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SANDWICH-TYPE THEOREMS FOR A CLASS OF
INTEGRAL OPERATORS WITH SPECIAL PROPERTIES

PARISA HARIRI"

ABSTRACT. In the present paper, we prove subordination and su-
perordination and sandwich-type properties of a certain integral
operators for univalent functions on open unit disc, moreover the
special behavior of this class are investigated.

1. INTRODUCTION

Let H(U) denote the class of analytic functions in the open unit disk
U={zeC:|z| <1}
For a € C, let
Hla,n|={f € HU): f(z2) =a+apz"+--}.
Let f and F be members of the analytic class H(U). The function f is said
to be subordinate to F, or F' is superordinate to f, written f(z) < F(z),
if there exist a function w analytic in U, with
w(0)=0 and |w(z)|<1,(ze€l),
such that
f(z) = F(w(2)), (- € V)
In this case we write
f<F (z€U) or f(2)<F(2) (2€l).
If the function F is univalent in U then we have

f<F (z€U)s f(0)=F(0) and f(U)C F(U).
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Definition 1.1. [3] Let

$:C?* = C
and let h be univalent in U. If p is analytic in U and satisfies the following
differential subordination:

(1.1) ¢(p(2),2p'(2)) < h(z) (2 € ),

then p is called a solution of the differential subordination. A univalent
function q is called a dominant of the solution of the differential subor-
dination if p < ¢, for all p satisfying the differential subordination (1.1).
A dominant ¢ that satisfies @ < ¢ for all domainants q of (1.1) is said to
be the best dominant.

Definition 1.2. [5] Let

$:C?*—C
and let h be analytic in U. If p and ¢(p(z), 2p'(z)) are univalent in U
and satisfy the following differential superordination:

(1.2) h(z) < ¢(p(2), 2p'(2)) (2 € V),

then p is called a solution of the differential superordination. An ana-
lytic function q is called a subordinant of the solution of the differential
superordination if ¢ < p, for all p satisfying the differential superor-
dination (1.2). A univalent subordinant ¢ that satisfies ¢ < @ for all
subordinants q of (1.2) is said to be the best subordinant.

Definition 1.3. [5] We denote by Q the set of functions f that are
analytic and injective on U\ E(f) , where

(13) B(f) = {¢ € 0Us lim £(2) = +o0},

and such that f/({) # 0 for ¢ € OU \ E(f) .

Definition 1.4. [3] Let K () , @ < 1 be class of convex functions of
order o in U it is defined as follows
2f"(z)
K(a)= fEA:Re{1+
=t 7(2)
where K(0) = K , is the class of convex and univalent functions in the
unit disk.
Moreover, the class of starlike functions of order « in U, a@ < 1 defined
by 5*(a),

}>a,z€U},

2f'(2)

f(2)
where, S*(0) = S™* represents the class of starlike and univalent functions
in the unit disk.

S*(a):{feA:Re{ }>a,zeU},
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Definition 1.5. [3] Functions in the class
R={feA:Re{f'(2)} >0,z € U}

are called functions with bounded turning(rotation).
It is easily shown that R C S* .

In present paper we consider the integral operator

(14 1o 171) = D [ ol e

oG Jo |
where v € C, ¢g(2) € H(U), %gl(z) # 0 in U, moreover f is analytic and
£(0) = f1(0) =1 = 0.
In 1995, P. T. Mocanu, et al in [7] introduced this operator and they
obtained certain sufficient conditions on g and v so that Y, ,[R] C R,
Ty~[R] C S* and Y,,[S*] € S* . Later Miller and Mocanu in [3]
mentioned some other properties for this operator. Here we present
Sandwich-type Theorem for this operator, moreover some special cases
for g and v would be deduced some interesting results.

2. PRELIMINARIES

We will need the following lemmas to prove our main results.
Let ¢ € C with Rec > 0, let n € N* and let

Cpn =0Ch(c)= & [|ch/1—|—2Re <§> —i—Imc} .

2C
If R is the univalent function R(z) = 7”2, then the open door function

1— 22
R is defined by

b
Rc,n(Z)ZR<Z+ )7 z e,
1+ bz
where b = R7!(c).

Remark that R, is univalent in U, R.,(0) = ¢ and R.,(U) = R(U)
is the complex plane slit along the half-lines Rew = 0, Imw > C), and
Rew =0, Imw < —C,.

Moreover, if ¢ > 0, then Cy41 > C), and ILm Cp = oo, hence R, <
R n+41 and lim R.,(U) = C. We will use the notation R. = R, 1.

n—o0
Let denote the class of functions
Ay ={fcHU): f(z) =z +an12"™ +---},

and let A = A;.
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Lemma 2.1 (Integral Existence Theorem). [3] Let ¢, ® € HJ[1,n| with
d(2) £0,P(z) A0 for z € U. Let o, B,7,5 € Cwith 8 # 0, a+d = S+~
and Re(a + 0) > 0. If the function f(2) = 2z + an4 12" +--- € A, and

satisfies ' !
SO
then
1/8
F(z) _[25;7/ FU) () 1dt] =2+ bpp12" T 4 € Ay,
Fz) #0, 2 €U, and
2F'(z)  2@/(2)
e {B Fz) () M] Thee?

(All powers are principal ones).

Lemma 2.2. Let v € C and Re(1 4+ ) > 0, for z € U, if the function
f(2) € A and satisfies

G (@) ) ]
i O ”<g<z> )* gz T (@)

then
v+1

&= wep

@#O,zeﬁjand

2F'(2 2g' (2

Re { Fé)) n ’ygg(z() )] >0,z €U.

Lemma 2.3. [4] Suppose that the function
H:C*—C

satisfies the following condition:

Re H(is, t) < 0

/0 O () € A

for all real s and for all
1
t>—on(l+ s?), (neN)

if the function
p(z) =14 pp(2)2" + ...
is analytic in U and
Re{H (p(z),2p'(2))} > 0, (2 € U),
then Re {p(z)} > 0.
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A function L(z;t) : U x [0,400) — C is called a subordination (or a
Loewner) chain if L(-;t) is analytic and univalent in U for all ¢ > 0, L(z;-)
is continuously differentiable on [0, 00) for all z € U, and L(z;s) < L(z;t)
when 0 < s < ¢.

Lemma 2.4. [8] The function
Lz;t)=a1()z+ ...,

with a1(t) # 0 and , liin la1(t)] = oo, is a subordination chain if and
—+00
only if
OL/0z
0 U, t>0.
G[ZOL/aJ >0,ze U, 1>

Lemma 2.5. [3] Let 8,y € Cwith 8 # 0 and let h € H(U), with h(0) = c.
If Re[Sh(z)+~] > 0, z € U, then the solution of the differential equation

2q'(2)

2.1 q(z) + =———— = h(z),
2.) () + oo = h2)
with ¢(0) = ¢, is analytic in U and satisfies Re[8q(z) +~] > 0, z € U.
Lemma 2.6. [5] Let g € H[a, 1], let x : C? — C and set x(q(2), 2¢'(2)) =
h(z). If L(z,t) = x(q(z),t2¢'(2)) is a subordination chain and p €
Hla,1] N Q, then

h(z) < x(p(2),2p(2)) implies q(z) < p(2).
Furthermore, if x(q(z),2q¢'(z)) = h(z) has a univalent solution ¢ € @,
then g is the best subordinant.

Lemma 2.7. [3] Let p € @ with p(0) = a and let
q(z)=a+apz"+...

be analytic in U with ¢(z) # a and n € N. If ¢ is not subordinate to p,
then there exist points

zo=roexp(if) € U and (€ U\ E(f),
for which

q(Ur,) Sp(U) ,  q(20) = p(Co)

and

204 (20) = mGop'(Go),  (m >mn).
Lemma 2.8. Let a = 58y = 0294..., § = 1.2468... Moreover let
w=14§220-9) = 43162. .., let one of the following cases satisfies

a: Let in (1.4) we denote @ = exp(Az), [A| < w%_l =0.2345.. .,
= f(t
we will have F(z) = / f(t) exp(At)dt.
0
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b: Let in (1.4) we denote @ =14z, [N < ﬁ =0.19...,
Zf(t
we deduce F(z) = / fi)(l + A\t)dt,
0
then by [7], if f € R then F' € S*.

3. MAIN RESULTS

At first we need to determine the subset K C H(U) such that the
integral operator T, . given by (1.4) will be well-defined. By Lemma
2.2 we can determine K where the integral operator T - is well-defined.

K=k = {f €A: Z;éij) +(y—1) (ﬁ?) + Zgg,/;ij) +1< R1+w(z)}_

F
Soif F' =Y, ,[f], then f € Kf implies F € A, Ej) #0, z € U, and

/ /
Re [ZF (2) —i—’yzg (2)] >0,z €.

F(z) 9(z)
Theorem 3.1. Let v € C with , 0 < v < 1, and let f; € KJ, such that
flT(z) #£ 0, for z € U. Suppose that
2uf (2) v
3.1 Re |1 1 > 7 U
(3.1) e[+u,1(z)} 1 :eu,

where u;(2) = g(2)" 1 f1(2)d'(2).
Let fo € K9 such that g(2)7~f2(2)g'(2) is univalent in U and

o) W) c 0

Then
9(2)7 1(2)g'(2) < 9(2)" fa(2)d' ()

o (Tl o (Tanlf)

implies

z z

Tgqlf1l(2)

and the function g(z)” < .

> is the best subordinant.

Proof. Let Fi = Tgs[fil, Fo = Tgulfa], wi(2) = g(2)" fi(2)g'(2),
us(z) = g(=) " a(2)g (), Vi) = g(z) (Le=lE)) and Uy(z) =
g(z)Y <M>, we should prove that ui(z) < ua(z) implies Uj(z) <
Ua(2).
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Because f1, fa € K9, then uj,us € A and by Lemma 2.2 we have
Fi(z)/z# 0and Fy(z)/z # 0, z € U, hence Uy, U, € H(U) and moreover
Ui,Us € A.

If we differentiate the relation Fi(z) = Ty ,[f1](2) we have

(3.2) g@WFi@<ii%%Ff§S)

Fl(z)

) = (v + D)) (2)

Since Ui (z) = g(2)"

, by differentiating this relation we obtain

), =) _U()
Fi(z) ) i)
by replacing in (3.2) we obtain

+1,

1 1
33w = U+ AU = XOR) (),
If we suppose
1
3.4 L(z;t) = U U;
(34 (x51) = = U ) + =2V (@),

obviously L(z;1) = u1(2). Let L(z;t) = a1(t)z + ..., then
AL(0;t) (14t ., 141
t) = - Ul(0) = ——
al =200 = (T o = 17,
thus , 1121 |a1(t)| = 400, since v > 0 we obtain a;(t) # 0, V¢ > 0.
—+00

Now, by Lemma 2.4 we will prove that L(z;t) is a subordination chain.
From (3.4), we can obtain

OL/0z [ 2U{(2)
=t 1 1.
Re[zaL/at] Re_ + Ul(2) +
We need to show that
2U"(2) ]
: 1 U.
(3.5) Re[+U’(z)_>O’Z€
"
Denote ¢(z) =1+ ZU} (Z), if we differentiate (3.3) we have
Ui(2)
1 !

1
/ - ! 1
uy(z) = 1 +’YU1(Z) T o [U1(2) + U7 (2)] ,
and by computing the logarithmical derivative of the above equality we
have
2q'(2)
3.6 + =1+
30 e T we
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From (3.1) we have
Re[H(z) + 7] > % >0, z€ U,

now by using Lemma 2.5 we deduce that the differential equation (3.6)
has a solution ¢ € H(U), with ¢(0) = H(0) = 1.
Let us put

g
3.7 r — 4 .
(3.7) (v,w) =v+ +1+2

From (3.1), (3.6) and (3.7), we obtain

Re (N(g(2). 2¢/(2))) >0, (z € D).
Now we should prove that

1
Re{I'(is,t)} <0, (seR;t< —5(1 + 5%)).
Indeed, from (3.7), and the assumption 0 < v < 1, we have

Re{T(is,t)} = Re{‘ isilJrg}

t v _v—1
= L<l _~<o.
1+32+2 2

Hence by lemma (2.3) we conclude that
Re{q(2)} >0 (z€0),

So the function Uj(z) is convex in U. By lemma(2.4) and above inequal-
ity, L(z;t) is a subordination chain, thus according to lemma(2.6) and
since Uy € A and U is convex (univalent) in U, the differential equation
X (U1(z),2U](2)) = ui1(z), has the univalent solution U;. Furthermore,
we conclude that uj(z) < ua(z) implies Ui (z) < Ua(z), and since U] is a
univalent solution of the differential equation x (Ui(z), zU{(z)) = u1(z),
hence it is the best subordinant of the given differential superordination.

O

Theorem 3.2. Let v € C with, 0 <~y <1, andlet f1, fo € K, such that
75 0, f2 ;é 0 for z € U. Suppose that

zuf(2) 0,
(3.8) Re[l—i— ()}> 5 eU,
where u;(2) = g(2)" " f1(2)¢'(z). Then
9(2) " f2(2)g'(2) < 9(2) " fu(2)g'(2)

implies

oo (Lol g (Lol

z z
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T
and the function g(z)” (Mﬁ](z)) is the best dominant of the given

z
subordination.

Proof. The first part of the proof is similar to that of Theorem 3.1,
by letting F1 = To,[fi], F2 = Tyulfa], wi(2) = g(2)" ' fi(2)g'(2),
ws(z) = = a2, Vi(2) = () (2E)) and Uy(z) =

g(z)7 (M), we should prove that uz(z) < uq(z) implies Ua(z) <

Ul(z)

Because f1, fo € IC%, then ui,ue € A and by Lemma 2.2 we have
Fi(2)/z #0and Fy(2)/z # 0, z € U, hence Uy, U, € H(U) and moreover
Ul, U, € A.

If we differentiate the relation Fi(z) = Ty ~[f1](2) we have

39) g (T BB e e

L Fi(2)

Since Uy (z) = g(z)

() | 2d(x)  ULR)
() ) T i)
by replacing in (3.9) we obtain
1

(310)  wi(e) = U1<z>+Hlyzm(z)—x(w(z»w{(z)).

, by differentiating this relation we obtain

+1,

If we suppose

(3.11) L(zit) = ——Ui(2) + ——2U}(2),

I+~ I+~
obviously L(z;0) = u1(z). Denoting L(z;t) = a1(t)z + ..., then
OL(0;t)  [2+t\ ., 24t
all) =5, (1+’y> 0=
hence tli? |a1(t)| = +o0, since v > 0 we obtain a;(t) # 0, V¢ > 0.
— 100

Now, by Lemma 2.4 we will prove that L(z;t) is a subordination chain.
From (3.11), we can obtain

OL/0z 2U{ (z) 2U{(2)
= 2 1 .
e[zaL/aJ Re[ + Ul(2) +tRe |1+ Ul(2)
"
Now denote ¢(z) =1+ %, if we differentiate (3.10) we have
1

() = Vi) + o (U1 +201(:)
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and by computing the logarithmical derivative of the above equality we
have

+
1+q(z) uj (2)
By a same process as in proof of Theorem (3.1) we conclude that
Re{q(2)} >0 (z€U),

So the function U;(z) is convex in U. By lemma(2.4) and above inequal-
ity, L(z;t) is a subordination chain. By definition of subordination chain
we have,

(3.12) q(2) (=) g, 2() = H(2).

L(z;0) < L(z;t), (2€U;0<t<+400),
this implies that
L(¢;t) ¢ L(U,0) = w1 (U), (¢€dU,0<t<+00)
We have uz(z) < ui(z). Now suppose that Us is not subordinate to U;
then by lemma (2.7), there exist points zp € U and (y € OU such that
Ua(20) = Ur(¢o) and  zUs(20) = (1 +)GUi(¢o), (0 <t < 4o00).

Hence we have

L(Co;t) = ! U1(C0)+ili,ty

1+~
= L Uhe) - (20U (20))
= 2{20 1+720 2{20

1+~
= UQ(ZO) S Ul(U),

U1 (Co)

by virtue of the subordination condition us < wu1. This contradicts the
above observation that L((p;t) ¢ ui(U), therefore us < u; must implies
Us < Uy. Considering Uy (z) = Ua(z), we see that the function Fj is the
best domonant. O

Theorem 3.3. Let v € C with 0 < v < 1, and let fi, fo € K, such
that frx(z)/z # 0 for z € U and k = 1,2. Suppose that the next two
conditions are satisfied

" .
“f’“(z)] > 1 LeU, fork=1,2,
u) (2) 2

where uy(z) = g(2)" " fu(2)d'(2) and k = 1, 2.
Let f € K such that g(2)" ' f(2)g'(2) is univalent in U and

oo (2209 ¢

z

(3.13) Re [1 +

Then
9(2)" 1(2)g'(2) < 9(2)7 f(2)d'(2) < 9(2) " fa(2)d'(2)
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implics
Moreover, the functions g(z)” ngﬂ(z) ond g(z) (W)

are respectively the best subordinant and the best dominant.

Let consider g(z) = exp(az) and fr(z) = exp(Ak(2)), with a, A1, A2 €
C. Then we can obtain the next special case of the Theorem 3.3.

Corollary 3.4. Let v € C with 0 <y < 1. Let A1, A2 € C, and for a € C
suppose that

(3.14) lay + k| < 7o = %

+ 1.

Let f € K%Xp(az) such that aexp(avyz)f(z) is univalent in U and
T Xplaz
exp(ayz) <e al l’w[f] (Z)> e Q.

Then
aexp(ay + A1)z < aexp(ayz)f(z) < aexp(ay + \2)z
implies

exp(ayz) (Te}(p(az)’V [exp(A12)] (2)

z

) (Texp(az)z,’y[f](z))
Texp(az) [exD(A22)] (2
)< (a2).y [exP(A2 )]()).

z

) < exp(ayz

< exp(ayz

Texp(az)p/ [eXp()‘lz)] (Z)> and

Moreover, the functions exp(a~yz)
z

exp(ayz) (TEXI’(‘”)W [e:p()\2z)] (2)

nant and the best dominant.

> are respectively the best subordi-

By using lemma (2.8) we can obtain the following corollaries.

Corollary 3.5. Let a = 0.294... and § = 1.2464 ... Moreover let w =
4.3162..., for || < %5 =0.2345 ... let f be univalent and f € R such

that 1) exp(Az) is univalent in U and @ € (@ then

fliz)exp()\z) =< f(:‘) exp(Az) < biZ) exp(Az)

implies
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z
t
where F(z) = fi) exp(At)dt .
0
Moreover, the functions Flz(z) and FQZ(Z) are respectively the best subor-

dinant and the best dominant.

Corollary 3.6. Let o = 0.294... and § = 1.2464... Moreover let w =

4.3162. .., for |A| < ﬁ =0.19... let f be univalent and f € R such

that %(1 + Az) is univalent in U and @ € @ then
fliz) (1+A2) < f(zz) (1+A2) < fziz) (1+A2)
implies

z z z

where F(z) = /Oz fit) exp(At)

t
Moreover, the functions Flz(z) and FZZ(Z) are respectively the best subor-

dinant and the best dominant.

Fi(z) - F(z) y Fg(z)7
dt .
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