Frequency Domain Equalization of DMT/OFDM Systems
with Insufficient Guard Interval

Steffen Trautmann®, Tanja Karpf, and Norbert J. Fliege

" Telecommunications Research Center Vienna (ftw.), Donau-City-Str. 1, A-1220 Vienna, Austria, Email: trautmann@ftw.at
t Texas Tech University, Dept. of ECE, Lubbock, TX 79409, USA, Email: tanja.karp@ttu.edu
tMannheim University, B6, 23-29A, D-68131 Mannheim, Germany, Email: fliege@informatik.uni-mannheim.de

Abstract— In this paper, we propose a new, generalized ap-
proach for equalization of discrete multi-tone (DMT) systems,
which not only uses redundancy in the time domain by adding a
guard interval, but also takes advantage of existing or intentionally
placed redundancy in the frequency domain. For this purpose, we
replace the one tap frequency equalizer in the DMT receiver by
a block equalizer and derive sufficient conditions for zero forcing
equalization, i.e. perfect removal of intersymbol and intercarrier
interference. We show that the equalizer matrix is sparse, thus
resulting in a low computational complexity. Furthermore, the
equalization approach allowsto trade off the guard interval in the
time domain for unused subcarriersin the frequency domain.

|. INTRODUCTION

Therestriction of Discrete Multi-Tone (DMT) or Orthogonal
Frequency Division Multiplexing (OFDM) systems, namely the
fact that the guard interval (GI) introduced in form of a cyclic
prefix hasto be at |east as long as the channel impul se response
(CIR), mainly affects the achievable bandwidth efficiency and
latency time of practical DM T systems. To overcomethis prob-
lem, it has been proposed to to shorten the effective CIR length
by means of a short FIR filter at the input of the receiver, the
so called time-domain equalizer (TEQ) [1], [2], [3], [4]. In per-
tone equalization [5], the TEQ is transferred to the frequency
domain, resulting in a complex frequency domain equalizer
(FEQ) for each tone separately. The FEQ allows to optimize
the SNR and hence the bit rate for each tone at a comparable
computational cost as the TEQ. Furthermore, the equalization
effort can be concentrated on the most affected tones by in-
creasing the number of equalization filter coefficients for these
tones. No effort iswasted to equalize unused subcarriers (dueto
hybrids in the signal path, finite transition of anti-aliasing and
interpolationfilters, frequency-sel ective zeros) when setting the
number of taps for their equalizersto zero.

In this paper, we propose a frequency domain equalization
(FEQ) approach where not only no effort is spent to equalize
unused subcarriers but where we explicitly use the information
contained in these subcarriers to obtain a better compensation
of 1Sl and ICI in used subcarriers for the case of an insuffi-
cient Gl. For this, we replace the DMT equalizer, consisting
of a complex multiplication per subcarrier, by a block equal-
izer. Deriving sufficient conditions for zero-forcing equaliza-
tion, we end up with a surprising discovery: With only a few

linear combinations of unused subcarrier output samples with
used ones ISl and ICI can totally be eliminated. The number of
unused subcarriers needed depends on the number of samples
by which the CIR exceeds the Gl, i.e. we can achieve zero-
forcing egualization even in receiver structures without a Gl or
combinethe new equalization principlewith the common Gl in-
sertion method. Thisformsageneralized DMT (GDMT) struc-
ture which allows for optimal distribution of redundancy, either
to time or frequency domain, depending on the designated de-
sign criteria.

Il. THE TRANSMISSION SYSTEM

The generalized DMT transmission scheme is depicted in
Fig. 1 where we have replaced the original DMT equalizer by
ablock equalizer. The transmitter G transformsthe input DM T
symbol u(k) from the frequency domain into the time domain
and adds the Gl of length L. It can be expressed in matrix form
as.
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where Wy, /M is the IDFT matrix. The resulting time domain
symbol v(k) of length M + L is then parallel to seria trans-
formed and transmitted over the channel. We assume that the
channel can be modeled as an LTI system with FIR impulse
response c(n) of length L and additive noiser(n).

At the receiver the incoming data stream is serial to paral-
lel transformed. The block receiver F discards the G, per-
forms a DFT to transform the received symbol from the time
domain into the frequency domain, and then equalizes the val-
ues through a block equalizer E. In matrix notation it writes:

F=EWwm [OmxL Im], 2
. 2TKI
[WM]k,I :exp(—Jv), kl=0,..M-=-1,

where W)y, isthe DFT matrix. The P/S conversion at the trans-
mitter, the convolution with the CIR, and the S/P conversion at
the receiver can be expressed in terms of achannel matrix C. In
general, we can assume that the length L ¢ of the CIR is shorter
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Fig. 1. Discrete Multi-Tone transmission scheme with block frequency equalizer

than the symbol lengt. For this caseC is of sizeP x 2P and
can be expressed as [6], [7]:

Let us now denote bfg andC; the M x M matrices that
describe the product of the GI introduction at the transmitter
with the original channeP x P sub-matrice<Co andC1, re-

C=[Co C4] (3)  spectively, and the removal of the Gl at the receiver, i.e.:
with Ci=[OmxL Im]Ci {OLXYML 'L} . i=0,1 (9
0 Cle-1 €1 Substituting this notation into (8) yields:
EWwn [Co Ci] (I20Wjy/M)=[0m Iv]  (20)
Co= CLe—1 ) Which can be decomposed into:
: ; EWnm C1 Wiy /M=l (11)
__0 0 | EWpn CoWi, /M = Oy (12)
G O 0] _ ) ~ ~ .
. It can be easily vefied thatCy and C; have the following
form:
Ci= CLo—1 o , (5) « If the Gl is at least as long as the order of the CIR, i.e.
L>Le—1:
0 ~
L 0 Cchl CO_ CO = OM (13)
The input/output relationship of the transmission system for [ Co Cle-1 C1 |
the noise-free case is thus given by: :
N k—1 ~ Cle—
(k) =F [Co C1](120G) {”(u(k) )] 6) Ci= T (14)
Cle—1
where® symbolizes the Kronecker product. The output symbol
0(k) is identical to the input symbal(k) if: CLe-1 Co

F [Co Cl] (|2®G) = [OM |M] (7)

Introducing the structures of the transmitter and receiver
from (1) and (2), respectively, into (7), we obtain:

OLxm—-LIL
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(8)

EWm [OuxL Im][Co Ci] (I2®(

= [Om Tu]

Thus, in this case (12) is always séitsl and sinceC;

is cyclic, Wy C~:1WK,,/M becomes a diagonal matri2
whose entries are given by by thepoint DFT of the CIR.

E is identical to the equalizer in the original DMT scheme,
namely:

k=0,1,...,M—1
(15)

1
_p-1 _
E=D"", [Elkk= Clei2ri/my’



whereC(eJZT“‘/M) denotes the channel frequency response We then remove all rows and columns from the upper equa-

at the normalized frequency®/M.
« Ifthe Gl is of insuficient length, i.eL < L —1:

o .- 0 CLC—l CL+1_
~ : oL
&= Le—1
0
10 0
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Cle—1
Ci=
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(16)

1
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tion that are zero on both hand sides of the equation sign, lead-
ing to:

S-{,redE\NM [60 c~:1] (|2® (WKA/M 'Si,red) = [ON |N]
(20)

whereS; req has been obtained by reducifg to its non-zero
columns.

B. Decomposition of the Channel Matrix C
Let us now decomposg = [Co ] into the sum of a ma-

trix écyd describing cyclic convolution and an error mat€:
éerr = [éO - éO P] (22)

where P is_a permutation matrix that circularly shifts the
columns ofCy to the left byL values, i.e.:

p_ OLx(M-L) I ‘ (23)
Im—L  Omm-L)xL

We have thus introduced the values@n in (17) that were
missing to a cyclic matrix using the entries fro@y in (16).
SubstitutingC = Cgycl + Cerr into (20) and decomposing it into

For an arbitrary CIR of length., it is no longer possible sy p-equations, yields

to solve (11) and (12) simultaneously.

I1l. TRANSMISSION WITHINSUFFICIENTGI AND UNUSED

SUBCARRIERS

. Sl edEWwm(C1+CoP)Wy/M-Sirea=In  (24)
1. —S] edEWmM CoPWjy/M-Sireg=0n  (25)
1. Sl 1edEWnM CoWiy /M-Sy req=0n  (26)

We now assume th#t subcarriers are not used for data trans- Note that sincéél + éo P) is a circular matrix
mission, i.e. the value zero is transmitted in these subcarriers,

and that the Gl is of insfitient length. The block equalizer Wy (él +Co P)Wj/M =D (27)
E then only needs to remove ISI and ICI from the= M — K
subcarriers used for data transmission, since there is no neetht(?4) is a diagonal matrix with
equalize the unused subcarriers. This introduces new degrees 2k /M
of freedom that can be used to compensate ISI and ICI. The [D]kk =C(e ), k=0,...M-1 (28)
equalizer algorithm is derived through the following steps:
C. Calculation of Equalizer Matrix E

A. Removal of Unused Subcarriers: In a third step we decompogginto two independent column

In afirst step, we explicitely set the unused subcarriers &S of equalizer coifients
zero through the introduction of a subcarrier selection matrix
s EoE (S S ESHES @9

S, = diagso,...,Sv-1) (18) v Eo E1
5= 1 subcarr?er @s used = S1,redEo,redSared+Sl,redEl,redSI,red (30)
0 subcarrier is unused ~ - 4

Eo E1

Eq. (10) then writes:

SIEWwM [Co Ci] (120 (Wy/M - Sy))
=S] [om Iv](I2®S1)

(19)

with Sy req being obtained fron®o = I — S1 by reduction to its
nonzero columns. Fig. 2 illustrates the different sub-matrices
of E. Note that the number of relevant rowskirreduces to the
number of used carrietd. Eg contains the linear combinations
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This equation can be solved if the number of columns in
Eored, Which equals the numbeé¢ of unused carriers, corre-
sponds to the column rank &¥ 1. The latter can at most be
equal to its number of columrs; — L — 1. Thus, we obtain
Eoredas

Eored= —E1redWiW), K>Lc—L-1  (36)

wherewg denotes the pseudo inverseWf. The nonzero en-
tries of the resulting equalization matixare illustrated in Fig.

3. Thanks to its sparse structure, the implementation cost of the
ZF block equalizer is low. The entries on the diagonal are iden-
tical to the original DMT equalizer with one tap per subband.

Fig. 2. Decomposition of equalizer matrix. White rows and columns dendfd| that needs to be added are linear combinations of each used

zero entries.

of used subcarriers with unused carriers, wheteamcludes
all combinations with used carriel8greq andE1 req denote the

nonzero parts oEg andEj, respectively.

Substituting (30) and (27) into (24) and taking into consider- used

ation thatSLedSlJed = Iy, yields

T T
EO,red So7redD S1,red+El,red Sl,red D S1,red =

0 Dred

The solution of the upper equation is independeri gfeq and

In  (31)

carrier with each unused carrier.
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Fig. 3. Entries of equalizer matrix

exists as long as the channel does not have any spectral nulls at IV. SIMULATION RESULTS

the used subcarrier frequencies. It is given by:

-1
El,red = red

the left nullspace o€y, i.e.

SLedEWM Co = Onxm

(32)

The remaining free parametd£s req in the equalizer matrix
E will now be used for solving (25) and (26). A didient con-
dition for solving both, (25) and (26), is thSILedEWM liesin

(33)

We compared the proposed new equalization scheme with
conventional DMT using #lexible, modular Matlab-simulated
multi-tone system. Previous measurements based on a propri-
etary DMT solution [8] provided a pool of realistic channel data
from twisted-pair loops with lengths from 2 to 30 km and a
diameter of 0.9 mm. However, in order to apply these data
for simulation, sampling rate and bandwidth needed to be re-
stricted to the requirements of the mentioned DMT system with
fs = 48 kHz andB = 21 kHz ranging from 300 Hz to 21.3
kHz. We assumed AWGN with a noifleor of -30 dB, normal-

Since 60 is an upper triangu|ar matrix, see (16), its |eﬂ!Z€d to the Signal power. The effective |ength of the channels
nullspace is given bYOn.(.-L-1) XNxM—(Le—L-1)] Where Was shqrtened by a.TEtDter using standard methods for TEQ
XnxM—(L—L—1) denotes a matrix of dohcare entries. Thus, @daptation. The typical length for the TEQ viag:q = 9 coefi-

in order to solve (25) and (26) we have to ensure thafitse cients. We restricted our simulations to GDMT with exclusively
Lc—L—1 columns ofsT 4EWwn are equal to zero, i.e.

1re

lLg—L—1

.
EW
StredEWm O(M—(Lo—L—1)) % (Le—L—1)

= 0N><(L[;—

Substituting (30) into (34), we obtain

lL—L-1 :|
Eored S§reaW ’
O,red SO,red M O(M_(LC—L—l))X(Lc—L_l)
Wo
L1
_E T g W ¢
1,red Sl,red M |:0(M(LCL1))><(LCL1)

~

-y (34)

] (35)

Wy

frequency domain redundancy as the opposite to conventional
DMT.

Fig. 4 shows the performance of conventional DMT with
Gl vs. GDMT without Gl depending on the introduced redun-
dancy either with, or without TEQ. The CIR of the used 10km
channel has a length of 244 ctiefents, shortened by the TEQ
to effectively 13 codfcients. When using a TEQ we achieve
optimum performance as expected for abkut = 10...12.
Without TEQ the situation changes completely: While conven-
tional DMT performance collapses due to severe ISI/ICI dis-
tortions, GDMT outperforms the TEQ-aided result with even
less needed redundancy. We repeated this simulation for vari-
ous twisted pair loops with always the same observation: Ob-
viously, the FEQ has &uilt-in’ capability for shortening the



CIR. AlthoughL. > K, ISI/ICI distortion is kept below the
level of typical background noise. Thus, threal-life’ perfor-
mance of GDMT for. = 0 is much better than the perfect re-
construction properti > L. — 1 indicates. A separately TEQ
filter, adapted after standard methods, is at least suboptimal if
not obsolete at all.

With this knowledge, we compared thefiefency of time
domain redundancy vs. frequency domain redundancy. Now,
no TEQ was used for GDMT. For the variety of test channels,
TEQ-aided DMT showed its maximum performance for an
average Gl lengthLy = 8, while GDMT typically needed
K =8. As an example, Fig. 5 compares data rate of DMT
and GDMT depending on the introduced redundancy for two
different channels. It can be seen that GDMT outperforms
DMT for shorter loops. For longer loops, maximum data rate
is about equal. In both cases, GDMT offers a broader ran]g,e

mismatch of the introduced redundancy. Note that FEQ-only

of close-to-peak performance and is therefore less sensitive}a@
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V. CONCLUSION

In this paper we presented a new, general approach
equalization of multi-tone systems which includes convention

M&

considered as one of the disadvantages of DMT, it here presents
its positive aspects.

The application of GDMT can be seen in two different ways:
First, it allows to utilize existing frequency domain redundancy
in practical DMT systems. This is an essential advantage to
previous methods, because performance is increased without
reducing the bandwidth efficiency. Second, and even more
interesting, it is possible to intentionally transfer redundancy
from time domain to frequency domain. Perfect reconstruction
is maintained even if no Gl is used and all redundancy is placed
in the frequency domain.

With its simplicity and close relation to existing DMT sys-
tems GDMT opens the door to a new field of short-latency
multi-tone applications.

REFERENCES

Peter J.W. Melsa, Richard C.Younce, and Charles E. Rohrs. Impulse Re-
sponse Shortening for Discrete Multitone TransceiviEEE Transactions

on Communications, 44(12):1662—-1672, December 1996.

Debajyoti Pal, Garud N. lyengar, and J. M. Cioffi. A new method of chan-
nel shortening with applications to discrete multi tone (DMT) systems. In
Proc. of the IEEE International Conference on Communications, ICC, At-
lanta, USA, 1998.

Kok-Wui Cheong and John M. Cioffi. Precoder for DMT with Insufficient
Cyclic Prefix. InProc. of the |IEEE International Conference on Commu-
nications, ICC, Atlanta, USA, June 1998.

G. Arslan, B. L. Evans, and S. Kiaei. Equalization for discrete multitone
transceivers to maximize bit rate. 49(10), October 2001.

(1

(3]

i

DMT as a special case. In addition to Gl insertion, the GDMTE]
algorithm incorporates frequency domain redundancy by ex-
tending the DMT single-tap equalizer to a block equalizer. Weg;
have given sufcient conditions for zero-forcing equalization

and shown that the only non-zero entries in the block equalizer
are the ones that are already present in conventional DMT plgs

Katleen Van Acker, Geert Leus, Marc Moonen, Olivier Van de Wiel, and
Thierry Pollet. Per tone equalization for DMT-based systdi&&E Trans-
actions on Communications, 49(1):109-119, January 2001.

Xiang-Gen Xia. New precoding for intersymbol interference cancellation
using nonmaximally decimated multirate filterbanks with ideal FIR equal-
izers. |EEE Transactions on Sgnal Processing, 45(10):2431-2441, Octo-

ber 1997.

A. Scaglione, G. B. Giannakis, and S. Barbarossa. Redundant filterbank

additional branches that combine used subcarriers with unusedprecoders and equalizers part i Unification and optimal desigBEE

subcarriers. GDMT thus utilizes the ISI/ICI leakage caused tféﬁ
the FFT operation at the receiver side. This leakage effect is es-
pecially strong and wide-spread for DMihanks to the poor

Transactions on Signal Processing, 47(7):1988-2006, July 1999.

Steffen Trautmann, Georg Dickmann, and Norbert J. Fliege. Realisierung
eines 64-kBit-DMT-Modems uf’ Zweidraht-Kupferleitungen bis 20 km
Lange. InProc. of the OFDM-Fachgesprach, Braunschweig, 1997.



