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Abstract

This paper considers groups of musical contextual transformations,
the most famous of which is the group of “neo-Riemannian” transforma-
tions acting on the set of major and minor triads. David Lewin (1982,
1987) first described neo-Riemannian transformations, building on work
by von Oettingen (1866) and Hugo Riemann (1880). In general, contextual
transformations act on multisets of pitches or pitch classes and commute
with transposition and inversion. Music theorists have studied contextual
transformation groups extensively; in particular, Lewin (1987), Kochavi
(1998), Cohn (1997), and Fiore and Satyendra (2005) used discrete group
theory, while Clough (1998) and Gollin (1998) modeled contextual trans-
formations with symmetries of discrete geometric spaces. We represent
contextual transformations as linear transformations acting on sequences
of pitches or pitch classes belonging to the continuous geometric voice-
leading spaces developed by Callender, Quinn, and Tymoczko (2008).
Subtleties arise that have not been explored in discrete models. Con-
nections to tuning theory, neo-Riemannian theory, serial transformations,
and musical examples from di Lasso, Brahms, and Schubert demonstrate
the benefits of this approach.

1 Introduction

The neo-Riemannian transformations, formalized by David Lewin [12, 11] fol-
lowing work by the music theorists Arthur von Oettingen [14] and Hugo Rie-
mann [15], constitute a group that acts on the set of consonant triads.® This
group is generated by three involutions that are bijections between the major
triads and the minor triads: the relative transformation (R), which associates a
major triad with its relative minor and vice versa; the parallel transformation
(P), which associates parallel major and minor triads; and the leittonwechsel
transformation (L), which associates a major triad with its mediant and a mi-
nor triad with its submediant (for example, L associates C major and E minor).
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L«Consonant triads” refers to major and minor triads. Henceforth, I use “triads” to denote
consonant triads.
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Figure 1: Generators of the group of neo-Riemannian transformations. Capital
and lowercase letters indicate major and minor triads, respectively. On the
left, all triads are in root position; on the right, they are arranged so as to
create smooth transitions (voice leadings) between their notes. The numbers 0,
1, and 2 indicate the registration of the chord: they represent root position, first
inversion, and second inversion, respectively. (Root position means the lowest
note gives its name to the triad, the middle note is a third above it, and the top
note is a fifth above the root, first inversion has the third as its lowest note, and
second inversion has the fifth as its lowest note.)
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Figure 1 depicts examples of these progressions, which are ubiquitous in tonal
music, from the Renaissance to the present day.

Neo-Riemannian transformations are examples of a larger class of transfor-
mations acting on major and minor triads. The most recognizable transfor-
mation is transposition (T} )—shifting pitches upward by some real number of
semitones k. (For example, the transposition T shifts pitches upward by two
semitones, transposing a C major triad to a D major triad.) Inversion (I) is an
involution that reflects every pitch around some fixed “origin” such as middle
C (this means that the inversion of a C major triad is an F minor triad and
vice versa, as in figure 2). Like P, L, and R, inversion is a bijection between
the major and the minor triads. However, inversion does not commute with
transposition (in fact, ITy = T_,I). For example, inversion maps a C major
triad to a F minor triad but maps D major to Eb minor. Inversions are more
difficult to identify than transpositions and neo-Riemannian transformations:
the inversion from C major to F minor is not normally considered “the same
chord progression” as the inversion from D major to Eb minor. In contrast, the
relationship between C major and its relative minor, A minor—also its inver-
sion in G#—is commonly identified with the relationship between D major and
its relative minor, B minor, which is its inversion in Af. The relative transfor-
mation captures this similarity: the axis of inversion “follows” a chord as it is
transposed (in other words, R commutes with transposition).

Neo-Riemannian transformations belong to a larger class of so-called contex-
tual transformations— “contextual” because their action depends on the objects
they act on. In the case of the relative transformation, the axis of inversion is
determined by the chord being inverted. Mathematically, contextual transfor-
mations commute with both transposition and inversion (though not necessarily
with each other). In addition to the neo-Riemannian transformations, music the-
orists have defined contextual transformations that apply to non-triadic chords



and ordered sequences of pitch classes [12, 3, 5, 10]. Contextual transformations
appear in both tonal and atonal music.

Music theorists have long employed geometric models to describe relation-
ships between chords and scales (the circle of fifths, Heinichen’s circle of major
and minor triads) or to depict tuning systems (Euler’s speculum musicum [4], the
Oettingen/Riemann tonnetz [14, 15]). However, a unified geometrical perspec-
tive emerged only recently in the work of Callender, Quinn, and Tymoczko [16, 1]
(henceforth, CQT). CQT recognized that basic equivalence relations such as oc-
tave identification may be realized as symmetry relations on R™. This allowed
them to define a family of quotient spaces that subsume many of the geomet-
ric models proposed in the literature. Geometrical music theory applies CQT
models to musical analysis.

Although Clough [2] and Gollin [7] modeled contextual transformations as
symmetries of discrete geometric spaces, contextual transformations have not
yet been incorporated into geometrical music theory. This paper represents con-
textual transformations as groups of affine linear transformations acting on the
CQT spaces of ordered sequences of pitches or pitch classes, thus connecting
prior work in music theory with the rich mathematical theory of linear trans-
formations. Moreover, because the geometry of linear transformations is well
understood, matrix groups provide a bridge between geometrical music theory
and the more traditional algebraic theory of contextual transformations. Af-
ter a brief introduction to geometrical music theory (section 2), we consider
matrix representations of contextual transformation groups (section 3). Sec-
tion 4 discusses the action of these groups (in particular, the implications of
equal temperament). Finally, section 5 considers musical examples, including
the neo-Riemannian transformations and their matrix representations.

2 Geometrical music theory

The basics of geometrical music theory are as follows. Pitch is frequency mea-
sured on a logarithmic scale, with twelve units of pitch (semitones) to an octave.
We arbitrarily assign 440 Hz—the A above middle C—+to pitch 9.2 This pitch
is also labeled “A4,” with the 4 indicating the octave. Middle C is pitch 0, also
labeled C4. Pitches lie on a continuum; integer pitches form twelve-tone equal
temperament (12-tet). Pitch vectors—n-tuples of pitches—represent pitches
sounding simultaneously, with each coordinate representing an instrument or
voice.? The collection of n-element pitch vectors (R™) constitutes n-dimensional
ordered pitch space. For example, suppose we use three-dimensional ordered
pitch space to model pitches sung simultaneously by a tenor (the z-coordinate),
alto (the y-coordinate), and soprano (the z-coordinate). Then (0,4,7) means
that the tenor, alto, and soprano sing C4, E4, and G4, respectively, and (0,7, 4)
means that they sing C4, G4, and E4, respectively. Our perception (and musical
practice) gives the collection of pitch vectors many symmetries: if two voices

2 Another common choice for A 440 is 69, the standard MIDI assignment.
3Pitch vectors are called musical objects by CQT.
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Figure 2: Representing elements of the groups O, P, T, and I by affine linear
transformations.

exchange pitches, if one voice shifts by an octave, or if all voices shift by the
same amount, the resulting vectors will represent similar sounds. For exam-
ple, (0,4,7), (0,7,4), (12,4,7), and (2,6,9) are all similar on some level—the
first three involve C major triads, though with different instrumentation and
registration, and the last, (D4, F#4, A4) is also a major triad.*

Fach of these similarity relations are defined by group actions: elements of
the permutation group (P) reorder pitch vectors; elements of the group of octave
shifts (O) move an individual pitch in a vector up or down by some number of oc-
taves; elements of the transposition group (T) shift all the pitches in a vector up
or down by a fixed amount; and the nontrivial element of the inversion group (I)
reflects a pitch vector in the origin. The elements of these groups are affine linear
transformations® acting on R™. Using e; to represent ith standard basis vector, 1
torepresent (1,1,...,1), P;; to represent the permutation matrix that exchanges
pitches in voices ¢ and j given by Pi;(...,vi,...,05,...) = (..., 05,0, V4,0 0),
we can represent them as in figure 2.

These groups define equivalence relations on R™ by identifying points in the
same orbit;® music theorists have given names to these orbits. The equivalence

4Qccasionally, the coordinates of a pitch vector are ordered by time, rather than instrument.
In this case, the vector represents a melodic fragment. This model is useful in considering
serial transformations, as in sections 3.4.3 and 5.6.

5An affine linear transformation on R™ is a transformation of the form v — Mv +b,where
M is a n X n matrix and b are n-element vectors, both with real entries (we assume that a
vector can be written in either row or column form, as required by the context).

SIf a group G acts on a set S, then the orbit of s in S is the set {gs : g € G} of images of



class of a single pitch under octave shift is called its pitch class. Pitch classes—
equivalence classes modulo O—are indicated by letter names (“C”); an ordered
sequence of pitch classes is a pitch class vector. A chord is an unordered multiset
of pitch classes (that is, an orbit in R™ under the action of OP, the group
generated by O and P). For example, any combination of C, E, and G pitch
classes forms a “C major chord.” The set of major chords is an example of
a chord type (also called a transpositional set class)—a set of chords related
by transposition. Finally, a set class is an orbit of chords under the action of
transposition and inversion. “Major and minor triads” form a set class.

Identifying (“gluing together”) orbits of these groups produces a family of
singular quotient spaces (also called orbifolds). For example, the set of pitch
classes constitutes the circle R/O (that is, R/12Z).7 Pitch class vectors make up
the torus R™/O = T". Points in R™/OP represent chords, points in R” /OPT
represent chord types, and points in R /OPTT represent set classes. Cardinal-
ity equivalence (C), which identifies points whose coordinates form the same
set, ignoring multiplicities, is an equivalence relation not arising from a group
action. CQT spaces are quotients of n-dimensional ordered pitch space by any
combination of the five OPTIC equivalence relations. (See Table S2 in [1] for
a full description of CQT spaces).

2.1 Progressions and voice leadings

A sequence of pitch vectors describes both successive harmonies (indicated by
individual vectors) and melodic lines (indicated by the sequence of pitches in any
particular coordinate, or voice). In musical terms, a sequence of pitch vectors
models counterpoint. Musicians call a transition from one harmonic state to
another, indicating how the pitch in each voice changes, a wvoice leading.® An
ordered pair of pitch vectors (v,w) € R™ x R™ represents a voice leading from
v to w, denoted v—w. So (0,4,7)—(—1,4,8) means that the first voice moves
from C4 to B3, the second voice stays on E4, and the third voice moves from
G4 to G*4. The voice leading v—w is modeled by the line segment in R™

v+t(w—v), t e0,1].

For example, the voice leading (0,4, 7)—(—1,4,8) corresponds to the line seg-
ment (0,4,7) +¢(—1,0,1) for t € [0,1].

Like pitch vectors, voice leadings can resemble each other to a greater or
lesser degree. Shifting an entire vocal line up or down an octave disrupts it less

s under the action of G.

"In general, if a group G' acts on a set S, then S/G denotes the quotient or “orbit space”
of S modulo the equivalence relation defined by the action of G; each element of S/G is an
orbit.

81 depart from CQT’s terminology here. They call a succession of pitch vectors a “progres-
sion” and use “voice leading” to refer to a class of progressions that are equivalent modulo
the ordering of their voices. For example, they consider (C4, E4, G4){C4, E4, A4) and (C4,
G4, E4){C4, A4, E4) instances of the same voice leading. Formally, if 7 is a permutation,
then 7(v)—m(w) and v—w are equivalent. Since the linear transformation model assumes
that we fix some ordering of voices, I will use a more restrictive definition of voice leading.



than shifting individual pitches within a line up or down an octave. Consider
the three voice leadings:

(i) (C4, B4, G4)y~(C4, B4, A4) (i) (C5, E4, G3)—~(C5, E4, A3)
(iii) (C4, E4, G4)—(C4, E4, A3)

Voice leading () is more like (¢4) than it is like (i47): in voice leadings (i) and
(i), each voice sounds the same “melody,” modulo transposition of the entire
line by an octave. In (i), the third voice leaps down ten semitones rather than
up two. However, all three voice leadings are similar in that they connect a C
major triad to an A minor triad. Vector notation clearly differentiates these
voice leadings:

(i) (0,4,7)+4(0,0,2) (i) (12,4, —5)+£(0,0,2)  (iii) (0,4,7)+£(0,0, —10)

each for t € [0,1].

These notions of similarity suggests equivalence relations on voice leadings:
two voice leadings v—w and x—y are said to be individually octave equiva-
lent if they start and end with pitch vectors that are equivalent under octave
identification: that is, v = x and w = y (mod 12). An ordered pair of pitch
class vectors (v, w) is sufficient to denote an individual octave equivalence class.
For example, the three voice leadings in the previous paragraph are instances
of the progression ((0,4,7),(0,4,9)). Two voice leadings are uniformly octave
equivalent if there exists an octave shift O such that x = O(v) and y = O(w).
That is, v—ow and x—y are uniformly octave equivalent if and only if

v+it(w—v)=x+t(y —x) (mod 12) for all ¢ € [0, 1].

Voice leadings (7) and (i7) are uniformly octave equivalent to each other and
individually octave equivalent to (ii7). We can represent the uniform octave
equivalence classes of voice leadings (7), (¢7), and (4i7) in the following notation:

(1) (0,4,7) +(0,0,2) (i) (0,4,7) +(0,0,2)  (iii) (0,4, 7) + (0,0, —10)

each for t € [0, 1].

Geometrically, if two voice leadings, each represented by a directed line seg-
ment, are uniformly octave equivalent, then their images coincide under the
quotient map R™ — R™/O for all ¢ € [0, 1]. Note that mere coincidence of paths
is not sufficient. For example, (0,0)—(0,12), (0,0)—(0,—12), and (0,0)—(0,24)
are not uniformly octave equivalent: although they traverse the same set of
points, the first and second wind once around the torus in opposite directions
and the third winds twice. The three voice leadings are noticeably different
musically.

CQT represent a uniform octave equivalence class of voice leadings by two
pitch class vectors v,w € T™ and a vector d in R™, where d = w — v (mod 12).
The vector d indicates how each voice moves: the notation v-Sw means that
the ith voice ascends d; pitches from pitch class v; to w;. Geometrically, vdw
is represented in the pitch class torus by the path v + td, where ¢t € [0,1]. For



example, voice leadings () and (i) belong to the equivalence class (0,4, 7 )M
(0,4,9), while (ii7) belongs to the equivalence class (0,4, 7) M>(074,9).
The former voice leading takes the most efficient route on the pitch class torus
between the two points. In general, v&w and XLy are equivalent if and only
if d and f are identical and v and x represent the same point in the torus.”

2.2 Distance and continuity

Continuity is a desirable property of transformations acting on a CQT space
for several reasons. Music theorists sometimes measure voice leadings using
distance functions reflecting the aggregate amount of vocal change—that is, they
measure the line segment that represents the voice leading.'® In order to help
the listener parse contrapuntal music into separate melodic streams, composers
often choose voice leadings that minimize the amount of vocal movement. In
CQT quotient spaces, the distance between two equivalence classes of pitch
vectors is the “size” of the smallest voice leading between their elements (that
is, CQT use the quotient metric). Points that are “close” in a CQT space are
essentially retunings of the same object; continuity ensures that transformations
act in similar ways on them. Moreover, continuous transformations do not map
paths representing voice leadings between nearby chords too far from each other.
Since traditional musical set theory considers a discrete musical universe, the
issue of continuity has not arisen outside of geometrical music theory.

3 Linear contextual transformations

There are three reasons to consider linear maps when modeling contextual trans-
formations: (1) since linear transformations preserve lines and line segments
represent voice leadings, they map one voice leading to another, (2) transfor-
mations employed by composers and commonly appearing in the music theory
literature—transposition, inversion, retrograde (reversal of the order of pitches
in a vector), and permutation—are linear transformations on ordered pitch or
pitch class space, and (3) many music theorists have already developed linear
transformation models for particular contextual transformations (see Lewin’s
treatment of serial transformations [12, sections 8.2.1, 8.3.1, 8.3.2, 9.6.4] and
Fiore’s representation of neo-Riemannian transformations [6]), though no gen-
eral theory has been proposed.

There are limitations to this approach, however. Linear transformations are
incapable of representing transformations such as set complementation that as-

9Voice leadings in other CQT quotient spaces are more complicated. If f and g are OPTI
transformations (for example, permutations), the progression v—w, where v,w € R", is
said to be wuniformly equivalent to f(v)— f(w) and individually equivalent to f(v)—g(w).
Individually equivalent voice leadings correspond to paths connecting the same two points in
some CQT space. The paths may not coincide—only their endpoints must coincide.

107f we make certain reasonable assumptions, the geometry imposed on R™ by such distance
functions cannot deviate too far from Euclidean geometry—see [8] for details.



sume an equally tempered pitch universe. The fact that linear transformations
only apply to ordered multisets creates a more serious problem. In general,
points in CQT spaces represent equivalence classes of pitch vectors. For exam-
ple, chords are unordered multisets of pitch classes (points in R™/OP). There-
fore, linear transformations may be defined on elements of equivalence classes
modulo permutation but do not necessarily act in the same way on the entire
class. For this reason, we focus on linear transformations on R" or R"/O = T".
This means that inversion, for example, is narrowly defined as the map v — —v,
rather than a more general map on chords.

3.1 The linear contextual group %

Contextual transformations are typically described as “transposition- and inver-
sion-independent actions”—that is, group actions that commute with transpo-
sition and inversion. Moreover, contextual transformations should be, in some
sense, “determined by the objects they act on.” In general, contextual transfor-
mations that are defined in the music theory literature are functions determined
by the intervals (distances between elements) in a pitch vector, pitch class vec-
tor, or chord. They are not, in general, isometries of pitch or pitch class space.
We also assume that contextual transformations are invertible, meaning that
no nonzero subspace of R™ or T" is mapped to zero. Moreover, we assume
that contextual transformations are well defined on ordered pitch class space
T™, meaning that if two pitch vectors are equivalent modulo octave shift, their
images under a contextual transformation are also equivalent modulo octave
shift.

Definition 1 The linear contextual group % is the group of linear transforma-
tions on n-dimensional ordered pitch space R™ that are invertible, commute with
transposition and inversion, and are well defined on the pitch class torus T™.

We use matrix representations to investigate the structure of ¢ and several of
its subgroups that arise in the music theory literature—in particular, subgroups
consisting of contextual transformations that preserve chord type or set class.

The affine linear transformation z — Mz + b, where M is invertible, com-
mutes with transposition if and only if, for z € R™ and c¢ a real number,

M(z+cl)+b=Mz+b+cl. (1)

Therefore, the commutativity condition requires that 1 is an eigenvector of
M with eigenvalue 1. We can think of an affine linear transformation that
commutes with transposition as the composition of a linear transformation z—
Mz and a voice leading Mz—v + b. The requirement that a transformation on
pitch space commute with inversion (multiplication by —1) means that b = 0 in
equation (1), and so linear contextual transformations are of the form z — Mz.
Multiplication by M is well defined on the pitch class torus if

M(z+(0,...,0,12,0,...,0)) = Mz (mod 12),



which implies that the entries of M are integers and hence the determinant
of M is £1. In other words, % is a subset of the group of invertible linear
transformations with integer entries—that is, the general linear group GL(n,Z).
This gives us a complete characterization of the linear contextual group:

¢ ={M € GL(n,Z) : M1 =1}.

Note that linear contextual transformations constitute a discrete group because
they are required to be defined on the torus. Without this restriction, invertible
linear transformations that commute with transposition and inversion constitute
the (continuous) group of invertible matrices with real entries that fix 1.

3.2 Matrix representation and multiplication of linear con-
textual transformations

We now explore compositions of linear contextual transformations with a view
towards understanding them from a geometric and group theoretic perspective.
It is convenient to choose a basis for R™ so that 1 is a basis vector. Using the
basis

{1,(-1,1,0,...,0),(-1,0,1,0,...,0),...,(=1,0,...,0,1)},

every pitch vector (2o, 21, - . ., 2n—1) can be written in the form (xg | z1, z2, ..., Tp—1)

where xg = 20, 1 = 21 — 20, 2 = 22 — 20, and so on. (Think of z( as the first
note in the vector, and the other x;’s as intervals measured from the first note;
a C major triad in root position is represented (0|4, 7), a D major triad in root
position is represented (2|4,7), and a C major triad in first inversion is repre-
sented (41]3,8).) With this basis, every element of ¥ can be written uniquely

in the form
‘ al ... an—l

1
! (a, 4) (2)
= (a, 2
. A
0
where (aj,...,a,-1) = a is in Z"~ ! and A is in GL(n — 1,Z). Representing
matrices of the form (2) compactly as pairs (a, A), we see that the action of @
on pitch space is given by

(a, A)(xo | x) = (z0 + a- x| Ax).
Multiplication in % follows the rule
(a, A) x (b, B) = (aB + b, AB). (3)

Let id denote the (n — 1) x (n — 1) identity matrix and 0 the 1 x (n — 1) zero
vector. Then (0,id) is the identity in 4. The inverse of the element (a, A) is
(—aA=1 A7),



3.3 The structure of the linear contextual group

Theorem 1 The group € of linear contextual transformations is isomorphic to
the group of affine linear transformations on Z"~!.

Proof. Let x be a vector in Z"~! and let C' be a matrix in GL(n — 1,7Z);
any pair (c,C) represents an affine linear transformation (¢,C)x = ¢ + Cx.
Composition of affine linear transformations defines a product on the set of
pairs (c,C):

(d,D)o(c,C)(x) =d+ Dc+ DCx = (d + Dc, DC)x. (4)

Comparison of the equation (3) with the product defined in (4), (d, D)o(c,C) =
(d + Dc, DC) proves the isomorphism. (Note that composition of affine linear

transformations acts like right multiplication in €.) O
Note that (0]1,0,...,0), (0]0,1,...,0), etc. form a basis for R /T ~ R"~1,
while (1]0,...,0) is the basis for a one-dimensional subspace. Geometrically,

we have decomposed R™ into the product R x R”/T. Any linear contextual
transformation of the form (0, A) defines a linear transformation on the space
of pitch vectors modulo transposition R™/T. This space represents sequences of
pitches sharing the same intervals—different transpositions of the same harmony
or melody, for example. Any point in the orbit of the pitch vector (0|x) lies in
the lattice of integer linear combinations of the projections of x onto the basis
of R"/T.

Lemma 1 The set CT = {(a,id) : a € Z"~'} is a normal subgroup of € that
is isomorphic to Z" 1.

Proof. Since (a,id) * (b, id) = (a+b,id), CT is a group isomorphic to Z" 1.
Moreover, if (g, G) is any element of &, then

(g, @) % (a,id) x (g,G) = (—gG~ 1, G 1) % (aG, +g,G) = (aG,id) € CT.

Therefore, the following sequence is exact:
0—7Z"'—%—GL(n—-1,7) — 0.
We see that ¢ is isomorphic to the semidirect product Z"~! x, GL(n — 1,7Z),

where the isomorphism p : GL(n — 1,Z) — Aut(Z"~1) is given by right multi-
plication by the elements of GL(n — 1,7Z).

3.4 Contextual transposition, inversion, and retrograde

This section is summarized in table 1.

10



3.4.1 Contextual transposition

An element of CT transposes a pitch vector (zo|x) and any of its inversions
(yo | —x) in opposite directions by equal amounts (that is, (a, id)(zo | x) = (2o +
a-x|x) and (a,id)(yo | —x) = (yo—a-x| —x)). Such transformations are called
contextual transpositions, or schritts [5]. The magnitude of the transposition is
|a - x|. For example, the transformation

10 1
((0,1),idy = 0[1 0
0/0 1

sends the trichord (xq|t, f) to (zo + f|t,f). In other words, it transposes
the trichord by its second interval. We can write any major triad in the form
(x0|4,7) and any minor triad in the form (zq|3,7); these forms will be called
“root position,” as the first coordinate of the vector identifies the letter name
(“root”) of the triad, the middle coordinate identifies the size of its third, and
the last coordinate identifies the size of its fifth. Thus, the transformation
transposes any triad in root position up by its fifth. Note, however, that the
inversion of a root position triad is not in root position. For example, the
inversion of a root-position minor triad (z¢|3,7) is (—zo| — 4, —7).

3.4.2 Contextual inversion

The group of linear contextual transpositions and inversions C'T'I consists of con-
textual transpositions and contextual inversions—transformations of the form
(zo]x) — (yo|—x%). The element (0, —id) generates a group of order two; it
inverts the intervals in a pitch vector while fixing its first note. We form the
exact sequence

0—Z" ' — CTI — Zy — 0,

where CTI = {(a,+id)} C ¢ is the semidirect product Z"~! xy,, Z2, where
Inv : Zo — Aut(Z" ') maps Zs to +id. The group CT1 of contextual inversions
and transpositions is not normal in €. Elements of CTIT act on points (zg | x) :=
(zo|z1,...,2,_1) in ordered pitch space by

(a, xid)(xg |x) = (o + a- x| £ x).

In other words, the amount by which the vector or its inversion is transposed is
a sum of integer multiples of its intervals.

3.4.3 Contextual retrograde

The retrograde operation, in the standard basis for R", is given by coordinate

reversal: (20, 21,...,2n-1) — (Zn—1, 2n—2,...,20). After the change of basis, it
is given by
(wo| @1, ., op1) = (Zo+Tp_1 | Tn2—Tn 1,Tn_3—Tp_1,...,T1—Tp_1, —Ln_1)

11



Let R be the (n — 1) x (n — 1) matrix

o --- 01 -1
R 1 0 -1
1 . . . .
o o0 --- 0 -1

Then retrograde is represented by ((0,...,0,1), R); any transformation (a, R)
can be thought of as a “contextual retrograde.” Since R? = id, the composi-
tion of two contextual retrogrades is a contextual transposition. Retrogrades
generate a group of contextual transpositions and retrogrades CTR that is a
semidirect product Z" ! X ges Zo, where the Zo action on Z™ ! is left multipli-
cation by R. Although both CTI and CTR are semidirect products of Z"~!
and Zs, they are not isomorphic:

Lemma 2 The conteztual transposition/inversion group CT1 is not isomorphic
to the contextual transposition/retrograde group CTR.

Proof. Every element of CT1 is either a transposition (a, id) or an involution
(a, —id) (since (a,—id)? = (a — a,id) = (0,id)). However, elements (a, R) are
involutions only if a = —aR. a

3.5 The extended linear contextual group ¢

Linear contextual transformations are not the only invertible linear transforma-
tions that are well defined on pitch class space and commute with transposition
and inversion. If z is a pitch class vector, then M(—z) + b = —(Mz + b)
(mod 12) if and only if b € (6Z)™. We enlarge the linear contextual group to
include transpositions that commute with inversion in pitch class space:

Definition 2 The extended linear contextual group is the group of linear trans-
formations of n-dimensional ordered pitch class space T" that are invertible and
commute with transposition and inversion.

Therefore,

¢ ={(b,M): M € GL(n,Z), M1 =1, and b € (6Z)"}
where the action of (M, b) is defined by (M,b)(z) = Mz + b. It is not difficult
to show that {(b,id) : b € (6Z)"} is normal in %; therefore ¢ ~ (6Z)" x €.

However, as “contextual” is generally taken to exclude transpositions, this group
is not one appearing in music theory literature.
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Group Description ‘ Structure Comments
(4 Invertible linear transformations on ordered pitch space that Z" ' % GL(n —1,7Z); Isomorphic to the group of affine
commute with transposition and inversion and are well defined on | GL(n — 1,Z) acts by left | linear transformations of Z"~!.
™ multiplication.
T Linear contextual transformations that fix the first pitch in a GL(n—1,7Z) Used in tuning theory.
vector; invertible linear transformations of the ordered
transposition class torus R" /T ~ R"~!
cT Transpositions by linear combinations of the intervals in a pitch zn—1 Normal in ¢
class vector
CcrI1 Generated by contextual transposition and inversion about the 7" X e Zo; Contains a representation of the
first pitch class in a vector Zo = {id,—id} PLR group as a subgroup
(n=3).
CTR Generated by contextual transposition and retrograde Z" Y X pet Lo Not isomorphic to CT1.
Zo = {id, R} Contains generators of Hook’s
UTT group (n = 3).
CTIR Generated by contextual inversions, retrogrades, and retrograde Zr 1 % (Zo ® Zo); The “serial transformation

inversions

(Z2 ®Zs) =
{id, —id, R, R}

group.”

Table 1: Summary of linear contextual transformations.




4 Orbits of linear contextual group actions

As previously discussed, the orbits of pitch vectors under the actions of the
OPTI groups have particular musical significance (they represent chords, chord
types, etc.). The orbit of a pitch or pitch class vector under the action of the
linear contextual group can be thought of as a set of pitch vectors that are
“in tune” with each other in the following sense. Suppose we choose any two
members of this orbit, v and w, and construct any voice leading of the form

v&w. Then the coordinates of d are linear combinations of the intervals in v
(modulo octave equivalence in the pitch class case). For example, consider the
orbit of the just tempered A major triad v = (9|, 3), where @ = 12log, 5/4
and = 12log, 3/2. The orbit is

{9+ aa+bB|ca+dB,ea+ fB:a,bc,dye, f€Zand cf —de==+1}.

Members of this orbit include not only obvious examples like the A minor triad
(9| 8—a, B) but also vectors like (9| 3, a+43) (in pitch class space, the intervals
of this vector are a perfect fifth and a syntonic comma). The restriction cf—de =
+1 ensures that each vector is the image of v under the action of an invertible
linear transformation—essentially, that each vector in the orbit defines the same
tuning system. (Lifting the restriction produces a complete set of pitch (class)
vectors w such that the coordinates of w — v are integer linear combinations of
the intervals in v.) If the intervals in a pitch or pitch class vector (zg | x) have the
property that the equation a-x = 0 has no nonzero solutions in Z"~* (or Z7;*
for a pitch class vector), then we say that the intervals are incommensurate. If
the intervals of a pitch class vector (zp|x) are incommensurate, then its orbit
under the action of ¢ is dense in the subspace zo = 0 of R”/O. Musically, this
means that every tuning system with incommensurate intervals is capable of
approximating any chord type to within any given degree of accuracy.

Lewin [12] defined a generalized interval system to be a group of “intervals”
acting simply transitively on a set of musical objects.!? Ordered pitch class space
is a topological group that acts simply transitively on itself by vector addition:
given two pitch class vectors x and y, there exists only one “interval,” namely
y—x (mod 12), that takes x to y. In contrast, linear contextual transformations
do not act transitively on ordered pitch space or the ordered pitch class torus—
for one, every element of € fixes the origin. However, ¥ does act transitively on
the orbits of some pitch or pitch class vectors. Let v = (x| x). Since the matrix
form of a linear contextual transposition has integer entries, (4,a)(xo|x) =
(zo | x) has nontrivial solutions if and only if the intervals of v (the coordinates
of x) are not incommensurate. Therefore, given a pitch vector whose intervals
are incommensurate, we can form a generalized interval system whose group of

A group G acts simply transitively on a set S if for every pair (s,t) of elements of S
there exists ezxactly one element g of G such that gs = ¢t. Roughly, we can think of a simply
transitive action as an “unambiguous”: there is exactly one action on s that produces t. The
stabilizer of an element s € S is the subgroup of elements g € G that fix s (i.e., {g: gs = s}).
The group G acts simply transitively on the orbit of s € S if and only if the stabilizer of s is
trivial.
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“intervals” (in the Lewinnian sense) is ¥. For example, the orbit of the just
tempered A major triad (9]a, 3) described above forms a generalized interval
system with € as its group. We can also construct a generalized interval system
using one of the subgroups of ¢. For example, the orbit of the just tempered
triad under the action of the group of contextual transpositions and inversions
(CT1I) is the set

{9+ aa+b8|oa,06:a,b€Z and 0 = £1}.

This set is a generalized interval system with C'T'I as its group of intervals. It
contains major triads (o = 1) and minor triads (¢ = —1).

Musical set theory often considers only equally tempered sets—that is, those
whose intervals are rational. Every pitch or pitch class vector with equally
tempered intervals is fixed by some nontrivial subgroup of ¥. For example, all
12-tet vectors'? are fixed by (12a,id). Each individual 12-tet vector is fixed by
additional transformations. For example, in pitch class space, (g |4,7) is fixed
by any transformation (k(1,8) |id) where k € Z15. The quotient of CTT by the
stabilizer subgroup of (z¢|4,7) is isomorphic to Zis X Zs (the dihedral group
Day, otherwise known as the group of neo-Riemannian transformations in equal
temperament).

4.1 Distance

Even on the pitch class circle, there are at least two competing notions of size at
work. Geometrical music theory normally measures Euclidean distance on the
continuous pitch class circle, while tuning theorists define a distance based (for
example) on Pythagorean tuning: the distance between two pitch classes is the
number of pure fifths (a 3/2 frequency ratio, or 12log, 3/2 units of pitch) from
one to the other, with the distance between two pitch classes that are unrelated
by pure fifths being undefined. Therefore, the distance between pitch classes
separated by four Pythagorean commas'®—that is, separated by an interval
approximately equal to a semitone—is 48, while the size of an equally tempered
semitone is undefined.

When we take voice leadings into account, the actions of contextual linear
transformations are anything but well behaved. In general, they are not isome-
tries of R™ or T™. In fact, for any pitch vector z, there exists a pitch vector w
arbitrarily close to z that is mapped arbitrarily far from z by repeated applica-
tion of some linear contextual transformation (a, A) to both vectors. Therefore,
although voice leadings (line segments) are mapped to other voice leadings,
their Euclidean length is not preserved. This is rather discouraging, as one of
the most attractive features of CQT spaces is that they possess a natural notion
of distance based on minimal voice leadings.

12 A 12-tet vector is one whose intervals may be embedded into 12-tet: (zo|x) is a 12-tet
vector if x =0 (mod 12). The value of z¢ is immaterial.

13 A Pythagorean comma is the distance between pitch classes separated by twelve pure
fifths (12logs 312/219). Since a pure fifth is nearly 7/12 of an octave, this distance is small—
approximately 0.2346 semitones—but noticable even to an untrained ear.
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5 Musical examples

We consider specific musical examples in which the linear transformation model
is profitable.

5.1 Sequences of fifths

Let the contextual transposition F equal ((1),id) acting on T?. Successive
application of F' to a two-element pitch class vector (that is, an interval) (xq | g)
gives the sequence of “fifths” (z¢ + ¢|9g), (o + 2¢9]9), (xo + 3g]g),.... In the
pitch class circle, the orbit of the equally tempered major third (¢ = 4) under
the action of F' has three points and the orbit of the equally tempered perfect
fifth (¢ = 7) has twelve points. If ¢ is an irrational number, such as the pure
fifth 121log, 3/2, the map g — ng (mod 12) is a chaotic dynamical system and
the orbit of (z¢|g) under the repeated action of F' is dense in the subspace
spanned by (k|g) for k in R/127Z.

5.2 Linear contextual transpositions and tuning theory

Tuning theorists ignore transposition level and study the effect of linear trans-
formations on the intervals in a pitch class vector. In other words, they consider
pitch class segments (¢ | x) and (yo | y) to define the same tuning if there exists
an invertible linear transformation A € GL(n—1,Z) such that y = Ax [13]. The
“tuning group” 7 is the quotient of € by the set of contextual transpositions—
that is, the general linear group GL(n — 1,7Z). It is isomorphic to the mapping
class group of (n — 1)-dimensional torus, or ordered “ordered interval space”
R"/OT ~ T"~ 1.

5.3 Neo-Riemannian transformations.

The CTI group acting on R? or T3 is generated by the linear transformations
W12 = <(1,0),—’Ld>, W13 = <(0,1),—Zd>, and W23 = <(1,1),—’Ld> Each Wij
is a contextual inversion that exchanges the ith and jth elements of the pitch
class vector. It has the presentation (Wig, Wiz, Waz : W3, = W& = Wi =
(W1aW13Wa3)? = 1). When restricted to 12-tet triads, Wia, Wi3, and Was
act as R, P, and L, respectively.'* The tonnetz (figure 3) is the standard geo-
metrical representation of the action of the PLR group on triads. (Ignore the
numerals after the chord names—they are needed for a construction discussed
in section 5.4.) If the node labels are erased, the resulting honeycomb is the

MTiore used this representation in an unpublished article [6]. In their article on generalized
contextual groups [5], Fiore and Satyendra define contextual transformations on pitch class
vectors differently. A schritt Q. for k € Zi2 is a contextual transposition such that Qry =
y + k1 if y is a transposition of some given vector v € Z7, and Qry = y — k1l if y is a
transposition of a retrograde-inverted form of v. A wechsel, K, is similar to Wiz (as defined
in section 5.3); it sends y to its retrograde inverted form sharing the same first two pitch
classes. This construction cannot be extended to continuous space, because @} is undefined
on vectors that are invariant under retrograde inversion.
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Cayley graph of the PLR group (and C'TI group), with parallel line segments
representing the same transformation.'® In figure 3, P is vertical, R is north-
west/southeast, and L is northeast/southwest. The CTT group does not act
simply transitively on the orbit of any pitch class vector that can be embedded
in equal temperament. Even in 12-tet, the size of an orbit depends on the vector
chosen: for example, the orbit of the augmented triad (x |4, 8) can have no more
than six elements, since the augmented triad can be embedded in 3-tone equal
temperament. In contrast, orbits of pitch class vectors with incommensurate
intervals are infinite; in this case, CT'I acts simply transitively.

5.4 Parsimonious transformations

Cohn [3] recognized the importance of “small” voice leadings in composers’ im-
plementations of neo-Riemannian transformations. He described neo-Riemannian-
type transformations acting on generic three-note set classes. In each case, two
voices are fixed, while the remaining voice moves as needed to invert the chord.
We can express this phenomenon with matrices. In ordered pitch class space,
the “fix” transformations Fia, Fi3, and Fb3, where Fj; fixes the ith and jth
voices, have the following matrix forms:

1 1 1 0 0
Fh3(z) = 0 0 -1 |z Fis(zy=1 0| -1 1 |z
0] -1 0 0 0 1
110 0
Flg(z) = 011 0 Z.
01 —1
For example, Fos(x|4,7) = (x—1]5,8) (that is, Fb3 maps a major triad in root

position to a minor triad in second inversion), while Fa3(z[5,9) = (z +2|3,7)
(that is, F»3 maps a major triad in second inversion to a minor triad in root
position). The maximally even set (x|4,8) is fixed by all Fj;. Voice leadings
z—F;(z) are parsimonious when z is “close” to an augmented triad.

Like the tonnetz, the Cayley graph of the group generated by the Fj;’s is
a honeycomb. However, its edges are labeled differently (see figure 3). The
“fix” transformations are indicated by the style of line segments connecting
nodes; each line segment represents both a contextual transformation and a

voice leading, which we interpret as zi>Fij(z), where each d; is the smallest-
magnitude member of its equivalence class.

Keeping track of voice leadings reveals significant musical differences be-
tween the PR, LP, and LR chains described by Cohn [3]. All of these produce
“loops”—sequences of pitch class vectors cycling through the same orbit—when
applied in equal temperament. However, only the L P cycle is a sequence of min-
imal voice leadings that can be realized by simultaneous melodies in which each

15Cayley graphs are not unique, since a group does not have a unique set of generators.
Here, the generators are assumed to be P, L, and R.
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Figure 3: Transformational network depicting the “fiz transformation group”
acting on consonant triads. Recall that capital letters indicate major triads and
lowercase letters indicate minor triads. The numerals 0, 1, and 2 indicate root
position, first inversion, and second inversion, respectively.

voice returns to its starting pitch and no voice leaps by more than a whole tone.
The other two chains involve parsimonious voice leadings producing “melodies”
that ascend or descend in pitch as indicated. Cohn’s example 1 [3] (Brahms,
Concerto for Violin and Cello, Op. 102, First Movement, mm. 270-78) shows
Brahms using the LP loop to effect: the violin parts traverse a “static” cycle.
Although the viola leaps by an octave in the fourth progression, this is clearly
not forced by voice-leading considerations. (The cello part is driven by fun-
damental bass rules rather than voice leadings.) All together, the string parts
create a “bed” above which the two solo parts soar. In contrast, the overall
effect of a parsimonious circle of fourths progression is an ascending line, as in
measures 14-19 of di Lasso’s Carmina Chromatico from Prophetiae Sibyllarum
(figure 5).

Parsimonious transformations also reveal some interesting relationships in
Schubert’s A major reharmonization of the A minor “theme by Anselm Hiitten-
brenner” in variation XIII (figure 6). The similarity between the progression G
major—C major — A minor in the theme and G* major — C¥ minor — A major
in variation XIII is driven by voice leadings—by “fix” transformations—rather
than neo-Riemannian duality.

This example also demonstrates the problems we encounter when measuring
distances. One normally defines “distance” on a Cayley graph using the word
length metric, where the distance between vertices is the smallest number of
edges connecting them. This distance is not generally the same as distance in
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Figure 4: Brahms, Concerto for Violin and Cello, Op. 102, First Movement,
mm. 270-78. With the exception of the octave leap in the viola, the upper three
voices are relatively static.

a CQT space. For example, although c0 and al are equidistant from CO on the
tonnetz, c0 represents only one semitone’s worth of movement from C0, while al
is two semitones away. When applied to triads with incommensurate intervals,
the distance functions differ widely—roughly, distance on the tonnetz is related
to the number of commas by which two triads differ, while geometric distance
is the size of the smallest voice leading from one chord to another.

5.5 Uniform triadic transformations.

Tonal theory has a particular interest in groups of triadic transformations,
including the neo-Riemannian transformations. Hook [9] proposed the 288-
element group of uniform triadic transformations (UTTSs), which is isomorphic
to (Z12)2 X Zs. The UTT group acts on the set of 12-tet minor and major triads
and contains two types of elements: those that preserve mode (i.e. minor or
major) and those that reverse mode. Any pair (t*,¢7) € Z3, and o € {+, —} de-
fines a unique triadic transformation (o,¢%,¢7): o indicates whether the trans-
formation is mode-preserving (+) or mode-reversing (—), and ¢* and ¢~ indi-
cates the transposition level of major and minor triads, respectively. So, for
example, the neo-Riemannian R equals (—, —3,3) and the dominant transfor-
mation equals (+,5,5).

The structural similarity between the UTT group and the linear contextual
group in 12-tet suggests that we can construct a matrix representation of Hook’s

- > A solution

group using linear contextual transformations. Let A = ( 01

to the system of linear equations

4a+T7b = tT (mod 12)
3a+7 = t (mod 12)
is a = tT —t~ (mod 12); since 7 is relatively prime to 12, the equation 7b =

tT — 4a (mod 12) has a unique solution in Zj3. The UTT (o0,t",¢”) may be
then represented by ((a,b),id) if ¢ = 4 and ((a,b), A) if 0 = —, where (a,b) €
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Figure 5: The soprano, alto, and tenor parts participate in an ascending circle of fourths progression in di Lasso’s Carmina
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Figure 6: Schubert’s reharmonization from “Variations on a theme by Anselm Hiittenbrenner.” In variation V, a D major

chord substitutes for the diminished chord marked “?92.”



(Z12)?. For example, the UTT D = (+,5,5) is represented by ((0,11),id) (any
transformation ((0,b), id) transposes major and minor triads by equal amounts).
In this system, the neo-Riemannian transformations are represented by P’, L',
and R, where P’ = ((0,0), A), L' = {((8,8), A), and R’ = ((6,3), A).

5.6 Serial transformations

Contextual inversion and retrograde are favorites of serial composers. David
Lewin’s GMIT presents numerous examples of contextual transpositions, inver-
sions and retrogrades acting on series (pitch class vectors). Examples include
RICH (GMIT, section 8.2.1), TCH = RICH? (section 8.2.1), MUCH (8.2.5),
BIND (9.6.4), TLAST (8.3.1), TFIRST (8.3.1), FLIPEND (8.3.2), and FLIP-
START (8.3.2) [12]. Of these, only one, MUCH, is non-linear (MUCH takes a
pitch class vector s to its retrograde-inverted form whose beginning overlaps the
ending of s as much as possible). With the exception of TCH, each transfor-
mation preserves at least one common tone. For example, RICH, which takes a
series s to its retrograde-inverted form beginning with the last two elements of s,
is a linear contextual retrograde inversion represented by ((0,...,0,1,0), —R).
FLIPEND and FLIPSTART are rare examples of linear contextual transforma-
tions that do not preserve set class. FLIPSTART takes a pitch class vector
(s1,82,83) in R3/O to (a, s1,s3), where a is the inversion of sy about sj, and
FLIPEND is constructed in a similar manner.

Conclusion

This paper demonstrates that the actions of contextual transformations on con-
tinuous ordered pitch or pitch class space can be represented by matrix multipli-
cation. In doing so, it connects tuning theory with discrete musical set theory
and gives new insight into foundational constructions such as serial transfor-
mations and the neo-Riemannian transformations. We have only scratched the
surface of what this model can reveal about the structure of contextual transfor-
mation groups. However, we must keep in mind that the constructions developed
in this paper are not the only model for contextual transformations; requiring
transformations to be defined on ordered sets is problematic in some musical
contexts.
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