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s Department, Stanford University (USA)June 18, 2001Summary by Christine Fri
ker and Pierre Ni
od�emeAbstra
tIn this talk, Amir Dembo 
onsiders random walks on Z2 and presents a proof of the Erd}os{Taylor 
onje
ture related to frequently 
overed points. The Kesten{R�ev�esz 
onje
ture onthe 
overing time of the two-dimensional torus Z2n = Z2=nZ2 is also solved. These resultsare a 
ommon work of Amir Dembo, Yuval Peres, Jay Rosen, and Ofer Zeitouni.1. Introdu
tionLet (Xn) be a simple random walk on Z2 and Tn(x) = Pnj=1 1fXj=xg be the number of visitsto x before time n. Let T ?n = maxx2Z2 Tn(x) be the number of visits to the most visited point. TheErd}os{Taylor 
onje
ture asserts that(1) limn!1 T ?n(log n)2 = 1� ; almost surely.Erd}os and Taylor [7℄ proved the upper bound 1=� and a lower bound 1=(4�). The main result ofthe talk is that the Erd}os{Taylor 
onje
ture is true.Let ( eXj) be a simple random walk on the two-dimensional torus Z2n = Z2=nZ2. Consider T (x) =minf j � 0 j eXj = x g, the time to attain the point x for the �rst time andTn = maxx2Z2nT (x);the 
overing time of the torus. The Aldous-Lawler 
onje
ture asserts than(2) limn!1 Tn(n log n)2 = 4� ; in probability:Kesten, R�ev�esz, Lawler, and Aldous proved an upper bound 4=� (see [1, Corollary 25, Chapter 7℄)and a lower bound 2=�. A related question is the Kesten{R�ev�esz 
onje
ture for the simple randomwalk on Z2 (see [4℄).The proofs for the upper bounds rely on the se
ond moment method, the approximation ofrandom walks by Brownian motions, and an underlying tree stru
ture for the o

upation of smalldisks by a Brownian motion. We give here a sket
h of the proofs; see [4, 5℄ for 
omplete proofs.2. The Se
ond Moment MethodJanson gives a short a

ount of the se
ond moment method in [2℄. Basi
ally, we 
onsider asequen
e of non-negative random variables Xn, and we want to estimate P(Xn > 0). The se
ond



122 Cover Time and Favourite Points for Planar Random Walksmoment method asserts that if(3) Var(Xn)(EXn)2 ! 0; or equivalently, EX2n(EXn)2 ! 1 (as n!1);then(4) P(Xn > 0)! 1:The method is frequently used in the 
ontext of random graphs; for example, this method provesthe existen
e of a Hamilton 
y
le in random graphs satisfying suitable 
onditions.The se
ond moment method is a 
onsequen
e of the Chebyshev inequality,P(jXj > t) � 1t2E(X2):As a 
onsequen
e of the latter,P(X = 0) � P�jX � �j � �� � Var(X)�2 ; for � = EX:3. Proof of the Erd}os{Taylor Conje
ture3.1. Upper bound. By de�nition, the trun
ated Green fun
tion Gn(x; y) is the expe
tation ofthe number of passages at y in n steps, when starting from x.We have Gn(0; 0) = nXj=0E�1fXj=0g� = nXj=0P(Xj = 0) � log n� :(See Feller [8, p. 361℄.) Applying [3, Theorem 8.7.3℄ for the renewal sequen
e un = P(Xn = 0), wededu
e that for large n, and �xed small Æ > 0,P�Xj 6= 0 for j = 1; : : : ; n� 1� � (1� Æ)�log n :This implies by the strong Markov property that(5) P �Tn(0) � ��(log n)2� � �1� (1� Æ)�log n ��(log n)2 � e���(log n)(1�Æ) = n�(1�Æ)�� :We now 
onsider the disk of 
enter zero and radius n(1+Æ)=2. The probability that the random walkexits this disk before time n tends to zero as n tends to in�nity, and the number of points of Z2inside this disk is 
lose to �n(1+Æ). From Equation (5), we then get(6) P�n � P�max0�i�n jXij > n(1+Æ)=2�+ �n(1+Æ)n�(1�Æ)�� ;where P�n = P�T ?n � �(log n)2�. The �rst term of the right member of Equation (6) vanishes asn tends to in�nity. Therefore, applying the Borel{Cantelli lemma to the subsequen
e P�2m , for� > 1=�, and using interpolation for all n, we have P �limT ?n � ��(log n)2)� ! 0. This gives anupper bound 1=�.
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ker and P. Ni
od�eme 1233.2. Lower bound. We 
an try to adapt the proof from the upper bound and use the se
ondmoment method. Let D(x; r) be the disk of 
enter x and radius r andZn = Xx2D(0;pn) 1�Tn(x)��(log n)2	:Adapting the proof of the upper bound (Equation (6)) gives EZn � n(1���). Therefore,EZ2n(EZn)2 = 1E(Zn) + �x;y�x;y +�x ; where �x = Xx2D(0;pn)�P�Tn(x) � �(log n)2��2and �x;y = Xx6=y2D(0;pn)P�Tn(x) � �(log n)2�P�Tn(y) � �(log n)2�:A naive approa
h would say the following: the number of summand in �x;y is O�n2(1���)� while itis only O�n(1���)� in �x. Therefore, for � < 1=�, EZ2n=(EZn)2 ! 1 and P(T ?n � 1� (log n)2) = 1almost surely. However, Erd}os and Taylor [7℄ show that the 
orrelation stru
ture between points xsu
h that P�Tn(x) � �(log n)2� is too strong to get this result. They obtain an upper limit 1=(4�).We move in the following se
tion to a tree model to over
ome this diÆ
ulty.Modelling by a (toy) tree problem. We1 
on-sider a 
omplete binary tree Bm of height mand a (nearest neighbor) random walk X start-ing from the left-most leaf a, with probability1/3 of 
hoosing any dire
tion when being at aninternal node. In this model, the starting pointa and the root 0 respe
tively represent the origin(0,0) and the boundary of a \disk" of radius mon Z2. Let Lm be the set of leaves of Bm. We
onsider Tm(x), the time spent at leaf x beforehitting the root 0, andT ?m = maxx2Lm Tm(x); � � � � � � � �� � � �� �������������
SSSSSSSSSSSEEEE
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a xits maximum over all leaves.Let us denote by 0; 1; 2; : : : ; a = m the nodes of the ray going from the root 0 to a and let Pydenote probability for walks starting from node y. We 
onsiderHy = Hy(u) =Xu�0Py (X spends time k at a before hitting 0) uk:For any node i of the ray (0; a), and for any node y of the subtree rooted at the right 
hild of i, theprobability of k visits to a before hitting 0 of the walk starting from y is the same as if the walkstarts from i; this implies Hy = Hi. This last result is true for all i from 1 to m� 1.We 
an therefore 
onsider only the nodes of the ray (0; a), whi
h provide the set of equationsH1 = H23 +H13 + 13 ; Hk = Hk�13 +Hk3 +Hk+13 (2 � k � m�2); Hm�1 = Hm�23 + (1 + u)Hm�13 :1The elementary proof leading to Equation (7) was not presented by the speaker and is due to the authors of thesummary.



124 Cover Time and Favourite Points for Planar Random WalksSolving yields(7) Ha(u) = Hm = 1m � 11� �1� 1m�u; and H1(u) = m� 1� (m� 2)um� (m� 1)u :The random variable Tm(a) therefore has a geometri
 distribution with mean m� 1, whi
h indu
es(for large m)P�Tm(a) > �m2� = ��1� 1m�m��m ' e��m and P(T ?m > �m2) � e��m2m = e�(��log 2)m:This implies the same upper bound as pre
edently (up to the 
hange of model).We now 
onsider a variation of the se
ond moment method. We �x some K large. We denoteby x-ray the ray from the root 0 to a leaf x and Ni(x) 
ounts the number of ex
ursions from level ito level i+ 1 on the ray x. We de�ne the x-ray as �-su

essfull ifNi(x) ' �i2; for i = 0;K; 2K; : : : ;K jmK k :We haveP�Ni+K(x) ' �(i+K)2 �� Ni(x) ' �i2� ' e��K ) P(x-ray is �-su

essfull) ' e��m:We now have P(x-ray and y-ray are �-su

essfull) ' e�2�me�r(x;y);where r(x; y) is the depth of the �rst 
ommon an
estor of x and y. This indu
es a redu
tion ofvarian
e. Considering now the random variable Zm de�ned byZm = Xx2Lm 1fx-ray �-su

essfullg;we have EZ2m(EZm)2 ' m=KXs=1 e(��log 2)Ks ! 1 for � < log 2;when �rst m and then K tend to in�nity. There is no obvious way to adapt this result to thestandard random walk, but it is possible to adapt it to the planar Brownian motion that we denotew = (wt).De�ne � as the �rst time where the Brownianmotion w hits the 
ir
le of radius 1 and �w� (A)as the o

upation time of a subset A of the dis
D(0; 1) until this time. We have� = min� t �� jwtj = 1	and �w� (A) = Z �0 1A(wt)dt:The Perkins{Taylor 
onje
ture states for theBrownian motion that(8) lim�!0 supjxj<1 �w� (D(x; �))�2 (log �)2 = 2:
x y 0

ak2ex
ursions x y
0
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od�eme 125We shall in a �rst time sket
h a proof of this 
onje
ture and apply then the KMT approximationtheorem of the Brownian motion by the standard random walk.Sket
h of proof for the Perkins{Taylor 
onje
ture. In the following, let �D(x; r) be the boundaryof the disk D(x; r).The proof of the upper bound of the 
onje
ture follows the same line as for the standard randomwalk. When 
onsidering the lower bound, the diÆ
ulty relies again in the 
orrelation stru
ture.Let �k = e�k and de�ne a point x of D(0; 1) as k-su

essful if the number of ex
ursions ofthe Brownian motion between �D(x; �k) and �D(x; �k+1) is ak2 for �xed a. We remark that if xis su

essful, the time spent at the ball D(x; �k+1) is ak2�2 ' a�2(log �)2, where � = �k+1, withprobability 
lose to 1.KMT approximation theorem. The Koml�os{Major{Tusn�ady (KMT) approximation theorem [9℄states that for ea
h n it is possible to 
onstru
t a random walk fXkgnk=1 and the Brownian motionfwtg0�t�1 on the same probability spa
e so that for any Æ > 0 and any � > 0(9) limn!1P maxk=1;:::;n����wk=n � p2pnSk���� > Æn��1=2! = 0:(The original one-dimension KMT approximation has been extended to the multivariate 
ase byEinmahl [6℄).Note that the Brownian motion between two su

essful points x and y before rea
hing theboundary may again be modelized by a tree stru
ture, and that the same te
hnique as for treesworks on
e more (with many te
hni
al issues).Appli
ation of the KMT approximation theorem. The proof follows by 
onsidering the latti
epoints inside the 
ir
le fz : jp2z � yj < pn(1 + 2Æ)�ng whose number is less than�2n(1 + 2Æ)3�2n:4. Covering Time of the Torus
� � � � � � � �� � � �� �������������
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a First, we on
e again 
onsider the \toy" problemof the 
overing time of the binary tree Bm. LetX = (Xn) be the �rst neighbor random walkstarting from the left son a of the root, and 
on-sider hits to x, the leftmost leaf. Px again refersto walks starting at point x.4.1. Upper bound. From Se
tion 3.2 we getPa(X hits x before 0) = 1�H1(0) = 1m:This implies thatP0(X does not 
over x during �rst N visits to 0) ' �1� 12m�N :



126 Cover Time and Favourite Points for Planar Random WalksLet �0 be the probability that the random walk starting at zero does not 
over the binary tree Bmduring N visits to 0. We have�0 � 2m�1� 12m�N so that �0 ! 0 for N = 2(1 + Æ)m2 log 2:The time needed for N visits to the root is 2m+1N ; this implies thatP0�X does not 
over Bm before time 2(1 + Æ) log 2�m22m+1�! 0:4.2. Lower bound. A ray x is 
alled su

essful if the number of ex
ursions from level i to level i+1in the ray is a(m� i)2. Dembo et al. apply a se
ond moment analysis to the su

essful rays to showthat, with probability one, before 2(1� Æ)m2 log 2 visits to the root, there are points whi
h are not
overed. Then, the time needed to visit the root that many times is about 2(1� Æ)m2(log 2)2m+1.To solve the standard random walk problem on Z2, Dembo et al. �rst solve the equivalent problemfor the Brownian motion on the torus T2, where T2 is identi�ed with the set (�1=2; 1=2 ℄2 .Let T (x; �) denote the time needed by the Brownian motion to enter the ball D(x; �),T (x; �) = inf� t > 0 �� wt 2 D(x; �)	; and C� = supx2T2T (x; �):Therefore, C� is the minimum time needed for the Brownian motion Wt to 
ome within � of ea
hpoint of T2. Equivalently, C� is the amount of time needed for the Wiener sausage of radius � to
ompletely 
over T2. Dembo et al. [4℄ prove thatlim�!0 C�(log �)2 = 2� ; almost surely:Using the KMP strong approximation theorem again provides the result for the standard randomwalk on T2. Bibliography[1℄ Aldous (D.) and Fill (J.). { Reversible Markov 
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