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SANDWICH-TYPE THEOREMS FOR A CLASS OF

INTEGRAL OPERATORS WITH SPECIAL PROPERTIES

PARISA HARIRI∗

Abstract. In the present paper, we prove subordination and su-
perordination and sandwich-type properties of a certain integral
operators for univalent functions on open unit disc, moreover the
special behavior of this class are investigated.

1. Introduction

Let H(U) denote the class of analytic functions in the open unit disk

U = {z ∈ C : |z| < 1}.
For a ∈ C, let

H[a, n] = {f ∈ H(U) : f(z) = a+ anz
n + · · · }.

Let f and F be members of the analytic classH(U). The function f is said
to be subordinate to F , or F is superordinate to f , written f(z) ≺ F (z),
if there exist a function ω analytic in U, with

ω(0) = 0 and |w(z)| < 1, (z ∈ U),

such that
f(z) = F (ω(z)), (z ∈ U)

In this case we write

f ≺ F (z ∈ U) or f(z) ≺ F (z) (z ∈ U).

If the function F is univalent in U then we have

f ≺ F (z ∈ U)⇔ f(0) = F (0) and f(U) ⊆ F (U).
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Definition 1.1. [3] Let

φ : C2 → C
and let h be univalent in U. If p is analytic in U and satisfies the following
differential subordination:

(1.1) φ(p(z), zp′(z)) ≺ h(z) (z ∈ U),

then p is called a solution of the differential subordination. A univalent
function q is called a dominant of the solution of the differential subor-
dination if p ≺ q, for all p satisfying the differential subordination (1.1).
A dominant q̃ that satisfies q̃ ≺ q for all domainants q of (1.1) is said to
be the best dominant.

Definition 1.2. [5] Let

φ : C2 → C
and let h be analytic in U. If p and φ(p(z), zp′(z)) are univalent in U
and satisfy the following differential superordination:

(1.2) h(z) ≺ φ(p(z), zp′(z)) (z ∈ U),

then p is called a solution of the differential superordination. An ana-
lytic function q is called a subordinant of the solution of the differential
superordination if q ≺ p, for all p satisfying the differential superor-
dination (1.2). A univalent subordinant q̃ that satisfies q ≺ q̃ for all
subordinants q of (1.2) is said to be the best subordinant.

Definition 1.3. [5] We denote by Q the set of functions f that are
analytic and injective on Ū \ E(f) , where

(1.3) E(f) = {ζ ∈ ∂U; lim
z→ζ

f(z) = +∞},

and such that f ′(ζ) 6= 0 for ζ ∈ ∂U \ E(f) .

Definition 1.4. [3] Let K(α) , α < 1 be class of convex functions of
order α in U it is defined as follows

K(α) = {f ∈ A : Re

{
1 +

zf ′′(z)

f ′(z)

}
> α, z ∈ U},

where K(0) ≡ K , is the class of convex and univalent functions in the
unit disk.
Moreover, the class of starlike functions of order α in U, α < 1 defined
by S∗(α),

S∗(α) = {f ∈ A : Re

{
zf ′(z)

f(z)

}
> α, z ∈ U},

where, S∗(0) ≡ S∗ represents the class of starlike and univalent functions
in the unit disk.
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Definition 1.5. [3] Functions in the class

R = {f ∈ A : Re{f ′(z)} > 0, z ∈ U}

are called functions with bounded turning(rotation).
It is easily shown that R ⊂ S∗ .

In present paper we consider the integral operator

(1.4) Υg,γ [f ](z) =
γ + 1

[g(z)]γ

∫ z

0
f(t)[g(t)]γ−1g′(t)dt,

where γ ∈ C, g(z) ∈ H(U), g(z)g′(z)
z 6= 0 in U, moreover f is analytic and

f(0) = f ′(0)− 1 = 0.
In 1995, P. T. Mocanu, et al in [7] introduced this operator and they
obtained certain sufficient conditions on g and γ so that Υg,γ [R] ⊂ R,
Υg,γ [R] ⊂ S∗ and Υg,γ [S∗] ⊂ S∗ . Later Miller and Mocanu in [3]
mentioned some other properties for this operator. Here we present
Sandwich-type Theorem for this operator, moreover some special cases
for g and γ would be deduced some interesting results.

2. Preliminaries

We will need the following lemmas to prove our main results.
Let c ∈ C with Re c > 0, let n ∈ N∗ and let

Cn = Cn(c) =
n

Re c

[
|c|
√

1 + 2 Re
( c
n

)
+ Im c

]
.

If R is the univalent function R(z) =
2Cnz

1− z2
, then the open door function

Rc,n is defined by

Rc,n(z) = R

(
z + b

1 + bz

)
, z ∈ U,

where b = R−1(c).
Remark that Rc,n is univalent in U, Rc,n(0) = c and Rc,n(U) = R(U)

is the complex plane slit along the half-lines Rew = 0, Imw ≥ Cn and
Rew = 0, Imw ≤ −Cn.

Moreover, if c > 0, then Cn+1 > Cn and lim
n→∞

Cn =∞, hence Rc,n ≺
Rc,n+1 and lim

n→∞
Rc,n(U) = C. We will use the notation Rc ≡ Rc,1.

Let denote the class of functions

An = {f ∈ H(U) : f(z) = z + an+1z
n+1 + · · · },

and let A ≡ A1.
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Lemma 2.1 (Integral Existence Theorem). [3] Let φ,Φ ∈ H[1, n] with
φ(z) 6= 0, Φ(z) 6= 0 for z ∈ U. Let α, β, γ, δ ∈ C with β 6= 0, α+δ = β+γ
and Re(α+ δ) > 0. If the function f(z) = z + an+1z

n+1 + · · · ∈ An and
satisfies

α
zf ′(z)

f(z)
+
zφ′(z)

φ(z)
+ δ ≺ Rα+δ,n(z)

then

F (z) =

[
β + γ

zγΦ(z)

∫ z

0
fα(t)φ(t)tγ−1 d t

]1/β

= z + bn+1z
n+1 + · · · ∈ An,

F (z)

z
6= 0, z ∈ U, and

Re

[
β
zF ′(z)

F (z)
+
zΦ′(z)

Φ(z)
+ γ

]
> 0, z ∈ U.

(All powers are principal ones).

Lemma 2.2. Let γ ∈ C and Re(1 + γ) > 0, for z ∈ U, if the function
f(z) ∈ A and satisfies

zf ′(z)

f(z)
+ (γ − 1)

(
zg′(z)

g(z)

)
+
zg′′(z)

g′(z)
+ 1 ≺ R1+γ(z),

then

F (z) =
γ + 1

[g(z)]γ

∫ z

0
f(t)[g(t)]γ−1g′(t)dt ∈ A

F (z)
z 6= 0, z ∈ U and

Re

[
zF ′(z)

F (z)
+
γzg′(z)

g(z)

]
> 0, z ∈ U.

Lemma 2.3. [4] Suppose that the function

H : C2 −→ C
satisfies the following condition:

ReH(is, t) ≤ 0

for all real s and for all

t ≥ −1

2
n(1 + s2), (n ∈ N)

if the function
p(z) = 1 + pn(z)zn + . . .

is analytic in U and

Re{H(p(z), zp′(z))} > 0, (z ∈ U),

then Re {p(z)} > 0.
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A function L(z; t) : U × [0,+∞) → C is called a subordination (or a
Loewner) chain if L(·; t) is analytic and univalent in U for all t ≥ 0, L(z; ·)
is continuously differentiable on [0,∞) for all z ∈ U, and L(z; s) ≺ L(z; t)
when 0 ≤ s ≤ t.

Lemma 2.4. [8] The function

L(z; t) = a1(t)z + . . . ,

with a1(t) 6= 0 and lim
t→+∞

|a1(t)| = ∞, is a subordination chain if and

only if

Re

[
z
∂L/∂z

∂L/∂t

]
> 0, z ∈ U, t ≥ 0.

Lemma 2.5. [3] Let β, γ ∈ C with β 6= 0 and let h ∈ H(U), with h(0) = c.
If Re[βh(z)+γ] > 0, z ∈ U, then the solution of the differential equation

(2.1) q(z) +
zq′(z)

βq(z) + γ
= h(z),

with q(0) = c, is analytic in U and satisfies Re[βq(z) + γ] > 0, z ∈ U.

Lemma 2.6. [5] Let q ∈ H[a, 1], let χ : C2 → C and set χ(q(z), zq′(z)) ≡
h(z). If L(z, t) = χ(q(z), tzq′(z)) is a subordination chain and p ∈
H[a, 1] ∩Q, then

h(z) ≺ χ(p(z), zp′(z)) implies q(z) ≺ p(z).
Furthermore, if χ(q(z), zq′(z)) = h(z) has a univalent solution q ∈ Q,
then q is the best subordinant.

Lemma 2.7. [3] Let p ∈ Q with p(0) = a and let

q(z) = a+ anz
n + . . .

be analytic in U with q(z) 6= a and n ∈ N. If q is not subordinate to p,
then there exist points

z0 = r0 exp(iθ) ∈ U and ζ0 ∈ ∂U \ E(f),

for which
q(Ur0) ⊆ p(U) , q(z0) = p(ζ0)

and
z0q
′(z0) = mζ0p

′(ζ0), (m ≥ n).

Lemma 2.8. Let α = 3−4 ln 2
2(2 ln 2−1) = 0294 . . . , δ = 1.2468 . . . Moreover let

ω = 1 + δ22(1−α) = 4.3162 . . . , let one of the following cases satisfies

a: Let in (1.4) we denote zg′(z)
z = exp(λz), |λ| ≤ δ

ω+1 = 0.2345 . . . ,

we will have F (z) =

∫ z

0

f(t)

t
exp(λt)dt.
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b: Let in (1.4) we denote zg′(z)
z = 1 + λz, |λ| ≤ δ

δ+ω+1 = 0.19 . . . ,

we deduce F (z) =

∫ z

0

f(t)

t
(1 + λt)dt,

then by [7], if f ∈ R then F ∈ S∗.

3. Main results

At first we need to determine the subset K ⊂ H(U) such that the
integral operator Υg,γ given by (1.4) will be well-defined. By Lemma
2.2 we can determine K where the integral operator Υg,γ is well-defined.

K = Kgγ =

{
f ∈ A :

zf ′(z)

f(z)
+ (γ − 1)

(
zg′(z)

g(z)

)
+
zg′′(z)

g′(z)
+ 1 ≺ R1+γ(z)

}
.

So if F = Υg,γ [f ], then f ∈ Kgγ implies F ∈ A,
F (z)

z
6= 0, z ∈ U, and

Re

[
zF ′(z)

F (z)
+ γ

zg′(z)

g(z)

]
> 0, z ∈ U.

Theorem 3.1. Let γ ∈ C with , 0 < γ ≤ 1, and let f1 ∈ Kgγ , such that
f1(z)
z 6= 0, for z ∈ U. Suppose that

(3.1) Re

[
1 +

zu′′1(z)

u′1(z)

]
> −γ

2
, z ∈ U,

where u1(z) = g(z)γ−1f1(z)g′(z).
Let f2 ∈ Kgγ such that g(z)γ−1f2(z)g′(z) is univalent in U and

g(z)γ
(

Υg,γ [f2](z)

z

)
∈ Q.

Then

g(z)γ−1f1(z)g′(z) ≺ g(z)γ−1f2(z)g′(z)

implies

g(z)γ
(

Υg,γ [f1](z)

z

)
≺ g(z)γ

(
Υg,γ [f2](z)

z

)
,

and the function g(z)γ
(

Υg,γ [f1](z)

z

)
is the best subordinant.

Proof. Let F1 = Υg,γ [f1], F2 = Υg,γ [f2], u1(z) = g(z)γ−1f1(z)g′(z),

u2(z) = g(z)γ−1f2(z)g′(z), U1(z) = g(z)γ
(

Υg,γ [f1](z)
z

)
and U2(z) =

g(z)γ
(

Υg,γ [f2](z)
z

)
, we should prove that u1(z) ≺ u2(z) implies U1(z) ≺

U2(z).
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Because f1, f2 ∈ Kgγ , then u1, u2 ∈ A and by Lemma 2.2 we have
F1(z)/z 6= 0 and F2(z)/z 6= 0, z ∈ U, hence U1, U2 ∈ H(U) and moreover
U1, U2 ∈ A.

If we differentiate the relation F1(z) = Υg,γ [f1](z) we have

(3.2) g(z)γ
F1(z)

z

(
zF ′1(z)

F1(z)
+ γ

zg′(z)

g(z)

)
= (γ + 1)f1(z)g(z)γ−1g′(z)

Since U1(z) = g(z)γ
F1(z)

z
, by differentiating this relation we obtain

zF ′1(z)

F1(z)
+ γ

zg′(z)

g(z)
=
zU ′1(z)

U1(z)
+ 1,

by replacing in (3.2) we obtain

(3.3) u1(z) =
1

1 + γ
U1(z) +

1

1 + γ
zU ′1(z) = χ(U1(z), zU ′1(z)).

If we suppose

(3.4) L(z; t) =
1

1 + γ
U1(z) +

t

1 + γ
zU ′1(z),

obviously L(z; 1) = u1(z). Let L(z; t) = a1(t)z + . . . , then

a1(t) =
∂L(0; t)

∂z
=

(
1 + t

1 + γ

)
U ′1(0) =

1 + t

1 + γ
,

thus lim
t→+∞

|a1(t)| = +∞, since γ > 0 we obtain a1(t) 6= 0, ∀t ≥ 0.

Now, by Lemma 2.4 we will prove that L(z; t) is a subordination chain.
From (3.4), we can obtain

Re

[
z
∂L/∂z

∂L/∂t

]
= tRe

[
1 +

zU ′′1 (z)

U ′1(z)

]
+ 1.

We need to show that

(3.5) Re

[
1 +

zU ′′(z)

U ′(z)

]
> 0, z ∈ U.

Denote q(z) = 1 +
zU ′′1 (z)

U ′1(z)
, if we differentiate (3.3) we have

u′1(z) =
1

1 + γ
U ′1(z) +

1

1 + γ

[
U ′1(z) + zU ′′1 (z)

]
,

and by computing the logarithmical derivative of the above equality we
have

(3.6) q(z) +
zq′(z)

1 + q(z)
= 1 +

zu′′1(z)

u′1(z)
≡ H(z).
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From (3.1) we have

Re [H(z) + γ] >
γ

2
> 0, z ∈ U,

now by using Lemma 2.5 we deduce that the differential equation (3.6)
has a solution q ∈ H(U), with q(0) = H(0) = 1.
Let us put

(3.7) Γ(v, w) = v +
w

v + 1
+
γ

2
.

From (3.1), (3.6) and (3.7), we obtain

Re
(
Γ(q(z), zq′(z))

)
> 0, (z ∈ U).

Now we should prove that

Re {Γ(is, t)} ≤ 0, (s ∈ R; t ≤ −1

2
(1 + s2)).

Indeed, from (3.7), and the assumption 0 < γ ≤ 1, we have

Re {Γ(is, t)} = Re

{
is+

t

is+ 1
+
γ

2

}
=

t

1 + s2
+
γ

2
≤ γ − 1

2
≤ 0.

Hence by lemma (2.3) we conclude that

Re {q(z)} > 0 (z ∈ U),

So the function U1(z) is convex in U. By lemma(2.4) and above inequal-
ity, L(z; t) is a subordination chain, thus according to lemma(2.6) and
since U1 ∈ A and U1 is convex (univalent) in U, the differential equation
χ (U1(z), zU ′1(z)) = u1(z), has the univalent solution U1. Furthermore,
we conclude that u1(z) ≺ u2(z) implies U1(z) ≺ U2(z), and since U1 is a
univalent solution of the differential equation χ (U1(z), zU ′1(z)) = u1(z),
hence it is the best subordinant of the given differential superordination.

�

Theorem 3.2. Let γ ∈ C with , 0 < γ ≤ 1, and let f1, f2 ∈ Kgγ , such that
f1(z)
z 6= 0 , f2(z)

z 6= 0 for z ∈ U. Suppose that

(3.8) Re

[
1 +

zu′′1(z)

u′1(z)

]
> −γ

2
, z ∈ U,

where u1(z) = g(z)γ−1f1(z)g′(z). Then

g(z)γ−1f2(z)g′(z) ≺ g(z)γ−1f1(z)g′(z)

implies

g(z)γ
(

Υg,γ [f2](z)

z

)
≺ g(z)γ

(
Υg,γ [f1](z)

z

)
,



60 P. HARIRI

and the function g(z)γ
(

Υg,γ [f1](z)

z

)
is the best dominant of the given

subordination.

Proof. The first part of the proof is similar to that of Theorem 3.1,
by letting F1 = Υg,γ [f1], F2 = Υg,γ [f2], u1(z) = g(z)γ−1f1(z)g′(z),

u2(z) = g(z)γ−1f2(z)g′(z), U1(z) = g(z)γ
(

Υg,γ [f1](z)
z

)
and U2(z) =

g(z)γ
(

Υg,γ [f2](z)
z

)
, we should prove that u2(z) ≺ u1(z) implies U2(z) ≺

U1(z).
Because f1, f2 ∈ Kgγ , then u1, u2 ∈ A and by Lemma 2.2 we have

F1(z)/z 6= 0 and F2(z)/z 6= 0, z ∈ U, hence U1, U2 ∈ H(U) and moreover
U1, U2 ∈ A.

If we differentiate the relation F1(z) = Υg,γ [f1](z) we have

(3.9) g(z)γ
F1(z)

z

(
zF ′1(z)

F1(z)
+ γ

zg′(z)

g(z)

)
= (γ + 1)f1(z)g(z)γ−1g′(z)

Since U1(z) = g(z)γ
F1(z)

z
, by differentiating this relation we obtain

zF ′1(z)

F1(z)
+ γ

zg′(z)

g(z)
=
zU ′1(z)

U1(z)
+ 1,

by replacing in (3.9) we obtain

(3.10) u1(z) =
1

1 + γ
U1(z) +

1

1 + γ
zU ′1(z) = χ(U1(z), zU ′1(z)).

If we suppose

(3.11) L(z; t) =
1

1 + γ
U1(z) +

t

1 + γ
zU ′1(z),

obviously L(z; 0) = u1(z). Denoting L(z; t) = a1(t)z + . . . , then

a1(t) =
∂L(0; t)

∂z
=

(
2 + t

1 + γ

)
U ′1(0) =

2 + t

1 + γ
,

hence lim
t→+∞

|a1(t)| = +∞, since γ > 0 we obtain a1(t) 6= 0, ∀t ≥ 0.

Now, by Lemma 2.4 we will prove that L(z; t) is a subordination chain.
From (3.11), we can obtain

Re

[
z
∂L/∂z

∂L/∂t

]
= Re

[
2 +

zU ′′1 (z)

U ′1(z)

]
+ tRe

[
1 +

zU ′′1 (z)

U ′1(z)

]
.

Now denote q(z) = 1 +
zU ′′1 (z)

U ′1(z)
, if we differentiate (3.10) we have

u′1(z) =
1

1 + γ
U ′1(z) +

1

1 + γ

[
U ′1(z) + zU ′′1 (z)

]
,
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and by computing the logarithmical derivative of the above equality we
have

(3.12) q(z) +
zq′(z)

1 + q(z)
= 1 +

zu′′1(z)

u′1(z)
≡ H(z).

By a same process as in proof of Theorem (3.1) we conclude that

Re {q(z)} > 0 (z ∈ U),

So the function U1(z) is convex in U. By lemma(2.4) and above inequal-
ity, L(z; t) is a subordination chain. By definition of subordination chain
we have,

L(z; 0) ≺ L(z; t), (z ∈ U; 0 ≤ t < +∞),

this implies that

L(ζ; t) /∈ L(U, 0) = u1(U), (ζ ∈ ∂U, 0 ≤ t < +∞)

We have u2(z) ≺ u1(z). Now suppose that U2 is not subordinate to U1

then by lemma (2.7), there exist points z0 ∈ U and ζ0 ∈ ∂U such that

U2(z0) = U1(ζ0) and z0U
′
2(z0) = (1 + t)ζ0U

′
1(ζ0), (0 ≤ t < +∞).

Hence we have

L(ζ0; t) =
1

1 + γ
U1(ζ0) +

1 + t

1 + γ
ζ0U

′
1(ζ0)

=
1

1 + γ
U2(z0) +

1

1 + γ
(z0U2(z0))

= u2(z0) ∈ u1(U),

by virtue of the subordination condition u2 ≺ u1. This contradicts the
above observation that L(ζ0; t) /∈ u1(U), therefore u2 ≺ u1 must implies
U2 ≺ U1. Considering U1(z) = U2(z), we see that the function F1 is the
best domonant. �

Theorem 3.3. Let γ ∈ C with 0 < γ ≤ 1, and let f1, f2 ∈ Kgγ , such
that fk(z)/z 6= 0 for z ∈ U and k = 1, 2. Suppose that the next two
conditions are satisfied

(3.13) Re

[
1 +

zu′′k(z)

u′k(z)

]
>
−γ
2
, z ∈ U, for k = 1, 2,

where uk(z) = g(z)γ−1fk(z)g
′(z) and k = 1, 2.

Let f ∈ Kgγ such that g(z)γ−1f(z)g′(z) is univalent in U and

g(z)γ
(

Υg,γ [f ](z)

z

)
∈ Q.

Then

g(z)γ−1f1(z)g′(z) ≺ g(z)γ−1f(z)g′(z) ≺ g(z)γ−1f2(z)g′(z)
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implies

g(z)γ
(

Υg,γ [f1](z)

z

)
≺ g(z)γ

(
Υg,γ [f ](z)

z

)
≺ g(z)γ

(
Υg,γ [f2](z)

z

)
.

Moreover, the functions g(z)γ
(

Υg,γ [f1](z)

z

)
and g(z)γ

(
Υg,γ [f2](z)

z

)
are respectively the best subordinant and the best dominant.

Let consider g(z) = exp(az) and fk(z) = exp(λk(z)), with a, λ1, λ2 ∈
C. Then we can obtain the next special case of the Theorem 3.3.

Corollary 3.4. Let γ ∈ C with 0 < γ ≤ 1. Let λ1, λ2 ∈ C, and for a ∈ C
suppose that

(3.14) |aγ + λk| ≤ r0 =
γ

2
+ 1.

Let f ∈ Kexp(az)
γ such that a exp(aγz)f(z) is univalent in U and

exp(aγz)

(
Υexp(az),γ [f ](z)

z

)
∈ Q.

Then

a exp(aγ + λ1)z ≺ a exp(aγz)f(z) ≺ a exp(aγ + λ2)z

implies

exp(aγz)

(
Υexp(az),γ [exp(λ1z)] (z)

z

)
≺ exp(aγz)

(
Υexp(az),γ [f ](z)

z

)
≺ exp(aγz)

(
Υexp(az),γ [exp(λ2z)] (z)

z

)
.

Moreover, the functions exp(aγz)

(
Υexp(az),γ [exp(λ1z)] (z)

z

)
and

exp(aγz)

(
Υexp(az),γ [exp(λ2z)] (z)

z

)
are respectively the best subordi-

nant and the best dominant.

By using lemma (2.8) we can obtain the following corollaries.

Corollary 3.5. Let α = 0.294 . . . and δ = 1.2464 . . . Moreover let ω =
4.3162 . . . , for |λ| ≤ δ

ω+1 = 0.2345 . . . let f be univalent and f ∈ R such

that f(z)
z exp(λz) is univalent in U and F (z)

z ∈ Q then

f1(z)

z
exp(λz) ≺ f(z)

z
exp(λz) ≺ f2(z)

z
exp(λz)

implies
F1(z)

z
≺ F (z)

z
≺ F2(z)

z
,
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where F (z) =

∫ z

0

f(t)

t
exp(λt)dt .

Moreover, the functions F1(z)
z and F2(z)

z are respectively the best subor-
dinant and the best dominant.

Corollary 3.6. Let α = 0.294 . . . and δ = 1.2464 . . . Moreover let ω =
4.3162 . . . , for |λ| ≤ δ

δ+ω+1 = 0.19 . . . let f be univalent and f ∈ R such

that f(z)
z (1 + λz) is univalent in U and F (z)

z ∈ Q then

f1(z)

z
(1 + λz) ≺ f(z)

z
(1 + λz) ≺ f2(z)

z
(1 + λz)

implies
F1(z)

z
≺ F (z)

z
≺ F2(z)

z
,

where F (z) =

∫ z

0

f(t)

t
exp(λt)dt .

Moreover, the functions F1(z)
z and F2(z)

z are respectively the best subor-
dinant and the best dominant.
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