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olorings 
ontained in the set C. In other words, C isthe set of all 
olorings of X whi
h 
an be extended to the whole graph G.Notion of k-feasible sets was introdu
ed by DeVos and Seymour [5℄ be
auseof its 
lose relation to the proof of the four 
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In order to answer the �rst question, they showed that ea
h set of 3-
olorings is 3-feasible whi
h 
ontrasts the fa
t that only 
ertain stru
turedsets of k-
olorings are k-feasible for k � 4. As an answer to the se
ondquestion, they showed an upper bound of O(9jXj) on the order of the graphG if k = 3, a bound of O(jX j2) if k = 6 and a linear bound if k � 7. Theywrote that they were not aware of any upper bound on the order of G fork = 4; 5. In this paper, we provide an upper bound of jX j+5jXj on the orderof G if k = 5 and we show using Euler's formula by a simple list 
oloringargument that the order of G does not ex
eed 17jX j � 48 if k = 6. At thispoint, we have to say that we did not tune 
onstants involved in either ofthe presented bounds in order to keep arguments short. We remark thatthe reader might be also interested to see papers [1, 2, 3, 4℄ whi
h 
ontainresults of a di�erent kind on extensions of 
olorings in (planar) graphs.2 Notation and Preliminary ResultsWe follow the standard graph theory notation and the notation introdu
edin [5℄. All graphs whi
h we 
onsider in this paper are �nite, simple andplanar. Fix a dis
 D, a �nite set X of points on its boundary and a planegraph G with X � V (G) whi
h is drawn in the dis
 D. We identify points
ontained in X with the 
orresponding verti
es of the graph G and we 
allthese verti
es boundary verti
es of G. The other verti
es of G are 
alledinternal verti
es of G. By the interior of G, we mean the subgraph of Gindu
ed by its internal verti
es. Note that some internal verti
es may bein
ident with the outer fa
e of G. We also de�ne the graph G to be the(simple) graph obtained from the graph G by adding a 
y
le formed bythe verti
es of X (this 
y
le 
orresponds to the boundary of the dis
 D).Finally, two verti
es of X adja
ent on the boundary of the dis
 D are saidto be 
onse
utive.A k-
oloring of a graph G is a 
oloring of verti
es of G using integers1; : : : ; k as 
olors. For a subset W of V (G), the set �G(W ) is the set of all
olorings of the verti
es of W whi
h 
an be extended to the whole graphG. Here is the only pla
e where we di�er from the notation from [5℄ where
olorings were understood to be vertex partitions and the set �G(W ) tobe a set of vertex partitions. Under this notation, the result of DeVosand Seymour on 3-feasible sets whi
h was mentioned in Introdu
tion isthe following: Any set of 3-
olorings 
losed under permutations of 
olorsis 3-feasible. The de�nition of a k-feasible set 
an now be rephrased to a2



somewhat more formal form as follows: A set C of k-
olorings of X is k-feasible if there exists a plane graph G drawn in the dis
 D with boundaryverti
es X and with �G(X) = C. Su
h a graph G is said to be C-minimalif its order is the smallest possible. Note that the order of G is equal to thesum of the 
ardinality of the set X and the number of its internal verti
es.We now state two lemmas on stru
ture of C-minimal graphs. The �rstone was used in [5℄ to show the existen
e of upper bounds on the order ofC-minimal graphs for k-feasible sets C with k � 6:Lemma 1 Let D be a dis
, X a �nite set of points on the boundary of Dand C a k-feasible set of 
olorings of X where k � 2. If G is a C-minimalgraph, then ea
h internal vertex of G has degree at least k.Before stating the next lemma, we introdu
e some additional notation.Consider a 
y
le 
 in the plane. The 
y
le 
 splits the plane into two parts.The in�nite part is 
alled the exterior of the 
y
le 
 and it is denoted byExt(
). The other part of the plane is 
alled the interior of the 
y
le and itis denoted by Int(
). A seperating triangle of a plane graph G is a 3-
y
leuvw 
ontained in G su
h that both Int(uvw) and Ext(uvw) 
ontain a vertexof G. The se
ond lemma states that a C-minimal graph 
annot 
ontain aseparating triangle:Lemma 2 Let D be a dis
, X a �nite set of points on the boundary of Dand C a k-feasible set of 
olorings of X where k � 4. If G is a C-minimalgraph, then the graph G does not 
ontain a separating triangle.Proof: Assume that G 
ontains a separating triangle uvw. Let G0 be thesubgraph of G 
onsisting of the verti
es and edges drawn in Ext(uvw) andGuvw the subgraph 
onsisting of the verti
es and edges drawn in Int(uvw).The verti
es u, v and w together with all edges between them are in
ludedto both graphs G0 and Guvw . In addition, add to Guvw also the remainingedges of the triangle uvw.Fix now a 
oloring 
 of the graph G0. Consider �rst the 
ase that the
oloring 
 
olors the verti
es u, v and w by three mutually distin
t 
olors.Then, the 
oloring 
 
an be extended to a proper k-
oloring of the wholegraph G be
ause the graph Guvw is 4-
olorable (and ea
h its 4-
oloring
olors the verti
es u, v and w by mutually distin
t 
olors). If the 
oloring 

olors some of the verti
es u, v and w by the same 
olor, we �rst 
ontra
t inGuvw the verti
es 
olored with the same 
olor to a single vertex (removingloops and multiple edges whi
h arise) and then we apply the same argument3



as in the previous 
ase. Sin
e the 
hoi
e of the 
oloring 
 was arbitrary, ea
h
oloring 
 of G0 
an be extended toG and thus we showed �G0(X) � �G(X).On the other hand, it 
learly holds �G(X) � �G0(X) and hen
e in fa
t�G0(X) = �G(X) = C. This 
ontradi
ts the fa
t that G is C-minimal.3 The List ColoringIn this paper, we use several arguments based on the list 
oloring. Given agraph G and a set L(v) of 
olors for ea
h v 2 V (G), an L-
oloring of G isa proper 
oloring 
 of G with the additional 
onstraint that 
(v) 2 L(v). Amapping L is 
alled a list assignment of the graph G. If a 
oloring 
 withthe additional 
onstraint exists, we also say that G is L-
olorable.In general, if a graph is k-
olorable, there 
ould exist a list assignmentL with jL(v)j � k for ea
h v 2 V (G) su
h that G is not L-
olorable. Evenmore, for ea
h k � 1, there is a (non-planar) bipartite graph for whi
h listsof sizes k do not suÆ
e [6℄.We now remind two fundamental theorems on the list 
oloring. The�rst one was proved by Erd}os, Rubin and Taylor [6℄ and it is an analogueof Brooks' theorem in the realm of list 
olorings. At this point, let usremind that a Gallai tree is a 
onne
ted graph whose ea
h blo
k (maximal2-
onne
ted subgraph) is a 
omplete graph or an odd 
y
le. The se
ondtheorem whi
h is due to Thomassen [7℄ forms the 
ore of the proof thatea
h planar graph 
an be 
olored from any lists with sizes equal to �ve.Theorem 1 Let G be a 
onne
ted graph whi
h is not a Gallai tree and La list assignment su
h that jL(v)j � degG(v) for ea
h v 2 V (G). Then, Gis L-
olorable.Theorem 2 Let G be a plane graph and L a list assignment. If L assigns alist 
onsisting of at least three 
olors to ea
h vertex in
ident with the outerfa
e and a list 
onsisting of at least �ve 
olors to ea
h of the remainingverti
es, then G is L-
olorable.4 Extending 5-
oloringsFirst, we realize that if G is a C-minimal graph whi
h 
ontains internalverti
es, then G must 
ontain an internal vertex adja
ent to at least three4



boundary verti
es:Lemma 3 Let D be a dis
, X a �nite non-empty set of points on the bound-ary of D and C a 5-feasible set 
olorings of X. Suppose that G is a C-minimal graph. If G 
ontains at least one internal vertex, then G 
ontainsan internal vertex adja
ent to at least three boundary verti
es.Proof: Let us assume the opposite, i.e., G is a C-minimal graph su
h thatea
h internal vertex of G is adja
ent to at most two boundary verti
es ofG. Let G0 be the subgraph of G indu
ed by the boundary verti
es and G0the subgraph of G indu
ed by the internal verti
es (note that both G0 andG0 
ould be dis
onne
ted graphs).We 
laim that ea
h proper 
oloring of G0 
an be extended to the wholegraph G. Let 
 be a proper 
oloring of G0. Consider now the following listassignment L of G0: If a vertex v 2 V (G0) is adja
ent to some boundaryverti
es in G, then the list L(v) 
onsists of the 
olors whi
h 
 does not usefor any boundary vertex adja
ent to v in G. If a vertex v is not adja
ent toa boundary vertex, then its list 
onsists of all �ve available 
olors 1; : : : ; 5.Sin
e ea
h vertex of G0 is adja
ent to at most two verti
es of G0, the size ofea
h list L(v), v 2 V (G), is at least three. In addition, if v is not in
identwith the outer fa
e of G0, then v is adja
ent to no boundary verti
es in Gand jL(v)j = 5. By Theorem 2, the graph G0 is L-
olorable. Su
h a 
oloringof G0 
ompletes the 
oloring 
 to a proper 
oloring of the whole graph G.Hen
e, we have �G0(X) = �G(X) = C. This 
ontradi
ts the fa
t that G isC-minimal sin
e G0 has 
learly a smaller order than the graph G.We now would like to apply Lemma 3 to get a proof of an upper boundon the order of C-minimal graphs G for 5-feasible sets C. However, thefollowing obsta
le arises in a straightforward proof pro
eeding by indu
tionon the number of boundary verti
es: If w0 is an internal vertex of G whi
his adja
ent to three 
onse
utive boundary verti
es w1, w2 and w3, thenw0 with edges w0w1, w0w2 and w0w3 need not to split the graph G intothree graphs ea
h with less boundary verti
es. Indeed, if w1, w2 and w3 are
onse
utive verti
es, then the subgraph of G drawn in the interior of the
y
le formed by the path from w3 to w1 and the path w1w0w3 has the samenumber of boundary verti
es as G. This leads us to the following de�nitionof a 
law: If the interiors of triangles w1w2w0 and w2w3w0 are empty, thenthe subgraph of G indu
ed by the verti
es w0, w1, w2 and w3 is 
alled a5




law. The vertex w0 is said to be the 
enter of the 
law and the vertex w2is its middle nail.Consider now a graph G drawn in a dis
 D with boundary verti
es X .Assume that G 
ontains a 
law with verti
es w0, w1, w2 and w3. Observethat G nw2 
an be understood as a graph with the boundary verti
es (X nfw2g) [ fw0g (the vertex w2 is repla
ed by the vertex w0). Using this, weintrodu
e the following de�nition: A sequen
e of verti
es v1; : : : ; vk is 
alleda 
law-elimination sequen
e of a graph G if the following holds:1. The graph G n fv1; : : : ; vi�1g, i = 1; : : : ; k, does not 
ontain an edgejoining two non-
onse
utive boundary verti
es, and2. the vertex vi, i = 1; : : : ; k, is the middle nail of a 
law in the graphG n fv1; : : : ; vi�1g, and3. the �nal graph G n fv1; : : : ; vkg does not 
ontain a 
law or it 
ontainsan edge joining two non-
onse
utive boundary verti
es.We slightly abuse notation here in the following sense: If i = 1, then thegraph G n fv1; : : : ; vi�1g in the �rst and se
ond 
ondition is G and similarlyif k = 0, the graph G n fv1; : : : ; vkg in the third 
ondition is G. Note thatthe main 
onsequen
e of the �rst 
ondition is that no two boundary verti
esof the graph G n fv1; : : : ; vi�1g 
ollapse to a single boundary vertex whenremoving the vertex vi.We now prove that the length of ea
h 
law-elimination sequen
e of aC-minimal graph G for a 5-feasible set C is bounded by a fun
tion of jX j:Lemma 4 Let D be a dis
, X a �nite non-empty set of points on the bound-ary of D and C a 5-feasible set of 
olorings of X. Let v1; : : : ; vk be a 
law-elimination sequen
e of a C-minimal graph G. Then, k � 5jXj�1 � 1.Proof: Let Gi, 1 � i � k, be the graph obtained from G by removing theverti
es v1; : : : ; vi and let G0 = G. Let s be the size of the set jX j. We nowre
ursively de�ne verti
es wi;j , i = 0; : : : ; k and j = 1; : : : ; s as follows: Theverti
es w0;j , j = 1; : : : ; s, are verti
es of the set X in the 
lo
kwise orderon the boundary of D. Assume now that for some i0 � 1, we have alreadyde�ned verti
es wi;j for all i = 0; : : : ; i0 � 1 and j = 1; : : : ; s. Let j0 be theindex su
h that vi0 = wi0�1;j0 , i.e., wi0�1;j0 is the middle nail of the i0-theliminated 
law. Then, the vertex wi0;j is the vertex wi0�1;j if j 6= j0 andthe vertex wi0;j0 is the 
enter of the eliminated 
law, i.e., the 
law with themiddle nail wi0�1;j0 = vi0 (
onsult Figure 1). Set Wi = fwi;1; : : : ; wi;kg for6



w0;1 w0;2
w0;3w0;4w0;5w0;6 w1;1 w1;2 w1;3w1;4w1;5w1;6

w2;1 w2;2 w2;3w2;4w2;5w2;6 w3;1 w3;2 w3;3w3;4w3;5w3;6Figure 1: Notation used in Lemma 4 in 
ase of a 
law-elimination sequen
eof length three. The gray area is the graph G3 with its interior.i = 0; : : : ; k. In parti
ular, W0 = X . And �nally, let Ci, 0 � i � k, be theset �Gi(Wi). Note that C0 = C.Observe that ea
h Gi is Ci-minimal (otherwise, Gi 
ould be repla
edby a smaller graph whi
h would 
ontradi
t that G is C-minimal). Fix nowan integer i 2 f1; : : : ; kg and let j be su
h an index that vi = wi�1;j , i.e.,Gi = Gi�1 n wi�1;j . Fix a 
oloring 
0 of the verti
es of Wi n fwi;jg. Let �be the number of extensions of 
0 to a 
oloring 
ontained in �i�1 and � toa 
oloring 
ontained in �i. We show that � � �. Moreover, if � = �, thenthe extensions of 
0 
ontained in �i�1 and in �i are the same (identifyingthe verti
es wi�1;j and wi;j in the sets Wi�1 and Wi, respe
tively).Let ej�1 be an edge joining the verti
es wi�1;j�1 and wi�1;j and ej+1be an edge joining the verti
es wi�1;j+1 and wi�1;j (these edges need notto be 
ontained in the graph Gi�1). If � = 0, then � = 0 and the 
laim istrue. If � = 1, then the 
oloring 
0 
an be extended to a proper 
oloringof Gi with the 
olor of wi;j uniquely determined. Su
h a 
oloring 
an beextended in at least two di�erent ways to the whole graph Gi�1 and hen
e� � 2 (and � > � as desired). If � � 2, then 
0 
an be extended to at least7



two (and at most four be
ause the vertex wi;j must have a 
olor di�erentfrom the 
olor of the vertex wi;j�1) proper 
olorings of Gi, ea
h of themassigning a distin
t 
olor to the vertex wi;j . Then, the set �i�1 
ontains allextensions of 
0 whi
h do not 
on
i
t with the assignment of 
olors to theverti
es wi�1;j�1 and wi�1;j+1 in Gi�1. We now distinguish several 
ases:� Neither the edge ei�1 nor ei+1 is 
ontained in Gi�1.We have � = 5 sin
e all �ve extensions of 
0 are in �i�1. Hen
e,� > �.� Pre
isely one of the edges ej�1 and ej+1 is 
ontained in Gi�1.Assume that Gi�1 
ontains the edge ej�1 (the other 
ase is symmet-ri
). We have � = 4 in this 
ase. Note that � does not ex
eed fouras argued above. Hen
e if the inequality � > � does not hold, then� = � = 4. In su
h 
ase, the extensions of 
0 
ontained in �i�1 andin �i are the same sin
e they must be simply all extensions of 
0 as-signing to the vertex wi�1;j , wi;j , respe
tively, a 
olor di�erent fromthe 
olor of the vertex wi;j�1.� Both edges ei�1 and ei+1 are 
ontained in Gi�1 and 
0(wi�1;j�1) =
0(wi�1;j+1).We have again � = 4 in this 
ase. Again, if the inequality � > � doesnot hold, then we have � = � = 4 and the extensions of 
0 
ontainedin �i�1 and in �i are the same. In this 
ase, they are all extensionsof 
0 assigning to the vertex wi�1;j , wi;j , respe
tively, a 
olor di�erentfrom the 
olor 
0(wi�1;j�1) = 
0(wi�1;j+1).� Both edges ei�1 and ei+1 are 
ontained in Gi�1 and 
0(wi�1;j�1) 6=
0(wi�1;j+1).We have � = 3. Note that � 
annot ex
eed three be
ause the ver-tex wi;j must have a 
olor di�erent from the 
olors 
0(wi�1;j�1) and
0(wi�1;j+1). Hen
e, if � = �, we have then � = � = 3. In su
h 
ase,the extensions of 
0 
ontained in �i�1 and in �i are the same: Theyare all extensions of 
0 whi
h assign to the vertex wi�1;j , wi;j , respe
-tively, a 
olor di�erent from the 
olors 
0(wi�1;j�1) and 
0(wi�1;j+1).Sin
e the 
hoi
e of a 
oloring 
0 was arbitrary, we have jCi�1j � jCij andif jCi�1j = jCij, then Ci�1 = Ci (identifying the verti
es wi�1;j and wi;j inthe sets Wi�1 and Wi). A
tually, the latter, i.e., Ci�1 = Ci, is impossiblebe
ause Gi�1 is Ci�1-minimal. Hen
e, jC0j > jC1j > � � � > jCk j. Sin
e8



jC0j � 5jXj and the size of ea
h Ci is divisible by 5 (
onsider 
oloringsobtained by permutations of 
olors), we have k � 5jXj�1 � 1 as desired.Now, we prove the main theorem of this se
tion:Theorem 3 Let D be a dis
, X a �nite non-empty set of points on theboundary of D and C a 5-feasible set of 
olorings of X. If G is a C-minimalgraph, then G 
ontains at most 5jXj internal verti
es.Proof: The proof pro
eeds by indu
tion on the size of the set jX j. It iseasy to show that if jX j � 3, then a C-minimal graph 
ontains no internalverti
es. Assume now that jX j � 4. Let v1; : : : ; vk be a 
law-eliminationsequen
e of G. By Lemma 4, the length k of this sequen
e is at most5jXj�1 � 1. Let G0 be the graph obtained from G by removing the verti
esv1; : : : ; vk and let X 0 be the set of boundary verti
es of G0. If G0 is not�G0(X 0)-minimal, we 
an repla
e G0 in G by a smaller graph preserving�G0(X 0) and hen
e also �G(X) = C. This 
learly 
ontradi
ts the fa
tthat G is C-minimal. Thus, G0 is �G0(X 0)-minimal. By the de�nition ofthe 
law-elimination sequen
e, either two non-
onse
utive boundary verti
esare adja
ent in G0 or the graph G0 does not 
ontain a 
law.We �rst 
onsider the 
ase that two non-
onse
utive boundary verti
esx1 and x2 are joined by an edge. The edge x1x2 splits the graph G0 intotwo parts G1 and G2. Say for the sake of a

ura
y, that both G1 and G2
ontain the edge x1x2. Let further Xi, i = 1; 2, 
onsist of the verti
es of X
ontained in Gi. Note that ea
h jX1j and jX2j is smaller than jX j be
ausethe verti
es x1 and x2 are not 
onse
utive on the boundary of G0. And�nally, let Ci, i = 1; 2, be the set �Gi(Xi). Sin
e G0 is �G0(X 0)-minimal,it follows that Gi is Ci-minimal for i = 1; 2. By the indu
tion hypothesis,ea
h Gi 
ontains at most 5jXij � 5jXj�1 internal verti
es. Sin
e internalverti
es of G are pre
isely internal verti
es of G1 and G2 plus the 
enters ofthe eliminated 
laws, the graph G 
an 
ontain at most the following numberof internal verti
es:5jXj�1 + 5jXj�1 + k � 2 � 5jXj�1 + 5jXj�1 � 1 � 3 � 5jXj�1 � 1 � 5jXj :We now 
onsider the 
ase that G0 does not 
ontain a 
law. If G0 
ontainsno internal verti
es, then the number of internal verti
es of G is at mostk � 5jXj�1 � 1 � 5jXj. So, we may assume that G0 
ontains some internal9



verti
es. Then by Lemma 3, G0 
ontains an internal vertex y whi
h isadja
ent to at least three verti
es of X 0.Assume �rst that y is adja
ent only to three boundary verti
es and letx1, x2 and x3 be these verti
es in the 
lo
kwise order on the boundary. Letnow Gij , ij 2 f12; 23; 31g, be the subgraph of G0 
ontained in the interior ofthe triangle xixjy (note that the edge xixj might not exist in G). The graphGij 
ontains also the verti
es xi, xj and y together with edges between themwhi
h are present in G0. Let Xij be the set 
onsisting of the verti
es of X
ontained in Gij . By Lemma 2, if x1x2y is a triangle in G0, then its interioris empty. The same holds for x1x3y and x2x3y. Sin
e G0 does not 
ontaina 
law, at least two of the sets X12, X23 and X31 
ontain three or moreelements. Thus, the size of ea
h of X12, X23 and X31 is at most jX j � 2.Sin
e G0 is �G0(X 0)-minimal, ea
h Gij is �Gij (Xij [ fyg)-minimal. By theindu
tion hypothesis, ea
h Gij 
ontains at most 5jXij[fygj � 5jXj�1 internalverti
es. Finally, the internal verti
es of G are pre
isely the internal verti
esof G12, G23 and G31, the vertex y and the 
enters of the eliminated 
laws.Thus, the number of internal verti
es of G is at most the following:3 � 5jXj�1 + 1 + k � 3 � 5jXj�1 + 1 + 5jXj�1 � 1 � 4 � 5jXj�1 � 5jXj :The �nal 
ase is that y is adja
ent to at least four boundary verti
es ofG0. Let x1, x2, x3 and x4 be su
h four boundary verti
es in the 
lo
kwiseorder and let Gij , ij 2 f12; 23; 34; 41g, be the subgraph of G0 
ontained inthe interior of the triangle xixjy. As in the previous 
ase, the subgraph Gij
ontains the verti
es xi, xj and y together with edges between them whi
hare present in G0. Let further Xij be the set 
onsisting of the verti
es of X
ontained in Gij . Clearly, the size of ea
h Xij is at most jX j�2. Sin
e G0 is�G0(X 0)-minimal, it follows that ea
hGij is �Gij (Xij[fyg)-minimal. Thus,Gij 
ontains at most 5jXij j+1 � 5jXj�1 internal verti
es by the indu
tionhypothesis. Now, we may 
on
lude that the number of internal verti
es ofG is at most the following:4 � 5jXj�1 + 1 + k � 4 � 5jXj�1 + 1 + 5jXj�1 � 1 � 5 � 5jXj�1 � 5jXj :This establishes the theorem.A simple 
orollary of Theorem 3 is the following:Corollary 1 Let D be a dis
, X a �nite non-empty set of points on theboundary of D and C a 5-feasible set of 
olorings of X. If G is a C-minimalgraph, then its order is at most jX j+ 5jXj.10



5 Extending 6-
oloringsIn the 
ase of 6-feasible sets of 
olorings, we use a simple argument basedon Euler's formula. In order to apply the argument, we need the followingauxiliary lemma whose proof uses the analogue of Brooks' theorem for list
olorings. Let us remind that a near-triangulation is a plane graph, whoseall fa
es ex
ept possibly for the outer fa
e, are triangles.Lemma 5 Let D be a dis
, X a �nite set of points on the boundary of Dand C a 6-feasible set of 
olorings of X. Let further G be a C-minimalgraph and T a near-triangulation obtained from G by adding edges to theinterior of G. Then, ea
h internal vertex of the triangulation T of degreesix is adja
ent in T to a boundary vertex or to a vertex of degree at leastseven.Proof: Assume the opposite and let v be an internal vertex of T whi
his adja
ent in T neither to a boundary vertex nor to a vertex of degree atleast seven. Let N be the set of the six neighbors of v in T . By Lemma 1,the set N 
oin
ides with the set of neighbors of the vertex v in the graphG. Again by Lemma 1, the degree of ea
h neighbor of v must be at leastsix in G. By the 
hoi
e of v, the degree of ea
h neighbor of v in T is atmost six and hen
e ea
h neighbor of v has degree six both in G and T . LetW be the 6-wheel formed by the vertex v (as the 
entral vertex) and its sixneighbors. Consider now the graph G0 obtained from G by removing thevertex v.We 
laim that ea
h 
oloring of G0 
an be modi�ed and extended to a
oloring of G in su
h a way that the 
olors of the verti
es of X are preserved.Fix a 
oloring 
 of G0 and un
olor the verti
es of N (re
all that the sets Nand X are disjoint). Let 
0 be the obtained partial 
oloring of G0 (and hen
ealso of G). The 
oloring 
0 
an be extended to the whole graph G. Indeed,
onsider the following list assignment L: The set L(v) 
onsists of all sixavailable 
olors and L(w) for w 2 N is the set 
ontaining all 
olors whi
hare not used by 
 for 
oloring any neighbor of w in T . Note that jL(w)j � 3be
ause the degree of ea
h vertex w 2 N(v) is six in T . The graph indu
edby N(v) [ fvg in G is a subgraph of the 6-wheel W . Otherwise, the graphG 
ontains an edge joining two verti
es v0 and v00 whi
h are not 
onse
utiveon the 6-
y
le ofW and then the triangle vv0v00 of G is a separating trianglein the graph G. But this is impossible by Lemma 2.Observe now that the 6-wheel W is L-
olorable by Theorem 1. Su
han L-
oloring is also a proper 
oloring of the subgraph of G indu
ed by11



N [fvg and thus it extends the 
oloring 
0 to a proper 
oloring of the wholegraph G. Sin
e the 
hoi
e of a 
oloring 
 was arbitrary, we 
an 
on
lude�G0(X) = �G(X) = C. This 
ontradi
ts the fa
t that the graph G isC-minimal.Now, it is easy to show the desired linear bound on the order of C-minimal graphs for 6-feasible sets C of 
olorings:Theorem 4 Let D be a dis
, X a �nite set of at least three points on theboundary of D and C a 6-feasible set of 
olorings of X. Then, the numberof internal verti
es of a C-minimal graph is at most 16jX j � 48.Proof: Fix a C-minimal graph G and 
onsider a near-triangulation T ofG obtained from G by adding edges to its interior. Let ni, i � 6, be thenumber of internal verti
es of T of degree i and let s be the size of the setX . By Lemma 1, the minimum degree among internal verti
es of G (andhen
e of T ) is at least six. Hen
e, n = Pi�6 ni is the number of internalverti
es of G. Let further si, i � 0, be the number of verti
es of X adja
entto i internal verti
es in T . Note that s =Pi�0 si.Consider now the triangulation T0 obtained from the near-triangulationT by inserting a new vertex w inside the outer fa
e of T and joining w withall verti
es of the set X . The sum of degrees of verti
es of T0 is at most thefollowing (note that two boundary verti
es 
an be joined by an edge):1Xi=6 i ni + 1Xi=0(i+ 3) si + s = 6n+ 4s+ 1Xi=7(i� 6)ni + 1Xi=0 i siOn the other hand, by Euler's formula, the sum of degrees of all verti
es ofthe triangulation T0 is 6 (n+ s+ 1)� 12 and thus, we have:6n+ 4s+ 1Xi=7(i� 6)ni + 1Xi=0 i si � 6 (n+ s+ 1)� 121Xi=7(i� 6)ni + 1Xi=0 i si � 2s� 6 (1)By Lemma 5, ea
h internal vertex of T has degree at least seven or itis adja
ent to an internal vertex of degree at least seven or to a boundaryvertex. Hen
e, ea
h internal vertex of T is 
ontained in T in a neighborhood12



of an internal vertex of degree at least seven or in a neighborhood of aboundary vertex. This yields the following upper bound on the number ofi nternal verti
es of T (and hen
e of G):1Xi=7(i+ 1) � ni + 1Xi=0 i � si (2)Finally, by 
ombining (1) and (2), we get the desired upper bound on thenumber of internal verti
es of G:1Xi=7(i+ 1)ni + 1Xi=0 i si � 8 1Xi=7(i� 6)ni!+ 1Xi=0 i si � 16s� 48And again, a simple 
orollary with an upper bound on the order ofC-minimal graphs for 6-feasible sets C follows:Corollary 2 Let D be a dis
, X a �nite set of at least three points on theboundary of D and C a 6-feasible set of 
olorings of X. Then, the order ofG is at most 17jX j � 48.Referen
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