : f:I(a)i;j g℄= [1� qi;j(1� p)℄n � (1� qi;j)n:Next, we 
al
ulate the 
onditional probability of a pair of 
olumns to be aninformative pair, when the pair is known to be enigmati
:Pr[Ii;j jEi;j ℄ = Pr[Ii;j ;Ei;j ℄Pr[Ei;j ℄= [1�qi;j(1�p)℄n�(1�qi;j)n1�(1�p)n� [1�qi;j (1�p)℄n1�(1�p)n :
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omplete Perfe
t Phylogeny Haplotype Problem 19The probability for a pair to be not informative, when it is known to be enigmati
is: Pr[:Ii;j jEi;j ℄ � 1� [1�qi;j (1�p)℄n1�(1�p)n (2)= 1�(1�p)n�[1�qi;j (1�p)℄n1�(1�p)n� 1� (1� p)n � [1� qi;j(1� p)℄n:Note that Pr[:Ii;j jEi;j ℄ is the probability for a "su

ess" with respe
t to 
olumnsi; j: Given that the pair i; j is enigmati
 (i.e., we 
an not 
on
lude its relation), thepair is not informative, whi
h means that we 
an be sure that the 
olumns relationis brotherhood.We use the following de�nitions:u = maxi;jf1� p; 1� qi;j(1� p)g:Due to assumption (2), 0 < u < 1 , and does not depend on n or m. Whensubstituting (3) into inequality (2), we get:Pr[Ii;j jEi;j ℄ � 2un:Sin
e there are �m2 � pairs of 
olumns, the probability that at least one of theenigmati
 pairs is an informative pair, 
an be bounded using a union bound:Pr[9i; j : Ii;j jEi;j ℄ = Pr[Si<j(Ii;j jEi;j)℄� Pi<j Pr[Ii;j jEi;j ℄� �m2 �2un:Thus, the 
omplementary event, whi
h represents "su

ess", 
an be bounded by:Pr[8i; j : :Ii;j jEi;j ℄ � 1� �m2 �2un:If the relation between two 
olumns 
an not be 
on
luded, then the algorithm startswith a guess of a brotherhood relation. Thus, an error might o

ur when i = 0, onlyif a pair is an informative pair. Sin
e m = o(n:5), we repla
e n with 
1m2, where
1 is a 
onstant. There exists m0, su
h that 8m � m0 the probability that thealgorithm �nds the 
orre
t solution when i=0, and when the root is known to be er,is: Pr[ES0 j root is er℄ � 1�m2u
1m2 : (3)We now 
al
ulate the probability for an error in de
iding the root, when i = 0.Denote by r the root 
al
ulated by the algorithm when i = 0. Let P 0i ; P 1i be theprobabilities for 0 and 1 in the i-th row, respe
tively. Hen
e P 0i + P 1i = 1 � p,where p is the probability for '?' in a haplotype. A spe
i�
 site in the genotypeis missing if at least one out of the two 
orresponding sites in the haplotypes ismissing. Thus, ep = 1� (1� p)2 or, equivalently, p = 1�p1� ep. Let n0i , n1i be thenumber of 0 and 1 in the i-th row, respe
tively. Without loss of generality, suppose
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20 Gad Kimmel and Ron Shamirthat P 0i < P 1i , then the root 
an be determined to be '1' in the i-th 
omponent,a

ording to the majority rule in determination of the root in perfe
t phylogeny(see 10). The probability for an error in the i-th 
omponent 
an be bounded usingCherno� bound1:Pr[ri 6= eri℄ = Pr[n0i > n1i j P 0i < P 1i ℄= Pr[n0i > 1�p2 j P 0i < P 1i ℄= Pr[n0i > nP 0i + nP 0i ( 1�p2P 0i � 1) j P 0i < P 1i ℄� e�nP0i ( 1�p2P0i �1)24= e�bn;where b = P 0i4 ( 1�p2P 0i � 1)2 is a 
onstant. Using the union bound again, there existsm0, su
h that 8m � m0 the probability for the root to be 
orre
t, when i = 0Pr[r = er℄ � 1�me�b
2m2 ;where 
2 is a 
onstant. Now, we 
an bound the probability that the algorithm stopswhen i = 0: Pr[ES0 ℄ � Pr[ES0 ; r = er℄ (4)= Pr[ES0 jr = er℄ Pr[r = er℄� (1�m2u
1m2)(1�me�b
2m2)� 1� e�
3m2 ;where 
3 is a 
onstant. Using inequality (1), we are now able to bound the expe
tedrunning time of the algorithm:E [running time℄ � Pr[ES0 ℄S0 + (1� Pr[ES0 ℄)S0 (5)� eO(m2n) + e�
3m2 eO(m2n2m2);Sin
e m = o(n:5) we 
an 
hoose 
1 large enough (
3 is larger when 
1 in
reases),su
h that the se
ond summand vanishes for n!1, and thus:E [running time℄ = eO(m2n):Observe, that in addition to proving that the expe
ted running time is polyno-mial, we also showed that the running time is polynomial with high probability.Note that the above analysis applies also when the root is known. In that 
ase,obviously, we need not enumerate all possible roots, so the worst 
ase running time
an only improve. Asymptoti
ally, the expe
ted running time is the same.
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omplete Perfe
t Phylogeny Haplotype Problem 215. Experimental ResultsIn order to assess our algorithm, we applied it on simulated data. The simulationsused parameters whi
h were adopted from several large s
ale biologi
al studies5;21;8.By Theorem 3 the algorithm always outputs a 
orre
t solution. Although we provedthat under our model assumptions the expe
ted running time is eO(m2n), we wantedto estimate the a
tual running time, under realisti
 biologi
al parameters and be-yond the range of the model assumptions. Spe
i�
ally, we wanted to 
al
ulate theexpe
ted number of di�erent phylogeni
 tree solutions for a given data set. Theproof of Theorem 3 implies that � = 2jUG
 j is an upper bound on the numberof di�erent phylogeny solutions, and the dominant fa
tor in the 
omplexity of thealgorithm, in the rooted version of the problem.In ea
h di�erent experiment, we randomly generated N = 105 perfe
t phylogenytrees. We used the following pro
edure to generate a perfe
t phylogeny tree ofhaplotypes: We start with a binary root ve
tor with m = 30 sites. Initially, nosite is marked. In ea
h step, we randomly pi
k a node from the 
urrent tree and anunmarked site, add a new 
hild haplotype to that node in whi
h only the state of thatsite is 
hanged, and mark the site. For ea
h tree, we randomly 
hose k haplotypesfor re
onstru
ting the genotypes, where k = 2; 3; : : : ; 9. We assigned frequen
ies,denoted by �1; �2; : : : ; �k, to the k 
hosen haplotypes, su
h that Pki=1 �i = 1 and8i : �i � 0:05. For ea
h tree, di�erent frequen
ies were assigned. Next, we generated200 genotypes a

ording to the 
hosen haplotypes and their assigned frequen
ies.Introdu
ing missing data entries to the genotypes was performed as follows: Ea
hsite in the genotypes data was 
ipped into a missing entry independently withprobability p. Sin
e we observed in real data p � 0:1 (ref.5;8), we 
he
ked a widerrange: p = 0; 0:05; : : : ; 0:5. Thus, for ea
h sampled tree Tj : j = 1; 2; : : : ; N , wesampled one in
omplete genotype matrix Mj of size 200 � 30. We applied ouralgorithm on ea
h Mj . We denote UG
(Mj ) by Uj . After performing steps 1-3 of thealgorithm, we stopped at i = 0 and 
al
ulated 2jUj j. As was shown in Se
tion 4, ifthe se
ondary label 
ompletion is known, it is possible in eO(m2n) time to outputthe solution to IPPH. Hen
e, 
ompletion of the algorithm, for ea
h Mj , shouldtake less than 2jUjj eO(m2n) time. The dominating fa
tor in the running time is therandom variable 2jUjj, whose expe
tation is approximated by: E [�℄ = E [2jUj j℄ �1N PNj=1 2jUj j.The results are presented in Figure 6. In all experiments, E [�℄ was below 3500(
ompared to a theoreti
al upper bound of 2(m2 ) = 2435) . When the missing datarate is below 20%, E [�℄ was smaller than 100. Another observation, is that thelarger the number of 
hosen haplotypes, the smaller the value of E [�℄. Notably, inall 
ases we found a 
orre
t root: either by �nding at least one haplotype, whi
his homozygote with no missing entries in all sites, or by using the majority ruledes
ribed in the algorithm.To demonstrate that in real biologi
al data, a root is readily available, we 
hosethe genotype data of Daly et al.5. This data set 
onsists of 103 SNPs and 129
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A BFig. 6. Simulation results: both �gures show the average of 2jUj j (y-axis), whi
h represents thedominating fa
tor in the running time of the algorithm for di�erent missing data rates (x-axis).Ea
h di�erent line in the �gures 
orresponds to a di�erent number of haplotypes 
hosen from thetree (see legend).genotypes. We 
he
ked all possible �1032 � = 5253 blo
ks. In all the blo
ks of size 65or smaller, there was always at least one genotype that was homozygote in all allelesand without any missing entries. This genotype is a
tually a haplotype, sin
e it 
anbe resolved in only one possible way, and hen
e, it 
an be used as a root. Sin
e thesize of a blo
k is almost always smaller than 30, this naive simple method 
an beused for �nding a root in biologi
al data.6. Con
luding RemarksWe investigated the in
omplete perfe
t phylogeny haplotype problem. The goal isphasing of genotypes into haplotypes, under the perfe
t phylogeny model, wheresome of the data are missing. We proved that the problem in its rooted versionis NP-
omplete. We also provided a pra
ti
al expe
ted polynomial-time algorithm,under a biologi
ally motivated probabilisti
 model of the problem. We applied ouralgorithm on simulated data, and 
on
luded that the running time and the numberof distin
t 
andidate phylogeny solutions are relatively small, under a broad rangeof biologi
al 
onditions and parameters, even when the missing data rate is 50%. Ana

urate treatment for phasing of genotypes with missing entries 
an therefore beobtained in pra
ti
e. In addition, due to the small number of phylogeneti
 solutionsobserved in simulations, in
orporation of additional statisti
al and 
ombinatorial
riteria with our algorithm is feasible.After the 
ompletion of this study, Gramm et al.9 reported on another investiga-tion of the rooted-IPPH problem. They proved that this problem is NP-
ompleteeven when the phylogeny is a path and only one allele of every polymorphi
 siteis present in the population in its homozygous state. This provides an alternative
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omplete Perfe
t Phylogeny Haplotype Problem 23proof that the rooted-IPPH problem is NP-
omplete. They also give a linear-timealgorithm for the problem for the spe
ial 
ase, in whi
h the phylogeny is a path.A
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