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AN AVERAGING PROCESS FOR
UNIPOTENT GROUP ACTIONS

AMNON YEKUTIELI

ABSTRACT. We present an averaging process for sections of a torsor under a
unipotent group. This process allows one to integrate local sections of such a
torsor into a global simplicial section. The results of this paper have applica-
tions to deformation quantization of algebraic varieties.

0. INTRODUCTION

Let K be a field of characteristic 0. For any natural number ¢ let K[to,. .., t,]
be the polynomial algebra, and let Af be the geometric q-dimensional simplex
A} = SpecKl[to,...,tq]/(to+ -+ 1ty —1).

Our main result is the following theorem.

Theorem 0.1. Let G be a unipotent algebraic group over K, let X be a K-scheme,
let Z be a G-torsor over X, and let Y be any X-scheme. Suppose f = (fo,-.., fq)
is a sequence of X-morphisms f; Y — Z. Then there is an X -morphism

wave(f) : AL xY — Z

called the weighted average, such that the operation wavg is symmetric, simplicial,
functorial in the data (G, X,Y, Z), and is the identity for ¢ = 0.

“Symmetric” means that wavg is equivariant for the action of the permutation
group of {0,...,q} on the sequence f and the scheme Af. “Simplicial” says that
as q varies

wave : Homy (Y, 2)7"! — Homy (AL x Y, Z)
is a map of simplicial sets. “Functorial in the data (G, X,Y, Z)” means that, e.g.,
given a morphism h : Z — Z’ of G-torsors over X, one has

howavg(f) = wavg(ho f),

where h o f is the sequence (ho fo,...,ho f;). Theorem [0.I]is repeated, in full
detail, as Theorem [[.111

Observe that when we restrict the morphism wavg(f) to each of the vertices of

A} we recover the original morphisms fy, ..., fg. This is due to the simplicial prop-
erty of wavg. Thus, wavg(f) interpolates between fy, ..., fy. This is illustrated in
Figure [II
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Here is a naive corollary of Theorem [0.I] which can further explain the result.
Let us write G(K) for the group of K-rational points of G. By a weight sequence in
K we mean a sequence w = (wy, ..., w,) of elements of K such that ) w; = 1.

Corollary 0.2. Let G be a unipotent group over K. Suppose Z is a set with
G(K)-action which is transitive and has trivial stabilizers. Let z = (2o, ...,24) be a
sequence of points in Z and let w be a weight sequence in K. Then there is a point
wave w(2z) € Z called the weighted average. The operation wavg is symmetric,
functorial, simplicial, and is the identity for ¢ = 0.

The corollary is proved in Section 1. The idea is of course to take ¥ = X :=
SpecK in the theorem, and to note that w is a K-rational point of Af.

Another consequence of Theorem [(.1]is a new proof of the fact that a unipotent
group in characteristic 0 is special. See Remark (This observation is due to
Reichstein.)

Theorem [0.I]was discovered in the course of research on deformation quantization
in algebraic geometry [Ye], in which we tried to apply ideas of Kontsevich [Ko] to
the algebraic context. Here is a brief outline. Suppose X is a smooth n-dimensional
K-scheme. The coordinate bundle of X [GK] [Ko| is an infinite dimensional bundle
Z — X which parameterizes formal coordinate systems on X. The bundle Z is a
torsor under an affine group scheme GL, x X G, where G is pro-unipotent. One
is interested in sections of the quotient bundle Z := Z/GL, k. If we are in the
differentiable setup (i.e. K = R and X is a C*° manifold), then the fibers of Z are
contractible (since they are isomorphic to G(R)), and therefore global C* sections
exist. However, in the setup of algebraic geometry such an argument is invalid, and
we were forced to seek an alternative approach.

Our solution was to use simplicial sections of Z (see Section 2, and especially
Corollary 277)). This approach was inspired by work of Bott [Bo] on simplicial
connections (cf. also [HY]).

Acknowledgments. The author thanks David Kazhdan and Zinovy Reichstein
for useful conversations. Also, thanks to the referee for reading the paper carefully
and suggesting a few improvements.

1. THE AVERAGING PROCESS

Throughout the paper K denotes a fixed base field of characteristic 0. All schemes
and all morphisms are over K.

We begin by recalling some standard facts about the combinatorics of simplicial
objects. Let A denote the category with objects the ordered sets [q] := {0,1,...,q},
q € N. The morphisms [p] — [g] are the order-preserving functions, and we write
Af :=Homa ([p], [¢]). The i-th co-face map 0" : [p] — [p+1] is the injective function
that does not take the value ¢; and the i-th co-degeneracy map s’ : [p] — [p — 1]
is the surjective function that takes the value 7 twice. All morphisms in A are
compositions of various 9° and s.

An element of A may be thought of as a sequence @ = (io, ...,%p) of integers
with 0 <9 <--- <4, <gq. Given i € A;n, je Al and a € Ag, we sometimes
write (1) :=io0a € A" and a*(j) :=aoj € Al,.

Let C be some category. A cosimplicial object in C is a functor C' : A — C. We
shall usually refer to the cosimplicial object as C'= {C?},en, and for any a € A}
the corresponding morphism in C will be denoted by o* : CP — C9. A simplicial
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object in C is a functor C' : A°® — C. The notation for a simplicial object will be
C ={Cplpen and a, : Cy — C).

An important example is the cosimplicial scheme {A% },en. The morphisms are
defined as follows. For any p we identify the ordered set [p] with the set of vertices
of Ag. Given a € Al the morphism o* : A} — A is then the unique linear
morphism extending « : [p] — [q].

Let G be a unipotent (affine finite type) algebraic group over K, with (nilpotent)
Lie algebra g. We write d(G) for the minimal number d such that there exists a
chain of closed normal subgroups G = Gy D G1 -+ D G4 = 1 with G /G411 abelian
for all k € {0,...,d —1}. The exponential map expq : g — G is an isomorphism of
schemes, with inverse log; see [Hol Theorem VIII.1.1].

Given a K-scheme X, there is a Lie algebra g x X (in the category of X-schemes),
and a group-scheme G x X. There is also an induced exponential map

eXPayx ‘= €XpPg X1x 1gx X — G x X.
We will need the following result.

Lemma 1.1. Let G, G’ be two unipotent groups, with Lie algebras g,g’. Let X, X'
be schemes, let X — X' be a morphism of schemes, and let ¢ : G x X — G' x X'
be a morphism of group-schemes over X'. Denote by do : g x X — g’ x X' the
induced Lie algebra morphism (the differential of ¢). Then the diagram

gx X 9N GxX
(1.2) dd{ qbl
g x X SR X

commutes.

Proof. For the case X = X’ = SpecK this is contained in the proof of [Hol Theorem
VIII.1.2).

In order to handle the general case we first recall the Campbell-Baker-Hausdorff
formula:

expg(71) - expg(12) = expa(F(71,72)),
where
F(y,72) =7+ 72 + 5yl + -

is a universal power series (see [Hol Section XVI.2]). Hence if we define vy; * 9 :=
F(y1,72), then (g, *) becomes an algebraic group (with unit element 0), and exp, :
(g,%) — (G,-) is a group isomorphism. In this way we may eliminate G altogether,
and just look at the scheme g with its two structures: a Lie algebra and a group-
scheme. Note that now g is its own Lie algebra, as can be seen from the second-order
term in the series F'(v1,72).

Consider a morphism ¢ : g x X — g’ x X’ of X’-schemes. Then ¢ is a morphism
of Lie algebras over X’ iff it is a morphism of group-schemes (for the multiplications
x) and, moreover, d¢ = ¢. Therefore, the diagram (L[2) is commutative. O

From now on we will write exp; instead of exps x, for the sake of brevity.

Consider the following setup: X is a K-scheme, and Y, Z are two X-schemes.
Suppose Z is a torsor under the group scheme G x X. We denote the action of G
on Z by (g,2) — ¢g- 2.
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Let fo,...,fq : Af XY — Z be X-morphisms. We are going to define a new
sequence of X-morphisms f],..., fé : Al xY — Z. Because Z is a torsor under
G x X, for any i,j € {0,..., ¢} there exists a unique morphism g; ; : Af xY — G
such that fj(w,y) = gi;(w,y) - fi(w,y) for all points w € Al and y € Y. Here
w and y are scheme-theoretic points, i.e., w € AL(U) = Homg (U, Af) and y €
Y(U) = Homg (U, Y) for some K-scheme U. Define

(1.3) fi(w,y) = expg (Z ) - loga(gi,5(w, y))) < fi(w,y).

In this formula we view ¢; as a morphism ¢; : AL — Aj, and we use the fact that
g is a vector space (in the category of K-schemes).

For any set S let us write SA% for the set of functions Al — S, which is the
same as the set of sequences (sg,...,s,) in S. As usual Homx (A} x Y, Z) is the
set of X-morphisms Af x Y — Z. In this notation the sequences (fo,..., f;) and
(fb,-- -, f;) are elements of Homx (A x Y, Z)A3. We denote by

wsymg : Homy (A% x Y, Z)A0 — Homx (AL x Y, Z)A6
the operation (fo,..., fy) = (fo,---, f,) given by the formula (L3)).

We will also need a similar operation
we : Homx (Y, Z)A — Homx (A% x Y, Z)A
defined by
wa(for - fa) = for - £g)
with

(1.4) filw,y) fexpg(zt o (914(1) ) - fi(w):

It is clear that for ¢ = 0 both operations wg and wsymg act as the identity,
ie., wa(fo) = wsyme(fo) = fo for all fo € Homx (Y, Z). Both operations wg and
wsym are symmetric, namely they are equivariant for the simultaneous action of
the permutation group of {0,...,¢} on A and AL. Also, if f = (fo,...,fy) €
Homx (A} x Y, Z)A% is a constant sequence, ie., fo = --- = fq, then wsymq(f) =

f

Lemma 1.5. Both operations wg and wsymg are simplicial. Namely, given o €
AJ the diagram

Homy (AL x Y, Z)A8 225, Homy (AL x Y, Z)A8
a*l a*l
Homy (AL x Y, Z)A8 2% Homy (AL x Y, Z)A
is commutative, and likewise for wg.
Proof. Tt suffices to consider a = 9% or a = s’. Since wsymg is symmetric, we
may assume that o = 97 : [¢ — 1] — [¢] or @ = s : [¢ + 1] — [¢]. Fix a sequence

f="(fo,-,f,) € Homx (AL x Y, Z)A%. Let g;; € Homg (A% x Y, G) be such that
fi=gij- fi,and let f = (f5, ..., f]) = wsymg(f).
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First we look at the case o = 09. Take w € Aﬁ{l and y € Y, and let v :=
a*(w) € AL. The coordinates of v are t;(v) = ¢;(w) for j < ¢ —1, and t,(v) = 0.
Then for any 4 the i-th term in the sequence o, (f'), evaluated at (w,y), equals

f1(v.y) = expg (Ztm 1086 (91, (0,9)) ) - fi(v,9)
(1.6) -
— expg (Zt] 106 (91,5(0,9) ) - fi(v,p).

On the other hand, the i-th term of the sequence wsymg (aw(f)) is
qg—1

expg (Y 43(w) - logg(an(gis)(w.y))) - o (£i)(w,y)
j=0

<.

q—1
= expg (Y t5(w) - logg(91,(v.1))) - fi(v, ).
7=0

So, indeed, o, o wsymg = wsymg o av, in this case.

Next consider the case a = s?. Take w € Aﬂq;rl and y € Y, and let v :=
a*(w) € Af. The coordinates of v are t;(v) = t;(w) for j < ¢ — 1, and t4(v) =
tg(w) + tg41(w). For any ¢ < ¢ the i-th term in the sequence a.(f), evaluated at
(w,y), is f](v,y), which was calculated in (L6]). The (g +1)-st term is also f;(v,y).
On the other hand, for any i < ¢ the i-th term in the sequence wsymg (. (f')),
evaluated at (w,y), is

g+1
2= expg (D2 t5(w) - logg(an(giy)(w, 1)) ) - @ (£) (w, ).
j=0
But tg(w) + tgs1(w) = tq(v), oul(gij)(w,y) = gij(v,y) for j < ¢, and

@ (Ggi.q+1) (w0, y) = giq(v,y). Therefore,
q

Zi = eXPg ( tj(v) '10gG(9i,j(va))) - fiv,y).

j=0
For i = ¢+ 1 one has 2441 = 24. We conclude that o, o wsymg = wsymg o o, in
this case too.
The proof for wg is the same. O

Lemma 1.7. Both operations wg and wsymg are functorial in the data
(G,X,Y,Z). Namely, given another such quadruple (G', X', Y',Z'), a morphism
of schemes X — X', a morphism of schemes e : Y' — Y over X', a morphism of
group-schemes ¢ : G x X — G’ x X' over X', and a G x X -equivariant morphism
of schemes f : Z — 7' over X', the diagram

Homy (AL x Y, Z)AS Homy (A% x Y, Z)A

(e,f)l (af)l
Homy/ (AL x Y, 2/)A8 229 Homy (AL x Y, Z/)A8

is commutative, and likewise for wg.

wsym g

Proof. This is due to the functoriality of the exponential map; see Lemma [l O
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Lemma 1.8. Assume G is abelian. Then for any (fo,...,fy) € Homx (AL x
Y, Z)A8 the sequence wsymg(fo, - .., f,) is constant.

Proof. In this case exp : g — G is an isomorphism of algebraic groups, where g is
viewed as an additive group. So we may assume that Z is a torsor under g x X.
Let (f§,..., f]) == wsymg(fo,..., fq), and let v;; : Af x Y — g be morphisms
such that f; =~; ; + fi. Take (w,y) € A} x Y. Then

(Zt ’Yz,] w y)) +fi(way)

for any 1. Because Yi,i = —Y4,4 = 70,5 — V0,i» fz = fo + Y0,i and Z;I‘:O t]‘ (’LU) = 1, it
follows that f/(w,y) = fi(w,y). O

We write Wsyde for the d-th iteration of the operation wsymg.

Lemma 1.9. For any f = (fo,...,fy;) € Homx (AL x Y,Z)Ag, the sequence

Wsymé(G)(f) is constant. For any d > d(G), one has wsym& (f) = Wsym‘é(G)(f).

Proof. For any k, the orbit of fo € Homy (A} x Y, Z) under the action of the
group Gi(Af x Y) will be denoted by Gr(AL x Y) - fo. Let (fg,...,f;) =
wsyme(fo, ..., fq)- We will prove that if fi,...,f; € Gp(AL X Y) - fo, then
fiseo s fy € Gera(Ag xY) - fi. The assertions of the lemma will then follow.

LetY XquxYandeXxXZ SoleatorsorundeerX
and fy induces a morphism fy € HomX(Y Z). The mOI‘phlSm T:GxX — Z,
(9,%) — g - fo(&), is an isomorphism of X-schemes. Define W := (G x X)c Z.
Then W is the “geometric orbit” of fo under G, x X; and, in particular, W is a torsor
under G, x X. By assumption fi,..., f, € HomX(Y W) Define (f},. ..,f’) =
WsymGk(fo, ..., f4). By Lemma [[7it suffices to prove that f], ..., fq € Gryr (V) -
fo-

Define W := W/GkH This is a torsor under the - group scheme (G /Gr11) ¥ X.
Let fo,..., fq € HomX(Y W) be the images of (fo,.. .,fq) Because the group
Gi/Gr+1 is abelian, Lemma [[§ says that wsymg, /¢, ,, (fo,- .., fg) is a constant

sequence. Again using Lemmal[l.7] we see that, in fact, f{, s fa € Gk+1(}7)-f6. ]

Given an X-scheme Y, the collections {Homy (A% x YZ)}q oy and

{HomX Y, Z)A } oy are simplicial sets. For ¢ = 0 there are equahtles

(1.10) HomX(AKXKZ):HomX(Y,Z):Homx(Y,Z)
Theorem 1.11. Let G be a unipotent algebraic group over K, let X be a K-scheme,
and let Z — X be a G-torsor over X. For any X-scheme Y and natural number q
there is a function

wave : Homx (Y, Z)A0 — Homx (AL x Y, Z)
called the weighted average. The function wavg enjoys the following properties.

(1) Symmetric: wavg is equivariant for the action of the permutation group of
{0,...,q} on AY and on Af.
(2) Simplicial: wavg is a map of simplicial sets

{Homx (Y, 2)4} _ — {Homx (AL x Y, 2)}
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(3) Functorial: given another such quadruple (G',X',Y',Z"), a morphism of
schemes X — X', a morphism of X'-group-schemes G x X — G' x X', a
G x X -equivariant morphism of X'-schemes f : Z — Z' and a morphism
of X'-schemes e:Y' —Y, the diagram

Homy (Y, Z)A% Homy (AL x Y, Z)

n | n |
Homx/(Y’,Z’)Ag wsymgs HOHIX/(A]?( < YI,Z/)
18 commutative.
(4) If ¢ =0, then wavg is the identity map of Homx (Y, Z).

wav g

Proof. Given a sequence f = (fo,. .., f;) € Homx(Y,Z)AS, define wavg(f) =
' € Homyx (A{ x Y, Z) to be the morphism such that

(wsym&D o wa) (for--r fa) = (Fs s F);

see Lemma Properties (1)—(4) follow from the corresponding properties of wg
and wsymg. d

Proof of Corollary 02 Take X =Y := SpecK in Theorem [[L.TT] and consider the
G-torsor Z := (G. Choose any base point z € Z; this defines an isomorphism of left
G(K)-sets Z(K) = Z. The weight sequence w can be considered as a K-rational
point of Al, and we define

wavg,y(2) := wavg(z)(w) € Z.

If we were to choose another base point 2z’ € Z, this would amount to applying
an automorphism of the torsor Z, namely right multiplication by some element of
G(K). Due to the functoriality of wave the point waveg ., (z) will be unchanged.
The properties of this set-theoretical averaging process are now immediate con-
sequences of the corresponding properties of the geometric average. ([l

Remark 1.12. Z. Reichstein observed that our averaging process provides a new
proof (in characteristic 0) of the fact that a unipotent group G is special, namely
any G-torsor Z over K has a K-rational point. Let us explain the idea.

Let z9 € Z be some closed point. Choose a finite Galois extension L of K
containing the residue field k(zp). Let T" be the Galois group of L over K, which
acts on the set Z(L). Let z,..., 24 € Z(L) be the I'-conjugates of zy. The group
I' acts on the sequence z := (2o,..., 2zq) by permutations. Thus the simultaneous
action of I' on

Z(L)Ag = Homgpecx (Spec L, Z)Ag
fixes z.

We know that the operator wavg is symmetric. And functoriality says that
the action of the Galois group on Spec L is also respected. Since z is fixed by
the simultaneous action of I', so is wavg(z). Take the uniform weight sequence
w = (qJ%l, ce q%) and define 2’ := wavg(z)(w) € Z(L). Because w is fixed by
the permutation group we conclude that 2’ is I-invariant, and hence 2z’ € Z(K).

Remark 1.13. Theorem [[L.T1] has a rather obvious parallel in differential geometry.
Indeed, a simply connected nilpotent Lie group is the same as the group G(R) of
rational points of a unipotent algebraic group G over R.



154 AMNON YEKUTIELI

2. SIMPLICIAL SECTIONS

In this section we show how the averaging process is used to obtain simplicial
sections of certain bundles.

Suppose H and G are affine group schemes over K, and H acts on G by auto-
morphisms. Namely, there is a morphism of schemes H x G — G which for every
K-scheme Y induces a group homomorphism H(Y) — Autgroups(G(Y)). Then
H x G has a structure of a group scheme, and we denote this group by H x Gj it
is a geometric semi-direct product.

Recall that an affine group scheme G is called pro-unipotent if it is isomorphic
to an inverse limit lim. ; G; of an inverse system {G,};>o of (finite type affine)
unipotent groups. One may assume that each of the morphisms G — G; — G;_1
is surjective. Thus G; =& G/N; where N; is a normal closed subgroup of G.

We will be concerned with the following geometric situation.

Scenario 2.1. Let H x G be an affine group scheme over K. Assume G is pro-
unipotent and, moreover, there exists a sequence {N;};>o of H-invariant closed
normal subgroups of G such that G = lim.; G/N; and each G/N; is unipotent.
Let 7 : Z — X be an H X G -torsor over X which is locally trivial for the Zariski
topology of X. Define Z := Z/H and let 7 : Z — X be the projection.

Theorem 2.2. Assume Scenario 21 Suppose U C X 1is an open set and
00,-..,0q: U — Z are sections of ®. Then there exists a morphism

o AL xU—Z
such that the diagram

A%XU#

3
%
N(—IN\

is commutative. The morphism o depends functorially on U and simplicially on
the sequence (o, ...,04). If ¢ =0, then o = oy.

Proof. We might as well assume that U = X. Consider the quotient Z/G. Since
G is normal in H x G it follows that Z/G is a torsor under H x X. We write
g Z— Z=27/H and 7 : Z — Z/G for the projections.

Pick an open set V C X which trivializes 7 : Z — X. We write Z|y := 7~ 1(V).
Because mg |y : Z|v — Z|y is a trivial torsor under H x Z|y-, we can lift the sections

0o, ...,04 to sections Gg,...,04 : V — Z such that 7y o 6; = 0;. Furthermore,
since 7 : Z — Z/G is H-equivariant and Z/G is a torsor under H x X, it follows
that we can choose Gy, ..., d, such that 7¢ o6, = 7 for some section 7 : V — Z/G.

Let I' C Z|y be the fiber over 7, ie., F' := V Xz,g Z via the morphisms
ng:Z — Z/GandT1:V — Z/G. Then F is a torsor under G xV, and &y, ...,04 €
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Homx (V, F). See the diagram below.

For any ¢ define F; := F/N;, which is a torsor under (G/N;)xV. Let o; : F — F;
be the projection, so «; 0 6; € Homy (V, F;). By Theorem [[.TI] we get an average

(2.3) pi = wavg)n, (i © 6o, ..., 06,) : Af XV — Fj.

The functoriality of wav says that the p; form an inverse system, and we let

(2.4) p:=limp;: Al xV - F
and
(2.5) oci=ngop: AL xV — Z.

We claim that the morphism o does not depend on the choice of the section
7:V — Z/G. Suppose 7' : V — Z/G is another such section. Let F’ be the
fiber over 7/, and let p' : AL x V' — F’ be the corresponding morphism as in
@4). Now 7/ = h -7 for some morphism h : V — H. Then F/ = h - F, and
h:F — F'is a G x V-equivariant morphism of torsors, with respect to the group-
scheme automorphism Ad(h) : G x V' — G x V. The new lift of o is 6} :==h -5, :
V — F’. Define F} := F'/N;, and let p; : AL x V — F/ be the morphism as
in 3). Since N; x V.= Ad(h)(N; x V), we get a group-scheme automorphism
Ad(h) : (G/N;) xV — (G/N;) x V, and a (G/N;) x V-equivariant morphism of
torsors h : F; — h - F!. By functoriality of wav (property (3) in Theorem [[.TT]) it
follows that p} = h - p;. Therefore, o’ =h-p,and g op =mwgop=o.

Property (2) in Theorem [[TTlimplies that o depends simplicially on (o, . .., 0q).

Finally, take an open covering X = |J V} such that each V;} trivializes 7 : Z — X,
and let o; : AL x V; — Z|y, be the morphism constructed in (Z5). Since no
choices were made, we have dj|\/jmvk = oly;nv, for any two indices. Therefore,
these sections can be glued to a morphism o : Af x X — Z. The functorial and
simplicial properties of o are clear from its construction. ([

Let X be a K-scheme, and let X = U;io Uy be an open covering, with in-
clusions gy : Uy — X. We denote this covering by U. For any multi-index
i = (io,...,0q) € A, we write U; := ﬂ?zo Ug,), and we define the scheme
U, == HiGAZ{‘ Us;. Given a € Al and @ € A", there is an inclusion of open sets
ay : Uy — Uq, (4)- These patch to a morphism of schemes o, : U; — Up, making
{U,}4en into a simplicial scheme. The inclusions g(;) : Uy — X induce inclusions
gi : U; — X and morphisms g, : U; — X; and one has the relations g, o o, = g4
for any o € AJ.
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Definition 2.6. Let 7 : Z — X be a morphism of K-schemes. A simplicial section
of m based on the covering U is a sequence of morphisms

o={og: AL xUy — Z}gen
satisfying the following conditions.

(i) For any ¢, the diagram
AL xU, —2 7
P2l WJ(
v, —2.Xx

is commutative.
(ii) For any a € A, the diagram

AR x U,
1xa™ X
AR x Uy zZ
Al x U,

is commutative.

FicUure 1. Simplicial sections, ¢ = 1. We start with sections over
two open sets U(gy and U(y) in the left diagram; and we pass to a
simplicial section o 1) on the right. As can be seen, oo, inter-
polates between o gy and o(y).
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Corollary 2.7. Assume Scenario 21l Let U = {U;) }i%, be an open covering of
X. Suppose that for any i € {0,...,m} we are given some section oy : Uy — 2
of m. Then there exists a simplicial section

o={o,: AL x Uy — Z}4en
based on U, such that ooly,, = o for alli € {0,...,m}.

Proof. For any multi-index i = (ig, .. .,,), we have sections T(ig)s--+10(,) Ui —
Z. Let 0; : AL x U; — Z be the morphism provided by Theorem For fixed

q these patch to a morphism o, : A} x U, — Z. The functorial and simplicial
properties in Theorem imply that this is a simplicial section. ([

This result (with H trivial) is illustrated in Figure [
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