
A Priori Estimates for the Global ErrorCommitted by Runge{Kutta Methodsfor a Nonlinear OscillatorJitse Niesen�22 August 2001AbstractThe Alekseev{Gr�obner lemma is combined with the theory of modi�edequations to obtain an a priori estimate for the global error of numericalintegrators. This estimate is correct up to a remainder term of order h2p,where h denotes the step size and p the order of the method. It is appliedto a class of nonautonomous linear oscillatory equations, which includesthe Airy equation, thereby improving prior work which only gave thehp term. However, the result is not very surprising.Next, a single nonlinear oscillatory equation is considered, namelyy00 + ty3 = 0, and global errors of Runge{Kutta methods are calculated.Numerical experiments show that the resulting estimates are generallyaccurate. The main conclusion is that we need to do a full calculation toobtain good estimates: the behaviour is di�erent from the linear case, itis not su�cient to look only at the leading term, and merely consideringthe local error does not provide an accurate picture either.1 IntroductionThis paper is about the numerical solution of ordinary di�erential equations.Unfortunately, the outcome of the calculation is almost invariably not exact,but carries an error. The error committed by a single step of the numericalmethod is called the local (truncation) error. But in general, a single step is notsu�cient to cover the time interval of interest, so we are interested in the errorat a speci�c time, after several steps. This quantity is called the global error.It is important to have at least a rough idea of the size of the global error,so we need to estimate it. We can distinguish two approaches. One is to solvethe equation numerically, and to use the result somehow to �nd an a posterioriestimate. The other approach is to use the analytic solution, or at least someknowledge about it. This gives rise to a priori estimates.� Department of Applied Mathematics and Theoretical Physics, University of Cambridge,Silver Street, Cambridge CB3 9EW, United Kingdom, e-mail J.Niesen@damtp.cam.ac.uk.



Both types of estimates have their respective strengths. If one has actuallycomputed a numerical solution and wants to know how far o� it is, one probablyshould use an a posteriori estimate. However, for the purpose of comparingdi�erent methods, or that of devising methods which are particularly suited fora certain class of problems, there is often no choice but to use a priori estimates.Skeel [24] wrote a nice overview of various methods to obtain a posterioriestimates of the global error, but here we will concentrate on a priori estimates.Early research on this topic was done by Henrici [15] and Gragg [9], who ex-panded the global error in powers of the step size. This expansion was extendedand simpli�ed by Hairer and Lubich [12], and used by Cano and Sanz-Serna [4, 5]to analyse the behaviour of numerical methods for systems with periodic orbits.A parallel path of research is based on the Alekseev{Gr�obner lemma, to beintroduced in the next section. We merely point to the work of Iserles andS�oderlind [18], Calvo and Hairer [3], and Viswanath [25].The recent paper of Iserles [17] gives an a priori estimate for the global errorcommitted for certain linear oscillators. This estimate only concerns the �rstterm in the expansion of the global error in powers of the step size. The goalof the research described here, is to extend this work in two directions. Firstly,more (but not all) terms of the expansion are derived. Numerical experimentswill show that it is sometimes necessary to include these terms. Secondly, thee�ects of nonlinearity are studied by considering a speci�c example.This example is an Emden{Fowler equation, namely y00 + ty3 = 0. It wasselected because it is neither linear nor autonomous, and the oscillatory be-haviour of its solutions will probably lead to substantial cancellations causingmore di�culties. Yet it is still amenable to analysis, in particular because wecan derive its asymptotic solution for large t. Finally, it seems a logical sequelto the Airy equation y00 + ty = 0, considered by Iserles [17].The remainder of this paper is organized as follows. The next section intro-duces the Alekseev{Gr�obner lemma and the theory of modi�ed equations, andshows how they can be used to estimate the global error. The resulting a prioriestimates are exact up to a term of order h2p, where h is the step size and p theorder of the method. In Section 3, we show how these estimates look like forthe Airy equation. We condense the calculations because many are already de-scribed by Iserles [17]. Our speci�c nonlinear example is introduced in Section 4,where we also describe its asymptotic solution. Section 5 contains the actualcalculation of global error estimates. We require some integrals, which are com-puted in the appendix. The estimates are supported by numerical experiments,as described in Section 6. The last section discusses the results, draws theminto comparison with the work done by others, and presents some pointers forfurther research.
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2 TheorySuppose that we are solving the ordinary di�erential equationy0(t) = f(t; y(t)); y(t0) = y0; (1)where y(t) 2 Rd is a vector. We assume that f is C1 to avoid technicalitieswhich are irrelevant to our argument.Associated to this di�erential equation is the 
ow map, which is denotedhere by �ts(y0), where s stands for the initial time, t the �nal time, and y0 thestarting position. The map �ts : Rd ! Rd is de�ned by�tt(y) = y and ddt�ts(y) = f�t;�ts(y)�: (2)Its Jacobian matrix will be denoted by D�ts and is called the variational 
ow.It plays an important role in this paper, since it describes how perturbations arepropagated by the 
ow of (1). This follows from the Alekseev{Gr�obner lemma(see eg. [14]), which extends the variation-of-constants technique to nonlinearequations.Lemma 1 (Alekseev{Gr�obner). Denote by y and z the solutions ofy0 = f(t; y); y(t0) = y0; (3a)z0 = f(t; z) + g(t; z); z(t0) = y0; (3b)respectively and suppose that @f=@y exists and is continuous. Then the solutionsof (3a) and of the \perturbed" equation (3b) are connected byz(t) = y(t) + Z tt0 D�ts(z(s)) g�s; z(s)� ds: (4)Now suppose that one uses a numerical one-step method with �xed stepsize h to solve the di�erential equation (1). Letting y0 = y(t0), we denote thesubsequent results of the method by y1; y2; y3; : : : , and set tk = t0 + kh.Of course, we hope that numerical results are close to the exact solution,yk � y(tk). The quality of this approximation is measured by the global error,which is de�ned by Eh(tk) = yk � y(tk). We say that a method is of order p ifEh(t) = O(hp).As mentioned in the introduction, the goal of the analysis presented in thispaper is to obtain a priori estimates for the global error. The general ideais to view the numerical \
ow" as a perturbation of the actual 
ow of theequation. As the global error is the di�erence between the numerical and theexact solution, the Alekseev{Gr�obner lemma can be used to estimate it.There is however a problem here: the numerical method provides only val-ues at times tk, but not a continuous 
ow. Iserles and S�oderlind [18] inter-polated the numerical results to obtain a function de�ned on the whole timeinterval. Instead, we will use the theory of modi�ed equations, following Calvoand Hairer [3]. This theory, analogous to Wilkinson's backward error analysis3



in Numerical Linear Algebra, tries to �nd a di�erential equation z0 = f̂h(t; z)whose solution is close to the numerical results. Hairer and Lubich [13] provedthat one can even arrange for the solution to be exponentially close (in the stepsize h) to numerical results. This is more than su�cient to apply the followingtheorem.Theorem 2. Let y(t) be the solution of the di�erential equation (1) and D�tsdenote its variational 
ow. Suppose that a numerical method of order p producesthe values fykg. If the solution z(t) of the modi�ed equation z0 = f̂h(t; z) satis�esz(tk)� yk = O(h2p) for all k, thenEh(t) = Z tt0 D�ts(y(s)) �h�s; y(s)� ds+O(h2p); (5)where �h(t; y) = f̂h(t; y)� f(t; y).Proof. If we take the perturbed equation (3b) from the Alekseev{Gr�obner lemmato be the modi�ed equation, we deducez(t)� y(t) = Z tt0 D�ts(z(s)) �h�s; z(s)� ds:The left-hand side of this equation is Eh(t) + O(h2p). Furthermore, since themethod is of order p, we have y(t) � z(t) = O(hp). Finally, it follows from thetheory of modi�ed equations that �h(t; y) = O(hp) (see eg. [11]). Together thisproves (5).To compute the error estimate (5), we need to know the exact solution y(t),the variational 
ow D�ts, and the modi�ed equation to compute �h. Note thatthese can all be determined a priori, hence the above theorem gives an a prioriestimate for the global error.In fact, if one is interested in the long-term behaviour of the global error, itis not essential to know the exact solution over the whole time interval. It oftensu�ces to know only the asymptotic behaviour of the solution for large t, becausethis will allow one to compute the dominant contribution to the integral (5).This approach is actually taken in the computations that will follow in the nextsections.From now on, we restrict our attention to Runge{Kutta methods. We assumethat the reader is familiar with the theory of Runge{Kutta methods and B-series,as explained in the text books [14] and [19], amongst others. A B-series is aformal power series of the formB(a; y) = a(;)y +X�2T h�(�)�(�)! �(�) a(�)F (�)(y): (6)Here T denotes the set of rooted trees, a : T ! R is a coe�cient function, �(�) isthe order of the tree � , �(�) denotes the number of monotone labellings of � ,4



and F (�)(y) is the elementary di�erential of the function f associated with � .The result of any Runge{Kutta method can be written as a B-series, and thecoe�cient function a depends on the coe�cients of the method.Hairer [11] uses the concept of B-series to derive a formula for the modi�edequation, taking a similar approach to Benettin and Giorgilli [2]. Suppose thatthe outcome of the Runge{Kutta method is described by the B-series with acoe�cient function a. Then the modi�ed equation is given by z0 = 1hB(b; z),where the coe�cients are recursively de�ned byb(;) = 0; b( r) = 1; and b(�) = a(�) � �(�)Xj=2 1j!@j�1b b(�) for �(�) � 2: (7)In this formula, @b is a Lie derivative, de�ned as follows. Given two coe�cientfunctions b and c, the Lie derivative of B(c; y) with respect to B(b; y) is de�nedas ddtB(c; yb(t)), where yb(t) is a (formal) solution of the di�erential equationy0(t) = B(b; y(t)). It turns out that this is again a B-series, and its coe�cientfunction is denoted by @bc. An explicit formula for @bc is given in [11].We now use this expression for the modi�ed equation to rewrite the a prioriestimate given in Theorem 2.Theorem 3. Let y(t) be the solution of the di�erential equation (1) and let D�tsdenote its variational 
ow. Suppose that this equation is solved by a Runge{Kutta method with B-series coe�cient function a. Let b be de�ned as in (7). Ifthe numerical method has order p, then the global error satis�es:Eh(t) = X�2T�2 h�(�)�1b(�) �(�)�(�)!I� (t) +O(h2p);where I� (t) = Z tt0 D�ts(y(s))F (�)(y(s)) ds: (8)Here T�2 denotes the set of trees with order at least 2.Proof. As mentioned above, the right-hand side of the modi�ed equation is1hB(b; z), with b as in (7). Now F ( r) = f , so the �rst term in this B-series isthe right-hand side of the original equation (1). Hence their di�erence �h(t; y)equals X�2T�2 h�(�)�1�(�)! �(�) b(�)F (�)(y):We now substitute this expression in (5) and move the scalar factors out of theintegral (remember that the variational 
ow D�ts is a linear operator). Thisresults in (8).Note that the error estimate (8) nicely separates the problem and the method.The method only enters the estimate via the coe�cients b(�). On the otherhand, the value of the integrals I� is completely determined by the particularequation one is solving. As their role in the global error estimate (8) is similarto the role of the elementary di�erential F (�)(y) in the local error, we will callI� the elementary integral associated with � .5



3 The Airy equationIserles [17] studied in detail the leading term of the global error committed byvarious methods, including Runge{Kutta methods, for the Airy equationy00 + ty = 0; t � 0; y(0) = y0; y0(0) = y00: (9)Here we will use Theorem 3 to extend his analysis to include higher-order terms.This will prepare us for the study of a nonlinear variant of the Airy equation,viz. (14).The asymptotic solution of (9) for large t can be found by the Liouville{Green approximation [21], which is also known, particularly to physicists, asthe WKB(J)-approximation:�y(t)y0(t)� � �(t)R(�(t))S0: (10)Here S0 is a vector whose value is determined by the initial conditions, and�(t) = 23 t3=2. Furthermore,�(t) = �t�1=4 00 t1=4� and R(�) = � cos � sin �� sin � cos �� :Note that �(t) is a scaling matrix and R(�) is a rotation.We want to apply (8) to derive an estimate for the global error, so we haveto calculate the elementary di�erentials F (�)(y). This has already been doneby Iserles [17]. He concludes that amongst all the trees of order k, the talltree without branches dominates. We denote this tree by � jk (anticipating ouranalysis of a nonlinear variant of (9), compare with the trees in Table 1). Theelementary di�erential associated to this tree is F (� jk)(y) = F̂ky, withF̂2r � �(�t)r 00 (�t)r� and F̂2r+1 � � 0 (�t)r(�t)r+1 0 � : (11)The next step is to compute the elementary integral I� jk , de�ned in (8). We willuse the shorthand Ik for this elementary integral. Hence we need the variational
ow D�ts. But since the Airy equation (9) is linear, the variational 
ow equalsthe 
ow map �ts, so we can deduce from (10) thatD�ts = �ts � �(t)R��(t)� �(s)���1(s): (12)Now we need to substitute (10), (11), and (12) in the elementary integral Ik =R t0 D�tsF̂ky(s) ds. For even k we �ndI2r � Z t0 �(t)R��(t)� �(s)���1(s) � (�s)r�(s)R(�(s))S0 ds= Z t0 (�s)r ds � �(t)R(�(t))S0 = (�1)r trr + 1y(t):6



For odd k, the calculation is only a bit more complicated. First we compute thematrix product that appears in the middle of the integrand:��1(s)F̂2r+1�(s) = (�1)rsr+ 12R( 12�):Note that R( 12�) = � 0 1�1 0 �. With this result, we can tackle the integral,I2r+1 �Z t0 (�1)rsr+12 ds � �(t)R��(t) + 12��S0 = (�1)r tr+ 32r + 32 yR(t):Here yR(t) is the (asymptotic) solution of the Airy equation (9) with oppositephase. It is given by yR(t) = �(t)R��(t) + 12��S0: (13)To �nd an estimate for the error, we have to substitute the above integralsin (8). This givesEh(t) � C1ht2y(t) + C2h2t5=2yR(t) + C3h3t3y(t)+ C4h4t7=2yR(t) + � � �+O(h2p);where Ck = b(� jk+1)(k + 1)! ( 12k + 1) :Note that for a method of order p, the B-series coe�cient of any tree whoseorder does not exceed p vanishes. Therefore, the hk term vanishes as well fork < p, in agreement with the general theory.Note furthermore that the nature of the particular Runge{Kutta methodused, has no in
uence on the growth rate of the global error. It does notmatter whether the method is for instance A-stable or symplectic. There isone exception to this, as pointed out by Orel [22]: for methods with b(� jp) = 0,the dominant term in the above estimate vanishes. Hence such methods shouldperform better than general Runge{Kutta methods.It is possible to generalize the asymptotic solution (10) to a class of nonau-tonomous oscillators. Under the assumptions given by Iserles [17] and repro-duced in Theorem 4 below, the asymptotic solution of the equation y00+g(t)y = 0is still given by (10), except that now �(t) = R t0 pg(s) ds. The rest of the com-putation stays essentially the same. Its result is given by the following theorem.Theorem 4. Suppose we are solving the nonautonomous linear oscillatory00 + g(t)y = 0; t � 0; y(0) = y0; y0(0) = y00;where g(t) is positive for su�ciently large t, jg(`)(t)j = o�g(t)1=`� as t ! 1,and lim supt!1 g(t) = +1. If we use a Runge{Kutta method with B-seriescoe�cient function a, and b is de�ned as in (7), then the global error isEh(t) � " 1Xr=1(�1)r b(� j2r+1)(2r + 1)! h2r Z tt0 g(s)r+ 12 ds# yR(t)+ " 1Xr=0(�1)r+1 b(� j2r+2)(2r + 2)! h2r+1 Z tt0 g(s)r+1 ds# y(t) +O(h2p):Here p denotes the order of the method, and y(t) and yR(t) are given by (10)and (13) respectively, with �(t) = R t0 pg(s) ds.7



4 A nonlinear oscillatorThe previous section should be considered as a mere warm-up to the real chal-lenge: a nonlinear oscillator. The following equation seems to us to be thesimplest nonlinear variant of the Airy equation (9),y00 + ty3 = 0; t � 0; y(0) = y0; y0(0) = y00: (14)It is a particular instance of the Emden{Fowler equation y00 + t�y
 = 0, seeeg. [26]. If � = 1� 
, the Emden{Fowler equation reduces to the Lane{Emdenequation which was originally proposed to model stars. Considering the staras a radially symmetric gaseous polytrope of index 
 in thermodynamic andhydrostatic equilibrium, the relation between the density and the distance tothe centre satis�es the Lane{Emden equation [6].The equation (14) has an obvious scaling symmetry, which can be usedto reduce the order. Here we will use a di�erent approach though, becausethe asymptotic solution as t ! 1 will su�ce for our purposes. Consider thetransformation y(t) = 23p2 t�1=6w(t4=3): (15)If we apply (15) to the di�erential equation (14), we get3227p2 t1=2�w00(t4=3) + 12w3(t4=3) + 764 t�8=3w(t4=3)� = 0:For large t, we can (hopefully) neglect the t�8=3 term and the equation is ap-proximated well by to the biharmonic oscillator w00 + 12w3 = 0. The generalsolution of this equation isw(t) = c1 sd(c1t+ c2 j 12 ); (16)where sd( � j 12 ) denotes the Jacobi elliptic function with parameter m = 12 ,see eg. [20]. Note that c1 determines the amplitude of the oscillation, while c2determines the phase. In other, more sophisticated terms, (c1; c2) are action-angle coordinates of the Hamiltonian system corresponding to the biharmonicoscillator (see eg. [1]).From now on, we will drop the parameter 12 in (16). The function sd(t),restricted to the real axis, is depicted in Figure 1. It is an odd, periodic functionwith period tper = 2�3=2[�( 34 )]�2 � 7:416.To obtain the solution of the original di�erential equation (14), we simplysubstitute (16) in (15). This yields an asymptotic solution of (14) for large t,y(t) � 23p2 c1t�1=6 sd(c1t4=3 + c2): (17)So the amplitude of the oscillations attenuates, but the oscillations grow everfaster.In Figure 2, we plot the Liouville{Green approximation (17), together withthe exact solution of (14), using y(0) = 1 and y0(0) = 0 as initial conditions.Note that the approximation is already close for modest values of t. In the com-putation to be performed in the next section, we will in fact pretend that (17)gives the exact solution. 8
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tFigure 2: The exact solution (solidline), and the asymptotic approxima-tion (dashed line).5 Global error of Runge{Kutta methodsIn this section, we repeat the computation of Section 3 for the nonlinear oscil-lator (14) with asymptotic solution (17).The �rst task is the computation of elementary di�erentials F (�)(y). Forthis we need to convert the di�erential equation to a system of autonomous�rst-order equations, y01 = y2;y02 = �y3y31 ;y03 = 1: (18)Here y1, y2, and y3 correspond to y, y0, and t in the original equation (14)respectively.To get some intuition for the behaviour of the elementary di�erentials, wecompute the di�erentials corresponding to the trees of order � 4. The resultsare assembled in Table 1. Looking at the asymptotic solution (17), we seethat y1 = O(t�1=6) and y2 = O(t1=6). This allows us to compute the order ofmagnitude of the elementary di�erentials, which we also list in Table 1. We seethat the di�erentials corresponding to trees of equal order have the same orderof magnitude. This is in stark contrast to the linear Airy equation, where thedi�erential corresponding to the tall tree � jk dominates.Table 1 suggests that the elementary di�erential corresponding to a tree �of order k is of the formF (�)(y) = �C1y4c+1�k1 yk�2c2 yk3 +O(yk�13 )C2y4d�k1 yk+1�2d2 yk3 +O(yk�13 )� ; (19)where c and d are integers such that none of the exponents is negative, and Cidenotes a constant, which may depend on the tree � .9



Tree Elementary di�erential Elementary integral� F (�)(y) I� (t) = R t0 D�tsF (�)(y) ds� j2 : rr � �y31y3�3y21y2y3 � y31� = �O(t1=2)O(t5=6)� "� 128675p2 c41�t17=6 sd0(~t)2562025p2 c51�t19=6 sd3(~t)#�a3 : rJJr 

r � 0�6y1y22y3 � 6y21y2� = � 0O(t7=6)� "� 32135p2 c41�t11=6 sd0(~t)64405p2 c51�t13=6 sd3(~t) #� j3 : rrr ��3y21y2y3 � y313y51y23 � = �O(t5=6)O(t7=6)� "� 208135p2 c41�t11=6 sd0(~t)416405p2 c51�t13=6 sd3(~t) #�a4 : r@r r�r � 0�6y32y3 � 18y1y22� = � 0O(t3=2)� "� 409614553p2 c61t7=2 sd0(~t)819243659p2 c71t23=6 sd3(~t)#� b4 : rJJr 

rr � 06y41y2y23 + 3y51y3� = � 0O(t3=2)� " 409643659p2 c61t7=2 sd0(~t)� 8192130977p2 c71t23=6 sd3(~t)#�c4 : rrJJr 

r ��6y1y22y3 � 6y21y20 � = �O(t7=6)0 � "� 409643659p2 c61t7=2 sd0(~t)8192130977p2 c71t23=6 sd3(~t)#� j4 : rrrr � 3y51y239y41y2y23 + 3y51y3� = �O(t7=6)O(t3=2)� " 1638443659p2 c61t7=2 sd0(~t)� 32768130977p2 c71t23=6 sd3(~t)#Table 1: Trees of order � 4, with their elementary di�erentials and integrals forthe nonlinear oscillator (18). The third component is suppressed as it is alwayszero. In the last column, � is as in (33), ~t = c1t4=3 + c2, and only the term ofleading order is displayed.
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To prove this, we initially neglect the third component. From the de�nitionof the elementary di�erentials, it follows that they obey the following recursiverelations (where the argument y is deleted):F1( r) = y2; F2( r) = �y31y3;F1� r� � = F2(�); F2� r� � = �3y21y3F1(�);F1� r@�1 :::��k� = 0 (k � 2); F2� rJJ�1 

�2� = �6y1F1(�1)F1(�2);F2� r@�1 �2��3� = �6F1(�1)F1(�2)F1(�3);F2� r@�1 :::��k� = 0 (k � 4):The result (19) easily follows by induction. Insofar as the third component(representing time) is concerned, careful reasoning shows that its e�ect is toadd more terms to (19). But the extra terms have lower order of magnitude. Tobe precise, di�erentiating with respect to y3 decreases the powers of y2 and y3by one, and increases the power of y1 by one. These extra terms are representedby the O terms in (19).If we substitute the asymptotic solution (17) in the above formula for ele-mentary di�erentials, we �ndF (�)(y(t)) = �C3 t 13k� 16 sd4c+1�k(~t) (sd0)k�2c(~t) +O(t 13k� 32 )C4 t 13k+ 16 sd4d�k(~t) (sd0)k+1�2d(~t) +O(t 13k� 76 )� : (20)Here we use the abbreviation ~t = c1t4=3+ c2. Note that the growth rates of theelementary di�erentials are indeed solely determined by the order k.The next step is to calculate the elementary integral I� . For this, we needto multiply the above di�erential with the variational 
ow matrix and integratethe resulting expression. To compute the variational 
ow, we introduce themap Xt : R2 ! R2, de�ned by:Xt(c) = � 23p2 c1t�1=6 sd(c1t4=3 + c2)89p2 c21t1=6 sd(c1t4=3 + c2) � : (21)So Xt maps the parameter space to the solution space at time t. Neglectinglower-order terms, it follows that the 
ow map satis�es �ts = Xt �X�1s . Hencewe can write the elementary integral (8) as:I� (t) � DXt(c) Z t0 DX�1s (y(s))F (�)(y(s)) ds: (22)To �nd the integrand in the above expression, we multiply the inverse of theJacobian matrix of (21) with (20). With the help of (32), we can write theintegrand as�s 13k�C5 sd4c+4�k(~s) (sd0)k�2c(~s) + C6 sd4c�k(~s) (sd0)k+2�2c(~s)�+O(s 13k� 43 )s 13 k+ 43 �C7 sd4d+4�k(~s) (sd0)k�2d(~s) + C8 sd4d�k(~s) (sd0)k+2�2d(~s)�+O(s 13k)� ;(23)11



where ~s = c1s4=3 + c2. Now consider the exponents of sd(~s) and sd0(~s) inthe above expression. If k is even, these exponents are also even and hencethe integrand is nonnegative. However, in the case when k is odd, the ellipticfunctions are raised to an odd power, which means that the integrand oscillatesaround zero. Thus we can expect cancellations in the latter case, but not ifk is even. We stress that this phenomenon does not occur in the linear case,analysed in Section 3.The calculations performed in Appendix A substantiate this claim. We canuse the �nal result (35) to integrate (23). The outcome isZ t0 DX�1s F (�)(y) ds = 8>>>><>>>>:"C9 t 13k+1 +O(t 13k� 13 )C10 t 13k+ 73 +O(t 13k+1)# ; if k is even;" ~C11(~t) t 13k� 13 +O(t 13 k� 53 )~C12(~t) t 13k+1 +O(t 13 k� 13 )# ; if k is odd: (24)As explained in Appendix A, ~Ci( � ) denotes a periodic function, so ~Ci(~t) oscil-lates with the same \local period" as the solution of the di�erential equation.Actually, the case when k is odd requires a more precise calculation. Due tothe oscillations in the leading term of the integrand (23), the remainder termalso needs to be considered. The �rst component has the formC13s 13k� 43 sd`(~s) (sd0)m(~s) +O(s 13k� 83 );where the exponents ` and m are even. Hence its integral is C14t 13k+O(t 13k� 43 ),cf. (35). We conclude that it has the same order as the integral of the leadingterm in (23). The same goes for the second component.To compute the elementary integral I� , we need to premultiply the inte-gral (24) with DXt, cf. (22). But the expression (24) has an interpretation byitself. Remember that Xt maps the parameter space to the solution space. Sothe integral (24) represents the error in the parameter space. We conclude thatthe energy error associated with the tree � grows as t 13k+1 if k is even, andas t 13k� 13 if k is odd. The second component gives the phase error.Multiplying the Jacobian matrix of the map Xt with the integral (24) givesus the elementary integralsI� (t) =8>>>><>>>>:" ~C15(~t) t 13 k+ 136 +O(t 13k+ 56 )~C16(~t) t 13k+ 52 +O(t 13k+ 76 ) # ; if k is even;" ~C17(~t) t 13 k+ 56 +O(t 13k� 12 )~C18(~t) t 13 k+ 76 +O(t 13k� 16 )# ; if k is odd:The elementary integrals for trees whose order does not exceed 4 are listedin Table 1. These results include the actual value of the ~Ci(~t) in the aboveequation. 12



Finally we can �nd an estimate for the global error by adding the contribu-tions of all trees according to (8). For the �rst component, we �nd (where the~Ci are di�erent from above)Eh(t) � ~C1(~t)ht17=6 + ~C2(~t)h2t11=6 + ~C3(~t)h3t7=2 + ~C4(~t)h4t5=2 + � � �+O(h2p):More formally, we have the following result.Theorem 5. Suppose we are solving the nonlinear oscillator equationy00 + ty3 = 0; t � 0; y(0) = y0; y0(0) = y00;with a numerical method of order p, that can be expressed as a B-series. Thenthe global error has the formEh(t) = X2r�ph2r � ~C12r(~t) t 23 r+ 76 +O(t 23 r� 16 )~C22r(~t) t 23 r+ 32 +O(t 23 r+ 16 )�+ X2r+1�ph2r+1 � ~C12r+1(~t) t 23 r+ 176 +O(t 23 r+ 32 )~C22r+1(~t) t 23 r+ 196 +O(t 23 r+ 116 )�+O(h2p):Here ~Cik(~t) denotes a function that is periodic in ~t = c1t4=3 + c2.We would again like to draw the reader's attention to the di�erence betweenthe even and the odd powers of h. Unfortunately, we do not know what causesthis di�erence, and whether it also occurs for other di�erential equations.6 Numerical experimentsThe purpose of this section is to supplement the calculations of the previoussection with some numerical experiments. In particular, we want to see whetherwe were justi�ed in using the asymptotic solution (17). Furthermore, it could beinteresting to study whether the O(hp) term of the global errorEh(t) dominates,or whether other terms have to be taken into account.Our �rst example concerns Runge's second order method, given byyn+1 = yn + hf�tn + 12h; yn + 12hf(tn; yn)�: (25)This is a Runge{Kutta method, hence it can be written as a B-series B(aR; y).Some values of the function aR areaR( r) = 1; aR( rr) = 1; aR� rJJr 

r� = 34 ; aR� r@r r�r� = 12 ;aR� rrr� = aR� rJJr 

rr� = aR� rrrr� = aR� rrJJr 

r� = 0:It follows from (7) that the B-series coe�cients of the modi�ed equation arebR( r) = 1; bR( rr) = 0; bR� rJJr 

r� = � 14 ; bR� rrr� = �1;bR� r@r r�r� = 0; bR� rJJr 

rr� = 0; bR� rrrr� = 3; bR� rrJJr 

r� = 32 :13
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Figure 3: The �rst component of the global error committed by Runge's second-order method, and the estimate (26).If we use these numbers in the error estimate (8), together with the elementaryintegrals from Table 1, we obtain the following estimate for the global errorcommitted by Runge's method:Eh(t) � h2 " 415p2 c41�t11=6 sd0(~t)� 845p2 c51�t13=6 sd3(~t)#+ h3 " 2566237p2 c61t7=2 sd0(~t)� 51218711p2 c71t23=6 sd3(~t)# : (26)To check this estimate, we compute the solution of the nonlinear oscillator (14)with Runge's second-order method (25). The initial conditions are y(0) = 1 andy0(0) = 0, which lead to a solution with c1 � 0:7. The solution is comparedto the result of the standard fourth-order Runge{Kutta method with step sizeh = 1=10000. According to Theorem 5, this would give an error of about 10�9,so we can consider this to be the exact solution. Hence the global error Eh(t)is computed by subtracting the result of Runge's method from the \exact"solution. The �rst component is depicted in Figure 3. The left column showsthe time interval [0; 50], and on the right the larger interval [0; 2000] is displayed.In the left column of Figure 3, the oscillating curve shows the global er-ror Eh(t). The oscillating behaviour is correctly predicted by the error esti-14



mate (26); this is the factor sd0(~t). The amplitude of the oscillations, as pre-dicted by (26), is shown by the thick curve in the left-hand column in Figure 3.We see that the estimate (26) describes the actual error accurately.The right-hand column of Figure 3 shows a much larger time interval. Herethe oscillations are compressed so heavily that the error appears as a grey blob.The dashed curve shows the �rst, leading term of the error estimate (26), andthe solid curve shows the sum of both terms. We conclude that the leadingh2 term of the estimate does not describe the actual error correctly, but thatthe error is predicted accurately if the h3 term is included. For h = 1=1000the latter estimate breaks down around t = 1200. We note that at that point,the amplitude of the solution is approximately 0:3 and the error has about thesame size, so the numerical solution has deviated considerably from the exactsolution. For smaller values of the step size, the estimate (26) is accurate overthe entire time interval [0; 2000].It follows that for large t (which here means: in the order of 1000), Runge'smethod behaves essentially as a third-order method. To check this, we compareit with Heun's classical third-order method:k1 = f(tn; yn)k2 = f(tn + 13h; yn + 13hk1)k3 = f(tn + 23h; yn + 13hk2)yn+1 = yn + h( 13k1 + 23k3) Butcher tableau:01=3 1=32=3 0 2=31=4 0 3=4 (27)A similar calculation as for Runge's second-order method gives the followingestimate for the global error committed by this method:Eh(t) � h3 "� 51235721p2 c61t7=2 sd0(~t)1024107163p2 c71t23=6 sd3(~t)#+ h4 " 50208229635p2 c61t5=2 sd0(~t)� 60416688905p2 c71t17=6 sd3(~t)#+ h5 " 55705634543665p2 c81�t25=6 sd0(~t)� 1114112103630995p2 c91�t9=2 sd3(~t)# : (28)The actual error and the above estimates, for step size h = 1=2000, are dis-played in the second row of Figure 4. The �rst row displays Runge's second-order method. We see that the error estimate (28) again provides an excellentdescription of the actual error. Furthermore, the di�erence in order betweenRunge's and Heun's methods shows clearly for small values of t (see the left-hand column in Figure 4). For large values of t however (cf. the right-handcolumn), Runge's method behaves essentially as a third-order method and wesee indeed that the di�erence between the two methods is much smaller.The bottom row in Figure 4 shows a specially tuned method. Rememberfrom Section 3 that for the Airy equation (9), the contribution of the tree � jk tothe global error dominates, and this is used by Orel [22] to construct speciallytuned Runge{Kutta methods. We found in Section 5 that this is not the casefor the nonlinear oscillator (14). However, if we carefully study the elementary15
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integrals I� in Table 1, we see that they are scalar multiples of each other:4I�a4 (t) = �12I�b4 (t) = 12I�c4 (t) = �3I� j4 (t):Therefore, bearing in mind the factor �(�) in Theorem 3, the h3 term will bekilled for a third-order method with3b� r@r r�r�� 3b� rJJr 

rr�+ b� rrJJr 

r�� 4b� rrrr� = 0:From the general theory, it follows that a method has order three ifb( r) = 1 and b( rr) = b� rJJr 

r� = b� rrr� = 0:These are �ve conditions together. An explicit 3-stage Runge{Kutta methodhas six free parameters, so there is some hope that we can �nd such a methodsatisfying these �ve conditions. Indeed, it turns out that there exists a one-parameter family of these methods. A particular instance is:k1 = f(tn; yn)k2 = f(tn + h; yn + hk1)k3 = f(tn + 32h; yn + 94hk1 � 34hk2)yn+1 = yn + h( 718k1 + 56k2 � 29k3) Butcher tableau:01 13=2 9=4 �3=47=18 5=6 �2=9 (29)If we compute the estimate for the global error of this method, we �ndEh(t) � h4 "� 500825515p2 c61t5=2 sd0(~t)1001676545p2 c71t17=6 sd3(~t)#+ h5 "� 788481279395p2 c81�t25=6 sd0(~t)1576963838185p2 c91�t9=2 sd3(~t) # : (30)As expected, the h3 term has disappeared. This estimate, together with theactual error, is displayed in the bottom row of Figure 4. We see that theglobal error of this method is much smaller than that of Heun's method, thoughboth methods are of third order. The other thing to note is that the errorestimate (30) is not as accurate as for the other methods, even though it predictsthe right order of magnitude.We stress that we are not recommending the use of the method (29); it workswell for this equation but we know of no reason whatsoever why it should alsoperform well for other equations. It may however be important to gain a betterunderstanding of the mechanisms that cause this method to work so well.The reader should keep in mind that the local error of the method (29)is still O(h4), as for all third-order methods. In fact, the B-series coe�cientfunction aT of the method (29) satis�esaT � r@r r�r� = 13 ; aT� rJJr 

rr� = 2; aT� rrJJr 

r� = 2; aT� rrrr� = 0:17



So the local error of this method isB(aT � e; y) = h4 � � 18y51y23 � 14y1y22y3 � 14y21y238y41y2y23 + 14y51y3 + 16y32y3 + 12y1y22�+O(h5):where e denotes the function with e(;) = 0 and e(�) = 1 for � 6= ; (the B-seriesB(e; y) gives the exact solution [11], so B(aT � e; y) is the local error).It follows that the global error Eh(t) must be O(h3), in contrast to the errorestimate (30). It is only the term of order h3[t7=2; t23=6]>, which for genericthird-order methods dominates the h3 term, that disappears. But there stillis an h3 contribution to the global error. We believe that this contributionexplains the substantial di�erence between the estimated and the actual errorfor this method, as displayed in Figure 4. The di�erence in the shape of theoscillations of the global error for the last method supports this conclusion.7 DiscussionWe used a combination of the Alekseev{Gr�obner lemma, the theory of modi�edequations, and asymptotics to calculate an estimate for the global error com-mitted by a Runge{Kutta method for a class of linear oscillators, and a speci�cnonlinear oscillator. Numerical experiments show that these estimates are ingeneral accurate.While in the linear case, the global error behaves more or less as we expectedafter the analysis by Iserles [17], the nonlinear case brings some surprises whichindicate that the entire calculation of Section 5 is necessary. The speciallytuned method (29) shows that it is not enough to consider only the local error.It neither su�ces to study just the �rst term of order hp; Figure 4 shows thatthe next term sometimes dominates. Finally, a comparison of Theorems 4 and 5shows that linear and nonlinear oscillators can behave di�erently.Let us highlight these di�erences. In the linear case, the contribution of onesingle tree (namely the tall, branchless tree) dominates the local error. Thisis no longer the case for the nonlinear oscillator (14). On the other hand, thecontributions of all trees of the same order to the global error are constantmultiples of one another (this has been checked for order � 6). This allows usto kill the leading term of the global error. Experiments show that this strategyindeed works, but we still do not completely understand what is going on.The other di�erence concerns the integral in the error estimate. The integra-tion may bring down the time exponent due to oscillations in the integrand. Forour equation this happens for even powers of h. As a consequence, the lowestorder term in the expansion of the global error in powers of h does not alwaysreveal the true behaviour of the global error, as the next term may dominatefor su�ciently large values of t.We stress that we have only considered one particular nonlinear oscillator,namely the Emden{Fowler equation (14). Hence we do not know how generalthese phenomena are. We plan to try and repeat the above analysis for otherequations. An obvious target is the generalized Emden{Fowler equation, given18



by y00+ a(t)y
 = 0 with a(t) > 0 [26]. A more ambitious plan is to try and con-nect our analysis to the recent interest in highly-oscillatory systems, triggeredby Garc��a-Archilla, Sanz-Serna and Skeel [8], and Hochbruck and Lubich [16].A delicate issue is the validity region of the estimates derived in this paper. Ift is too large the O(h2p) term will probably dominate, rendering the estimatesworthless. On the other hand, the estimates of Sections 3, 5, and 6 use theasymptotic solution as t!1, so we need t to be su�ciently large. In any case,the step size h needs to be su�ciently small; but if it is very small only thehp term will contribute. The �nal thing to keep in mind is that the expansionof the modi�ed equation in powers of h usually diverges. The only de�nitivestatement we can make is that more research needs to be done on this issue.This paper has concentrated on Runge{Kutta methods. Of course, thereare many other methods. If one knows that the solution will be oscillatory,one is probably better o� with a method that is speci�cally designed for thiscase. The reader is refered to the review paper by Petzold, Jay and Yen [23]for examples. We hope that the framework of Section 2 is su�ciently 
exible toinclude a wide variety of methods. This requires a theory of modi�ed equationsfor these methods, as Hairer [10] and Faltinsen [7] have done for multistep andLie-group methods respectively. Another challenge is presented by variable stepsize methods.Let us end by comparing the general estimates from Section 2, especiallyTheorem 2, with some results from the literature. The estimate derived byIserles [17] can be written asEh(t) = 1h Z tt0 D�ts(y(s))Lh�s; y(s)�ds+O(hp+1); (31)where Lh(t; y) denotes the local error of the method. Indeed, this estimatefollows from (5). We note that (31) gives only the O(hp) term of the globalerror, and we know that this does not always paint an accurate picture. On theother hand, the local error is easier to determine than the modi�ed equation.Earlier, Viswanath [25] took quite a di�erent approach but derived a boundon the global error which can be brought to almost the same form as (31),namely Eh(t) � Z tt0 kD�ts(y(s))k ds � 1h maxt jLh(t; y(t))j+O(hp+1):This bound severly overestimates the actual error in some circumstances. Onthe other hand, Viswanath [25] showed that the �rst factor can be estimatedfor some large classes of problems, yielding an upper bound for the global errorof any reasonable method.The �nal note should be on the older but still highly relevant work of Hairerand Lubich [12], who built upon Gragg's asymptotic expansion [9]. They ex-panded the global error in powers of the step size h, and showed how the termscan be found recursively by solving a di�erential equation involving the previousterm. In principle, all terms of the asymptotic expansion of the global error can19



be found in this way. Unfortunately, we are not able to solve the di�erentialequations that appear when we apply their approach to the nonlinear oscilla-tor (14). The �rst p terms of Hairer and Lubich's expansion must obviouslyequal the integral in (5). However, the connection has not been found yet.AcknowledgementsThis work has greatly bene�ted from discussions of its author with Chris Budd,Stig Faltinsen, Arieh Iserles, Per Christian Moan, Matthew Piggott, and DivakarViswanath. The �nancial support from the EPSRC, Nu�c, VSB Funds, andothers is gratefully acknowledged.References[1] R. Abraham and J. E. Marsden. Foundations of Mechanics. Benja-min/Cummings, Reading, MA, second edition, 1978.[2] G. Benettin and A. Giorgilli. On the Hamiltonian interpolation of near-to-the identity symplectic mappings with application to symplectic integrationalgorithms. J. Stat. Phys., 74(5/6):1117{1143, 1994.[3] M. P. Calvo and E. Hairer. Accurate long-term integration of dynamicalsystems. Appl. Numer. Math., 18:95{105, 1995.[4] B. Cano and J. M. Sanz-Serna. Error growth in the numerical integrationof periodic orbits, with application to Hamiltonian and reversible systems.SIAM J. Numer. Anal., 34(4):1391{1417, 1997.[5] B. Cano and J. M. Sanz-Serna. Error growth in the numerical integra-tion of periodic orbits by multistep methods, with application to reversiblesystems. IMA J. Numer. Anal., 18(1):57{75, 1998.[6] S. Chandrasekhar. An Introduction to the Study of Stellar Structure. Uni-versity of Chicago Press, 1939.[7] S. Faltinsen. Backward error analysis for Lie-group methods. BIT,40(4):652{670, 2000.[8] B. Garc��a-Archilla, J. M. Sanz-Serna, and R. D. Skeel. Long-time-stepmethods for oscillatory di�erential equations. SIAM J. Sci. Comput.,20(3):930{963, 1999.[9] W. B. Gragg. Repeated Extrapolation to the Limit in the Numerical Solutionof Ordinary Di�erential Equations. PhD thesis, University of California,Los Angeles, 1964.[10] E. Hairer. Backward error analysis for multistep methods. Numer. Math.,84(2):199{232, 1999. 20



[11] E. Hairer. Numerical geometric integration. Lecture notes, 1999. Availableat http://www.unige.ch/math/folks/hairer/polycop.html.[12] E. Hairer and C. Lubich. Asymptotic expansions of the global error of�xed-stepsize methods. Numer. Math., 45:345{360, 1984.[13] E. Hairer and C. Lubich. The life-span of backward error analysis fornumerical integrators. Numer. Math., 76:441{462, 1997.[14] E. Hairer, S. N�rsett, and G. Wanner. Solving Ordinary Di�erential Equa-tions I. Nonsti� Problems. Springer-Verlag, Berlin, second edition, 1993.[15] P. Henrici. Discrete Variable Methods in Ordinary Di�erential Equations.John Wiley & Sons, New York, 1962.[16] M. Hochbruck and C. Lubich. A Gautschi-type method for oscillatorysecond-order di�erential equations. Numer. Math., 83(3):403{426, 1999.[17] A. Iserles. On the global error of discretization methods for highly-oscillatory ordinary di�erential equations. To appear in BIT, 2001.[18] A. Iserles and G. S�oderlind. Global bounds on numerical error for ordinarydi�erential equations. J. Complexity, 9:97{112, 1993.[19] J. D. Lambert. Numerical Methods for Ordinary Di�erential Equations:The Initial Value Problem. John Wiley & Sons, Chichester, 1991.[20] E. H. Neville. Jacobian Elliptic Functions. Clarendon Press, Oxford, 1944.[21] F. W. Olver. Asymptotics and Special Functions. Academic Press, NewYork-London, 1974.[22] B. Orel. Runge{Kutta and Magnus methods for oscillatory ODEs. Talkdelivered at SciCADE '01, Vancouver, 2001.[23] L. R. Petzold, L. O. Jay, and J. Yen. Numerical solution of highly oscillatoryordinary di�erential equations. Acta Numerica, 6:437{483, 1997.[24] R. D. Skeel. Thirteen ways to estimate global error. Numer. Math., 48(1):1{20, 1986.[25] D. Viswanath. Global errors of numerical ODE solvers and Lyapunov'stheory of stability. IMA J. Numer. Anal., 21(1):387{406, 2001.[26] J. S. W. Wong. On the generalized Emden{Fowler equation. SIAM Review,17(2):339{360, 1975.
21



A Some integrals involving elliptic functionsIn Section 5, we need the integral of expressions of the form tk sd`(~t) (sd0)m(~t) forinteger values of ` and m, where ~t = c1t4=3 + c2. These integrals are calculatedin this appendix.First we need some general facts about the elliptic function sd(t). We referthe reader to Neville [20] for details. The derivatives of sd(t) satisfy(sd0)2(t) = 1� 14 sd4(t) and sd00(t) = � 12 sd3(t): (32)The latter formula shows that sd(t) indeed solves the biharmonic oscillator equa-tion (14).From the periodicity we deduce that (recalling that tper denotes the period)Z t0 sd2(s) ds = �t+O(1); where � = 1tper Z tper0 sd2(s) ds � 0:91389: (33)We use this and integration by parts (twice) to integrate tk sd2(~t), with k � 13 :Z t0 sk sd2(~s) ds = �k + 1 tk+1 +O(tk� 13 ); where ~s = c1s4=3 + c2:Using (32) and again integration by parts, we �nd the following recurrencerelation for ` � 4, which allows us to integrate all expressions of the formtk sd`(~t) with ` even:Z t0 sk sd`(~s) ds = 4(`� 3)`� 1 Z tk sd`�4(~t) dt+O(tk� 13 ): (34)On the other hand, we have, using again integration by parts,Z t0 sk sd`(~s) sd0(~s) ds = 34(`+ 1)c1 �tk� 13 sd`+1(~t)� (k � 13 ) Z tk� 43 sd`+1(~t) dt�:Together with (34), this takes care of expressions of the form sk sd`(~s) sd0(~s).Finally, an integral of the form R t0 sk sd`(~s) (sd0)m(~s) ds with m � 2 can bereduced to one of these forms by (32). This givesZ t0 sk sd`(~s) (sd0)m(~s) ds = (C`;m tk+1 +O(tk� 13 ); if `;m are even;~C`;m(~t) tk� 13 +O(tk� 53 ); if `;m are odd: (35)Here C`;m denotes a constant, and ~C`;m(~t) denotes a sum of terms of the formsd`0(~t) (sd0)m0(~t) where `0 and m0 are integers. So, ~C`;m(~t) is periodic in ~t.We do not need to consider the case that ` and m have di�erent parity.
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