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Abstract

This paper concerns network congestion control, focusing on a recently proposed
“primal-dual” control law that has been shown to give local stability and desirable
equilibrium properties for networks of arbitrary capacity and a fixed bound on delay.
In this paper we study global stability for these non-linear, delay differential equations,
focusing for simplicity on the scenario of a single flow and bottleneck link. We first
provide bounds on the state variables that hold for any choice of parameters. Then
we give results regarding global stability, based on Lyapunov-Razumikhin methods and
singular perturbation theory.

1 Introduction

In recent years large strides have been taken in analytical approaches to network congestion
control. These methods, originating in the academic community [8, 16, 13, 9, 2, 10, 11] are
quickly evolving into viable alternatives to correct deficiencies of current Internet protocols
[1, 18]. Using a framework proposed in [8, 16] based on fluid-flow models and utility func-
tions, tools from convex optimization and control theory have come into play to propose
new control laws that achieve equilibrium objectives of efficient network utilization, fair
resource allocation and low delay, and that can be proven to converge to these equilibrium
points. Control can be included in a decentralized way either at network sources or at links;
following [8], it has become customary to denote by “primal” control laws those that contain
dynamics at sources, but static functions at links, and “dual” laws those where the opposite
holds. In this vein, the case where both control laws are dynamic is named “primal-dual”.

If one neglects network delay, global stability results for various families of control laws
can be established in very general networks; indeed, [8, 3] show Lyapunov proofs for both
“primal” and “dual” type laws. “Primal-dual” laws are more difficult to analyze (see [14] for
a time-scale analysis), but some cases can be treated by passivity theory methods, as shown
recently in [17]. When feedback delay is included in the problem (an essential feature in
large-scale networks) the designs become harder, especially if one wants to achieve stability
by a decentralized control in a scalable way over arbitrary networks. The most successful
approach has been to start from linearized designs in which such scalable results can be
obtained [2, 10, 5], and build from these linearizations the global, nonlinear control laws.
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The question that remains after this is whether the resulting control laws are globally sta-
bilizing. This question, involving both nonlinearity and delay is significantly more difficult,
so one is forced to restrict the attention to simpler networks, for instance including a single
bottleneck; some recent contributions are [12, 15, 4].

In this paper we follow a line of work initiated in [2], in which we developed a “dual” con-
gestion control system that achieves high utilization, low delay and local scalable stability.
We addressed the global stability aspects for the single bottleneck case in [4]. Further work
in [5], strongly driven by our efforts to deploy these protocols [1], has convinced us of the
need to include a “primal” component to these laws, that allows us to control in a fair way
the resource allocation in equilibrium. To guarantee local stability in these “primal-dual”
laws, in [5] we employ a separation of time-scales argument, running the “fairness” loop
slower than a commonly agreed bound on the delay. This background is briefly reviewed in
Section 2.

This paper tackles the global stability aspects of this new “primal-dual” system, extend-
ing the work in [4]. We focus on the case of a single link and source. First, in Section 3,
we show that the trajectories of this system are bounded; moreover, we can state absolute
bounds in which the variables must lie after an initial transient, and these hold indepen-
dently of whether the system is locally stable or not. Armed with these bounds, in Section
4 we proceed to give global stability results, based on a singular perturbation method. In-
deed, the fast “boundary-layer” dynamics in this system corresponds to the “dual” laws
already studied in [4]; supplementing this with a study of the slow dynamics, a global result
can be given. We also present some simulation results, which demonstrate this time-scale
analysis. Conclusions are given in Section 5.

2 “Dual” and “Primal-Dual” Controls

In this section we briefly review the congestion control problem, presenting the “dual”
control of [2] its local scalable stability and the global stability analysis in [4]; then we
describe the “primal-dual” control of [5] and its local stability.

We are concerned with a system of L communication links shared by a set of S sources.
The routing matrix R, of dimensions L × S, is defined by

Rli =

{

1 if source i uses link l
0 otherwise

.

Each source i has an associated transmission rate xi(t); the set of transmission rates deter-
mines the aggregate flow yl(t) at each link, by the equation

yl(t) =
∑

i

Rlixi(t − τ f
li), (1)

in which the forward transmission delays τ f
li between sources and links are accounted for.

We assume each link has a capacity cl in packets per second.
The next step is to model the feedback mechanism which communicates to sources the

congestion information about the network. We associate with each link l a congestion
measure or price pl(t) [8, 16] and assume sources have access to the aggregate price of all
links in their route,

qi(t) =
∑

l

Rlipl(t − τ b
li). (2)
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Here again we allow for backward delays τ b
li in the feedback path from links to sources. The

total round-trip-time (RTT) for the source thus satisfies

τi = τ f
li + τ b

li

for every link in the source’s path. This quantity can be estimated by sources in real time.

A “dual” control is developed in [2] with dynamic in the link and static function in the
source. In the link side, the “price” is controlled as

ṗl =

(

yl − c0l

c0l

)+

pl

, (3)

working with a virtual capacity c0l < cl, by which the network could have almost full
utilization and empty queue at equilibrium. Equation (3) uses the “positive-projection” ’
notation [17], namely

(f(x))+x =

{

f(x), if x > 0 or x = 0 and f(x) > 0;
0 if x = 0 and f(x) < 0,

A static control law is applied in the sources

xi = xmax,i e
− αiqi

Miτi . (4)

Here Mi is the number of the bottleneck links the flow from this source goes through, τi

is the RTT, and xmax,i is a maximum rate parameter, which can vary for each source, and
can also depend on Mi, τi (but not on qi). The following local stability result holds, where
R̄ denotes the reduced routing matrix obtained by eliminating non-bottleneck links.

Theorem 1 ([2]). Suppose the matrix R̄ is of full row rank, and that αi < π
2 . Then the

“dual” link and source control laws (1-4) give a locally stable system for arbitrary delays
and link capacities.

In [4], the global stability of the “dual” is analyzed through small-gain theory and
Razuminhin’s theorm. One result shows that a system with single bottleneck link is globally
stable, under somewhat tighter restrictions on α.

Theorem 2 ([4]). For a given “dual” system with single bottleneck link and heterogenous
flows, there exists a positive constant Θ such that for α < Θ, the origin of the system is
globally asymptotically stable.

In the single-flow case, a condition of the global stability on α is given as

α <
c2
0

x2
max

. (5)

In order to obtain the very general scalable stability in the “dual” control, some restric-
tions apply to the sources’ demand curves (or their utility functions). To leave the utility
functions completely up to the sources, new dynamics are added at the sources. Such a
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“primal-dual” solution is developed in [5], by taking the same link control (3) as that of the
“dual”, which maintains high utilization and small equlibrium queues, and a new source
control as

τiξ̇i = βi(U
′
i(xi) − qi), (6)

xi = xm,ie
(ξi−

αiqi

Miτi

)
. (7)

Here U(x) is a strictly concave increasing utility function which leads to “elastic” flows
[8]. At equilibrium, q∗i = U

′

i (x
∗
i ), maximizing the local benefit Ui(xi) − qixi. When the

parameter βi is small, the system works in two different time scales. In the fast time scale
when ξ varies slowly, the system works like the dual to track the utilization. And the slow
time scale is applied to track the resource allocation. A local stability theorem is given in
[5].

Theorem 3 ([5]). Assume that for every source i, τi ≤ τ̄ . With the rank assumptions of
Theorem 1, the “primal-dual” control, with αi ≤ α < π

2 and β = η αi

Miτ̄
, the closed loop is

linearly stable for a small enough η ∈ (0, 1) depending only on α.

Simulations show that such control laws seem also globally stabilizing under the same
conditions as the local stability, but this is not easy to establish analytically. In what
follows, we present partial results for the case of a single link and flow. In this case, the
system equations can be simplified to the following:

τ ξ̇ = β(U ′(x) − q), (8)

x = xme
(ξ−

αq
τ )

, (9)

q̇ =

(

x(t − τ) − c0

c0

)+

q

. (10)

Some properties of the variables are

x ≥ 0, U
′

(x) > 0, U ′′(x) < 0 (11)

q ≥ 0, q̇ ≥ −1. (12)

For many (not all) of the results below, we must further restrict the utility function by
the following assumption.

Assumption 1. U
′

(x) ≤ U
′

max.

3 Eventually Bounded States

In this section, we will show that under very weak conditions (milder than those needed for
local stability), the system variables ξ, q, x will remain bounded. Furthermore, we will be
able to give a priori bounds that must hold “eventually”, after a sufficiently long transient.
For convenience, we introduce the following terminology:

Definition 1. A function f(t) is “eventually bounded” by f̄ if there exists T such that
f(t) ≤ f̄ for any t ≥ T .
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The following three propositions contain bounds on each of the variables x, ξ and q.

Proposition 4. The rate x(t) of the system (8-10) is eventually bounded by x̄, depending
only on the parameters c0, α, τ , β and the utility function.
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Figure 1: Upper bound of rate

Proof: A sketch of the argument is given first, details follow. The key observations we
build on are:

• Consider a small γ > 0, and assume the rate x(t) is remaining above (1 + γ)c0 for
some time. Then we can show that after a fixed bounded time, the rate is bounded
by a known decreasing exponential.

• If the rate is above (1+γ)c0 and increasing, its rate of increase is bounded by a known
exponential.

These observations imply first, that from any initial condition the rate must eventually
reach (1 + γ)c0; furthermore, if it were to exceed this value again, it can only do so for a
fixed time, in which we have a bound on the increase rate. From here we can derive an
absolute bound that cannot be exceeded after the first time that the rate reaches (1+ γ)c0.
Now we give the argument in detail. Figure 1 shows the arguments on the bound of x(t).

First, for any initial value pt0 with t0 ∈ [−τb, 0], xt0 with t0 ∈ [−τf , 0], q0 ≥ 0 and
x(0) > c0, we claim that there exists t2 ≥ 0 such that x(t2) ≤ (1 + γ)c0. Otherwise,
assume that x(t) > (1 + γ)c0 for any t ≥ 0, then for any t > τ , q̇(t) > γ from (10) , i.e.,
q(t) > q(τ)+γ(t−τ). By some time t1, the price reaches U

′

((1+γ)c0) if q(τ) < U
′

((1+γ)c0)
as in the figure, i.e.,

t1 = γ−1[U
′

((1 + γ)c0 − q(τ))]+ + τ. (13)

For any t > t1, q(t) > q(τ) + γ(t − τ) > U
′

((γ + 1)c0) > U ′(x(t)), which leads to ξ̇(t) < 0
from (8). Then, for t > t1,

ẋ(t) = x(t)(ξ̇ −
α

τ
q̇(t)) < −x(t)

α

τ
q̇(t) < −

α

τ
γx(t),
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which means that x(t) decreases exponentially as

x(t) < x(t1)e
−α

τ
γ(t−t1),

such that x(t) < (γ + 1)c0 when t > t2 by taking

t2 = t1 −
τ

αγ
log(

(γ + 1)c0

x(t1)
), (14)

a contradiction. Therefore, for any value x0 > (1 + γ)c0, after a time no greater than t2,
the rate goes under (γ + 1)c0. Furthermore, the maximum of x(t) in [0, t2] lies in the time
[0, t1].

When t > t2, there are two possibilities. One is that x(t) is kept equal or less than
[(1 + γ)c0], converging to equilibrium or oscillating. In the other case, x(t) may arrive and
will go above [(1+γ)c0], for instance, at a time t3. Similarly as above, the rate can not stay
above (1+γ)c0 for ever. Two periods exist before the rate goes down (1+γ)c0 again. After,
at most, time t3 +τ , the price q(t) begins to increase with q̇ > γ. If q(t3 +τ) < U

′

((1+γ)c0,
then the price reaches the point U

′

((1+γ)c0 by some time t4, such that ξ̇ ≤ 0, and the rate
begins to decrease exponentially similarly as in the first step. By some time t5, the rate
goes down (1 + γ)c0 again. The only difference from the first step is that x(t3) = (1 + γ)c0

instead of any other value, by which we can find the upper bound of x.
We first show that the time period [t3, t4], when the rate arrives its maximum point, is

upper bounded. If q(t3 + τ) > U
′

((γ + 1)c0, t4 = t3 + τ . Therefore, from (13),

t4 ≤ γ−1[U
′

((γ + 1)c0) − q((t3 + τ))]+ + τ. (15)

Since
q(t3 + τ) ≥ 0

we have a upper bound of t4 − t3 as

∆tI = γ−1U
′

((γ + 1)c0) + τ. (16)

Next, noticing that the rate x(t) > (γ + 1)c0 during the time [t3, t4], we have, from (8-10)

ẋ = x(β(U
′

(x)) − q −
α

τ
q̇) (17)

≤ x(βU
′

((γ + 1)c0) +
α

τ
), (18)

since
q > 0 and q̇ ≥ −1,

and U
′

(x) is decreasing with x. So the maximum x(t) is bounded.
The same arguments can be applied once the rate goes above (1+γ)c0 again. Therefore,

the rate x(t) is eventually bounded, i.e., after the first time it goes down (1 + γ)c0 at the
time

tx = t1, (19)

the rate is bounded by an absolute value

x̄ = (1 + γ)c0e

(

(βU
′

((1+γ)c0)+ α
τ

)(γ−1U
′

((1+γ)c0)+τ)
)

, (20)

which depends on the parameters but without any restriction on them such as α and β.
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We remark that, in the proof of the last proposition, it’s not required that ξ and q are
bounded, or acts just as shown in the figure. Furthermore, the bound x̄ is an increasing
function with respect to both α and β. Next we argue that the state ξ(t) is actually bounded
based on the bound ξ̄ and Assumption 1.

Proposition 5. The state ξ(t) of the system (8-10) is eventually bounded by ξ̄ after applying
Assumption 1 and bound of rate x̄ in (20) without restriction on the parameters.

Proof: We consider the dynamics beginning from the time tx in (19), after which we
can bound x by x̄ in (20). Then, by applying the dynamics (8-9) and Assumption 1, we
have

ξ̇ + βq = βU
′

(x) ≤ βU
′

max; (21)

ξ −
α

τ
q = log(

x

xm
) ≤ log

x̄

xm
. (22)

Define constants

C1 = β(U
′

max +
τ

α
log(

x̄

xm
) (23)

C2 = −β
τ

α
< 0, (24)

then we have, with the initial state ξtx at time tx,

ξ̇ ≤ C1 + C2ξ (25)

= C1 + C2ξtx + C2

∫ t

tx

ξ̇(σ)dσ. (26)

By applying the Gronwall-Bellman Inequality [7], we have,

ξ̇ ≤ (C1 + C2ξtx)eC2(t−tx),

such that

ξ(t) ≤
C1 + C2ξtx

C2
(eC2(t−tx) − 1) + ξtx (27)

= (
C1

C2
+ ξtx)eC2(t−tx) −

C1

C2
(28)

= (ξtx − (log(
x̄

xm
) +

α

τ
U

′

max))e−β τ
α

(t−tx) + (log(
x̄

xm
) +

α

τ
U

′

max). (29)

Since ξ̇ is upper bounded, ξ cannot escape in the time [0, tx] from ξ0. Therefore, we have
one bound of ξ after time tx, which may depend on the initial state,

ξ̂ = max{ξtx , (log(
x̄

xm
) +

α

τ
U

′

max)}. (30)

However, if we define another bound with some positive number ∆ξ

ξ̄ = log(
x̄

xm
) +

α

τ
U

′

max + ∆ξ, (31)
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then we are sure there exists a time tξ

tξ =
α

βτ

(

log(|ξtx − (log(
x̄

xm
) +

α

τ
U

′

max)|) − log(∆xi)

)+

+ tx, (32)

after which the state ξ is eventually bounded by ξ̄ for any initial value. Again, this bound
is independent of the local stability condition.

With the bound of ξ, we can further argue that the state q is eventually bounded, too.
We give one bound in the following proposition.

Proposition 6. The state q(t) of the system (8-10) is eventually bounded by q̄ after apply-
ing Assumption 1 and bound ξ̄ in (31), independent of the initial state and local stability
condition.

Proof: Since x is upper bounded, q̇ is also upper bounded from (10) such that it cannot
escape during the time [0, tξ]. So we consider the bound of q after time tξ. We follow similar
arguments as that on the bound of x in Proposition 4.

Define a reference price q̌ such that, with some small number 0 < γ < 1,

xme(ξ̄−α
τ

q̌) = (1 − γ)c0, (33)

and assume that q > q̌ for some time. First we argue that it’s impossible that q > q̌
for any t > tξ with initial value qtξ > q̌. Otherwise, q will decrease after time τ because
x(t) < (1 − γ)c0 such that q̇ < −γ. By some time tq, q = q̌, a contradiction. In the next
time when q = q̌ and goes above it again, after at most τ , q will decrease until it reaches
q̌. Therefore, after time tq, since q̇ is upper bounded because of x̄, the price q should be
bounded by

q̄ = q̌(1 + (
x̄

c0
− 1)τ). (34)

Finally we have the theorem on the bounds.

Theorem 7. The rate x(t), states ξ(t) and q(t) of the system (8-10) are all eventually
bounded by some absolute values x̄, ξ̄ and q̄ as those in (20), (31) and (34) respectively for
any t > Tu with Tu ≥ tq. These bounds are independent of initial states and local stability
conditions, and Tu is limited for any limited initial values.

4 Global stability with delays

In this section, we consider the global stability of the “primal-dual” control (8-10). Noticing
that the principle of the design is to make the system working in different time scales to
track the utilization (fast) and fairness (slow), one direct approach on its stability analysis
is to explore its two-time-scale property.
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At equilibria, x∗ = c0, q∗ = U
′

(c0), ξ∗ = log( c0
xm

) + α
τ
U

′

(c0). Define δξ = ξ − ξ∗,
δx = x − x∗, δq = q − q∗, then we have,

dδξ

βdt
=

1

τ

(

U ′(c0 + δx) − U ′(c0) − δq
)

, (35)

δx(t) = c0

(

eδξ(t)−α
τ

δq(t) − 1
)

, (36)

dδq

dt
=

(

δx(t − τ)

c0

)+

q0+δq

. (37)

By taking t̃ = βt, we have

dδξ

dt̃
=

1

τ

(

U ′(x0 + δx) − U ′(x0) − δq
)

, (38)

δx = c0

(

eδξ−α
τ

δq − 1
)

, (39)

β
dδq

dt̃
=

(

δx( t̃
β
− τ)

c0

)+

q0+δq

, (40)

which is in the form of a singular perturbation model with the origin an isolated equilibrium,
fast dynamic δq and slow dynamic δξ when β is small.

Taking β = 0 in (39-40), we have an isolated root δx = 0, which means that

δq =
τ

α
δξ. (41)

Therefore, we have the reduced system

dδξ

dt̃
= −

1

α
δξ. (42)

The boundary-layer system when ξ is considered as a constant,

δx = c0

(

eδξ−α
τ

δq − 1
)

, (43)

dδq

dt
=

(

δx(t − τ)

c0

)+

q0+δq

, (44)

is exactly a “dual” control with xmax = xmeξ in the source side as

x = (xmeξ)e−
αq

τ . (45)

We first present two simulation results, in which the system shows behavior with different
time scales.

4.1 Simulations by Matlab

The simulations are done by Matlab. From the system decomposition, q should be the
fast dynamic, which converges much faster than the dynamic ξ to a steady state of the
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boundary-layer system, i.e., x = c0, for given ξ. In these so-called “quasi-steady” states, we
should have

q =
τ

α
(ξ − log(

c0

xm
)). (46)

In the simulations we take the utility function U(x) = K log(x), which leads to a propor-
tionally fair allocation.

Consider a system (8-10) with the following parameters: c0 = 40, α = 0.37, τ = 0.2, xm =
10, K = 20, β0 = α/(1.5625 ∗ τ). (β0 is taken to make the loop close to the boundary of
stability according to the local stability theorem.) We set the same initial states x(0) =
0, p(0) = 0, and differentiate those of the state ξ. The phase portraits of the state q and ξ
with different values of β are shown in (Figure 2-Figure 4).

Figure 2 shows that the system is asymptotically stable for the various initial values
of ξ. When the parameter β decreases, the system acts just as expected, presenting two
different time scales. In Figure 4, the state p converges much faster than the state ξ at
the beginning, while ξ is kept almost unchanged until they reach some equilibrium of the
boundary system. Then the states go along the “line” as (46), where once ξ varies, the
rates converge at once to the “quasi-steady” state until they arrive the equilibrium.
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Figure 2: Two time-scales: one flow with β = β0

4.2 Time-scale analysis

To get a theorem on the time-scale analysis, we consider only the dynamics after time Tu,
after which the state ξ is upper bounded by ξ̄ in (31), and the price is bounded by q̄ in (34).
We take Tu as the beginning time.

We first claim the stability of the reduced system (42).

Proposition 8. The reduced system is exponentially stable.

Since the boundary-layer system is exactly a “dual” control except that xmax = xmeξ

in the source side, we have a claim as an extension of Theorem 2.
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Figure 4: Two time-scales: one flow with β = 0.01β0

Proposition 9. The boundary-layer system is exponentially stable uniformly with t and ξ,
by taking

α <
c2
0

(xmeξ̄)2
.

Proof: The sketch of the proof is as follow. First, following the argument in the proof
of the Razuminhin-type theorem in [4], we show that the system is globally asymptotically
stable uniformly with ξ. Then, by invoking a lemma in [15], we argue that the system is
also exponentially stable.

Take similar notations as those in [4], define z(t) = δq(t), and

f(u) = e
αu
τ − 1, (47)

then the system can be expressed as

ż = f(−z(t − τ)), (48)

with the constraint
z ≥ −q∗,
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where q∗ is the equilibrium price as

q∗ =
τ

α
log(

xmeξ

c0
).

We consider the case when xmeξ > c0. First, based on the Proposition 3 in [4], the price
deviation z(t) will be eventually bounded after certain time, for instance tb, i.e.,

z(t) ≤ ∆q for ∀t > tb,

with

∆q = τ(
xmeξ

c0
− 1).

Since the state q always bounded by q̄ , and ξ bounded by ξ̄, tb is also bounded from the
argument in the Proposition 3 in [4], assumed a value Tb independent of ξ and q. Then, the
nonlinearity f(u) can be bounded into a sector conic since −q∗ ≤ δq ≤ ∆q, i.e.,

γ ≤
f(u)

u
≤ ρ, and |

∂f(u)

∂u
| ≤ ζ, (49)

where

ρ =
e

αq∗

τ − 1

q∗
, γ =

1 − e−
α∆q

τ

∆q
, ζ =

α

τ
e

αq∗

τ . (50)

Next we apply Razuminhin’s theorem on the stability of a retarded functional differential
equation [6] to show the exponential stability. Consider the positive definite function

V (z(t)) =
1

2
z2(t), (51)

and the set of all z(t) such that, for some η > 1,

z2(t − σ) ≤ η2z2(t), for σ ∈ [0, 2τ ]. (52)

Then, we only need to show the derivative of V is decreasing along the solution of the
functional differential equations for only part of the states (52). Specifically,

V̇ (z(t)) = z(t)f(−z(t − τ))

= z(t)[f(−z(t)) − (f(−z(t)) − f(−z(t − τ)))]

= z(t)

[

f(−z(t)) +

∫ t

t−τ

(
∂f

∂z
(−z(σ))ż(σ))dσ

]

≤

[

z(t)f(−z(t)) + |z(t)|

∫ t

t−τ

ζρ|z(σ − τ)|dσ

]

≤

[

f(−z(t))

z(t)
+ ηρζτ

]

z2(t)

≤ [−γ + ηρζτ ] z2(t)

≤ −µz2(t),

for some µ > 0, provided that,
µ ≤ γ − ηρζτ. (53)
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If such conditions can be imposed, Theorem 4.2 [P152, [6]] implies that the origin of z, is
globally asymptotically stable.

Taking the value of α as in the proposition, with the assumption that xmeξ > c0, we
have,

α <
c2
0

(xmeξ)2
<

log xmeξ

c0

xmeξ

c0
− 1

,

such that

∆q <
τ

α
log

xmeξ

c0
= q∗.

So we can take an relaxed upper bound of the state as

∆q = q∗ =
τ

α
log

(

xmeξ

c0

)

.

Therefore we only require that

µ≤ α
1 − c0

xmeξ

τ log
(

xmeξ

c0

) − ηα2
xmeξ

c0
− 1

τ log
(

xmeξ

c0

)

xmeξ

c0

=
α(1 − c0

xmeξ )

τ log
(

xmeξ

c0

)

(

1 − ηα

(

xmeξ

c0

)2
)

=
1

ς

c2
0

(xmeξ̄)2

(1 − c0
xmeξ )

τ log
(

xmeξ

c0

)

(

1 − η
1

ς

c2
0

(xmeξ̄)2

(

xmeξ

c0

)2
)

= φ(ξ).

We can take η such that η < ς and µ > 0. Noticing φ(ξ) is a decreasing function of ξ, we
can take

µ = φ(ξ̄), (54)

i.e., the value of φ when ξ is taken its eventual bound. Therefore we have a common η and
µ such that the system is globally asymptotically for all ξ ≤ ξ̄.

To finish the proof, we apply the Lemma 2.1 in [15], which claims that such a system is
also exponentially stable, i.e., taking

y(t) = sup
t−2τ≤σ≤t

1

2
z2(σ),

then it’s argued in [15] that
y(t) ≤ ηy(t0)e

−ν(t−t0),

where

ν =
µ log(η)

log(η) + 2τµ
.

Here we consider the dynamics beginning from the time t0 = Tb to apply the Razuminhin’s
theorem. Recalling that z(t) is upper bounded by q∗ after this time, we could take y(t0) =

13



1
2q∗2. However, we need to count the period from the beginning to Tb. Noticing that the
price is bounded by q̄, and this period of time is bounded by Tb, one relaxed exponential
bound is

y(t) ≤ η
1

2
q̄2e−ν(t−Tb), (55)

which means that the boundary-layer system is exponentially stable, uniformly with ξ.

Invoking Theorem 9.3 in [7], from Proposition 8 and Proposition 9, we have the theorem

Theorem 10. The system (8-10) is exponentially stable after time Tu by taking some value

α <
c2
0

(xmeξ̄)2
, and small enough β.

We remark here that one case is ignored during the analysis of the boundary-layer
system. We only consider the case xmeξ > c0 there. When xmeξ < c0, the fast dynamic q
will converge very fast to q = 0 and x = xmeξ. After that, the slow dynamic ξ will increase
monotonically until x goes over c0.

Another problem is that ξ̄ is dependent on α and β. Noticing that the bounds are
increasing functions of α and β, we can get the bounds ξ̄ and q̄ with certain values of the
parameters, for instance, α = 1 and the value of β based on Theorem 3, then applying the ξ̄
to the time-scale analysis to get a condition on α and β which should be more conservative
than those from Theorem 3.

Until now, we prove the system (8-10) is eventually bounded, and after Tu, it’s expo-
nentially stable. Therefore, with Theorem 7 and Theorem 10, we claim the global stability.

Theorem 11. The states of the “primal-dual” control system (8-10) are eventually bounded.

Furthermore, the system is globally asymptotically stable if taking some value α <
c2
0

(xmeξ̄)2
,

and small enough β.

5 Conclusion

In this paper, we analyze the global stability of a scalable “primal-dual” control with a
simple scenario. We find some general bounds of the states without restriction on the
parameters of the system. Then we prove the control with delay is globally asymptotically
stable by time-scale analysis and Lyapunov-Razuminhin approach. Simulation results are
described to show that the analysis is reasonable. Some future problems exist. For instance,
it’s reasonable that the Assumption 1 on the utility could be generally true. Also, the bounds
are very conservative. More accurate bounds may be explored.
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