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PROBLEM STATEMENT

Develop a mathematical model of the high jump.

MOTIVATION

According to Plunkett Research, 422 billion dollars were spent on the sports industry in
the United States in the year 2011 (Plunkett Research Ltd.). This statistic shows the tremendous
importance of sports in our lives. Studying the dynamics of sporting events is important because
it may help to improve athletes’ performance and reduce the risk of injury (Pettibone). This

project aims to develop a mathematical model of the high jump, a popular track and field event.

Figure 1: The three stages of the high jump.

MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH

We observe that the high jump consist of three individual stages. During the first stage,
the athlete runs along a linear trajectory. The trajectory changes during the second stage in
preparation for the jump. The third stage is the actual jump. These steps are schematically

depicted in Figure 1.
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First stage: a run along a straight line. During the first stage, the athlete runs along a straight
line (or linear trajectory). It’s important for the athlete to control their horizontal velocity and
other factors: “During running and jumping... forces must be applied to and from a stable base to
produce efficient movement and maximal displacements and minimize the internal distortion of
the system” (Schexnayder). We somewhat simplify our analysis by assuming that the athlete’s
motion is uniform during this stage. Note that average length of this segment of the high jump is

about 11 meters. That is,

where v is the athlete’s speed, d is the distance (taken here to be 11 meters as explained above),

and t is the time.

Second stage: a run along an arc of a circle. The athlete changes his or her trajectory during
the second stage. Instead of running along a straight line, the athlete runs along a trajectory that
we approximate by an arc of a circle. Here, the centrifugal force plays a critical role. This force
allows the jumper to clear the bar horizontally. The centrifugal force is calculated using the

following equation

where m is the athlete’s mass, v is his/her speed, and r is the radius of the trajectory (see Figure

2).

The athlete may jump high enough, but if the angular momentum is off during the second
stage of the jump, then the athlete will either (a) hit the bar off during the upward ascent or (b)

hit the bar off during the descent.
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Figure 2: Schematic representation of the second stage of the long jump.

Third stage: projectile motion of a jump. The third stage of the high jump is the actual jump
that we model as a projectile motion. During this stage, the jumper ascends over the bar, reaches
his or hers maximum height, and then begins the descent onto the high jump mat. The trajectory

of this jump is a parabola.

The equation we use to model the athlete’s trajectory is

gt?
y=y0+vl-t+7,

where y, is the initial distance of the athlete’s center of mass from the ground, v; is the initial
velocity, g is the standard gravity, and t is time. The initial velocity in the above formula can be

determined using the equation

v; = /v,zl + v2

where v, are the horizontal velocity and v, is the vertical velocity of the athlete before the jump.
The horizontal velocity can be determined from the centrifugal force equation given during

discussion of step 2.
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Multistage model. Assume that the athlete reaches each of the three stages at times t,, t;, and t,
respectively. Then the distance at a time t is given by

( 11
t—t fort <t,

0
nr
d(t) =<11+— -ty forty, <t <ty

2t,
nr F
\11 +?+E(t— tl) fOI'tl <t
were all of the variables are as before.
DISCUSSION

We have presented our model of the high jump. We showed that high jump can be
separated into three stages, all of which describe the motion of the athlete along different

trajectories.

During the first stage, the athlete builds up a consistent speed which plays a factor during
the second stage. It seems that the arc trajectory that the athlete chooses during the second stage
is extremely important: a tighter arc, corresponding to a smaller radius, generates greater

centrifugal force; whereas, a wider curve generates less force.

During the third stage, consisting of the actual jump, we used projectile motion to model
the athlete’s trajectory. Note that we do not consider drag or any other such forces in our
analysis. Our results clarify why taller jumpers have advantages over shorter jumpers. Because
hips are the center of athlete’s gravity, the increase in the height of the jump with the length of

the hips can be readily computed using the equation of projectile motion.
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CONCLUSION AND RECOMMENDATIONS

Our analysis suggests that during the first two stages of the jump, the athlete should attain
the correct angular momentum to clear the bar during the jump. Thus the jumper should not try
to be at his or her full velocity. A high velocity of the run is good as long as it is controllable and
paired with an even greater vertical velocity generated by the jump. Another important

recommendation for high jumpers is to kick their feet up after they reach the maximum height.
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NOMENCLATURE

Symbol Meaning Units

y vertical position of athlete meters (m)

Yo initial vertical position meters (m)
Uh horizontal velocity meters per second (m/s)
Uy vertical velocity meters per second (m/s)
Vi initial velocity meters per second (m/s)
t time seconds (s)
) gravitational constant meters per second squared (m/s?)
F  centrifugal force Newtons (N)
m mass of athlete kilograms (kg)
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