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47Some formulas for the 
entral trinomialand Motzkin numbersDan RomikDepartment of Mathemati
sWeizmann Institute of S
ien
eRehovot 76100Israelromik�wisdom.weizmann.a
.ilAbstra
tWe prove two new formulas for the 
entral trinomial 
oeÆ
ients and the Motzkinnumbers.1 Introdu
tionLet 
n denote the nth 
entral trinomial 
oeÆ
ient, de�ned as the 
oeÆ
ient of xn in theexpansion of (1 + x+ x2)n, or more 
ombinatorially as the number of planar paths startingat (0; 0) and ending at (n; 0), whose allowed steps are (1; 0); (1; 1); (1;�1). Let mn denote thenth Motzkin number, de�ned as the number of su
h planar paths whi
h do not des
end belowthe x-axis. The �rst few 
n's are 1; 3; 7; 19; 51; :::, and the �rst few mn's are 1; 2; 4; 9; 21; :::.We proveTheorem 1 mn = b(n+2)=2
Xk=d(n+2)=3e (3k � 2)!(2k � 1)!(n+ 2 � 2k)!(3k � n� 2)! (1)
n = (�1)n+1 + 2n bn=2
Xk=dn=3e (3k � 1)!(2k)!(n� 2k)!(3k � n)! (2)It is interesting to 
ompare these formulas with some of the other known formulas [6℄ for mnand 
n: mn = bn=2
Xk=0 n!k!(k + 1)!(n � 2k)!1
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mn = nXk=0 (�1)n+k n! (2k + 2)!k! ((k + 1)!)2 (k + 2)(n � k)!
n = bn=2
Xk=0 n!(k!)2(n� 2k)!
n = 12n bn=2
Xk=0 3k(2n� 2k)!k!(n� k)!(n� 2k)!Formulas su
h as (1) and (2) 
an be proven automati
ally by 
omputer, using the methodsand software of Petkov�sek, Wilf and Zeilberger [5℄. We o�er an independent, non-automati
proof that involves a 
ertain symmetry idea whi
h might lead to the dis
overy of other su
hidentities. Two simpler auxiliary identities used in the proof are also automati
ally veri�ableand shall not be proved.2 Proof of the main resultProof of (1). Our proof uses a variant of the generating fun
tion [6℄ for the numbers mn,namely f(x) = 1 � x+p1 + 2x� 3x22 = 1� x2 + 1Xn=3(�1)n+1mn�2xnThen f satis�es f(0) = 1; f(1) = 0 and is de
reasing on [0; 1℄. Another property of f thatwill be essential in the proof is that it satis�es the fun
tional equationf(x)2 � f(x)3 = x2 � x3; 0 � x � 1; (3)as 
an easily be veri�ed. A simple 
orollary of this is that f(f(x)) = x for x 2 [0; 1℄.Next, de�ne g(x) = 1Xk=1 2(3k � 2)!(2k)!(k � 1)!(x2 � x3)kSin
e on [0; 1℄, the maximal value attained by x2 � x3 is 4=27 (at x = 2=3), by Stirling'sformula the series is seen to 
onverge everywhere on [0; 1℄, to a fun
tion g(x) whi
h is real-analyti
 ex
ept at x = 2=3. We now expand g(x) in powers of 1 � x; all rearrangementoperations are permitted by absolute 
onvergen
e:g(x) = 1Xk=1 2(3k � 2)!(2k)!(k � 1)!x2k(1� x)k == 1Xk=1 2(3k � 2)!(2k)!(k � 1)!(1 � x)k kXj=0 �2kj �(�1)j(1 � x)j == 1Xn=10� nXk=dn=3e� 2kn� k�(�1)n+k 2(3k � 2)!(2k)!(k � 1)!1A (1 � x)n = 1 � x;2



where the last equality follows from the automati
ally veri�able [5℄ identitynXk=dn=3e (�1)k(3k � 2)!(k � 1)!(n� k)!(3k � n)! = 0; n > 1:We have shown that g(x) = 1 � x near x = 1. But sin
e g(x) is de�ned as a fun
tion ofx2 � x3, by (3) it follows that g(f(x)) = g(x), and therefore near x = 0 we haveg(x) = g(f(x)) = 1 � f(x) = x2 + 1Xn=3(�1)nmn�2xn:Now to prove (1), we expand g(x) into powers of x, again using easily justi�able rearrange-ment operations g(x) = 1Xk=1 2(3k � 2)!(2k)!(k � 1)!x2k(1� x)k == 1Xk=1 2(3k � 2)!(2k)!(k � 1)!x2k kXj=0 �kj�(�1)jxj == 1Xn=20�(�1)n bn=2
Xk=dn=3e (3k � 2)!(2k � 1)!(n� 2k)!(3k � n)!1Axn:Equating 
oeÆ
ients in the last two formulas gives (1).Proof of (2). We use a similar idea, this time using instead of the fun
tion f(x) thefun
tion � log f(x), whi
h generates a sequen
e related to 
n. Sin
e the generating fun
tionfor 
n is well known [6℄ to be 1=p1� 2x� 3x2, it is easy to verify thatf 0(x)f(x) = 1Xn=0 (�1)n
n+1 � 12 xnand therefore � log f(x) = 1Xn=1 (�1)n
n + 12n xn:Now de�ne the fun
tion h(x) = 1Xk=1 (3k � 1)!k!(2k)! (x2 � x3)kwhi
h again 
onverges for all x 2 [0; 1℄ to a fun
tion whi
h is analyti
 ex
ept at x = 2=3.Expanding h(x) into powers of 1� x givesh(x) = 1Xk=1 (3k � 1)!k!(2k)! (1� x)k 2kXj=0 �2kj �(�1)j(1� x)j =3



= 1Xn=10� nXk=dn=3e� 2kn� k�(�1)n�k (3k � 1)!k!(2k)! 1A (1 � x)n == 1Xn=1 (1 � x)nn = � log x;again making use of a veri�able identity [5℄, namely that(�1)n nXk=dn=3e (�1)k(3k � 1)!k!(n� k)!(3k � n)! = 1n; n � 1: (4)So h(x) = � log x near x = 1, and therefore be
ause of the symmetry property (3) we havethat h(x) = � log f(x) near x = 0. Expanding h(x) in powers of x near x = 0 gives� log f(x) = h(x) = 1Xk=1 (3k � 1)!k!(2k)! x2k kXj=0 �kj�(�1)jxj == 1Xn=20�(�1)n bn=2
Xk=dn=3e (3k � 1)!(2k)!(n� 2k)!(3k � n)!1AxnEquating 
oeÆ
ients with our previous expansion of h(x) gives (2).Remarks.1. One obvious question on seeing formulas (1) and (2) is, Can they be explained 
ombi-natorially? That is, do there exist bije
tions between sets known to be enumerated bythe numbers mn and 
n, and sets whose 
ardinality is seen to be the right-hand sidesof (1) and (2)? Su
h explanations elude us 
urrently.2. Identity (4) is a spe
ial 
ase of a more general identity [4, Eq. (6)℄ that was dis
overedby Thomas Liggett.3. See [1, 2, 3, 6℄ for some other formulas involving the 
entral trinomial 
oeÆ
ientsand the Motzkin numbers, and for more information on the properties, and the manydi�erent 
ombinatorial interpretations, of these sequen
es.3 A
knowledgmentsThanks to the anonymous referee for some useful suggestions and referen
es.4
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