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Abstract

We give a variable-free relational calculus which defines exactly all first-order definable re-
lations in a arbitrary structure. We then show that, over an arbitrary class C of finite ordered
structures with signature {<, Ry, ..., Ry}, the unary relations uniformly defined by this calcu-
lus over C are characterized by a another simplified variable-free calculus which we call Q. Q is
the least set of formal expressions such that:

Q@ D {9,Ri,...,R,} U
{(Q®z) | Qe Q,rewU{x}} U {(Q62) | Q€ QrewU{x}} U
{(~Q) | QeQ} U {(QiNQ2) | Q1,Q2€ 9} U {(Qi1UQ1) | Q1,Q2€ Q} .

where @ and © are “shift” operators defined in Section 3.

1 Introduction

We consider various formalisms in this report: first-order logic in addition to several other logics
especially tailored for our analysis. We compare these formalisms by the relations they define in
relational structures 21 (which are, in this report, first-order structures with finitely many underlying
relations). If £1 and L3 are two such formalisms, and ¢; and @3 are expressions of £y and L, that
define relations ¢ and ¢3 in a relational structure 2, respectively, then we write: ¢ = ¢y just in

case pF = 3 for every relational structure 2. And we write £1 = Ly iff:

(Vo1 € L1)(Fpa € La)[p1 = 2] and (Voo € L)1 € L1)[1 = 2] -

There is also considerable interplay between syntax and semantics, and in many places we need
to explicitly distinguish between symbols and their interpretations. When the same character is
used to denote both a symbol and its interpretation, we use two different fonts to distinguish them,

boldface and regular, respectively (for example, U and U, < and <, = and =, etc.).

*Partly supported by NSF grant CCR-9113196. Address: Department of Computer Science, Boston University,
111 Cummington St., Boston, MA 02215, USA.

TPartly supported by NSF grant CCR-9113196 and a grant from the Swiss National Science Foundation. Address:
Department of Computer Science, Boston University, 111 Cummington St., Boston, MA 02215, USA.



2 An Algebraic Characterization of First-Order Definability

We develop a variable-free relational calculus which has the same expressive power as first-order
logic. This development is similar but not identical to others in the literature (see for example [2],
[4], and others cited in these two references dealing with cylindrical algebras). Our concerns are

sufficiently different, just as are the details, to necessitate a separate and self-contained treatment.

2.1 Syntax

Let X be a first-order signature, ¥ = {Ry,..., R,}, where @ > 0 and every R € ¥ is a relational
symbol of arbitrary finite arity > 0. We define the set S of first-order definitional schemes (FODS,
for short) over the signature X.

For every n > 1, let 1I,, be the collection of all permutations of {1,...,n}, and let Il = {5, I,
A FODS is a formal expression built up from the alphabet 3 by means of the following constru_ctors:

— unary constructors: {~,C,P} U II
— binary constructors: {U, N}

Each FODS has an arity » > 0, so that if §,, is the set of all FODS’s of arity n then & = UnZO Sh.
Formally, § is defined by the following induction, where n > 0 throughout:

1. (Basis) @€ S,
A€ 82,
If R e X isofarity n > 0 then R € S,,.

2. (Complementation) If § € S, then ~5 € S,,.

3. (Union) If 51,52 € S, then (51U53) € S,,.

4. (Intersection) If 51,52 € S, then (51N53) € S,,.

5. (Cylindrification) IfSeds, then C5 € §,41.

6. (Projection) IfS€S8,41 then PS € S,.

7. (Permutation) IfSeS,y1 and 7w € Il,4q then 75 € S,41.

A in part 1 is a distinguished symbol, to be interpreted as the equality relation. The choice of
our constructors is not optimal (e.g. we do not need both U and N) and is largely dictated by

convenience.



2.2 Semantics

A FODS 5 over signature ¥ is interpreted in a relational structure 2 = (A4, R}, ..., R?), where R*
is the interpretation of R € X. If R is of arity n > 1 then R* C A where AW = A x ... x A
(n times). If R is of arity 0 then R is either ¢t (true) or ff (false). The interpretation of S in 2A
is denoted S*. Delaying the interpretation of FODS’s of arity 0 to the next paragraph, we require
that n > 1 throughout the induction below:

1. If $ = @ then S* = @,
If § = A then S* = {(a,a)|la € A},
If $ =R € Yis of arity n > 1 then S% = R*.

2. If § € S, then (~5)* = ~S%,

3. 11 1,55 € S, then ($US5)* = §2 U 2.
4. Tf 51,5 € S, then (51M55)% = S 1 52,
5. If § € S, then (CS)* = 5% x A.

6. If S € 8,41 then (PS)* =

{(a1,...,a,) | Ja,11 such that (aq,...,a,,a,41) € S } .
7.1t 5 €S, and 7 € II,, then (7.9)* =
{(@r11ys s @rmi(ny) | (@, ya,) € 5%} = { (a1, ., a0) | (ara), s @rpy) € 5%}

In part 2 above, ~5% means the complement of S%, i.e. A — §%  The interpretation of any
S €S8, in A where n > 1 is therefore a subset of A().
The interpretation of any S € Sy in 2 is always in {tt, ff}, which is given by the following

induction, where {—,V, A} are the usual boolean connectives {not,or,and}:
1. If § = R € ¥ is of arity 0 then S® = R* € {1t, ff}.
2. If § € 8 then (~5)* = =(5%).
3. If §1, 55 € Sy then (S1US55)* = 5PV 53

4. If 51,55 € 8 then (SlnSQ)m = Slm A SQQL

A, if % =1,

A _
5. If § € S then (CS5) —{ o, if $*=f.



tt, if 5% #£ @,

A _
6. If S € Sy then (PS) —{ﬁf, if §% = g.

We define two composite constructors based on those introduced earlier. For every n > 1 and

every ¢ € {1,...,n} we define the constructor P,, ; as:

P.; = Pt where © = (1)(2)---(i—1)(n,n—1,...,1).

)

If we write P, ;5 we mean therefore PrS, with 7 as given above. For every n > 1 and every

i € {0,1,...,n} we define the constructor C, ; as:

C.. = 7C where © = (1)(2)---(1)(i+1,i4+2,....,n+1).

)

If we write C,, ;5 we mean 7CS5, with 7 as given above.

Lemma 2.1 Let 2 be an arbitrary relational structure. For every S € S, where n > 1, every

ie{l,...,n}, and every j € {0,1,...,n}:
1. (PiSH* =4 (a1,...,@i—1,ai41,...,a,) | Ja; such that (ay,...,a,) € S* },
2. (CujS)* ={ (ar,...,aj,b,aj41,...,a,) | b€ Aand (ay,...,a,) € 5% }.

Proof: For part 1, consider P,,; = Pm where 7 = (1)(2)--- (i —1)(n,n—1,...,7). It follows that if
(a1,...,a,) € S¥ then (a1,...,a;_1, 011, .., 0,a;) € (75)%, i.e. the i-th component a; is removed
and placed at the right end of the n-tuple. Hence, (ay,...,a;—1,ait1,...,a,) € (PT9)* = (P,.9)%.

For part 2, consider C,, ; = rCwhere 7 = (1)(2)---(j)(j+1,j42,...,n+1). If (ay,...,a,) € 5%
then (ay,...,a,,b) € (C9)* for every b € A. Hence, (a1,...,a;,b,ai11,...,a,) € (7C9)* =
(C.;9* 1

It is clear that for all » > 1, P, ,, and C,, , are equivalent to P and C, respectively.

2.3 Expressive power

We show that FODS’s define the same relations as first-order (FO) formulae in any relational
structure 2. Our conventions for FO formulae are standard, except for two (see for example [3]).
First, it is customary to write ¢(21,...,%,) whenever one needs to mention that the free variables
of the formula ¢ are among z4, ..., z,. Contrary to this convention, and with no loss of generality,
if we write ¢(21,...,2,) we mean that the free variables of ¢ are exactly z1,...,2,. As usual, the

relation defined by ¢ in 2 is:

e =1 (ar,....a,) | A= ¢lat,...,a,] }



This definition makes clear that, for the purpose of comparison with FODS’s, we need to agree on
another convention: There is exactly one order in which we can we list the free variables of ¢ —
and, for definiteness, we choose this order to be that of increasing indexes.! (Formally, we take the
set of all first-order variables to be zg,21,...,2;,..., 1 € Ww.)

By the first convention above, if the free variables of ¢ are, say, exactly 21 and x5, then we can
write ¢(z1,22) but not ¢(z1, 2, x3). Nor can we write ¢(x2,21), by the second convention above;
if we want to refer to the formula v obtained from ¢ by replacing z; by 29 and x5 by 21, we write
instead ¢ = @[ry 1= 29, x5 1= 2q].

To follow some of the details in the proofs of Propositions 2.2 and 2.3, we need to pay special
attention to how the permutation 7 is used in order to define the relation (7.9)* from the relation
S2. For example, if 5% = {(a,b,c,d,e)} and 7 = (1,2,3)(4)(5) then (75)* = {(c,a,b,d,€)}, so
that if the formula ¢(z1,...,25) defines S* then the formula @[z := Tr(1)s- -+ T5 1= Tr(s)] defines

(m5)*
Proposition 2.2 For every FODS S there is a FO formula ¢g such that S = ¢g.

Proof: For every § € §,, where n > 0, we define a FO formula ¢ whose free variables are exactly
21,...,2Z,. We proceed by induction on the syntax of FODS’s — where Sy, 51, 52 € S,, throughout,

except in part 6 where Sy € S, 41:

1. If S = @ then let g be (21 = 21),
if S = A then let pg be (21 = z3),
and if S = R € ¥ is of arity n > 0 then let o5 = R(z1,...,2,).

2. It § =~ then let o5 = -5, .

3. If § = (51U53) then let s = (ps, V ¢s,).

4. If § = (51NS52) then let s = (s, A ¢s,).

5. If § = €9 then let s = (5, A (Tpt1 = Tnt1))-
6. If S = PS5y then let o5 = (Fz,41)¢s,-

7. If S = 7S then let o5 = @s5,[T1 1= Tr1), o Tn 1= Tr(n)]-

"Without these two conventions, the relation defined by a FO formula ¢ is unique only up to cylindrification
(adding redundant free variables not explicitly mentioned in ¢) and permutation of its components (listing the free
variables of ¢ in a different order). But, in the presence of variables to name each of the components, the resulting
ambiguity is harmless (e.g. the meaning of a FO sentence does not change when its bound variables are renamed).



Based on the semantics of FODS’s, it is now straightforward to verify S = ¢3 for every relational

structure 2. N

Proposition 2.3 For every FO formula ¢ there is a FODS S, such that ¢ = S,,.

Proof: There is no loss of generality in restricting the syntax of FO formulae as follows — where

U Jy J15 02y -« 5 Jn € w throughout the induction:

1. (z; = z;) is a FO formula,

and if R € ¥is of arity n > 0 and j; < js < --- < j, then R(z;,,2j,,...,2;,)is a FO formula.
2. If ¢ is a FO formula then so is —¢.
3. If ¢1 and ¢y are FO formulae such that:

— either o1 and @9 have exactly the same set of free variables,

— or ¢y is (#; = 2;) and z; is not free in ¢,
then (@1 A g) is a FO formula.
4. If ¢ is a 'O formula containing z; as a free variable then (3z;)p is a F'O formula.

It is easy to justify the restrictions introduced in parts 1, 3 and 4, above, because we can always

replace:
— R(... 2z ) by (Fa)(R( oz, 2y, ) A (2 = 25));
— R(...,24...,xj,...), where ¢ > j, by (Jzp)(R(..., 2. .., 2k,...) A (2; = 2)) where ¢ < k;
— (1 A p32), where z; is a free variable in ¢1 but not in a2, by (1 A (@2 A (z; = x;)));
— (3Ja;)p, where z; is not free in ¢, by ¢.

By induction on the syntax of FO formulae, as restricted above, we define for every formula ¢ a

FODS S5,:

1. If pis (z; = 2;) then let 5, = ~g,
if pis (2; = ;) with ¢ # j then let S, = A,
and if ¢ = R(z;,,2j,,...,2;,) where j; < j; < --- < j, then let 5, = R.

2. If ¢ = =g then S, = ~ 5.



3. If o = (1 A p2) and:

— if 1 and ¢ have exactly the same set of free variables then let 5, = (5,,M5,,),

— if ¢y is (zp = x}), and the free variables of ¢y are exactly z;,,...,;, such that

n

i; < k <41 for some 0 < j < n,thenlet 5, = C,;5,,.

4. If o = (Elxij)cpo and the free variables of (g are exactly z;,,.. Gy ijy e ey Ty, then let S, =
PTLJSWO'

Using the semantics of FODS’s defined in Section 2.2, and Lemma 2.1, it is readily verified ¢* = SZL

for every relational structure 2. W

2.4 Prenex forms

We say that S € S is in prenex form if S = py---ppS” where k > 0, 5" is a FODS not mentioning
the constructor P, and:

p1 = [~]Pmy, ..., pp = [~]PTy

for some 7q,..., 7 € Il and the notation [~] means that the constructor ~ may or may not occur.
There are obvious conditions of well-formedness in this definition. If S’ is of arity 0, then & = 0
and § = 5. If S' is of arity n > 1, then k < n and 7 € I,,,...,m € I,,_g41, and the arity of §
is (n — k).
FODS’s in prenex form are the counterpart of FO formulae in prenex form. The proof of the
following proposition is identical to the proof of 2.3 and therefore omitted; the only difference is
the restriction that “d4” and “—3” are introduced last in the syntax of O formulae in prenex form,

so that their translation into FODS’s are also in prenex form.

Proposition 2.4 For every FO formula ¢ in prenex form there is a FODS S, in prenex form such

that o = S,.
Corollary 2.5 For every FODS Sy there is a FODS S5 in prenex form such that 57 = 55.

Proof: First use 2.2 to obtain a FFO formula ¢ equivalent to 57, then transform ¢ into prenex

form, then use 2.4 to obtain the desired Sy. W



3 First-Order Definability in Finite Ordered Structures

Henceforth, we restrict our attention to finite ordered structures of the form 2 = (A, <, R}, ..., RY)
where < is a total order on the domain A, the relations R},..., R? are unary, and a > 0. The
signature is therefore ¥ = {<, Ry, ..., Ry} where all the relation symbols (except for <) are unary.

Let C = {2 }icw be an infinite class of such finite ordered structures. By a property over C we
mean a family of sets {X;};c,, where every X; C |2;|. We say that {X,};c. is a first-order property
over C just in case {X;}ie = {9¥ }ico for some (unary) first-order formula ¢ in the signature X.
We wish to formulate an algebraic condition which is satisfied by a property {X;};c., over C if and
only if it is first-order.

Our formulation is in terms of another formal language Q. The main result of this section
(Theorem 3.13) states that, over classes of finite ordered structures (as specified above), unary
first-order properties are exactly expressed by Q. Thus, Q gives another algebraic characterization
of first-order definability, but now especially adapted to the case when only finite ordered monadic

structures are considered.?

3.1 @ and some of its properties

It is convenient to introduce two operations @ (“right shift”) and & (“left shift” ) on sets of integers.
p g g

If ACw"+wandx €w, we define:
Adz = {atz|a€ A} and Aoz = {a—x|a€ A} .
We extend the shift operations by allowing z to be the special value oo, for which we define:
A@oo:U{A@x|w€w} and A@oo:U{A@x|w€w}.

The new symbols in the syntax of Q@ are @ and O, later interpreted as & and & respectively.

Formally, Q is the least set of formal expressions such that:

Q 2 {@,Rl,...,Ra} U
{(Q®2) [ Qe Qrewuioo}} U {(QB2) Q€ QrecwU{c}} U
{(~Q) [ Q€ Q} U {(QiNQ2) | Q1,Q2€ Q} U {(Q1VQ2) | Q1,Q2 € 9} .

The semantics of Q are specified relative to a finite ordered structure 2 = ([0, u], <, R}, ..., R2),

where the domain [0,u] = {0,1,...,u} for some u € w. By induction on Q:

2For conciseness we omit the qualifier “monadic” in all later references to these structures, simply calling them
“finite ordered structures”.



1. IfQ = R€ T then Q = RY, and if Q = & then Q¥ = 2.
2. If Q = (Qo@2) then Q¥ = (QF @ 2) N [0, u).

3. If @ = (QuOx) then Q% = (QF © )N [0,u].

4. I Q = (~Qo) then Q¥ = [0,u] — Q2.

5. I Q = (Q1NQ,) then Q% = Q¥ N Q.

6. If Q = (Q1UQ,) then Q% = Q¥ U Q2.

As we need to carry out proofs by induction on &, the members of which can be of any arity > 1,
we extend @ to arities greater than 1. We pose Q1 = Q and, for every n > 2, we define Q,, as the

least set of formal expressions such that:

Q, 2 9x---xQ (ntimes) U {(1UQ2)|Q1,Q2€ Qy} .

While our goal in this section is to prove that Q@ = Q; has the same expressive power as &y, it

turns out that Q, is strictly weaker than &, for n > 2, as shown by part 3 of Lemma 3.11.

We also need to consider a particular well-behaved subset P, of Q,,. First, we define P = P

as the least set of formal expressions such that:

P D {@,Rl,...,Ra} U
{(~P)| PP U {(PANP)| P, ePt U {(PUR)|P,PeP}.

And for every n > 2, we define P,, as the least set of formal expressions such that:

P, 2 Px---xP (ntimes) U {(PUP)|P,PeP,}.

The semantics of Q are extended to Q, in the obvious way. The only new symbol in the
syntax of Q, is X. If A = ([0,u], <, R}, ..., RY) and we define (Q1XQ2)* as QF x @3, then the

interpretation of any Q € Q,, in 2, denoted Q?, is a subset of the n-dimensional cube [0, u](”).

Lemma 3.1 Let A be an arbitrary set and X1, X2, X3, X4 C A:
1.X1XXQI@iﬁX1:®0TXQI@.
2. (X1 XXQ)U(XgXXQ) = (X1UX3)XX2.

3. (X1 X X2) N (X3 X X4) = (X1 N Xg) X (X2 N X4)



4. N(Xl XXQ) = (NXl X NXQ) U (X1 X NXQ) U (NXl X X2)

Proof: Straightforward. W

We also consider expressions which are, strictly speaking, not part of the formalisms defined
above, e.g. the expressions (Q1MNQ32), (~@1) and (Q1XQ3) in the next lemma are not in Q, if
n # 1, but their interpretation is clear. We do not bother to define them formally for the sake of
brevity.

Lemma 3.2

1. YVQ1,Q2 € Q, (resp. Pn), 3Q € Q,, (resp. Pn), (Q1UQ2)

Q.

2.¥Q1,Q2 € Q,, (resp. Pn), 3Q € Q,, (resp. Pr), (Q1NQ2)

Q.
3. YQy € Q, (resp. P,), 3Q € Q, (resp. P,), (~Q1)= Q.

4' VQI € in (TeSP- P?u); VQQ € Qn2 (Tesp' Png)) ElQ € Qn1+n2 (Tesp' 7)7’L1+7’L2)?
(Q1xQ2) = Q.

Proof: Part 1 is immediate, as Q,, (resp. P,) is syntactically closed under U, i.e. we take
@ = (Q1UQ2). For parts 2 and 3, we “push in” M and ~ using 3 and 4 of Lemma 3.1, and the
boolean identities (DeMorgan’s law and distributivity of M over U); the desired conclusion follows
from the closure of Q (resp. P) itself under the boolean operations. Part 4 follows from 2 of

TLemma 3.1. Details omitted. N

In general, equality between (X; x X3) U (X3 X X4) and (X7 U X3) x (X2 U X4) holds only if
X2 = X4 (part 2 of Lemma 3.1). Hence, Q,, which is closed under U is more expressive, i.e. it
defines more relations, than @X --- X Q (n times). On the other hand, Lemma 3.2 shows that the

closure of @, under M and ~ does not increase its expressive power.

3.2 Arrangements and some of their properties

We temporarily re-introduce first-order variables z;, ¢ € w, and consider particular formulae over
them. The formulae under consideration are called “arrangements”, generalizing formulae by the
same name in [1], and we use the letter u to denote them. For any n > 2, an n-arrangement is a

finite conjunction of (n — 1) basic formulae:

u=rvy Nvae Ao AN vp

10



where every basic formula v; is either (y; + d; < yit1) or (y; + di = yit1), where d; € w and
i € {l,...,n— 1}, and the sequence yi,...,y, is a permutation of the sequence xy,...,2,. In
particular, every n-arrangement is an open first-order formula whose free variables are exactly
{z1,..., 2},

If v is the basic formula (z + d # y) where # € {=,<} and d € w, we define left(v) = =z,
right(v) =y, degree(v) = d, and symbol(v) = #.

If 4 = 1A+ - -Av,—q is an n-arrangement, we define degree(p) = maz{degree(1), ..., degree(v,_1)}.
We say that the n-arrangement p = vy A --- A v,_1 is simple if there is d € w such that for all
ied{l,...,n—1}:

o if v is (y; +d; < yi41) then d; = d,
o if v; is (y; + d; = yitp1) then d; < d,

where {y1,...,y,} = {21,...,2,} and dy,...,d,,_1 € w. In such a case it is also clear that d is also
the degree of u, and we can say that u is simple of degree d. (The “arrangements” in [1] are, in our
sense, “simple arrangements of degree 07.)

A special subset of all n-arrangements of degree d is the subset of all simple n-arrangements of
degree d, denoted M,, 4. It is easy to see that for fixed n > 2 and d € w, the set of all n-arrangements
of degree d is finite, and so is therefore the subset M,, 4.

Given a finite ordered structure 2 = ([0, u], <, R}, ..., R%), the interpretation of an n-arrangement

p in 2 is a subset of the n-dimensional cube [0, u]") defined by:
p* = { (a1, a,) € 10,0 | (ag, . an) )

Convention 3.3 For simplicity in enumerating a finite set of n-arrangements we adopt the follow-
ing convention. Let u be an arbitrary n-arrangement. If x4 mentions as a substring the following

conjunction of basic formulae:
(xh = xi2) A (xlé = xi3) ANRERA (xlk = xik+1)

where iy,19,...,ik41 € {1,...,n} and k > 1, then we agree that i; < iy < -+ < i541. With this
convention it is easy to see that two n-arrangements p; and pg are equivalent (i.e. they define the

same set of n-tuples in every structure) iff 41 and pg are syntactically identical. W

There is a lot we can say and prove about arrangements. We refrain from developing a com-
prehensive analysis and restrict ourselves to results we need in the proofs of Lemmas 3.10 and

3.11.

11



Lemma 3.4 For givenn > 2 andd € w, let M, g = {1, ...,y } for some m > 1. Then for every
finite ordered structure % = ([0,u], <, R}, ..., R2):

1. u?ﬂu?:@ifl§i<]’§m,
2. pd U Upd =[0,u]™,

Hence, M,, 4 represents a partition of the n-dimensional cube [O,U](”). This is not the case if we

consider the set of all n-arrangements, simple or not, of degree d.

Proof: For part 1, consider arbitrary u;,p; € My 4. Let p; = vi1 A -+ Avip_q and p; =
vji A oo+ A vj,—1. Suppose there is a finite ordered structure 2 such that g N ,u?‘ # @, say
(a1,...,a,) € p2 N ,u?‘. In the particular case when all the entries in (aq,...,a,) are pairwise

unequal, if a,, < ---< a,, where {p1,...,p,} ={1,...,n} then
left(vi ) = left(v;,) = Tp, and right(v; 4) = right(v; ) = Tpoi

for every ¢ € {1,...,n—1}. Because p; and y; are simple of the same degree d, it then follows that

fi = jt;, as desired. The same reasoning remains valid in the general case, using now convention 3.3

in addition, when some of the entries in (a1, ...,a,) are equal, which happens when some of the
basic formulae in g; and p; are of the form (y = z) for some y, z € {z1,...,2,}.
For part 2, consider a finite ordered structure 20 with universe [0, u] and an arbitrary (a1, ..., a,) €

[0,u]". Let a,, < --- < a,, where {p1,...,p,} = {1,...,n}. We need to show there is an n-
arrangement (4 = vy A---Av,_q in M,, g such that (2, a1,...,a,) |= p. Forevery g € {1,...,n—1},
define the basic formula v, as follows. Let d, = a,_,, —a,,. If d; < d then let v, be (z,,+d, =z, ., ).
If d; > d then let v, be (v,, +d < z,,,,). It is now easy to check that u satisfies the required

condition. W

Lemma 3.5 Let 1 be an n-arrangement (possibly not simple), n > 2, and let d = degree(y). For
every d' > d there are simple n-arrangements of degree d', say pi1, ..., pm € M, g for some m > 1,

such that p = V- - -V by

Proof: Suppose u =14 A---Av,_q is an arbitrary n-arrangement of degree d. Let d’ > d. For
every ¢ € {1,...,n — 1}, we define a finite disjunction v} of basic formulae such that v/ = v;. If v;
is (y+ d; = z) where y,z € {21,...,2,} and d; < d < d’, then let v/ = v;. fv;is (y+ d; < 2)
where y,z € {z1,...,2,} and d; < d < d’, then define v/ by:

Vo= i l)=2) v e dA2=2) VoV (gl (- d))=2) v (g d < )

12



Clearly pp = vf A --- A v/ _y. By transforming v{ A --- A v),_; into disjunctive normal form, i.e. a
disjunction of some m > 1 conjuncts containing each exactly (n — 1) basic formulae, we get the

desired result. N

We need to define two operations on an n-arrangement p; the first, denoted p — {n}, results in
a (n—1)-arrangement and the second, denoted p+ {n+ 1}, results in a set of (n+ 1)-arrangements.
We introduce convenient notation towards this end. Let v and v/ be the basic formulae (z +d # y)
and (y+ d' #' z), where #,#’ € {=, < }. The merge of v and v/, denoted [v, /], eliminates y as
an intermediary variable. More precisely:
(x4 [d+ d]=z), if symbol(v) = symbol(v') = =,
V] = ¢ (z+[d+d] < z), if symbol(v) # symbol(v') ,
(x4 [d+ d +1] < z), if symbol(v) = symbol(V') = < .
Suppose p is an n-arrangement for some n > 3. By omitting z, in g we obtain an (n — 1)-
arrangement, denoted p — {n}. Specifically, if g =4 A---Av,_y and n > 3, then:
Vo N s Ap_1, if left(11) = @,
pu—{n} =< v A Avy_g, if right(v,—1) = 4,
VLA AN [V Vgt | A - A vy, if right(vy,) = left(Vimyr) = 2, for 1 <m <n — 2.
One complication to be aware of is the following: If 4 is a simple n-arrangement, the (n — 1)-
arrangement g — {n} is not necessarily simple. This complication is related to the fact that the
degree of 11 is not always preserved, and in general 0 < degree(pr—{n}) < 14 2-degree(u). However,
it is easy to see that if we consider the set M, 4 of all simple n-arrangements of degree d, then for
at least one p € M,, 4 it is the case that degree(p — {n}) =1+ 2 - degree(p) = 1+ 2 - d.
If pq and py are n-arrangements, we write uq C uo iff for every finite ordered structure 2,

i Cud. Let n > 3,d €w, and p € M,y 4. We define the set 4 {n} by:

i} = e Mug| (im{n})Cn}.

Note that p + {n} is defined provided p is a simple arrangement, and if it is, the resulting set is
also a set of simple arrangements, which all have the same degree as p. The relationship between
w—{n} and p 4 {n} is more complicated than suggested by the notation; for example, it is not
always the case that p € ((u— {n})+ {n}) because p — {n} is not generally a simple arrangement
and ((pp— {n}) + {n}) is not therefore defined.

In Lemmas 3.6, 3.7, 3.8 and 3.9, and in their proofs, we mix various formalisms once more;
specifically, we use C, P and arrangements with the syntax of Q,. For the sake of brevity, we do
not bother to formally introduce these hybrid expressions. This should cause no problem, as the

interpretations of C, P and arrangements remain unchanged.
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Lemma 3.6 Letn >3, d € w, and p € My_1 4. If p+ {n} is the set {1, ..., pm} C My 4 then
(Cu) = VeV pi

Proof: Let 2 be an arbitrary finite ordered structure. Given a sequence (aq,...,a,) € (Cu)?,
we prove (aq,...,a,) € p* for some i € (4 {n}). Let a,, <--- < ap,, _, where {p1,...,pp-1} =
{1,...,n—1}. Hence, if g = vy A---Av,_o then for every ¢ € {1,...,n — 2}:

left(vy) = xp, and right(vy) = Tp,, -

Let p, € {1,...,n — 1} be the largest such that a,, < a, < Upeq,- Define e = a, —a,, and

f =ap,, —a,. The desired i depends on the values of e and f:

1. If e >d and f > d, let
= vi A Avg g ANap, +d < 2) AN +d < Ty JAVgr1t A AVpg.

2. If e >dand f <d,let
= v A Avg g ANap, +d < @) AN+ f =2 ) AVgrt Ao AVps.

3. fe<dand f > d,let
= vt A Avg g ANap, te=a) A(Tn+d < Ty ) AVgpr Aoe s Apa.

4. If e <d and f <d, let
= iAo Avg g ANap, te=a) AN (Tn+ f=2p ) A Vg1 Ao AVpg.

It is readily checked that (i — {n}) C p and (ay,...,a,) € g*.
We now prove the converse: If (a1,...,a,) € i* for some fi € (p+ {n}) then (a1,...,a,) €
(Cu)*. Let ap, <---<a,, where {p1,...,p,} ={1,...,n}. Hence, if i =y A -+ A D,y then for

every g € {1,...,n—1}:
left(vy) = xp, and right(Vy) = Tp,,, -
Let now ¢ be a fixed index in {1,...,n} such that p, = n. Then:
Vg1 = (Tp,y + g1 41 20n) and Vg = (en+dy #q 2p,,)

where 0 < d,_q,d, < dand #,.1, #, € {=,<}. It is now easy to verify that because i € (p+{n}),

it must be that g =3 A+~ AUy—1 AVAVgya A+ -~ AUy_q for some appropriate basic formula v, and

moreover (ay,...,a,—1) € p*. It follows that (ay,...,a,) € (C)*. B
Lemma 3.7 Ifn >3 andd € w, then M, g = U (p+{n}) | p € Mu_14 }.

14



Proof: Let 2 be an arbitrary finite ordered structure, with universe [0,u]. By Lemma 3.4,
U{ | € Mura} = [0,4)"7Y, so that U{ (C)* | o € My g } = [0,4)("). Hence, by

Lemma 3.6:
LA i€ (u+{n})and pe€ My_1a} = [0,u]™
On the other hand,

Uf7ilfie (u+{n})and pe Mu_1a} € Mo

Hence, by Lemma 3.4 again:

B TR e (nt{n})and pe Muya} = Moy

which is the desired conclusion. W

Lemma 3.8 For every Q € QXQ and every 2-arrangement u there is a Q' € Q such that
P(QNp) = Q.

Proof: Let () = ()1 X )2, where (1,2 € Q. Consider an arbitrary finite ordered structure 2 and
let X; = Q% for i € {1,2}. We have the following equivalences:

a1 € (P((Q1XQz)Nu))™
<= das. (al,ag) € (X1 X XQ) N ,um
<= a1 € X1 A [3@2 € Xs. (al,ag) € ,um] (1)
Depending on what is ¢ we have different cases to consider. As p is a 2-arrangement, p is just a

basic formula (y +d # z) where {y, 2z} = {21,232}, d € w and # € {=, <}. There are altogether 4

cases. Consider first the case when p is (21 + d = 23), for which we have the equivalence:
(1) = @aeXin(X26d) (2)

For this case the desired Q" is Q1M(Q20d). Consider next the case when p is (21 + d < z3), for

which we have the equivalence:
(1) = @meXin(Xe8dolox) (3)

To see why (3) is correct, observe that (X;5d8 16 0)={a| a+d < max(Xz) }. For this case
the desired Q' is Q1N(Q20dO1600). We omit the remaining two cases, when p is (22 + d = 27)

or (z3+ d < z1), as they are similar to the previous two. W

We now state and prove a generalization of Lemma 3.8.
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Lemma 3.9 Let n > 3. For every Q € @X ---XQ (n times) and every n-arrangement . there is
a @ €Qx---XQ (n—1 times) such that P(QNu) = Q'N(u—{n}) .

Proof: Let () = Q1X - -XQ,, where Q1,...,Q, € Q. Let u=v3 A---Av,_;. We writev € p
to mean that v € {v1,...,v,_1}. Consider an arbitrary finite ordered structure 2 and let X; = Q?

for i = 1,...,n. We have the following equivalences:

(alv .. '7an—1) € (P((le e )(6271)'"'#))QL
<= Ja,. (ar,...,a,) € (X1 x---x X)) N p*
< a1 € XA Nay—1 € Xy A [Fa, € Xy (a1, ...,a,) € 1]

= (a1, apy) €E(X] XX X0 )0 (u—{n})*

where fori=1,...,n— 1:
X;n(X,ed), if (2, +d=2z,)¢€ pfor somedecw,
X;n(X,edolox), if (2;+d < z,) € pfor somed € w,
X/ = XN (X, $d), if (2, +d=2;) € pfor somed € w,
Xin(X,ddd1d ), if (2,+d < ;) € p for some d € w,
X, otherwise .

The correctness of this definition follows from the fact that (X&delooc) ={a|a+d < maz(X) }
and (X Bddl1Pdoo)={a|a+d>min(X)}. The desired Q' = (Q1X --- X Q! _;) is therefore
given by:

Q:N(Q,64d), if (z; +d=2,) € pforsomedcw,
QiN(Q,0dO160x), if (z;+d < z,) € u for somed € w ,
Q) = Q:N(Q,Bd), if (z, +d=u;) € pforsomedcw,
QiNQ, BdDIPx), if (z,+d < ;)€ pfor somed € w ,

Qi otherwise ,
fore=1,....n—1. 11
3.3 S no more expressive than Q over finite ordered structures

Over finite ordered structures where all underlying relations (other than <) are monadic, § is
no more powerful than @ (Lemma 3.11), as far as expressing unary properties. The proof is by

induction on §. We first deal with a special case.

Lemma 3.10 Let S € § be an arbitrary FODS not mentioning the constructor P. (Such a FODS

is necessarily of arity > 1.)

1. If arity(S) = 1 then there is P € P such that S = P.
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2. If arity(S) = n > 2 then there are Py, ..., P, € P, such that: S = (Pi0u1)U---U(P,Npy,)
where {p1, ..., i} = My 0.

(Part 1 is a special case of part 2; we separate them for clarity.)

Proof: By induction on FODS’s not mentioning P. If S = & (resp. S = R € {Ry..., R,}), then
let P =@ (resp. P = R) in order to satisfy part 1 of the lemma.

If $ =Aor S =< then arity(S) = n = 2. There are 3 simple arrangements of degree 0 over
{z1,29}. Let Moo = {1, pt2, u3}, where pg = (21 < 22), pig = (22 < 1), and ps = (z1 = z2).
If 5 = A then choose Py = P, = 9X @ and P3 = (~@)X(~g) to satisfy part 2 of the lemma. If
S = < then choose P, = P3 = oX @ and P; = (~@)X(~@) to satisfy part 2 of the lemma.

Proceeding inductively, let S = (~5Sp) and arity(S) = n. Omitting the case n = 1, which is
simpler, let n > 2. By the induction hypothesis, we assume that Sy satisfies part 2 of the lemma.
By part 3 of Lemma 3.2 (P, is semantically closed under ~) and by Lemma 3.4 ({p* | p € My 0}
is a partition of [0, u](™), we conclude that § also satisfies part 2 here.

Let S = (51U5;) and arity(S) = n. Omit the simpler case n = 1 and let n > 2. Assume both
S1 and Sy satisfy part 2 of the lemma, by the induction hypothesis. By part 1 of Lemma 3.2, (P,
is closed under U) and by Lemma 3.4 ({1 | 4 € M, o} is a partition of [0, u](")), we conclude that
S also satisfies part 2 here.

The case for 5 = (51N53) is identical to the case for 5 = (57US53). (It also follows by duality,
in the presence of U and ~.)

Let § = (CSp) and arity(So) = n > 1. Consider the case n = 1 first. By the induction
hypothesis, Sy = P for some P € P. Let My = {11, ft2, 3} as defined in the second paragraph
of this proof. If we define Py = P, = P3 = (PX(~@)) then 5 = (P10 )U(PoNpg)U(PsNps), as
desired. For the case n > 2, we have by the induction hypothesis:

So= (PN ) U---U (PuNpy,)
for some Py,..., P, € P, where M, o = {p1,..., ftm}. From this, it readily follows that:
5 =(C%) = ((CP)N(Cur)) V-V ((CP)N(Cpiyp )

By Lemma 3.6, (Cpi) = pi1 V -+ V i, where {pi 1, . ptin} = (i + {n+1}) fore =1,...,m.

Hence,



(P X (~2)) 01 ) U - (B X (D)) O gy )

By part 4 of Lemma 3.2 (for every P € P, there is P’ € P,4; such that (PX~g) = P’) and by
Lemma 3.7, we conclude that § satisfies part 2 of the lemma here.

Finally, let S = (7.9¢) where 7 is a permutation of {1,...,n} and arity(S¢) = n > 2. It is easily
seen that part 2 of the lemma is invariant under such a permutation. This concludes the induction

and the proof. W

Lemma 3.11 Let 5 € § be an arbitrary FODS.
1. If arity(S) = 0 then there is no condition on S.
2. If arity(9) = 1 then there is Q € Q such that 5 = Q.

3. Ifarity(S) = n > 2 then there are Q1, ..., Qm € Qp such that: § = (Q1Np1)U -+ - U(Q Nty
where {p1,. .., pm } = My, q for some d € w depending on S.

(As in Lemma 3.10, parts 1 and 2 are special cases of part 3; we separate them for clarity. Only
the case n = 1 is used in Theorem 3.13; the cases n = 0 and n > 2 are included here to push the

induction through.)

Proof: By induction on §. By Corollary 2.5 we can restrict attention to FODS’s in prenex form.
Hence, by Lemma 3.10, it suffices to consider 3 cases to complete the induction; these are the cases
for § = (~5p), S = (750) and S = (PSp). The cases for 5 = (~5y) and S = (75) are treated
just as in the proof of Lemma 3.10, as all parts of Lemma 3.2 invoked in that proof relative to P,
are also true relative to @,,. To conclude the induction, let S = (PSy) and arity(So) = n > 2. By
the induction hypothesis, there are Q1,...,Q,, € Q, such that:

S0 = (an,ul) u---u (an,um)
where {p1,. .., ftm} = M,, 4 for some d € w depending on Sy. From which we can write:
S = (PS) = (P(QiMy)) U---U (P(QpNipiy))

If n = 2, then Lemma 3.8 implies that 5 = @ for some ) € Q, which is the desired conclusion. If
n > 3 then, by Lemma 3.9:

5 = (Q1N(p — {n})) U---UV (Q,N(u, —{n}))
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for some Q,...,Q., € Q,_1. Let d' = maxz{degree(yn — {n}),..., degree(p, —{n})}. As observed
when we defined the operation (u — {n}) after Lemma 3.5, d’ = 1+ 2-d. By Lemma 3.5, for every
i=1,...,m, we have (p; — {n}) = pi1 V-V pip, for some p;1,. .., pt; 5, € My_1 4. Hence,

S = (QINu1)U---U (QiNuy i, ) U

(Q5Nu21) U---U (Q5Nug g, ) U

(Q;nn,um,l) u---u (Q;nn,um,km)

Let Qo = oX ---X@ (n— 1 times). Clearly Qo € Q,,—1. We add a conjunction (QoMy) to the
above disjunction for every (n — 1)-arrangement p € (M, _1 g — {5 ;|1 <17 <m,1 < j < k;})in

order to make S satisfies part 3 of the lemma. M

3.4 @ no more expressive than S over finite ordered structures

As S has exactly the expressive power of first-order logic, by Propositions 2.2 and 2.3, the next

result is the converse of Lemma 3.11.

Lemma 3.12 Fvery Q € Q defines a (unary) first-order property over a class of finite ordered

structures.

Proof: By induction on @ we prove that, over an arbitrary class of finite ordered structures, for
every () € Q there is an equivalent FO formula ¢(z). For the basis case, if ) = @ (respectively,
Q@ =Re{Ry,....,R,}) then define p(2) = =(2 = z) (respectively, p(z) = R(2)).

Let @ = Qo®n where n € w. By the induction hypothesis, there is a FO formula ¢q(2)
equivalent to Qo. If n =0, define p(z) = @o(z). If n > 1, the desired ¢(2) is:

e(z) = (Fyo) - (Fyn-1) [wolyo) A succ(yo, y1) A -+ - A succ(Yp—2, Yn—1) A succ(Yp—1,)]

where succ(z,y) = (2 <y) AN (V)< z—=(y=2 V y < z)].
Let @ = Qo@®oc. By the induction hypothesis, there is a FO formula ¢g(2) equivalent to Q.
The desired ¢(z) is:

plx) = (Fy) [poly) A (y=2 vV y <)),
The cases for () = (pOn and ¢ = (B0 are treated just as @ = Qo®n and @ = QoD oo,

respectively. Details omitted.
The cases for ) = ~Qp, @ = Q1NQ2 and @ = QU are also straightforward, using the

induction hypothesis, and therefore omitted. N

We are ready to state the main result of this section.
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Theorem 3.13 Let C = {U;}icw, be a class of finite ordered structures, and X = {X;};c. where
X; C || for everyi € w. X is a first-order property over C iff there is a Q € Q such that X; = Q%

for every i € w.

Proof: Immediate consequence of Lemmas 3.11 and 3.12. N
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