
Galois connections among fuzzy groups,similarities and distances.Giangiacomo Gerla 1 Luisa ScarpatiAbstractGiven a set S, we de�ne Galois connections between the lattice of fuzzysubgroups of transformations in S, the lattice of the similarities in S andthe lattice of the distances in S.1 IntroductionMany authors, such as Chakraborty and Das ([2]), Valverde and Jacas ([5],[11]),Ovchinikov ([8]) have widely studied an interesting class of fuzzy relations: thesimilarities. Another basic notion is the one of fuzzy subgroup proposed byRosenfeld in [9]. In [3] it was showed that, given a set S, any fuzzy subgroup oftransformations in S is associated with a similarity on S and any similarity onS is associated with a fuzzy subgroup of transformations in S.In this paper we show that such a link is a Galois connection between thelattice of the fuzzy subgroups of transformations in S and the lattice of similar-ities on S. Also, we investigate the notion of extensionality in terms of degreeof invariance. More precisely, in Section 2, we give some preliminary notions.In Section 3, we observe that the natural correspondence between equivalenceson a set S and subgroups of transformations in S is a Galois connection. InSection 4, using an extension principle for operators, we extend the previousGalois connection to a Galois connection between the lattice of the fuzzy sub-groups of transformations and the lattice of similarities on S. In Sections 5and 6 we recall the well-known relationship between the notion of similarityand that of distance (see for examples Ruspini in [10] and Valverde in [11]) tostate a Galois connection between the lattice of the fuzzy subgroups and theone of the distances. Finally, in Section 7 we relate our results to the notion ofextensionality given by Klawonn and Castro in [7]. For sake of simplicity, werefer to the lattice [0; 1], but the most of our results can be extended to anycomplete and completely distributive lattice.2 PreliminariesA fuzzy subset of a set S is any map s from S to [0; 1]. We denote by F(S) theclass of the fuzzy subsets of S: The fuzzy subsets of S � S are also called fuzzyrelations. The inclusion relation is de�ned by setting, for any s and s0 in F(S),1DMI University of Salerno, 84084 Baronissi (SA), Italy. e-mail: gerla@libero.it1



s � s0 i� s(x) � s0(x) for every x 2 S. Denote by _ and ^ the maximum and theminimum operator in [0; 1] and, by : the map de�ned by setting :(x) = 1� x.Then, the union s [ s0and the intersection s \ s0 of s and s0 are de�ned bysetting, for every x 2 S, (s[s0)(x) = s(x)_s0(x) and (s\s0)(x) = s(x)^s0(x).Likewise, if (si)i2I is a family of fuzzy subsets then we de�ne Ti2I si andTi2I siby setting Si2I si(x) = Wi2I si(x) and Ti2I si(x) = Vi2I si(x). Finally, wede�ne the complement � s of s by setting (� s)(x) = :s(x): In this way, F(S)becomes an algebraic structure (F(S);[;\;�) which is a complete lattice withan involution. As a matter of fact, such a structure is the direct power of thestructure ([0; 1];_;^;:) with index set S. We say that a fuzzy subset s is "crisp"provided that s(x) 2 f0; 1g for every x 2 S. We can identify the class of subsetsof S with the class of crisp subsets of S by identifying any subset X of S withthe related characteristic function cX . Given a fuzzy subset s of S, for every� 2 [0; 1] the subsetsC(s; �) = fx 2 S j s(x) � �g and O(s; �) = fx 2 S j s(x) > �g (1)are called the closed �-cut and the open �-cut of s, respectively.We can interpret the connective "and" by suitable binary operations on [0; 1].Usually, one refers to the class of t-norms de�ned as follows.De�nition 1. A binary operation � in [0; 1] is called a triangular norm, in briefa t-norm, if it is associative, commutative, non decreasing in both variables andhas as unit 1.A t-norm � is called Archimedean if x � x < x for any x 2 [0; 1]. Given acontinuous triangular norm �, we can de�ne the implication and the equivalencerespectively as followsx!� y = max fz j x � z � yg ; x$� y = (x!T y) � (y !T x): (2)As an example, if x � y = max fx+ y � 1; 0g is the t-norm of Lukasiewicz,then the related implication is given by min f1� x+ y; 1g and the equivalenceby 1� jx� yj. If � is the t-norm of the minimum, then the related implicationis 1 if x � y, y otherwise. The equivalence is 1 if x = y, x ^ y otherwise. If � isthe t-norm of the product, then the related implication is equal to 1 if x � y,yx otherwise. The equivalence is 1 if x = y, x^yx_y otherwise. In the following �always denotes a continuous t-norm.The notion of fuzzy subgroup is de�ned as a many valued extension of theclassical notion of subgroup (as an example see [1] and [9]).De�nition 2. Let (G; �;�1 ; e) be a group. Then a �-fuzzy subgroup, in brief afuzzy subgroup, of G is a fuzzy subset ~G of G such thati) ~G(e) = 1;ii) ~G(x�1) � ~G(x) for every x 2 G;iii) ~G(x � y) � ~G(x) � ~G(y) for every x; y 2 G.In the following, we call closure system a class C of fuzzy subsets of S suchthat the intersection of any family of elements of C is an element of C. Given afuzzy subset s, we say that �s= \fs0 2 C j s0 � sg is the fuzzy subset generated2



by s. Any closure system is a complete lattice in which the join of a family(si)i2I of elements is the fuzzy subset generated by the union Si2I si and themeet is the usual intersection. The following proposition holds.Proposition 3. Let F (G) be the class of fuzzy subgroups of G. Then F (G) isa closure system and therefore a complete lattice.The notion of similarity or fuzzy equivalence is on the basis of fuzzy settheory (see for example [11]).De�nition 4. A �-similarity, in brief similarity, on a domain S is a fuzzyrelation R : S �S ! [0; 1] such that the following properties holdi) R(x; x) = 1 for every x 2 S (re
exivity),ii) R(x; y) � R(y; x) for every x; y 2 S (symmetry),iii) R(x; z) � R(x; y) � R(y; z) for every x; y; z 2 S (�-transitivity).The set of similarities is ordered by the inclusion relation. Moreover we havethe following proposition.Proposition 5. Let E(S) be the class of all similarities on S. Then E(S) is aclosure system and therefore a complete lattice.If � corresponds to the minimum we can characterize the just given notionsin terms of cuts. Indeed, one proves that �G is a fuzzy subgroup of a group G ifand only if all its closed cuts are classical subgroups of G. Also, R is a similarityon a set S if and only if every closed cut C(R; �) is an equivalence relation onS.3 A Galois connectionIf S is a set, we denote by �S the group of transformations of S.De�nition 6. Let G � �S be a set of transformations. Then we de�ne arelation '(G) on S by setting'(G) = f(x; y) 2 S � S j 9g 2 G : g(x) = yg : (3)De�nition 7. Let R � P(S � S) be a relation. Then we de�ne a subset  (R)of �S by setting  (R) = ff 2 �S j xRf(x) for any x 2 Sg : (4)In the following we write also RG to denote '(G) and GR to denote  (R).Proposition 8. Let G � �S be a subgroup of �S. Then RG is an equivalencerelation on S. Let R be an equivalence relation on S. Then GR is a subgroupof �S.The following proposition shows the connection between G and  ('(G)) andbetween R and '( (R)). 3



Proposition 9. Let G be a subgroup of �S and R an equivalence relation onS. Then  ('(G)) � G and '( (R)) = R: (5)Proof. We have ('(G)) = ff 2 �S j 8x (x; f(x)) 2 '(G)g= ff 2 �S j 8x 9g 2 G : g(x) = f(x)g � G:Also, given an equivalence relation R, we have(x; y) 2 '( (R)) , 9g 2  (R) : g(x) = y, 9g : 8z zRg(z) and g(x) = y ) xRy:Conversely, let xRy and let's de�ne the following trasposition< x; y > (z) =8<: x if z = yy if z = xz otherwise. (6)Then we have that < x; y >2  (R) and < x; y > (x) = y. Thus (x; y) 2'( (R)).We denote by R(S) the set of all equivalences on S and by G(�S) the set ofall subgroups of �S . It is well known that both (R(S);�) and (G(�S);�) areclosure systems and therefore complete lattices.We recall the de�nition of Galois connection between two ordered sets.De�nition 10. Let S and S0 be ordered sets. A Galois connection between Sand S0 is any pair (';  ) of maps ' : S ! S0 and  : S0 ! S such that:i) ' and  are both order preserving,ii)  ('(a)) � a 8a 2 S and '( (a0)) � a0 8a0 2 S0.We say that (';  ) is surjective if ' is surjective. Observe also that a Galoisconnection is surjective i� ' is the identity mapping. The following theoremshows that the correspondence between subgroups and equivalences is a Galoisconnection.Theorem 11. The mappings ' : G(�S) ! R(S) and  : R(S) ! G(�S)de�ne a surjective Galois connection between the complete lattices (G(�S);�)and (R(S);�).Proof. It is immediate to prove that  and ' are both order preserving. Thenthe proof follows from Proposition 9:
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4 Extension principle and Galois connectionWe recall the de�nition and some properties of an extension principle for oper-ators given in [4].De�nition 12. Let S1; :::; Sn; S be sets and J : P(S1) � ::: � P(Sn) ! P(S)an operator. Then we de�ne the fuzzy operator J� : F(S1) � ::: � F(Sn) !F(S), called the canonical extension of J , by setting for any s1 2 F(S1), ...,sn 2 F(Sn) and x 2 SJ�(s1; :::; sn)(x) =_ f� 2 [0; 1] j x 2 J(C(s1; �); :::; C(sn; �))g : (7)The following proposition is immediate.Proposition 13. If J : P(S1)� :::� P(Sn)! P(S) is an operator, thenJ is order preserving, J� is order preserving:Now the following theorem can be given.Theorem 14. Let  : P(S � S) ! P(�S) be de�ned as in (4) and let  � :F(S � S)! F(�S) be the canonical extension of  . Then �(R)(f) = x̂2SR(x; f(x)): (8)Proof. Indeed, by De�nition 12, we have �(R)(f) = _ f� 2 [0; 1] j f 2  (C(R; �))g= _ f� 2 [0; 1] j R(x; f(x)) � � 8x 2 Sg= x̂2SR(x; f(x)):In a geometrical interpretation, we can interpret R(x; y) as a valuation ofthe claim that x is "near" to y. Then  �(R) is the fuzzy set of transformationsf such that, for any point x, the image f(x) is "near" to x. In the followingsometimes we write �GR instead of  �(R). The following theorem was provedin [3].Theorem 15. Let R be a �-similarity in S. Then  �(R) is a �-fuzzy subgroupof �S.Proof. R is re
exive so we have that  �(R)(is) = Vx2SR(x; x) = 1. Also,since R is symmetric, �(R)(f) = x̂2SR(x; f(x)) = ŷ2SR(f�1(y); f(f�1(y)))= ŷ2SR(f�1(y); y) � ŷ2SR(y; f�1(y)) =  �(R)(f�1).5



Finally, since R is �-transitive, �(R)(f) �  �(R)(g) = (x̂2SR(x; f(x))) � (ŷ2SR(y; g(y)))= x̂2SR(x; f(x)) � x̂02SR(f(x0); g(f(x0)))= ^x;x02S(R(x; f(x)) � R(f(x0); g(f(x0))))� x̂2S(R(x; f(x)) � R(f(x); g(f(x))))� x̂2SR(x; g(f(x))) =  �(R)(g � f):Theorem 16. Let � : P(�S) ! P(S � S) be de�ned as in (3) and let '� :F(�S)! F(S � S) be the canonical extension of '. Then'�(�G)(x; y) = _g2�S n�G (g) j g(x) = yo (9)Proof. By De�nition 12, we have'�(�G)(x; y) = _n� 2 [0; 1] j (x; y) 2 '(C(�G; �))o= _n� 2 [0; 1] j 9g 2 C(�G; �) : g(x) = yo= _g2�S n�G (g) j g(x) = yo .In accordance with such a theorem, we can consider '�(�G)(x; y) as a mul-tivalued valuation of the claim that a transformation g in �G exists such thatg(x) = y. In the following we write R�G to denote the fuzzy relation '�(�G). Thefollowing theorem was proved in [3].Theorem 17. Let �G be a �-fuzzy subgroup of �S, then '�(�G) is a �-similarityin S.Proof. Since �G (is) = 1, it is immediate that '�(�G)(x; x) = 1: Since �G (g�1) ��G(g) for every g 2 �S ,'�(�G)(x; y) � _g2�S n�G (g�1) j g�1(y) = xo = '�(�G)(y; x)for every x; y 2 S . Finally, since �G (h � g) ��G (g)� �G (h), then'�(�G)(x; y) � '�(�G)(y; z) =Wg2�S n�G (g) j g(x) = yo �Wh2�S n�G (h) j h(y) = zo =6



Wg;h2�S n�G (g)� �G (h) j g(x) = y and h(y) = zo �Wg;h2�S n�G (h � g) j h(g(x)) = zo = '�(�G)(x; z):Notice that if J : P(S1)� :::�P(Sn)! P(S) is any order-preserving oper-ator, the following inclusions hold, for every � 2 [0; 1] and every si 2 F(Si),O(J�(s1; :::; sn); �) � J(O(s1; �); :::; O(sn; �))� J(C(s1; �); :::; C(sn; �)) � C(J�(s1; :::; sn); �):The following proposition shows that a stronger property holds for the canon-ical extensions '� and  �.Proposition 18. Let R be a fuzzy binary relation in a set S, �G a fuzzy subsetof �S and � 2 [0; 1]. ThenO('�(�G); �) = '(O(�G; �)) ; C( �(R); �) =  (C(R; �)): (10)Proof. We have thatO('�(�G); �) = 8<:(x; y) j _g2�S n�G (g) j g(x) = yo > �9=;= n(x; y) j 9g :�G (g) > � and g(x) = yo = '(O(�G; �)):Also we have thatC( �(R); �) = ff j  �(R)(f) � �g = (f j x̂2SR(x; f(x)) � �)= ff j R(x; f(x)) � � for every x 2 Sg =  (C(R; �)):Observe that, if � is di�erent from the minimum and R is a similarity, thenC(R; �) is not an equivalence relation and, also, if �G is a fuzzy subgroup,O(�G; �) is not a subgroup, in general.Proposition 19. For every fuzzy subgroup �G of �S, �('�(�G)) ��G . (11)For every similarity R in S, '�( �(R)) = R. (12)Moreover, both  � and '�are order preserving.
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Proof. It is immediate that both  � and '�are order preserving. Also, �('�(�G))(f) = Vx2S '�(�G)(x; f(x)) = Vx2S Wg2�S n�G (g) j g(x) = f(x)o= Wg2�S Vx2S n�G (g) j g(x) = f(x)o = Wg2�s �G (g) ��G (f):Furthermore,'�( �(R))(x; y) = _g2�S f �(R)(g) j g(x) = yg= _g2�S(ẑ2SR(z; g(z)) j g(x) = y)� _g2�S fR(x; g(x)) j g(x) = yg = R(x; y):Conversely, let < x; y > be the trasposition de�ned in (6). Then we havethat '�( �(R))(x; y) = _g2�S(ẑ2SR(z; g(z)) j g(x) = y)� ẑ2SR(z; �g (z)) = R(x; y):We can express the properties of '� and  � as follows.Theorem 20. The pair of maps ('�;  �) de�nes a surjective Galois connectionbetween the complete lattice of the fuzzy subgroups (F (�S);�) and the completelattice of the similarities (E(S);�):5 Pseudometrics, similarities and fuzzy subgroups.We call extended pseudometric on S any map d : S � S ! [0;+1] such thatd(x; x) = 0; d(x; y) = d(y; x); d(x; y) � d(x; z) + d(z; y)for any x; y; z 2 S;where we assume that x+ (+1) = (+1) + x = +1 for anyx 2 [0;+1].Proposition 21. The class C of all extended pseudometrics de�ned on S isclosed with respect to the join operator. Consequently, C is a complete lattice.Proof. Let (di)i2I be a family of extended pseudometrics. We claim that d(x; y) =Wi2I di(x; y) is an extended pseudometric. Obviously, d(x; x) = 0 and d(x; y) =d(y; x): Also, for every i 2 Idi(x; y) � di(x; z) + di(z; y) � _i2I di(x; z) +_i2I di(z; y):Consequently, Wi2I di(x; y) � Wi2I di(x; z) +Wi2I di(z; y):8



In the following, given an injective map f : [0; 1] ! [0;+1] we denote byf [�1] the pseudoinverse of f , i.e.f [�1](x) = � f�1(x) if x 2 f([0; 1])0 otherwise. (13)We call additive generator, in brief generator, any continuous strictly de-creasing function f : [0; 1]! [0;+1] such that f(1) = 0: These notions enableus to recall the basic representation theorem for continous Archimedean t-norms(see for example [6]). Observe that if f is a generator, f([0; 1]) is the interval[0; f(0)]. So, f [�1](x) = f�1(x) if x � f(0) and f [�1](x) = 0 otherwise. Inparticular, f [�1](f(x)) = x for any x 2 [0; 1] and f( f [�1](x)) = x if x � f(0)and f(f [�1](x)) = f(0) otherwise.Theorem 22. Let � be a function from [0; 1]2 into [0; 1]. Then � is a continuousArchimedean t-norm if and only if there exists a generator such that for all x; yin [0; 1] x � y = f [�1](f(x) + f(y)): (14)The following duality between pseudometrics and similarities has been es-tablished by Valverde in [11] in the case of continuous Archimedean t-norms.Theorem 23. Let f be a generator of a continuous, Archimedean t-norm �.Then, for every extended pseudometric d, the fuzzy relation g(d) : S�S ! [0; 1]de�ned by setting g(d)(x; y) = f [�1](d(x; y)) (15)is a �-similarity.The converse also holds.Theorem 24. Let f be a generator of a continuous Archimedean t-norm � andR a �-similarity. Then the function h(R) : S � S ! [0; 1] de�ned by settingh(R)(x; y) = f(R(x; y)) (16)is an extended pseudometric.We will write also Rd to denote g(d) and dR to denote h(R). For exam-ple, if d is an extended pseudometric and f(x) = � ln(x), then the t-norm �generated by f is the usual product and a similarity Rd is obtained by set-ting Rd(x; y) = e�d(x;y) for any x; y 2 S: Conversely, if R is a similarity withrespect to the product and we set dR(x; y) = � ln(R(x; y)), then dR is an ex-tended pseudometric. Furthermore, if d : S � S ! [0; 1] is a pseudometric andf(x) = 1�x; then the t-norm � generated by f is the t-norm of Lukasiewicz anda similarity Rd is obtained by setting Rd(x; y) = 1 � d(x; y) for any x; y 2 S:Conversely, if R is a similarity with respect to the t-norm of Lukasiewicz andwe set dR(x; y) = 1�R(x; y), then dR is a pseudometric.9



Theorem 25. Let f be a generator of a strict continuous and Archimedeant-norm �. Then, for every extended pseudometric d on S, the function �(d) :�s ! [0; 1] de�ned by setting, for any g 2 �S�(d)(g) = f [�1](_x2S d(x; g(x))) (17)is a �-fuzzy subgroup of �s.Proof. Let Rd(x; y) = f [�1](d(x; y)). By Theorem 23, Rd is a �-similarity. ByTheorem 17 we have that the fuzzy subset �(d) such that for any g 2 �s�(d)(g) = x̂2SRd(x; g(x)) = x̂2S f [�1](d(x; g(x))) = f [�1](_x2S d(x; g(x)))is a �-fuzzy subgroup.Notice that if d is an extended pseudometric in S, then by setting, for anyf; g 2 �S d(f; g) = _x2S d(f(x); g(x)); (18)we obtain an extended pseudometric in the space �S . Then, by Theorem 23,g(d) : �S ��S ! [0; 1] is a similarity in �S . This means that we can interpretthe fuzzy subgroup �(d) as the fuzzy subset of transformations similar to theidentity map is : S ! S.Theorem 26. Let f be a generator of a strict continuous and Archimedean t-norm � and ~G a �-fuzzy subgroup of �S . Then the function �( ~G) : S � S ![0;+1] de�ned by setting�( ~G)(x; y) = f 0@ _g2�Sf ~G(g) j g(x) = yg1A (19)is an extended pseudometric on S.Proof. By Theorem 17,R ~G(x; y) = _g2�Sf ~G(g) j g(x) = yg (20)is a �-similarity. Since � is a continuous and Archimedean t-norm, by Valverde'stheorem, f(R ~G(x; y)) is a pseudometric on S.In the following we write also d ~G to denote �( ~G) and ~Gd to denote �(d).As an example, if d is the usual Euclidean distance and f(x) = � lnx, then~Gd(g) = e�Wx2S d(x;g(x)) = x̂2S e�d(x;g(x))de�nes a fuzzy subgroup with respect to the t-norm of product. For such a fuzzysubgroup, if g is a translation of length h, then ~Gd(g) = e�h, if g is a rotation10



~Gd(g) = e�1 = 0. Conversely, if ~G is a �-fuzzy subgroup with respect to thet-norm of the product, then the function d de�ned by settingd ~G(x; y) = � ln( _g2�Sf ~G(g) j g(x) = yg) (21)for any x; y 2 S; is an extended pseudometric.Likewise, if d is a bounded pseudometric and f(x) = 1� x, then~Gd(g) = 1� _x2S d(x; g(x)) (22)is a fuzzy subgroup with respect to the t-norm of Lukasiewicz. Conversely,if � is the t-norm of Lukasiewicz and ~G is a �-fuzzy subgroup, then by settingd ~G(x; y) = 1� ( _g2�Sf ~G(g) j g(x) = yg) (23)we obtain a pseudometric.In the following we denote by D(S) the dual of C, i.e. the complete latticede�ned by considering the relation �d de�ned by setting, for every d1; d2 2 C:d1 �d d2 , d1 � d2: (24)Also, given � 2 [0;+1], we denote by D(S)� the sublattice of D(S) de�nedby the class of extended pseudometrics bounded by �.Theorem 27. Let f be a generator of a continuous, Archimedean t-norm �,denote by F (�S) the lattice of �-fuzzy subgroups of �S. Then the mappings� : F (�S) ! Df(0)(S) and � : Df(0)(S) ! F (�S) de�ne a surjective Galoisconnection between the complete lattices F (�S) and Df(0)(S).Proof. For every ~Gi 2 F (�S) and di 2 Df(0)(S) we have:~G1 � ~G2 ) �( ~G1) � �( ~G2)) �( ~G1) �d �( ~G2);d1 �d d2 ) d1 � d2 ) �(d1) � �(d2):In this way we have proved that � and � are both order preserving.Furthermore, if is denotes the identity mapping,�(�( ~G))(�g) = f [�1](_x2S �( ~G)(x; �g (x)))= f [�1](_x2S(f( _g2�Sf ~G(g) j g(x) =�g (x)g)))= f [�1](_x2S(f( _g02�Sf ~G(�g � g0) j g0(x) = xg)))� f [�1](_x2S(f( ~G(�g � is)))) = ~G(�g):11



To prove that � � � is the identity map, observe that�(�(d))(�x;�y) = f( _g2�S ��(d)(g) j g(�x) =�y�)= f( _g2�S(f [�1](_x2S�d(x; g(x)) j g(�x) =�y�)))� f( _g2�S(f [�1](d(�x; g(�x)) j g(�x) =�y)))= f(f [�1](d(�x; �y))):But also�(�(d))(�x;�y) = f( _g2�S(f [�1](_x2S(d(x; g(x))j g(�x) =�y))))� f(f [�1](_x2S d(x;<�x; �y> (x)) j <�x;�y> (�x) =�y))= f(f [�1](d(�x; �y))):In conclusion, since d(�x;�y) � f(0) we have that�(�(d))(�x;�y) = f(f [�1](d(�x;�y))) = d(�x; �y):6 Ultrametrics and fuzzy subgroups.Since the minimum is not Archimedean, we cannot apply the theorems givenin the previous section. Nevertheless, we can �nd similar results by referringto the notion of ultrapseudometric. Recall that an ultrapseudometric is a mapd : S � S ! [0; 1] such that, for any x; y; z 2 S, d(x; x) = 0; d(x; y) =d(y; x); d(x; y) � d(x; z) _ d(z; y). Any ultrapseudometric is a pseudometric,obviously.Theorem 28. Let f : [0; 1] ! [0; 1] be a decreasing bijective function withf(1) = 0. Then if R is a ^-similarity on S, the equationd(x; y) = f (R(x; y)) (25)de�nes an ultrapseudometric. Conversely, if d : S � S ! [0; 1] is an ultrapseu-dometric, the equation R(x; y) = f�1 (d(x; y)) (26)de�nes a ^-similarity.Proof. Obviously d(x; x) = 0 and d(x; y) = d(y; x). Moreover, since f is de-creasing, for every x; y; z 2 S, from R(x; z) � R(x; y) ^ R(y; z) it followsf(R(x; z)) � f(R(x; y) ^R(y; z)) = f(R(x; y)) _ f(R(y; z)):In a similar way the second part of the theorem can be proved.12



Observe that ^-fuzzy subgroups give rise to ultra-pseudometrics, and vicev-ersa.Theorem 29. Let ~G be a ^-fuzzy subgroup of �S and f : [0; 1] ! [0; 1] adecreasing bijective function with f(1) = 0. Then the function �0( ~G) : S � S ![0; 1] de�ned by setting�0( ~G)(x; y) = f( _g2�Sf ~G(g)j g(x) = yg) (27)is an ultrapseudometric on S.Proof. By Theorem 17, R ~G(x; y) is a �-similarity. Since � is the t-norm of theminimum, the thesis follows by Theorem 28 .Theorem 30. Let � be the t-norm of the minimum and f : [0; 1] ! [0; 1] adecreasing bijective function with f(1) = 0. Then, for every ultrapseudometricd, the function �0(d) : �s ! [0; 1] de�ned by setting, for any g 2 �S�0(d)(g) = f�1(_x2S d(x; g(x))) (28)is a ^-fuzzy subgroup.Proof. By Theorem 28 the relation R(x; y) = f�1 (d(x; y)) is a ^-similarity andtherefore, by Theorem 15, �GR is a fuzzy subgroup. Moreover,�GR (g) = x̂2S (R(x; g(x))) = x̂2S f�1 (d(x; g(x))) = f�1 _x2S d(x; g(x))! :If we denote by (U(S);�d) the complete lattice of the ultrapseudometricsde�ned on S, then the mappings �0 : F (�S) ! U(S) and �0 : U(S) ! F (�S)de�ne a Galois connection in a trivial way.7 Extensionality and Similarity.We relate our results to the interesting notion of extensionality given in [7].De�nition 31. A fuzzy set � 2 [0; 1]S is called extensional with respect to the�-similarity R on S if �(x) � R(x; y) � �(y) (29)holds for all x; y 2 S.Given a fuzzy subgroup �G of �S and � 2 [0; 1]S, we say that � is extensionalwith respect to �G if is extensional with respect to R�G.Theorem 32. Let �G be a fuzzy subgroup. Then � is extensional with respect to�G if and only if, for every g 2 �S and x 2 S�(x)� �G (g) � �(g(x)). (30)13



Proof. Using De�nition 31 we have that, for any x; y 2 S�(x) � R(x; y) � �(y), �(x) � _g2�S n�G (g) j g(x) = yo � �(y), _g2�S(�(x)� �G (g) ) � �(g(x)), �(x)� �G (g) � �(g(x))for every g 2 �S .In other words, the extensionality of � with respect to �G means that �contains the images of its elements. One can prove that the class of extensionalfuzzy subsets is a fuzzy closure system. As a consequence, given a fuzzy set �,we may consider the smallest extensional fuzzy set containing �.De�nition 33. Let R be a similarity on S and � 2 [0; 1]S. Then the fuzzy set��=\ f� j � � � and � is extensional w.r.t. Rg (31)is called the extensional hull of � with respect to R.Given a fuzzy subgroup �G and � 2 [0; 1]S, we say that �� is the extensionalhull of � with respect to �G provided that �� is the extensional hull of R�G. Thefollowing de�nition characterizes the extensional hull of a fuzzy subset.De�nition 34. Let � be a fuzzy subset of S and �G a fuzzy subgroup of �S .The extension of � through �G is the fuzzy subset H�G(�) de�ned by settingH�G(�)(y) = _y=g(x)�(x)� �G (g): (32)The following proposition shows an alternative way to de�ne H�G.Proposition 35. Given the fuzzy subset � and a fuzzy subgroup �G of �S, wehave that H�G(�)(y) = _f2�S �(f(y))� �G (f): (33)Proof. IndeedH�G(�)(y) = _x=g�1(y)�(x)� �G (g) = _g2�S �(g�1(y))� �G (g)= _g2�S �(g�1(y))� �G (g�1) = _f2�S �(f(y))� �G (f):Proposition 36. Let �G be a fuzzy subgroup and � a fuzzy subset. Then theextensional hull �� of � with respect to �G coincides with the extension of �through �G, i.e. ��= H�G(�): (34)14



Proof. H�G(�) is extensional by Theorem 32. Since �G (e) = 1 and x � 1 = x, wehave that, for every x,H�G(�)(x) = _x=g(x)�(x)� �G (g) � �(x)� �G (e) = �(x)and therefore H�G(�)(x) ��� (x).Conversely, let � be extensional w.r.t. R and � � �. Then we have�(y) � �(x)� �G (g) � �(x)� �G (g) 8x 2 S.So �(y) � Wy=g(x) �(x)� �G (g) = H�G(�)(y) that is H�G(�) ���.The following theorem given in [7] shows how a �-similarity can be derivedfrom a given collection of fuzzy sets.Theorem 37. Let � be a t-norm and $ the related equivalence. Let F be aclass of fuzzy subsets of S and de�ne RF by settingRF (x; y) = �̂2F (�(x)$ �(y)) : (35)Then RF is the greatest �-similarity on S such that all fuzzy sets in F are ex-tensional with respect to RF .As we have showed before, we can associate the relation RF with a fuzzysubgroup which we denote with �GF . In order to obtain such a fuzzy subgroupdirectly from F , we give the following de�nition.De�nition 38. Given a fuzzy subset � 2 [0; 1]S , we call degree of invarianceof � with respect to the transformation f the valueIn(f; �) = x̂2S (�(x)$ �(f(x))) : (36)If F denotes a class of fuzzy sets, we call degree of invariance of F with respectto f the value In(f;F) = �̂2F In(f; �): (37)We can consider In(f;F) as a multivalued valuation of the claim that every� in F is an invariant w. r. t. f .Theorem 39. Let F be a class of fuzzy subsets and ~GF the fuzzy subgroupassociated with RF . Then, for every f 2 �S,~GF (f) = In(f;F). (38)Proof. We have the following identities:~GF(f) = x̂2SRF (x; f(x)) = x̂2S �̂2F (�(x)$ �(f(x)))= �̂2F In(f; �) = In(f;F).We can interpret the fuzzy subgroup ~GF as the fuzzy group of transforma-tions preserving the vague properties in F .15
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