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2 An Algebraic Characterization of First-Order De�nabilityWe develop a variable-free relational calculus which has the same expressive power as �rst-orderlogic. This development is similar but not identical to others in the literature (see for example [2],[4], and others cited in these two references dealing with cylindrical algebras). Our concerns aresu�ciently di�erent, just as are the details, to necessitate a separate and self-contained treatment.2.1 SyntaxLet � be a �rst-order signature, � = fR1; :::; R�g, where � � 0 and every R 2 � is a relationalsymbol of arbitrary �nite arity � 0. We de�ne the set S of �rst-order de�nitional schemes (FODS,for short) over the signature �.For every n � 1, let �n be the collection of all permutations of f1; : : : ; ng, and let � = Sn�1�n.A FODS is a formal expression built up from the alphabet � by means of the following constructors:{ unary constructors: f���;CCC;PPPg [ �{ binary constructors: f[[[;\\\gEach FODS has an arity n � 0, so that if Sn is the set of all FODS's of arity n then S = Sn�0 Sn.Formally, S is de�ned by the following induction, where n � 0 throughout:1. (Basis) ? 2 S1,� 2 S2,If R 2 � is of arity n � 0 then R 2 Sn.2. (Complementation) If S 2 Sn then ���S 2 Sn.3. (Union) If S1; S2 2 Sn then (S1[[[S2) 2 Sn.4. (Intersection) If S1; S2 2 Sn then (S1\\\S2) 2 Sn.5. (Cylindri�cation) If S 2 Sn then CCCS 2 Sn+1.6. (Projection) If S 2 Sn+1 then PPPS 2 Sn.7. (Permutation) If S 2 Sn+1 and � 2 �n+1 then �S 2 Sn+1.� in part 1 is a distinguished symbol, to be interpreted as the equality relation. The choice ofour constructors is not optimal (e.g. we do not need both [[[ and \\\) and is largely dictated byconvenience. 2



2.2 SemanticsA FODS S over signature � is interpreted in a relational structure A = (A;RA1 ; : : : ; RA�), where RAis the interpretation of R 2 �. If R is of arity n � 1 then RA � A(n) where A(n) = A � � � � � A(n times). If R is of arity 0 then RA is either tt (true) or � (false). The interpretation of S in Ais denoted SA. Delaying the interpretation of FODS's of arity 0 to the next paragraph, we requirethat n � 1 throughout the induction below:1. If S = ? then SA = ?,If S = � then SA = f(a; a)ja 2 Ag,If S = R 2 � is of arity n � 1 then SA = RA.2. If S 2 Sn then (���S)A = �SA.3. If S1; S2 2 Sn then (S1[[[S2)A = SA1 [ SA2 .4. If S1; S2 2 Sn then (S1\\\S2)A = SA1 \ SA2 .5. If S 2 Sn then (CCCS)A = SA � A.6. If S 2 Sn+1 then (PPPS)A =f (a1; : : : ; an) j 9an+1 such that (a1; : : : ; an; an+1) 2 SA g .7. If S 2 Sn and � 2 �n then (�S)A =f (a��1(1); : : : ; a��1(n)) j (a1; : : : ; an) 2 SA g = f (a1; : : : ; an) j (a�(1); : : : ; a�(n)) 2 SA g .In part 2 above, �SA means the complement of SA, i.e. A(n) � SA. The interpretation of anyS 2 Sn in A where n � 1 is therefore a subset of A(n).The interpretation of any S 2 S0 in A is always in ftt ;� g, which is given by the followinginduction, where f:;_;^g are the usual boolean connectives fnot,or,andg:1. If S = R 2 � is of arity 0 then SA = RA 2 ftt ;� g.2. If S 2 S0 then (���S)A = :(SA).3. If S1; S2 2 S0 then (S1[[[S2)A = SA1 _ SA2 .4. If S1; S2 2 S0 then (S1\\\S2)A = SA1 ^ SA2 .5. If S 2 S0 then (CCCS)A = ( A; if SA = tt ,?; if SA = � . 3



6. If S 2 S1 then (PPPS)A = ( tt ; if SA 6= ?,� ; if SA = ?.We de�ne two composite constructors based on those introduced earlier. For every n � 1 andevery i 2 f1; : : : ; ng we de�ne the constructor PPPn;i as:PPPn;i = PPP� where � = (1)(2) � � �(i� 1)(n; n� 1; : : : ; i) :If we write PPPn;iS we mean therefore PPP�S, with � as given above. For every n � 1 and everyi 2 f0; 1; : : : ; ng we de�ne the constructor CCCn;i as:CCCn;i = �CCC where � = (1)(2) � � �(i)(i+ 1; i+ 2; : : : ; n+ 1) :If we write CCCn;iS we mean �CCCS, with � as given above.Lemma 2.1 Let A be an arbitrary relational structure. For every S 2 Sn where n � 1, everyi 2 f1; : : : ; ng, and every j 2 f0; 1; : : : ; ng:1. (PPPn;iS)A = f (a1; : : : ; ai�1; ai+1; : : : ; an) j 9ai such that (a1; : : : ; an) 2 SA g ,2. (CCCn;jS)A = f (a1; : : : ; aj; b; aj+1; : : : ; an) j b 2 A and (a1; : : : ; an) 2 SA g .Proof: For part 1, consider PPPn;i = PPP� where � = (1)(2) � � �(i�1)(n; n�1; : : : ; i). It follows that if(a1; : : : ; an) 2 SA then (a1; : : : ; ai�1; ai+1; : : : ; an; ai) 2 (�S)A, i.e. the i-th component ai is removedand placed at the right end of the n-tuple. Hence, (a1; : : : ; ai�1; ai+1; : : : ; an) 2 (PPP�S)A = (PPPn;iS)A.For part 2, consider CCCn;j = �CCC where � = (1)(2) � � �(j)(j+1; j+2; : : : ; n+1). If (a1; : : : ; an) 2 SAthen (a1; : : : ; an; b) 2 (CCCS)A for every b 2 A. Hence, (a1; : : : ; aj; b; aj+1; : : : ; an) 2 (�CCCS)A =(CCCn;jS)A.It is clear that for all n � 1, PPPn;n and CCCn;n are equivalent to PPP and CCC, respectively.2.3 Expressive powerWe show that FODS's de�ne the same relations as �rst-order (FO) formulae in any relationalstructure A. Our conventions for FO formulae are standard, except for two (see for example [3]).First, it is customary to write '(x1; : : : ; xn) whenever one needs to mention that the free variablesof the formula ' are among x1; : : : ; xn. Contrary to this convention, and with no loss of generality,if we write '(x1; : : : ; xn) we mean that the free variables of ' are exactly x1; : : : ; xn. As usual, therelation de�ned by ' in A is:'A = f (a1; : : : ; an) j A j= '[a1; : : : ; an] g4



This de�nition makes clear that, for the purpose of comparison with FODS's, we need to agree onanother convention: There is exactly one order in which we can we list the free variables of ' |and, for de�niteness, we choose this order to be that of increasing indexes.1 (Formally, we take theset of all �rst-order variables to be x0; x1; : : : ; xi; : : : ; i 2 !.)By the �rst convention above, if the free variables of ' are, say, exactly x1 and x2, then we canwrite '(x1; x2) but not '(x1; x2; x3). Nor can we write '(x2; x1), by the second convention above;if we want to refer to the formula  obtained from ' by replacing x1 by x2 and x2 by x1, we writeinstead  = '[x1 := x2; x2 := x1].To follow some of the details in the proofs of Propositions 2.2 and 2.3, we need to pay specialattention to how the permutation � is used in order to de�ne the relation (�S)A from the relationSA. For example, if SA = f(a; b; c; d; e)g and � = (1; 2; 3)(4)(5) then (�S)A = f(c; a; b; d; e)g, sothat if the formula '(x1; : : : ; x5) de�nes SA then the formula '[x1 := x�(1); : : : ; x5 := x�(5)] de�nes(�S)A.Proposition 2.2 For every FODS S there is a FO formula 'S such that S � 'S.Proof: For every S 2 Sn where n � 0, we de�ne a FO formula 'S whose free variables are exactlyx1; : : : ; xn. We proceed by induction on the syntax of FODS's | where S0; S1; S2 2 Sn throughout,except in part 6 where S0 2 Sn+1:1. If S = ? then let 'S be :(x1 x1),if S = � then let 'S be (x1 x2),and if S = R 2 � is of arity n � 0 then let 'S = R(x1; : : : ; xn).2. If S = ���S0 then let 'S = :'S0 .3. If S = (S1[[[S2) then let 'S = ('S1 _ 'S2).4. If S = (S1\\\S2) then let 'S = ('S1 ^ 'S2).5. If S = CCCS0 then let 'S = ('S0 ^ (xn+1 xn+1)).6. If S = PPPS0 then let 'S = (9xn+1)'S0 .7. If S = �S0 then let 'S = 'S0 [x1 := x�(1); : : : ; xn := x�(n)].1Without these two conventions, the relation de�ned by a FO formula ' is unique only up to cylindri�cation(adding redundant free variables not explicitly mentioned in ') and permutation of its components (listing the freevariables of ' in a di�erent order). But, in the presence of variables to name each of the components, the resultingambiguity is harmless (e.g. the meaning of a FO sentence does not change when its bound variables are renamed).5



Based on the semantics of FODS's, it is now straightforward to verify SA = 'AS for every relationalstructure A.Proposition 2.3 For every FO formula ' there is a FODS S' such that ' � S'.Proof: There is no loss of generality in restricting the syntax of FO formulae as follows | wherei; j; j1; j2; : : : ; jn 2 ! throughout the induction:1. (xi xj) is a FO formula,and if R 2 � is of arity n � 0 and j1 < j2 < � � � < jn then R(xj1 ; xj2 ; : : : ; xjn) is a FO formula.2. If ' is a FO formula then so is :'.3. If '1 and '2 are FO formulae such that:| either '1 and '2 have exactly the same set of free variables,| or '2 is (xi xi) and xi is not free in '1,then ('1 ^ '2) is a FO formula.4. If ' is a FO formula containing xi as a free variable then (9xi)' is a FO formula.It is easy to justify the restrictions introduced in parts 1, 3 and 4, above, because we can alwaysreplace:| R(: : : ; xi; : : : ; xi; : : :) by (9xj)(R(: : : ; xi; : : : ; xj ; : : :) ^ (xi xj));| R(: : : ; xi; : : : ; xj; : : :), where i > j, by (9xk)(R(: : : ; xi; : : : ; xk; : : :)^ (xj xk)) where i < k;| ('1 ^ '2), where xi is a free variable in '1 but not in '2, by ('1 ^ ('2 ^ (xi xi)));| (9xi)', where xi is not free in ', by '.By induction on the syntax of FO formulae, as restricted above, we de�ne for every formula ' aFODS S':1. If ' is (xi xi) then let S' = ���?,if ' is (xi xj) with i 6= j then let S' = �,and if ' = R(xj1 ; xj2 ; : : : ; xjn) where j1 < j2 < � � � < jn then let S' = R.2. If ' = :'0 then S' = ���S'0 . 6



3. If ' = ('1 ^ '2) and:| if '1 and '2 have exactly the same set of free variables then let S' = (S'1\\\S'2),| if '2 is (xk xk), and the free variables of '1 are exactly xi1 ; : : : ; xin such thatij < k < ij+1 for some 0 � j � n, then let S' = CCCn;jS'1 .4. If ' = (9xij )'0 and the free variables of '0 are exactly xi1 ; : : : ; xij ; : : : ; xin then let S' =PPPn;jS'0 .Using the semantics of FODS's de�ned in Section 2.2, and Lemma 2.1, it is readily veri�ed 'A = SA'for every relational structure A.2.4 Prenex formsWe say that S 2 S is in prenex form if S = �1 � � ��kS0 where k � 0, S 0 is a FODS not mentioningthe constructor PPP, and: �1 = [���]PPP�1 ; : : : ; �k = [���]PPP�kfor some �1; : : : ; �k 2 � and the notation [���] means that the constructor��� may or may not occur.There are obvious conditions of well-formedness in this de�nition. If S 0 is of arity 0, then k = 0and S = S 0. If S 0 is of arity n � 1, then k � n and �k 2 �n; : : : ; �1 2 �n�k+1, and the arity of Sis (n� k).FODS's in prenex form are the counterpart of FO formulae in prenex form. The proof of thefollowing proposition is identical to the proof of 2.3 and therefore omitted; the only di�erence isthe restriction that \9" and \:9" are introduced last in the syntax of FO formulae in prenex form,so that their translation into FODS's are also in prenex form.Proposition 2.4 For every FO formula ' in prenex form there is a FODS S' in prenex form suchthat ' � S'.Corollary 2.5 For every FODS S1 there is a FODS S2 in prenex form such that S1 � S2.Proof: First use 2.2 to obtain a FO formula ' equivalent to S1, then transform ' into prenexform, then use 2.4 to obtain the desired S2. 7



3 First-Order De�nability in Finite Ordered StructuresHenceforth, we restrict our attention to �nite ordered structures of the form A = (A;<;RA1 ; : : : ; RA�)where < is a total order on the domain A, the relations RA1 ; : : : ; RA� are unary, and � � 0. Thesignature is therefore � = f<<<; R1; : : : ; R�g where all the relation symbols (except for<<<) are unary.Let C = fAigi2! be an in�nite class of such �nite ordered structures. By a property over C wemean a family of sets fXigi2! where every Xi � jAij. We say that fXigi2! is a �rst-order propertyover C just in case fXigi2! = f'Aigi2! for some (unary) �rst-order formula ' in the signature �.We wish to formulate an algebraic condition which is satis�ed by a property fXigi2! over C if andonly if it is �rst-order.Our formulation is in terms of another formal language Q. The main result of this section(Theorem 3.13) states that, over classes of �nite ordered structures (as speci�ed above), unary�rst-order properties are exactly expressed by Q. Thus, Q gives another algebraic characterizationof �rst-order de�nability, but now especially adapted to the case when only �nite ordered monadicstructures are considered.23.1 Q and some of its propertiesIt is convenient to introduce two operations � (\right shift") and 	 (\left shift") on sets of integers.If A � !� + ! and x 2 !, we de�ne:A� x = fa+ x j a 2 Ag and A	 x = fa� x j a 2 Ag :We extend the shift operations by allowing x to be the special value 1, for which we de�ne:A�1 = [fA� x j x 2 !g and A	1 = [fA	 x j x 2 !g :The new symbols in the syntax of Q are ��� and 			, later interpreted as � and 	 respectively.Formally, Q is the least set of formal expressions such that:Q � f?; R1; : : : ; R�g [f(Q���x) j Q 2 Q; x 2 ! [ f1gg [ f(Q			x) j Q 2 Q; x 2 ! [ f1gg [f(���Q) j Q 2 Qg [ f(Q1\\\Q2) j Q1; Q2 2 Qg [ f(Q1[[[Q2) j Q1; Q2 2 Qg :The semantics of Q are speci�ed relative to a �nite ordered structure A = ([0; u]; <;RA1 ; : : : ; RA�),where the domain [0; u] = f0; 1; : : : ; ug for some u 2 !. By induction on Q:2For conciseness we omit the quali�er \monadic" in all later references to these structures, simply calling them\�nite ordered structures". 8



1. If Q = R 2 � then QA = RA, and if Q = ? then QA = ?.2. If Q = (Q0���x) then QA = (QA0 � x) \ [0; u].3. If Q = (Q0			x) then QA = (QA0 	 x) \ [0; u].4. If Q = (���Q0) then QA = [0; u]� QA0 .5. If Q = (Q1\\\Q2) then QA = QA1 \ QA2 .6. If Q = (Q1[[[Q2) then QA = QA1 [ QA2 .As we need to carry out proofs by induction on S, the members of which can be of any arity � 1,we extend Q to arities greater than 1. We pose Q1 = Q and, for every n � 2, we de�ne Qn as theleast set of formal expressions such that:Qn � Q��� � � ����Q (n times) [ f(Q1[[[Q2) j Q1; Q2 2 Qng :While our goal in this section is to prove that Q = Q1 has the same expressive power as S1, itturns out that Qn is strictly weaker than Sn for n � 2, as shown by part 3 of Lemma 3.11.We also need to consider a particular well-behaved subset Pn of Qn. First, we de�ne P = P1as the least set of formal expressions such that:P � f?; R1; : : : ; R�g [f(���P ) j P 2 Pg [ f(P1\\\P2) j P1; P2 2 Pg [ f(P1[[[P2) j P1; P2 2 Pg :And for every n � 2, we de�ne Pn as the least set of formal expressions such that:Pn � P��� � � ����P (n times) [ f(P1[[[P2) j P1; P2 2 Png :The semantics of Q are extended to Qn in the obvious way. The only new symbol in thesyntax of Qn is ���. If A = ([0; u]; <;RA1 ; : : : ; RA�) and we de�ne (Q1���Q2)A as QA1 � QA2 , then theinterpretation of any Q 2 Qn in A, denoted QA, is a subset of the n-dimensional cube [0; u](n).Lemma 3.1 Let A be an arbitrary set and X1; X2; X3; X4 � A:1. X1 �X2 = ? i� X1 = ? or X2 = ?.2. (X1 �X2) [ (X3 �X2) = (X1 [X3)�X2.3. (X1 �X2) \ (X3 �X4) = (X1 \X3)� (X2 \X4).9



4. �(X1 �X2) = (�X1 � �X2) [ (X1 � �X2) [ (�X1 � X2).Proof: Straightforward.We also consider expressions which are, strictly speaking, not part of the formalisms de�nedabove, e.g. the expressions (Q1\\\Q2), (���Q1) and (Q1���Q2) in the next lemma are not in Qn ifn 6= 1, but their interpretation is clear. We do not bother to de�ne them formally for the sake ofbrevity.Lemma 3.21. 8Q1; Q2 2 Qn (resp. Pn), 9Q 2 Qn (resp. Pn), (Q1[[[Q2) � Q.2. 8Q1; Q2 2 Qn (resp. Pn), 9Q 2 Qn (resp. Pn), (Q1\\\Q2) � Q.3. 8Q1 2 Qn (resp. Pn), 9Q 2 Qn (resp. Pn), (���Q1) � Q.4. 8Q1 2 Qn1 (resp. Pn1), 8Q2 2 Qn2 (resp. Pn2), 9Q 2 Qn1+n2 (resp. Pn1+n2 ),(Q1���Q2) � Q.Proof: Part 1 is immediate, as Qn (resp. Pn) is syntactically closed under [[[, i.e. we takeQ = (Q1[[[Q2). For parts 2 and 3, we \push in" \\\ and ��� using 3 and 4 of Lemma 3.1, and theboolean identities (DeMorgan's law and distributivity of \\\ over [[[); the desired conclusion followsfrom the closure of Q (resp. P) itself under the boolean operations. Part 4 follows from 2 ofLemma 3.1. Details omitted.In general, equality between (X1 �X2) [ (X3 � X4) and (X1 [X3)� (X2 [X4) holds only ifX2 = X4 (part 2 of Lemma 3.1). Hence, Qn which is closed under [[[ is more expressive, i.e. itde�nes more relations, than Q��� � � ����Q (n times). On the other hand, Lemma 3.2 shows that theclosure of Qn under \\\ and ��� does not increase its expressive power.3.2 Arrangements and some of their propertiesWe temporarily re-introduce �rst-order variables xi, i 2 !, and consider particular formulae overthem. The formulae under consideration are called \arrangements", generalizing formulae by thesame name in [1], and we use the letter � to denote them. For any n � 2, an n-arrangement is a�nite conjunction of (n� 1) basic formulae:� = �1 ^ �2 ^ � � � ^ �n�110



where every basic formula �i is either (yi + di <<< yi+1) or (yi + di yi+1), where di 2 ! andi 2 f1; : : : ; n � 1g, and the sequence y1; : : : ; yn is a permutation of the sequence x1; : : : ; xn. Inparticular, every n-arrangement is an open �rst-order formula whose free variables are exactlyfx1; : : : ; xng.If � is the basic formula (x + d # y) where # 2 f ;<<<g and d 2 !, we de�ne left(�) = x,right(�) = y, degree(�) = d, and symbol(�) = #.If � = �1^� � �^�n�1 is an n-arrangement, we de�ne degree(�) = maxfdegree(�1); : : : ; degree(�n�1)g.We say that the n-arrangement � = �1 ^ � � � ^ �n�1 is simple if there is d 2 ! such that for alli 2 f1; : : : ; n� 1g:� if �i is (yi + di <<< yi+1) then di = d,� if �i is (yi + di yi+1) then di � d,where fy1; : : : ; yng = fx1; : : : ; xng and d1; : : : ; dn�1 2 !. In such a case it is also clear that d is alsothe degree of �, and we can say that � is simple of degree d. (The \arrangements" in [1] are, in oursense, \simple arrangements of degree 0".)A special subset of all n-arrangements of degree d is the subset of all simple n-arrangements ofdegree d, denotedMn;d. It is easy to see that for �xed n � 2 and d 2 !, the set of all n-arrangementsof degree d is �nite, and so is therefore the subset Mn;d.Given a �nite ordered structureA = ([0; u]; <;RA1 ; : : : ; RA�), the interpretation of an n-arrangement� in A is a subset of the n-dimensional cube [0; u](n) de�ned by:�A = f (a1; : : : ; an) 2 [0; u](n) j (A; a1; : : : ; an) j= � g :Convention 3.3 For simplicity in enumerating a �nite set of n-arrangements we adopt the follow-ing convention. Let � be an arbitrary n-arrangement. If � mentions as a substring the followingconjunction of basic formulae:(xi1 xi2) ^ (xi2 xi3) ^ � � � ^ (xik xik+1)where i1; i2; : : : ; ik+1 2 f1; : : : ; ng and k � 1, then we agree that i1 < i2 < � � � < ik+1. With thisconvention it is easy to see that two n-arrangements �1 and �2 are equivalent (i.e. they de�ne thesame set of n-tuples in every structure) i� �1 and �2 are syntactically identical.There is a lot we can say and prove about arrangements. We refrain from developing a com-prehensive analysis and restrict ourselves to results we need in the proofs of Lemmas 3.10 and3.11. 11



Lemma 3.4 For given n � 2 and d 2 !, letMn;d = f�1; : : : ; �mg for some m � 1. Then for every�nite ordered structure A = ([0; u]; <;RA1 ; : : : ; RA�):1. �Ai \ �Aj = ? if 1 � i < j � m,2. �A1 [ � � � [ �Am = [0; u](n).Hence, Mn;d represents a partition of the n-dimensional cube [0; u](n). This is not the case if weconsider the set of all n-arrangements, simple or not, of degree d.Proof: For part 1, consider arbitrary �i; �j 2 Mn;d. Let �i = �i;1 ^ � � � ^ �i;n�1 and �j =�j;1 ^ � � � ^ �j;n�1. Suppose there is a �nite ordered structure A such that �Ai \ �Aj 6= ?, say(a1; : : : ; an) 2 �Ai \ �Aj . In the particular case when all the entries in (a1; : : : ; an) are pairwiseunequal, if ap1 < � � �< apn where fp1; : : : ; png = f1; : : : ; ng thenleft(�i;q) = left(�j;q) = xpq and right(�i;q) = right(�j;q) = xpq+1for every q 2 f1; : : : ; n�1g. Because �i and �j are simple of the same degree d, it then follows that�i = �j , as desired. The same reasoning remains valid in the general case, using now convention 3.3in addition, when some of the entries in (a1; : : : ; an) are equal, which happens when some of thebasic formulae in �i and �j are of the form (y z) for some y; z 2 fx1; : : : ; xng.For part 2, consider a �nite ordered structure Awith universe [0; u] and an arbitrary (a1; : : : ; an) 2[0; u]n. Let ap1 � � � � � apn where fp1; : : : ; png = f1; : : : ; ng. We need to show there is an n-arrangement � = �1^� � �^�n�1 inMn;d such that (A; a1; : : : ; an) j= �. For every q 2 f1; : : : ; n�1g,de�ne the basic formula �q as follows. Let dq = apq+1�apq . If dq � d then let �q be (xpq+dq xpq+1).If dq > d then let �q be (xpq + d <<< xpq+1). It is now easy to check that � satis�es the requiredcondition.Lemma 3.5 Let � be an n-arrangement (possibly not simple), n � 2, and let d = degree(�). Forevery d0 � d there are simple n-arrangements of degree d0, say �1; : : : ; �m 2 Mn;d0 for some m � 1,such that � � �1 _ � � � _ �m.Proof: Suppose � = �1 ^ � � � ^ �n�1 is an arbitrary n-arrangement of degree d. Let d0 � d. Forevery i 2 f1; : : : ; n� 1g, we de�ne a �nite disjunction � 0i of basic formulae such that � 0i � �i. If �iis (y + di z) where y; z 2 fx1; : : : ; xng and di � d � d0, then let � 0i = �i. If �i is (y + di <<< z)where y; z 2 fx1; : : : ; xng and di � d � d0, then de�ne � 0i by:�0i = (y + [di + 1] z) _ (y + [di + 2] z) _ � � � _ (y + [di + (d0 � di)] z) _ (y + d0 <<< z)12



Clearly � � � 01 ^ � � � ^ � 0n�1. By transforming � 01 ^ � � � ^ � 0n�1 into disjunctive normal form, i.e. adisjunction of some m � 1 conjuncts containing each exactly (n � 1) basic formulae, we get thedesired result.We need to de�ne two operations on an n-arrangement �; the �rst, denoted �� fng, results ina (n�1)-arrangement and the second, denoted �+fn+1g, results in a set of (n+1)-arrangements.We introduce convenient notation towards this end. Let � and � 0 be the basic formulae (x+d # y)and (y + d0 #0 z), where #;#0 2 f ; <<< g. The merge of � and � 0, denoted [�; � 0], eliminates y asan intermediary variable. More precisely:[�; � 0] = 8><>: (x+ [d+ d0] z); if symbol(�) = symbol(� 0) = ,(x+ [d+ d0] <<< z); if symbol(�) 6= symbol(� 0) ,(x+ [d+ d0 + 1] <<< z); if symbol(�) = symbol(� 0) = <<< .Suppose � is an n-arrangement for some n � 3. By omitting xn in � we obtain an (n � 1)-arrangement, denoted �� fng. Speci�cally, if � = �1 ^ � � � ^ �n�1 and n � 3, then:��fng = 8><>: �2 ^ � � � ^ �n�1; if left(�1) = xn,�1 ^ � � � ^ �n�2; if right(�n�1) = xn,�1 ^ � � � ^ [�m; �m+1]^ � � � ^ �n�1; if right(�m) = left(�m+1) = xn for 1 � m � n � 2.One complication to be aware of is the following: If � is a simple n-arrangement, the (n � 1)-arrangement � � fng is not necessarily simple. This complication is related to the fact that thedegree of � is not always preserved, and in general 0 � degree(��fng) � 1+2 �degree(�). However,it is easy to see that if we consider the setMn;d of all simple n-arrangements of degree d, then forat least one � 2 Mn;d it is the case that degree(�� fng) = 1 + 2 � degree(�) = 1 + 2 � d.If �1 and �2 are n-arrangements, we write �1 � �2 i� for every �nite ordered structure A,�A1 � �A2 . Let n � 3, d 2 !, and � 2 Mn�1;d. We de�ne the set �+ fng by:�+ fng = f e� 2 Mn;d j (e�� fng) � � g :Note that � + fng is de�ned provided � is a simple arrangement, and if it is, the resulting set isalso a set of simple arrangements, which all have the same degree as �. The relationship between� � fng and � + fng is more complicated than suggested by the notation; for example, it is notalways the case that � 2 ((�� fng) + fng) because �� fng is not generally a simple arrangementand ((�� fng) + fng) is not therefore de�ned.In Lemmas 3.6, 3.7, 3.8 and 3.9, and in their proofs, we mix various formalisms once more;speci�cally, we use CCC, PPP and arrangements with the syntax of Qn. For the sake of brevity, we donot bother to formally introduce these hybrid expressions. This should cause no problem, as theinterpretations of CCC, PPP and arrangements remain unchanged.13



Lemma 3.6 Let n � 3, d 2 !, and � 2 Mn�1;d. If � + fng is the set f�1; : : : ; �mg � Mn;d then(CCC�) � �1 _ � � � _ �m.Proof: Let A be an arbitrary �nite ordered structure. Given a sequence (a1; : : : ; an) 2 (CCC�)A,we prove (a1; : : : ; an) 2 e�A for some e� 2 (� + fng). Let ap1 � � � � � apn�1 where fp1; : : : ; pn�1g =f1; : : : ; n� 1g. Hence, if � = �1 ^ � � � ^ �n�2 then for every q 2 f1; : : : ; n� 2g:left(�q) = xpq and right(�q) = xpq+1 :Let pq 2 f1; : : : ; n � 1g be the largest such that apq � an < apq+1 . De�ne e = an � apq andf = apq+1 � an. The desired e� depends on the values of e and f :1. If e > d and f > d, lete� = �1 ^ � � � ^ �q�1 ^ (xpq + d <<< xn) ^ (xn + d <<< xpq+1) ^ �q+1 ^ � � � ^ �n�2.2. If e > d and f � d, lete� = �1 ^ � � � ^ �q�1 ^ (xpq + d <<< xn) ^ (xn + f xpq+1) ^ �q+1 ^ � � � ^ �n�2.3. If e � d and f > d, lete� = �1 ^ � � � ^ �q�1 ^ (xpq + e xn) ^ (xn + d <<< xpq+1) ^ �q+1 ^ � � � ^ �n�2.4. If e � d and f � d, lete� = �1 ^ � � � ^ �q�1 ^ (xpq + e xn) ^ (xn + f xpq+1) ^ �q+1 ^ � � � ^ �n�2.It is readily checked that (e�� fng) � � and (a1; : : : ; an) 2 e�A.We now prove the converse: If (a1; : : : ; an) 2 e�A for some e� 2 (� + fng) then (a1; : : : ; an) 2(CCC�)A. Let ap1 � � � � � apn where fp1; : : : ; png = f1; : : : ; ng. Hence, if e� = e�1 ^ � � � ^ e�n�1 then forevery q 2 f1; : : : ; n� 1g: left(e�q) = xpq and right(e�q) = xpq+1 :Let now q be a �xed index in f1; : : : ; ng such that pq = n. Then:e�q�1 = (xpq�1 + dq�1 #q�1 xn) and e�q = (xn + dq #q xpq+1)where 0 � dq�1; dq � d and #q�1; #q 2 f ;<<<g. It is now easy to verify that because e� 2 (�+fng),it must be that � = e�1 ^ � � �^ e�q�1 ^ � ^ e�q+2 ^ � � �^ e�n�1 for some appropriate basic formula �, andmoreover (a1; : : : ; an�1) 2 �A. It follows that (a1; : : : ; an) 2 (CCC�)A.Lemma 3.7 If n � 3 and d 2 !, then Mn;d = Sf (�+ fng) j � 2 Mn�1;d g.14



Proof: Let A be an arbitrary �nite ordered structure, with universe [0; u]. By Lemma 3.4,Sf �A j � 2 Mn�1;d g = [0; u](n�1), so that Sf (CCC�)A j � 2 Mn�1;d g = [0; u](n). Hence, byLemma 3.6: [f e�A j e� 2 (�+ fng) and � 2 Mn�1;d g = [0; u](n)On the other hand, [f e� j e� 2 (�+ fng) and � 2 Mn�1;d g � Mn;dHence, by Lemma 3.4 again:[f e� j e� 2 (�+ fng) and � 2 Mn�1;d g = Mn;dwhich is the desired conclusion.Lemma 3.8 For every Q 2 Q���Q and every 2-arrangement � there is a Q0 2 Q such thatPPP(Q\\\�) � Q0 .Proof: Let Q = Q1���Q2, where Q1; Q2 2 Q. Consider an arbitrary �nite ordered structure A andlet Xi = QAi for i 2 f1; 2g. We have the following equivalences:a1 2 (PPP((Q1���Q2)\\\�))A() 9a2: (a1; a2) 2 (X1 �X2) \ �A() a1 2 X1 ^ [9a2 2 X2: (a1; a2) 2 �A] (1)Depending on what is � we have di�erent cases to consider. As � is a 2-arrangement, � is just abasic formula (y + d # z) where fy; zg = fx1; x2g, d 2 ! and # 2 f ;<<<g. There are altogether 4cases. Consider �rst the case when � is (x1 + d x2), for which we have the equivalence:(1) () a1 2 X1 \ (X2 	 d) (2)For this case the desired Q0 is Q1\\\(Q2			d). Consider next the case when � is (x1 + d <<< x2), forwhich we have the equivalence:(1) () a1 2 X1 \ (X2 	 d	 1	1) (3)To see why (3) is correct, observe that (X2	 d	 1	1) = f a j a+ d < max (X2) g. For this casethe desired Q0 is Q1\\\(Q2			d			1			1). We omit the remaining two cases, when � is (x2 + d x1)or (x2 + d <<< x1), as they are similar to the previous two.We now state and prove a generalization of Lemma 3.8.15



Lemma 3.9 Let n � 3. For every Q 2 Q��� � � ����Q (n times) and every n-arrangement � there isa Q0 2 Q��� � � ����Q (n� 1 times) such that PPP(Q\\\�) � Q0\\\(�� fng) .Proof: Let Q = Q1��� � � ����Qn, where Q1; : : : ; Qn 2 Q. Let � = �1 ^ � � � ^ �n�1. We write � 2 �to mean that � 2 f�1; : : : ; �n�1g. Consider an arbitrary �nite ordered structure A and let Xi = QAifor i = 1; : : : ; n. We have the following equivalences:(a1; : : : ; an�1) 2 (PPP((Q1��� � � ����Qn)\\\�))A() 9an: (a1; : : : ; an) 2 (X1 � � � � �Xn) \ �A() a1 2 X1 ^ � � � ^ an�1 2 Xn�1 ^ [9an 2 Xn: (a1; : : : ; an) 2 �A]() (a1; : : : ; an�1) 2 (X 01 � � � � �X 0n�1) \ (�� fng)Awhere for i = 1; : : : ; n� 1:X 0i = 8>>>>><>>>>>: Xi \ (Xn 	 d); if (xi + d xn) 2 � for some d 2 ! ,Xi \ (Xn 	 d	 1	1); if (xi + d <<< xn) 2 � for some d 2 ! ,Xi \ (Xn � d); if (xn + d xi) 2 � for some d 2 ! ,Xi \ (Xn � d� 1�1); if (xn + d <<< xi) 2 � for some d 2 ! ,Xi; otherwise .The correctness of this de�nition follows from the fact that (X	d	1	1) = f a j a+d < max (X) gand (X � d� 1 �1) = f a j a + d > min(X) g. The desired Q0 = (Q01��� � � ����Q0n�1) is thereforegiven by: Q0i = 8>>>>><>>>>>: Qi\\\(Qn			d); if (xi + d xn) 2 � for some d 2 ! ,Qi\\\(Qn			d			1			1); if (xi + d <<< xn) 2 � for some d 2 ! ,Qi\\\(Qn���d); if (xn + d xi) 2 � for some d 2 ! ,Qi\\\(Qn���d���1���1); if (xn + d <<< xi) 2 � for some d 2 ! ,Qi; otherwise ,for i = 1; : : : ; n� 1.3.3 S no more expressive than Q over �nite ordered structuresOver �nite ordered structures where all underlying relations (other than <) are monadic, S isno more powerful than Q (Lemma 3.11), as far as expressing unary properties. The proof is byinduction on S. We �rst deal with a special case.Lemma 3.10 Let S 2 S be an arbitrary FODS not mentioning the constructor PPP. (Such a FODSis necessarily of arity � 1.)1. If arity(S) = 1 then there is P 2 P such that S � P .16



2. If arity(S) = n � 2 then there are P1; : : : ; Pm 2 Pn such that: S � (P1\\\�1)[[[ � � �[[[(Pm\\\�m)where f�1; : : : ; �mg =Mn;0.(Part 1 is a special case of part 2; we separate them for clarity.)Proof: By induction on FODS's not mentioning PPP. If S = ? (resp. S = R 2 fR1 : : : ; R�g), thenlet P = ? (resp. P = R) in order to satisfy part 1 of the lemma.If S = � or S = <<< then arity(S) = n = 2. There are 3 simple arrangements of degree 0 overfx1; x2g. Let M2;0 = f�1; �2; �3g, where �1 = (x1 <<< x2), �2 = (x2 <<< x1), and �3 = (x1 x2).If S = � then choose P1 = P2 = ?���? and P3 = (���?)���(���?) to satisfy part 2 of the lemma. IfS = <<< then choose P2 = P3 = ?���? and P1 = (���?)���(���?) to satisfy part 2 of the lemma.Proceeding inductively, let S = (���S0) and arity(S) = n. Omitting the case n = 1, which issimpler, let n � 2. By the induction hypothesis, we assume that S0 satis�es part 2 of the lemma.By part 3 of Lemma 3.2 (Pn is semantically closed under ���) and by Lemma 3.4 (f�A j � 2 Mn;0gis a partition of [0; u](n)), we conclude that S also satis�es part 2 here.Let S = (S1[[[S2) and arity(S) = n. Omit the simpler case n = 1 and let n � 2. Assume bothS1 and S2 satisfy part 2 of the lemma, by the induction hypothesis. By part 1 of Lemma 3.2, (Pnis closed under [[[) and by Lemma 3.4 (f�A j � 2 Mn;0g is a partition of [0; u](n)), we conclude thatS also satis�es part 2 here.The case for S = (S1\\\S2) is identical to the case for S = (S1[[[S2). (It also follows by duality,in the presence of [[[ and ���.)Let S = (CCCS0) and arity(S0) = n � 1. Consider the case n = 1 �rst. By the inductionhypothesis, S0 � P for some P 2 P . Let M2;0 = f�1; �2; �3g as de�ned in the second paragraphof this proof. If we de�ne P1 = P2 = P3 = (P���(���?)) then S � (P1\\\�1)[[[(P2\\\�2)[[[(P3\\\�3), asdesired. For the case n � 2, we have by the induction hypothesis:S0 � (P1\\\�1) [[[ � � �[[[ (Pm\\\�m)for some P1; : : : ; Pm 2 Pn where Mn;0 = f�1; : : : ; �mg. From this, it readily follows that:S = (CCCS0) � ((CCCP1)\\\(CCC�1)) [[[ � � �[[[ ((CCCPm)\\\(CCC�m))By Lemma 3.6, (CCC�i) � �i;1 _ � � � _ �i;ki where f�i;1; : : : ; �i;kig = (�i + fn + 1g) for i = 1; : : : ; m.Hence, S � ((P1���(���?))\\\�1;1) [[[ � � �[[[ ((P1���(���?))\\\�1;k1) [[[((P2���(���?))\\\�2;1) [[[ � � �[[[ ((P2���(���?))\\\�2;k2) [[[17



...((Pm���(���?))\\\�m;1) [[[ � � �[[[ ((Pm���(���?))\\\�m;km)By part 4 of Lemma 3.2 (for every P 2 Pn there is P 0 2 Pn+1 such that (P������?) � P 0) and byLemma 3.7, we conclude that S satis�es part 2 of the lemma here.Finally, let S = (�S0) where � is a permutation of f1; : : : ; ng and arity(S0) = n � 2. It is easilyseen that part 2 of the lemma is invariant under such a permutation. This concludes the inductionand the proof.Lemma 3.11 Let S 2 S be an arbitrary FODS.1. If arity(S) = 0 then there is no condition on S.2. If arity(S) = 1 then there is Q 2 Q such that S � Q.3. If arity(S) = n � 2 then there are Q1; : : : ; Qm 2 Qn such that: S � (Q1\\\�1)[[[ � � �[[[(Qm\\\�m)where f�1; : : : ; �mg =Mn;d for some d 2 ! depending on S.(As in Lemma 3.10, parts 1 and 2 are special cases of part 3; we separate them for clarity. Onlythe case n = 1 is used in Theorem 3.13; the cases n = 0 and n � 2 are included here to push theinduction through.)Proof: By induction on S. By Corollary 2.5 we can restrict attention to FODS's in prenex form.Hence, by Lemma 3.10, it su�ces to consider 3 cases to complete the induction; these are the casesfor S = (���S0), S = (�S0) and S = (PPPS0). The cases for S = (���S0) and S = (�S0) are treatedjust as in the proof of Lemma 3.10, as all parts of Lemma 3.2 invoked in that proof relative to Pnare also true relative to Qn. To conclude the induction, let S = (PPPS0) and arity(S0) = n � 2. Bythe induction hypothesis, there are Q1; : : : ; Qm 2 Qn such that:S0 � (Q1\\\�1) [[[ � � �[[[ (Qm\\\�m)where f�1; : : : ; �mg =Mn;d for some d 2 ! depending on S0. From which we can write:S = (PPPS0) � (PPP(Q1\\\�1)) [[[ � � �[[[ (PPP(Qm\\\�m))If n = 2, then Lemma 3.8 implies that S � Q for some Q 2 Q, which is the desired conclusion. Ifn � 3 then, by Lemma 3.9:S � (Q01\\\(�1 � fng)) [[[ � � �[[[ (Q0m\\\(�m � fng))18



for some Q01; : : : ; Q0m 2 Qn�1. Let d0 = maxfdegree(�1�fng); : : : ; degree(�m�fng)g. As observedwhen we de�ned the operation (�� fng) after Lemma 3.5, d0 = 1+ 2 � d. By Lemma 3.5, for everyi = 1; : : : ; m, we have (�i � fng) � �i;1 _ � � � _ �i;ki for some �i;1; : : : ; �i;ki 2 Mn�1;d0 . Hence,S � (Q01\\\�1;1) [[[ � � �[[[ (Q01\\\�1;k1) [[[(Q02\\\�2;1) [[[ � � �[[[ (Q02\\\�2;k2) [[[...(Q0m\\\�m;1) [[[ � � �[[[ (Q0m\\\�m;km)Let Q0 = ?��� � � ����? (n � 1 times). Clearly Q0 2 Qn�1. We add a conjunction (Q0\\\�) to theabove disjunction for every (n � 1)-arrangement � 2 (Mn�1;d0 � f�i;j j1 � i � m; 1 � j � kig) inorder to make S satis�es part 3 of the lemma.3.4 Q no more expressive than S over �nite ordered structuresAs S has exactly the expressive power of �rst-order logic, by Propositions 2.2 and 2.3, the nextresult is the converse of Lemma 3.11.Lemma 3.12 Every Q 2 Q de�nes a (unary) �rst-order property over a class of �nite orderedstructures.Proof: By induction on Q we prove that, over an arbitrary class of �nite ordered structures, forevery Q 2 Q there is an equivalent FO formula '(x). For the basis case, if Q = ? (respectively,Q = R 2 fR1; : : : ; R�g) then de�ne '(x) = :(x x) (respectively, '(x) = R(x)).Let Q = Q0���n where n 2 !. By the induction hypothesis, there is a FO formula '0(x)equivalent to Q0. If n = 0, de�ne '(x) = '0(x). If n � 1, the desired '(x) is:'(x) = (9y0) � � �(9yn�1) ['0(y0) ^ succ(y0; y1) ^ � � � ^ succ(yn�2; yn�1) ^ succ(yn�1; x)]where succ(x; y) = (x <<< y) ^ (8z)[x <<< z ! (y z _ y <<< z)].Let Q = Q0���1. By the induction hypothesis, there is a FO formula '0(x) equivalent to Q0.The desired '(x) is: '(x) = (9y) ['0(y) ^ (y x _ y <<< x)] :The cases for Q = Q0			n and Q = Q0			1 are treated just as Q = Q0���n and Q = Q0���1,respectively. Details omitted.The cases for Q = ���Q0, Q = Q1\\\Q2 and Q = Q1[[[Q2 are also straightforward, using theinduction hypothesis, and therefore omitted.We are ready to state the main result of this section.19



Theorem 3.13 Let C = fAigi2! be a class of �nite ordered structures, and X = fXigi2! whereXi � jAij for every i 2 !. X is a �rst-order property over C i� there is a Q 2 Q such that Xi = QAifor every i 2 !.Proof: Immediate consequence of Lemmas 3.11 and 3.12.References[1] Chang C.C. and H. Jerome Keisler, Model Theory, 2nd edition, North-Holland, 1976, pp 51-54.[2] Cosmadakis, S. S., \Database Theory and Cylindric Lattices", 28th Annual IEEE Symposiumon Foundations of Computer Science, 1987, pp 411-420.[3] Enderton H. B., A Mathematical Introduction To Logic, New York, Academic Press, 1972.[4] Monk, J. D., Mathematical Logic, New York, Springer-Verlag, 1976, pp 219-229.

20


