
Isomorphisms between Artin-S
hreier TowersJean-Mar
 CouveignesGroupe de Re
her
he en Math�ematiques et Informatique du MirailUniversit�e de Toulouse II, Le Mirail
Abstra
tWe give a method for eÆ
iently 
omputing isomorphisms between tow-ers of Artin-S
hreier extensions over a �nite �eld. We �nd that isomor-phisms between towers of degree pn over a �xed �eld Fq 
an be 
omputed,
omposed and inverted in time essentially linear in pn. The method relieson an approximation pro
ess.1 Introdu
tionLet Fq be a �nite �eld with q = pd elements. Let Ln be an extension of degreepn of Fq , given as a towerLn � Ln�1 � ::: � L1 � L0 = Fq (1)of non-trivial Artin-S
hreier extensions ea
h de�ned byLk+1 = Lk(xk+1) with xpk+1 � xk+1 � ak = 0 and ak 2 Lk:We 
all n the length of the tower.Artin-S
hreier towers naturally arise in 
omputational algebrai
 geometry. Inparti
ular, let G = Gal( �Fq=Fq ) be the absolute Galois group of Fq . Morphismsbetween abelian varieties A and B de�ned over Fq indu
e G-morphisms betweenthe Tate modules T`(A) and T`(B). If ` 6= p, this 
orresponden
e is known to bebije
tive, by a theorem of Tate [8℄. If ` = p, A simple and T`(A) is non-zero, thenthe 
orrepondan
e is inje
tive. Assume the p-torsion of A and B is de�ned overFq . One 
an easily show that the de�nition �eld Lk of the pk+1-torsion of A is anextension of L0 = Fq with degree dividing pk. Similarly the de�nition �eld Mk ofthe pk+1-torsion of B is an extension of M0 = L0 = Fq with degree dividing pk.Assuming the existen
e of an isogeny between A and B with prime to p degree,1991 Math. Subje
t Classi�
ation: Primary 11 Y40 Se
ondary 12 E201



the �elds Lk and Mk are isomorphi
. These �elds 
an be 
onstru
ted by takingsu

essive preimages of a p-torsion point by separable isogenies of degree p. Thusthey naturally 
ome as Artin-S
hreier towers. In the 
ase of non-supersingularellipti
 
urves, su
h isogenies are des
ribed in terms of Hasse fun
tions. If weare looking for an isogeny with a given prime to p degree between A and B, we
an 
ompute it by interpolation at enough pk-torsion points. This redu
es to
omputing an isomorphism between the Artin-S
hreier towers we have on ea
hside. This method is of spe
ial interest for 
omputing the 
ardinality of ordinaryellipti
 
urves with the S
hoof-Elkies-Atkin algorithm. See [2℄ where the fastestknown algorithm for this purpose is given, assuming the 
hara
teristi
 p is �xed.Surveys on these questions are in [6, 4, 3, 5℄.We shall prove the followingTheorem 1 An isomorphism between two Artin-S
hreier towers Ln and Mn ofdegree pn over Fq = L0 = M0 
an be 
omputed in time O(n6pn) multipli
ationsin Fq for �xed q and n!1.Computational aspe
ts of Artin-S
hreier towers have already been studiedby D . G . Cantor in [1℄. For any integer u in [0; pn[ with p-adi
 expansionu = u1 + u2p+ :::+ unpn�1 he sets �u = xu11 xu22 :::xunn . The monomials (�u)0�u<pkform a basis X of the L0-ve
tor spa
e Lk. If a0 = 1 and ak = �pk�1+Ppk�2u=0 
u�uwith all the 
u 2 Fq , we say that the tower in formula 1 is a Cantor tower. One ofthe results in [1℄ is that for any prime p there exists a 
onstant Kp su
h that twoelements in a Cantor tower of length n over Fp 
an be multiplied at the expense ofKpn2pn operations in Fp . The same holds for Cantor towers over a non-ne
essarilyprime �eld Fq . We shall need this result and the 
orresponding algorithm. Inorder to 
ompute an isomorphism between two Artin-S
hreier towers, we shall�rst 
ompute isomophisms between ea
h of the two towers and a given Cantortower. The expe
ted isomorphism will then be obtained as a 
omposition ofthese two isomorphisms. It is the purpose of lemma 1 to state how eÆ
ientlyisomorphisms between Artin-S
hreier towers 
an be dealt with.If �; � 2 Ln we de�ne the �e
art d(�; �) to be the logarithm (with base p)of the degree of the extension Fq (� � �)=Fq . The triangle inequality is easily
he
ked. Note that d is not a distan
e sin
e d(�; �) = 0 if and only if �� � is inFq . On the other hand, d is invariant under translation.For any two positive integers i and j we de�ne the following polynomials inFp [X℄�i(X) = Xpi and }i(X) = Xpi �X and Ti;j = X +Xpj +Xp2j + :::+Xp(i�1)j :The polynomial }i is usually 
alled an isogeny [7℄. To simplify we set Ti = Ti;1.We have the trivial relations 2



}i Æ }j = }j Æ }i and }j Æ Ti;j = Ti;j Æ }j = }ij and Tj;k Æ Ti;jk = Tij;k:If K � L is an extension of �nite �elds with 
ardinalities pj and pij respe
-tively, we have the following exa
t sequen
e of K-ve
tor spa
es.0! K ! L }j! L Ti;j! K ! 0:Assume we are looking for an isomorphism� : Mn ! Lnbetween two Artin-S
hreier towers Ln and Mn with Mn de�ned byMn � Mn�1 � ::: �M1 �M0 = Fqand Mk+1 = Mk(yk+1) and ypk+1 � yk+1 � bk = 0 with bk 2Mk:We de�ne �u = yu11 yu22 :::yunn similarly to �u. We may assume that an isomor-phism has already been 
onstru
ted between Ln�1 and Mn�1. In order to extendit, we have to solve in Ln an Artin-S
hreier equation.Consider su
h an equation}1(Y ) = Y p � Y = �: (2)with � 2 Ln and TrLn=Fp (�) = 0.This is a linear equation over Fp . The 
orresponding linear system of dimen-sion dpn over Fp 
an be solved with Gauss's algorithm at the expense of O(d3p3n)operations in Fp . We noti
e, however, that equation 2 implies}i(Y ) = Y pi � Y = � + �p + ::: + �pi�1 = Ti(�) (3)whi
h is linear over the intermediate �eld Fpi . The 
orresponding linear systemof dimension dpn=i over Fpi 
an be solved with Gauss's algorithm at the expenseof O(d3p3n=i3) operations in Fpi . This is better when multipli
ation is fast in Ln(e.g. when Ln is a Cantor tower).Equation 3, of 
ourse, does not imply equation 2 but if we know a solution 
to equation 3 and set Y = Z + 
 in equation 2 we get}1(Z) = Zp � Z = � � 
p + 
:Let Æ = ��
p+
. We have }i(Æ) = }i(�)�}i(}1(
)) = }i(�)�}1(}i(
)) =}i(�) � }1(Ti(�)) = 0 so Æ 2 Fpi . We also 
he
k easily that Ti(Æ) = Ti(�) �}1(Ti(
)) = Ti(�) � }i(
) = 0. We 
on
lude that the �e
art between 
 and3



any solution of 2 is at most logp(i=pg
d(d; i)). We say that Æ is an approximatesolution to equation 2 with a

ura
y logp(i=pg
d(i; d)).Sin
e our strategy is to deal with the smallest possible matri
es, we shall takei = dpn�1. This way, for � 2 Ln and TrLn=Fp (�) = 0, a solution to Y p � Y = �
an be found in three steps1. 
ompute B = Tdpn�1(�).2. �nd a solution 
 to Y pdpn�1 � Y = B whi
h amounts to solving a linearsystem of dimension p over Ln�1.3. solve Zp � Z = Æ where Æ = � � 
p + 
 is in Ln�1 and TrLn�1=Fp (Æ) = 0.And the same method is applied re
ursively to the equation in step 3. Afterk steps, we obtain an approximate solution to equation 2 with a

ura
y n � k.After n steps, we redu
e to an Artin-S
hreier equation over the base �eld Fq .In the rest of this paper, we provide details and a 
omplexity analysis for thealgorithm sket
hed above.2 Artin-S
hreier towersWe re
all a few elementary fa
ts about Artin-S
hreier extensions. Let K be a�eld of 
hara
teristi
 p, not ne
essarily �nite, and L = K[X℄=(Xp � X � �) anArtin-S
hreier extension. Set x = X mod Xp � X � �. Its 
onjugates are thex + 
 with 
 2 Fp . The tra
e is given byTrL=K( X0�i�p�1uixi) = �up�1 when ui 2 Kand the dual basis of (1; x; x2; :::; xp�1) is (�xp�1 + 1;�xp�2;�xp�3; :::;�x;�1).In su
h an Artin-S
hreier extension, p-powers are easy to 
ompute. Indeedxiph = (x+ Th(�))i: (4)In parti
ular if K is the �eld Fq with q = pd elements thenxiq = (x + TrFq =Fp (�))i:and TrFq =Fp (�) is in Fp . Thus the p � p matrix of the Frobenius automorphismx 7! xq has 
oeÆ
ients in Fp .We shall �rst prove a few 
omplexity estimates 
on
erning basi
 
omputationswith isomorphisms bewteen Artin-S
hreier towers over �nite �elds.We 
onsider an isomorphism � between two towers Ln and Mn� : Mn ! Ln4



The 
omputer representation of � will 
onsist of the images of the yik by � for0 � i � p� 1 and 1 � k � n.We shall see that this representation is very eÆ
ient. For 0 � k � n, wedenote by CL�(k) the 
omplexity of multipli
ation in Lk. This 
omplexity is givenas a number of multipli
ations in the base �eld Fq , disregarding additions. Wedenote by CM� (k) the 
omplexity of multipli
ation inMk. Let C�(n) be the 
ost ofevaluating � at some � in Mn. Let C�� (n) be the 
omplexity of 
omputing ��1(�)for � in Ln.We shall �rst prove the followingLemma 1 Given an isomorphism � : Mn ! Ln between two Artin-S
hreier tow-ers, we have, with the notation given aboveC�(n) � pn CL�(n); (5)C�� (n) � 2np3 CL�(n) (6)CM� (n) � 4np3 CL�(n): (7)We �rst prove inequality 5. For � 2Mn, let us write � =P0�i�p�1 �iyin with�i 2 Mn�1. Then �(�) = Pi �(�i)�(yin) and sin
e we have stored the �(yin), weredu
e to 
omputing p multipli
ations in Ln and the images �(�i). ThereforeC�(n) � p(C�(n� 1) + CL�(n))and the result follows iterating the above inequality and using the easy inequalityCL�(n) � p CL�(n� 1):In order to 
ompute the inverse image of � 2 Ln, we �rst express � as a linear
ombination � = X0�i�p�1 �i�(yin) (8)with �i 2 Ln�1 for all i. This is a
hieved at the expense of 2p3 multipli
ations inLn using Gauss's algorithm. From equation 8 we dedu
e��1(�) = X0�i�p�1 ��1(�i)yin:We thus redu
e to 
omputing the p preimages of the �i 2 Ln�1.Therefore C�� (n) � 2p3 CL�(n) + p C�� (n� 1)and inequality 6 follows. 5



Inequality 7 follows easily from inequalities 5 and 6.This shows that if we 
an multiply eÆ
iently in Ln, the knowledge of � allowsfast multipli
ation in Mn as well.The 
ru
ial step in our isomorphism 
omputations will be the evaluation ofpolynomials Ti;j at numbers � that are not ne
essarily in Fpij . Lemma 2 stateshow eÆ
iently one 
an 
ompute �dpl(�) = �pdpl and Tdpl(�) for � 2 Lk and0 � l � k.We denote by CL�(l; k) the 
omplexity of 
omputing �dpl(�) for � 2 Lk. Wedenote by CLT (l; k) the 
omplexity of 
omputing Tdpl(�) for � 2 Lk.In order to 
ompute Tdpl(�) we noti
e thatTdpl = Td Æ Tp;d Æ ::: Æ Tp;dpl�2 Æ Tp;dpl�1: (9)Using this formula we obtainCLT (l; k) � p(CL�(l � 1; k) + CL�(l � 2; k) + � � �+ CL�(1; k) + CL�(0; k))+pd CL�(k): (10)If we now want to 
ompute �dpl(�) we use formula 4.Writing � =P0�i�p�1 �ixik we have�dpl(�) = X0�i�p�1�dpl(�i)�dpl(xik) = X0�i�p�1�dpl(�i)(xk + Tdpl(ak�1))i (11)sin
e xpk � xk = ak�1.We �rst assume that we already 
omputed and stored the Tdpl(a�) and their�rst p powers for all l and � su
h that 0 � l � � < k whi
h is the same as
omputing the expansions of polynomials (x + Tdpl(a�))i for 0 � i � p� 1.We 
all ~CL�(l; k) the 
omplexity of 
omputing �dpl(�) for � 2 Lk under thisassumption. We de�ne ~CLT (l; k) to be the 
omplexity of 
omputing Tdpl(�) for� 2 Lk in the same situation.From equation 11 we dedu
e~CL�(l; k) � p ~CL�(l; k � 1) + p2 CL�(k � 1):Sin
e CL�(l; k) = 0 as soon as l � k, we obtain~CL�(l; k) � p(k � l) CL�(k):and from equation 10 and the de�nition of Tdpl~CLT (l; k) � (p2kl + pd) CL�(k) � 2p2kld CL�(k): (12)6



We now bound the 
ost CLinit(k) of pre
omputing all the Tdpl(a�) and their�rst p powers for all l and � su
h that 0 � l � � < k.We �rst bound CLinit(k + 1)� CLinit(k). Indeed if we already know the Tdpl(a�)and their �rst p powers for all 0 � l � � < k, then 
omputing the Tdpl(ak) forall 0 � l � k will require less than 2(k + 1)p2k2d CL�(k) multipli
ations (usingformula 12) and 
omputing the powers will take time p(k + 1) CL�(k). ThereforeCLinit(k + 1) � CLinit(k) + (k + 1)(p+ 2p2k2d) CL�(k):We obtain CLinit(k) � 6p2k3d CL�(k):Lemma 2 For 0 � l � k and for any � in Lk, one 
an 
ompute �dpl(�) (resp.Tdpl(�)) in time ~CL�(l; k) (resp. ~CLT (l; k) ) with~CL�(l; k) � p(k � l) CL�(k) (13)~CLT (l; k) � 2p2kld CL�(k) (14)using data that only depend on Lk and 
an be 
omputed on
e and for all in timeCLinit(k) with CLinit(k) � 6p2k3d CL�(k): (15)We 
all CLAS(n) the 
omplexity of solving equation 2 in Ln for � 2 Ln andTrLn=Fp (�) = Tdpn(�) = 0. We shall adopt the three steps strategy des
ribed inthe introdu
tion.We �rst 
ompute and store the Tdpl(a�) for all 0 � l � � < n. This takestime CLinit(n). We 
all ~CLAS(n) the 
omplexity of solving equation 2 on
e all thispre
omputation has been done.In these 
onditions, step 1 (the 
omputation of B = Tdpn�1(�)) will take time~CLT (n� 1; n).The se
ond step redu
es to 
omputing the p � p matrix representing theLn�1-linear map }dpn�1 : Ln ! Ln in the basis (1; xn; x2n; :::; xp�1n ). Using Gauss'salgorithm, we then �nd a solution 
 to the equation }dpn�1(
) = B.All this is a
hieved at the expense of p ~CL�(n� 1; n) + 2p3 CL�(n� 1) multipli-
ations.The third step is done in time p CL�(n) + ~CLAS(n� 1).We thus have~CLAS(n) � ~CLAS(n� 1) + ~CLT (n� 1; n) + p ~CL�(n� 1; n) + 2p3 CL�(n� 1) + p CL�(n)7



and using lemma 2~CLAS(n) � ~CLAS(n� 1) + 6p2n2d CL�(n)thus ~CLAS(n) � 12n2p2d CL�(n) + CAS (16)where CAS = CLAS(0) is the 
omplexity of solving an Artin-S
hreier equation inthe base �eld Fq .We now want to 
ompute an isomorphism between two Artin-S
hreier towersof length n over Fq Ln � Ln�1 � ::: � L1 � L0 = Fqand Mn � Mn�1 � ::: �M1 �M0 = FqWe look for an isomorphism � : Mn ! Ln given by �(yik) for 0 � i < p and0 � k � n.We let the length k in
rease from 0 to n. We 
all CLM (k) the 
omplexityof 
omputing an isomorphism from Mk to Lk. We 
all ~CLM (k) the 
omplexityof 
omputing an isomorphism from Mk to Lk assuming the Tdpl(a�) have been
omputed for all 0 � l � � < k. We want to bound ~CLM(n) � ~CLM (n � 1). Thusassume we have 
omputed the isomorphism up to length n � 1. In order to gofurther we have to solve the Artin-S
hreier extensionY p � Y = �(bn�1) (17)over Ln. We �rst apply � to bn�1 in time C�(n � 1). Solving equation 17 takestime ~CLAS(n). We take �(yn) to be one of the solution we found. We then 
omputethe powers �(yn)i for 0 � i � p� 1 whi
h takes time p CL�(n).We thus have~CLM(n) � ~CLM (n� 1) + C�(n� 1) + ~CLAS(n) + p CL�(n)and using lemma 1 and inequality 16,~CLM (n) � ~CLM(n� 1) + 14n2p2d CL�(n) + CAS :Summing up we have~CLM (n) � 28n2p2d CL�(n) + n CAS :and using 15 CLM (n) � 34n3p2d CL�(n) + n CAS : (18)8



Assume now we have a third Artin-S
hreier tower Nn over Fq . We shallrelate the 
omplexity CL�(n) of multipli
ation in Ln and the 
omplexity CMN (n)of 
omputing an isomorphism from Nn to Mn. This makes sense in 
ase Ln hasbeen designed to allow fast multipli
ation (e.g. Ln is a Cantor Tower).We �rst 
ompute an isomorphism �1 from Mn to Ln at the expense of CLM (n)multipli
ations in Fq .We then 
ompute an isomorphism �2 from Nn to Mn at the expense ofCMN (n) � 34n3p2d CM� (n) + n CASmultipli
ations in Fq .Using inequality 18 and inequality 7 we �ndLemma 3 Let Ln, Mn, Nn be three Artin-S
hreier towers of lenght n over Fq the�eld with q = pd elements and let CL�(n) be the 
omplexity of multipli
ation in Ln.Let CAS be the 
omplexity of solving an Artin-S
hreier equation in Fq . An isomor-phism between Mn and Nn 
an be found at the expense of CMN (n) multipli
ationsin Fq with CMN (n) � 170p5n4d CL�(n) + 2n CAS :If we take Ln to be a Cantor tower we have CL�(n) � Kqn2pn where Kq onlydepends on q. Using the Berlekamp fa
torisation algorithmwe have CAS = O(p3d)and theorem 1 follows.Referen
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