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Abstract

This paper is devoted to a class of inverse problems arising in the test-
ing of semiconductor devices, namely the identification of doping profiles
from indirect measurements of the current or the voltage on a contact.
In mathematical terms, this can be modeled by an inverse source prob-
lem for the drift-diffusion equations, which are a coupled system of
elliptic or parabolic partial differential equations.

We discuss these inverse problems in a stationary and a transient
setting and compare these two cases with respect to their mathematical
properties. In particular, we discuss the identifiability of doping profiles
in the model problem of the unipolar drift-diffusion system. Finally, we
investigate the important special case of a piecewise constant doping
profile, where the aim is to identify the p-n junctions, i.e., the curves
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between regions where the doping profile takes positive and negative
values.

1. Introduction

Due to their tremendous impact on modern electronics, the mathe-
matical modeling of semiconductor devices has developed well in the last
fifty years, since Van Roosbroeck (cf.[20]) first formulated the fundamen-
tal semiconductor device equations (see Section 2 for an overview). For
a detailed expositions concerning the modeling, analysis and simulation
of semiconductor devices we refer to the monographs [12, 14, 17] and for
an overview of recent advances and hierarchies of models we refer to [9].

Although of increasing technological importance, optimal design and
identification problems related to semiconductor devices seem to be
poorly understood so far. Only recently, there was some effort in opti-
mizing the performance of devices (cf. e.g. [8, 18, 19]) and in identifying
relevant material properties (cf. [4, 10]). The position-dependent func-
tion C = C(z) to be identified or optimized is the doping profile, which
is the density difference of ionized donors and acceptors. In some cases
(e.g. for the p-n diode discussed below), it may be assumed that the
doping profile is piecewise constant over the device; the interesting quan-
tities are then the curves or surfaces between the subdomains where the
doping is constant. These curves are usually called pn-junctions, when
they separate subdomains where the doping profile takes positive and
negative values, respectively. In the most important doping technique
of silicon devices, ion implantation, it is only possible to obtain a rough
estimate of the doping profile by process modeling (cf. e.g. [17] for
further details). In order to determine the real doping profile, recon-
struction methods from indirect data have to be used. We shall use the
notion inverse doping problem introduced in [4] for the identification of
the doping profile in general.

2. Stationary and Transient Semiconductor
Equations

In the following we review the drift-diffusion (DD) model for semi-
conductor devices, both in the stationary and transient case. The drift-
diffusion model is a coupled system of nonlinear partial differential equa-
tions for the electrostatic potential V', the electron density n (> 0) and
the hole density p (> 0) , which is solved in a domain Q@ ¢ R? (d = 1,2, 3)
representing the semiconductor device and in a time interval [0, 7] in the
transient case.
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2.1 The Transient DD-Model

The drift-diffusion equations in the transient case are given by (cf.
[14])

0 =div(esVV) —g(n—p—C) in Q% (0,7)
% — div(DyVn — j1anVV) in Qx (0,7)
0
= = div(D,Vp + uppVV) in © x (0,7)

where €5 denotes the semiconductor permittivity, g the elementary char-
ge, pp and p, are the electron and hole mobility, D, and D, are the
electron and hole diffusion coefficients. R denotes the recombination-
generation rate, which generally depends on n and p. We assume that
R is of the standard form

R = F(n,p,a)(np — n). (2.1)

where F' is a nonnegative smooth function, which holds e.g. for the
frequently used Shockley-Read-Hall rate

np —n?
Tp(n+n;) + mo(p + ni)

Rsru =

The parameters eg and ¢ are positive (dimensional) constants and P /p
and D, /, are modeled by positive functions.

This system is supplemented by homogeneous Neumann boundary
conditions on a part Qy (open in Q) of the boundary. On the remain-
ing part 9Qp (with positive (d — 1)-dimensional Lebesgue-measure), the
following Dirichlet conditions are imposed:

Viet) = Vpl(n,t) = Uz, t) + Vis(z) = U(z) + Upln (”D“”)

aet) = nple) = 5 (Cla) + /OGP + a0
p(z,t) = pp(z) = % <—C(m)+\/m>

on 9Qp x (0,T), where n; is the intrinsic carrier density, Ur (> 0) the
thermal voltage and U is the applied potential. Moreover, the initial
conditions

n(z,0) = no(z) >0, p(z,0) = po(z) >0 in Q (2.2)

have to be supplied.
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2.2 The Stationary DD-Model

The stationary drift-diffusion model is obtained from the transient

case by setting
on _dp
ot ot
and omitting the initial conditions. Using the Einstein relations, which
are standard assumptions about the mobilities and diffusion coefficients

of the form

0

D, = p,Up, D, = pu,Ur, (2.3)

we may transform the system using the so-called Slothoom wvariables u
and v defined by

n = Cys2e"/Ury, p = Cpd2e™V/Ury, (2.4)

where 02 = g—; with a typical value Cy for the doping profile, which is
also scaled by Cj. Rescaling all quantities to non-dimensional analogues

(cf. [14] for further details) we obtain the system

NAV =62 (u—eVo) - C in (2.5)
divJ, = 6*Q(u,v,V,z)(uv — 1) in Q (2.6)
divJ, = —5*Q(u, v, V, z)(uv — 1) in Q (2.7)
Jp = pnd’e¥ Vu in Q (2.8)
Jy = —ppd?e V' Vo in Q (2.9)

where \? is a positive constant and @ is defined via the relation F(n, p, z)
= Q(u,v,V,z). The new variables .J,, and J, are the scaled electron and
hole current densities; the above mixed formulation seems to be natural
for cases where one is interested in these quantities, since it contains
them explicitly. Unless specified otherwise, we shall set § to 1 in the
sequel.

The Dirichlet boundary conditions can be written as

1
V=U+V,;=U+1In <W(C+\/CQ+462)> on 0Qp  (2.10)
u=reY on 0Q0p  (2.11)
v=-¢eV on 0Qp. (2.12)
On the remaining part 0Qxy = 9Q — 0Qp, the homogeneous Neumann
conditions can be formulated in terms of .J, and J,, i.e.,
ov

= Jpv=J,v=0 on 00y (2.13)
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We note that the mobilities 1, and p,, generally depend on the electric
field strength, i.e, on |VV] in a realistic model. Such a dependence could
be incorporated in our subsequent analysis. However, since the technical
details one has to deal with in this general case do not contribute to the
understanding of inverse doping problems and their solution, we will as-
sume that p, and p, are positive constants in the following.Also, for the
sake of simplicity we shall henceforth use F' = 0, i.e., no recombination-
generation.

3. Available Data

In a typical experiment, measurements are always taken on the bound-
ary of the device, more precisely on a contact I'y C dQp. In the following
we will therefore use the notation

o Iy in the stationary case
"7 T1 x (0,7) in the transient case

For general semiconductor devices, two different types of data can be
measured, namely:

n  Voltage-Current Data (denoted by Ij7) are given by measurements
of the normal component of the current density J := (J, + J,) on
21, i.e.,

Iy == (Jn + Jp)ls, (3.1)

for all applied voltages U € U, where U/ is an appropriate class
of functions on 92p in the stationary and on 0Qp x (0,7T') in the
transient case.

»  Capacitance Data (denoted by Qg) around the voltage U are mea-

surements of the variation of the electric flux in normal outward

direction (%—‘If on X1) with respect to the voltage @, i.e.,

) B avs<1>+U 8VU
Qo i=lims 1 (Zo— = )l (32)

for all voltages ® € U, where V'® denotes the solution of the Pois-
son equation with U = ® and U is as above. For simplicity we
assume that U = 0 in the following, i.e., we are interested in ca-
pacitance data around equilibrium.

Using well-posedness and regularity results for the solutions of the
stationary and transient DD-model, one can show that for given dop-
ing profile C', both current and capacitance are well-defined outputs for
appropriate choices of the applied voltage U. In the stationary case,
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”appropriate” means smoothness (e.g. U € H%(GQD)) and we assume
(for linearized stability of the DD system) smallness of U (cf. [4]), since
hysteresis might occur for large voltages (cf. [14] for examples of non-
unique solutions). In the transient case, a smallness assumption on U is
not necessary, which is due to the fact the transient DD-model and its
linearization are invertible for arbitrarily large applied voltage (cf. [13]).

The computation of the current consists of solving the DD-equations
and evaluation of a trace type operator, which can be realized numer-
ically by standard tools. The computation of the capacitance is more
involved, since it requires the solution of the DD-model and its lin-
earization. At equilibrium, i.e., U = 0, the electron and hole density are
given by n = eV, p° = e~V with the corresponding Slotboom variables

u® = v% = 1. The potential V? solves the Poisson equation

NAV? =82V — e V) = C (3.3)

subject to the boundary conditions given above with U = 0 (note that
this holds both in the transient as in the stationary case). The capaci-
tance can now be computed by a linearization of the drift-diffusion model
with respect to the applied voltage, i.e., it is given by
oV

Qo = 5@” (3'4)
where in the transient case (V, 7, p) solves the linearized equations (given
here after scaling)

0 = MAV —qg(h—p) (3.5)
aﬁ _ . N N 0 VO o
S = div (un(Vn —AVV? —e VV)) (3.6)
% = div (1 (V5 + pVV' + e VD)) (3.7)

in Q x (0,T), subject to homogenous initial conditions, homogeneous
Neumann boundary conditions on 92y, and the Dirichlet boundary con-
ditions

V==& A=p=0, (3.8)

on JQ2p. Again, in the stationary case, the boundary conditions remain
the same and the corresponding differential equations are obtained from
the transient ones by setting %—? = % = 0.

The above formulation of the data set is a rather general one, in
specific applications one usually has to deal with some of the following
choices for the function class U:
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m  Full data: here U denotes a linear function space of admissible
applied voltages, e.g., U = H%(BQD) in the stationary case. This
case is a mathematical idealization of a situation with a very large
number of measurements. For full data, the identification problem
has many analogies to the important field of impedance tomogra-
phy (cf. [6, 11]).

m  Parameterized data set: in this case U is a special function class
that can be parametrized using parameters s; € (—=S,5), j =
1,...,m, with some S € R,. Of particular importance is the
case where U is piecewise constant on some disjoint sets I'; C
0€Qp, which represent different ohmic contacts. The parameter s;
denotes the voltage applied on the j-th contact.

m  Finite number of measurements: here U consists of a finite number
N of functions Uj, j =1,..., N on dQp (and possible in the time
interval (0,7)).

A frequently appearing special case is the one with a single measure-
ment, i.e., the preceding case with NV = 1.

An immediate observation for all cases of data is that the amount
of available data is much larger in the transient case than in the sta-
tionary case. Together with the simpler mathematical analysis, this
clearly makes the transient case favourable. However, under practical
conditions it is not always possible to obtain meaningful transient mea-
surements, since the time variation only occurs in a small initial time
layer. Therefore one has to use either the stationary or the transient
model dependent on the specific application.

For the sake of simplicity, we restrict our attention here to the case of
a finite number of applied potentials, with measured current or capaci-
tance (or both of them). Under the standard conditions on the applied
potential U and the domain € one can show that current and capacitance
are well-defined on a contact I' C 9Qp.

4. Identification of Doping Profiles

In the following we discuss some mathematical problems concerned
with the identification of spatially varying doping profiles. The domain
of admissible doping profiles C is given by

D:={Cel’Q)|C<C<Cae inQ} (4.1)

for some constants C,C € R.



All the above cases can be transformed to the standard form for an
inverse problem, namely the nonlinear operator equation

F(C)=Y?, (4.2)
where F' stands for the parameter-to-output map

F: D — LX)V

4.3
C = (Iy)j=1,..N (43)
for current measurements, and
. 2 N
F: D — LA (%, (4.4)

C — (Qs;)j=1,..N

for capacitance measurements. The right-hand side Y represents noisy
current or capacitance data, and we assume that the data error is boun-
ded by 4, i.e.,
0
1Y = ¥ oy yv <0 (4.5)

for the exact data Y.

We are now able to state the following result on the parameter-to-
output operator, for a proof in the stationary case we refer to [4] and in
the transient case to [5]:

Theorem 1. The parameter-to-output map F is well-defined by (4.3)
respectively (4.4) and Fréchet-differentiable on D.

The well-definedness and differentiability of the operator F' enables
the application of iterative reqularization methods for the solution of the
identification problem, such as the Landweber iteration

Cry1 = Cr — wF'(CL)* (F(Ch) — Y9, (4.6)

with appropriate damping parameter w € R, or Newton-type methods,
e.g., the Levenberg-Marquardt method

Cig1 = C — (F'(C)*F'(Cr) + ) ' F'(Cr)*(F(Cy) = Y?),  (4.7)

where (a)gen is a sequence of positive real numbers. We mention that
the evaluation of the directional derivative F'(C)C and of the adjoint
F'(C},)*Y require the solution of a linear system similar to the original
drift-diffusion equations, which causes a high effort in the numerical
solution of the identification problem. We refer to Burger et al [4] for
the iterative regularization of the inverse doping problem (4.2) and to
[7] for a unified overview of iterative regularization methods.
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In the remaining part of this section we focus on a fundamental ques-
tion in the identification of parameters from indirect measurements:

Do the data determine the doping profile uniquely, respectively which set
of data is suffficient for uniquely determining the doping profile ¢

The mathematical equivalent of this question is called identifiabilty
(cf. [1]) and means to investigate the injectivity of the parameter-to-
output map F, which is a difficult task for inverse doping problems as
we shall see below. Therefore we restrict our attention to the special
case of unipolarity, where a rigorous analysis can be carried out. The
unipolar drift diffusion equations arise from the original DD-system by
setting p = 0 in 2. We start this discussion in the stationary case, where
a large amount of data is necessary in order to ensure identifiability.
In the transient case we shall show that even a single measurement of
capacitance and current can determine the doping profile uniquely.

4.1 Stationary Inverse Doping

We start our investigation of stationary inverse doping problems with
the spatially one-dimensional case, i.e., Q = (0, L). We assume without
restriction of generality that the voltage is applied at £ = 0 and the
measurements of current and capacitance are taken at x = L. Even if
we are able to measure both, a single measurement consists only of two
real numbers, which can clearly not suffice to identify the doping profile
as a function of the spatial variable z. Full data in this case means to
measure current and capacitance as a function of the applied voltage
U € (—r,r) with appropriate r € R™, respectively the variation of the
voltage ® € R.

At a first glance it seems possible to identify the doping profile from
full data, since the data are now a function of one variable and, roughly
speaking, of the same dimensionality as the parameter to be identified.
However, the information content in the data is much smaller, which
can be seen very easily for capacitance measurements. Here the map
® — Qg is affinely linear because it only consists in solving the linearized
drift-diffusion equations and evaluating a linear trace operator. Since an
affinely linear function of one variable can be characterized by two real
numbers, the information content is the same as if one would measure the
capacitance at only two different values ® € R and hence cannot suffice
to determine the doping profile uniquely. For current measurements a
similar argument holds, since it can be shown that the current behaves
around U = 0 like an exponential function of U (cf. [14]).
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In two spatial dimensions, the situation is different. Here a single
measurement of current or capacitance is given by a function of one
spatial variable over the contact I';. Of course, a single measurement
is again not sufficient for identifiability of the doping profile, which is a
function over the two-dimensional domain €2, but by exploiting similari-
ties to electrical impedance tomography (cf. [6, 15]) we may argue that
full data are sufficient, which we shall rigourously prove in a special case
below.

As a starting point for the analysis we investigate the unipolar drift-
diffusion system around equilibrium, i.e., its linearization with respect
to the voltage at U = 0. Since p = 0, this implies u = 1, v = 0 and the
linearization v solves the elliptic differential equation

div (e"°'Vi) =0  inQ (4.8)
subject to the boundary conditions

i
G=® ondQp, 2L=0 ondQy. (4.9)
ov
The function V0 is the solution of the Poisson equation at equilibrium,
ie.,

AV =" —C inQ (4.10)
with the boundary conditions
ovo
Vo=V, ondQp, 5, =0 ondQy. (4.11)

The output current in this case can be identified after rescaling with the
Neumann boundary data of 4, i.e.,

o
Iy =

From the standard theory of elliptic differential equations one may
conclude that for a domain Q with regular boundary, there is a one-
to-one relation between functions V° € H?(Q) satisfying the Poisson
equation and potentials C' € L?(Q). This motivates the investigation
of the identifiability of V? € H?(Q2) in (4.8) directly, since for known
potential V' the doping profile is determined uniquely by (4.10). The
identifiability of the potential V' in (4.8), respectively the identifiability
of the conductivity @ = ¢ has been investigated by Nachman [15]
with a positive answer only in the case of full data, which leads to the
following result:

Ir,. (4.12)
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Theorem 2. Let Q C R? be a bounded Lipschitz domain, T1 = 0Qp =
092, and let for two doping profiles Ci1 and Cy in D denote their output
currents by L}) and L% obtained from linearization around equilibrium.
Then the equality

IL=12, V&ecH:Q)
implies C1 = Cl.

4.2 Transient Inverse Doping

We have seen in the previous section that the identification in the sta-
tionary case makes no sense for spatial dimension one. In the transient
case, the situation is different, because a second dimension is added via
the time variable. If we measure current and capacitance over a time in-
terval (0,7"), the dimensionality of the data is the same as of the doping
profile, namely that of functions over an interval. Since there are many
examples of parabolic identification problems, where a measurement on
the boundary over some time interval determines a spatially distributed
parameter uniquely (cf. [11] and the references therein), it seems rea-
sonable that one can identify the doping profile from a single transient
measurement.

For a rigorous justification of the identifiability, we consider the model
problem of the unipolar transient drift-diffusion equations in Q = (0, L).
After appropriate scaling (setting p,, = 1), they are given by

2
OZAQ‘;T‘Q/—mLC in (0, L) x [0, 7] (4.13)
on 0 ,0n ov

o " o5\ox "o
subject to appropriate Dirichlet boundary conditions for n and V at
z =0 and z = L, and the initial condition

in (0, L) x [0,T), (4.14)

n(z,0) = ng(x) > 0. (4.15)
We assume that the potential U = U(¢) is applied at x = 0, i.e.,
V(0,t) = U(t) + Vp(0), V(1,t) =Vp(1). (4.16)
Introducing the antiderivatives N and D determined by
ON
Zo=mn N(L)=0, D,=C. D(L)=0 (4.17)
for all ¢ € [0,T], we can integrate (4.13) to
nV =N-D+a, (4.18)

T
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where o = «(t). Thus, the system (4.13), (4.14) can be reduced to the
single equation

ON >N ON ON

- = = - \N?Z-(N-D)- — 4.1

ot T+6 Ox? Bx( ) Bxa-l_ﬂ’ (4.19)
where a and 3 are functions of time only, which have to be determined
from boundary data. Using the boundary values of N and D at z =
L, we deduce a(t) = A29Y(L,t). Moreover, the current J at z = 1
determines (3, since

0= 2L, 1) = J(L1) + ()
Le., under the knowledge of %—‘;(L,t) and J(L,t), the reconstruction of
the doping profile C' in the unipolar case reduces to the identification of
the spatially varying source D in the parabolic equation (4.19) from the
overposed boundary data for %—]z at x = 0,L and N at x = L. Using
results for parabolic inverse problems based on Carleman estimates, we
may derive the following result (cf. [5]):

Theorem 3. Let C € CH1(Q), &(s) # 0 for some s € (0,T) and
assume that %—‘;(L,t) and

on aVv
J(L,t) = —(L,T) —n(L,T)—(L,t
(L.1) = 2L, T) — (L. T) DL 1)
are known in a finite time interval (0,T") and %—Z(L, ) € CHY0,T). Then
the solution (n,V,C) of the unipolar identification problem is uniquely
determined.

In two spatial dimensions, the situation is similar, since we want to
identify a function on 2 C R? from a measurement on I'; x (0,T) C R2.
However, there are no rigorous results on the multi-dimensional inverse
doping profile yet. Nonetheless, there is hope to derive uniqueness results
at least in special cases, which raises important problems for future
research.

5. Identification of P-N Junctions

Finally, we consider the case, where the doping profile is a piecewise
constant function of position. We assume that there exists a decompo-
sition Q2 = Qp U Qy and values C; € Ry, C_ € R_ | such that

CEC+ in QP, c=C_ n QN. (51)
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Both Qn and Qp shall only consist of a finite number of connected
components. Under this a-priori information it seems now reasonable to
consider also the stationary case with a finite number of measurements.

In the case of one spatial dimension, we only have to identify a finite
number of points z; € (0, L) that mark the location of the p-n junction.
This seems possible from voltage and capacitance measurements if the
number of junctions is not too large. E.g., for a p-n diode, which is a
device where the Qx and the Qp region consist of only one connected
component each, one only seeks the location of one junction, i.e., a single
real value in the interval (0, L), which seems reasonable to be determined
from a single measurement of the current or the capacitance. We will
rigorously prove the identifiability of the p-n junction for a unipolar p-n
diode in the following section.

In two spatial dimensions one may argue again that a single measure-
ment on a contact is sufficient for identifiability of the p-n diode, which
is now a curve, i.e., a function of one variable (the arclength parame-
ter). We will investigate the identification in a special case, namely a
p-n diode with zero space charge and low injection below; for this prob-
lem the identification of the p-n junction reduces to an inverse boundary
problem for the Laplace equation and one can rigorously prove identifia-
bility. However, it is well-known that such inverse problems are severely
ill-posed, i.e., measurement errors are amplified dramatically. Typically,
stability estimates for the unknown boundaries in such problems are only
of logarithmic type with respect to the data error § (cf. e.g. [2]).

5.1 A Unipolar P-N Diode in R!

In the following we investigate a simple identification problem for
a one-dimensional p-n diode (2 = (0,L)) in the unipolar case. The
linearization around equilibrium (U = 0, as a system for the equilibrium
potential V? and the perturbation @ of u) in Slotboom variables reads

2770 ~
IV _ v o 9 <ev°@> =0, (5.2)

0z? Oz Oz

in ©Q, with Dirichlet boundary conditions for V° andoﬂAat z = 0 and
z = L. If we are given the linearized current J = eV % at x = 0, we
may conclude that

Bii

Z_e V') Q.

ox
With the given Dirichlet boundary values u(0) and u(L) we can reduce
the identification of the p-n junction to the identification of the p-n junc-
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tion in the equilibrium Poisson equation with the additional condition
L 0
a(L) — a(0) = J/ V@) g, (5.3)
0

For the solution of this identification problem we can now prove an
identifiability result:

Theorem 4. Let Cy > 0 and C_ < 0 be given and let Cy and Cs be
two doping profiles satisfying

| Oy forxz <p;
Ci = { C_ forz>p; (5:4)

for pi € (0,L), i = 1,2. Denote by (V°,4;) the corresponding solutions
of (5.2) with doping profile C;. If the output currents J; = eViO(O)%(O)
are equal, then C; = Cy in .

Proof. We have seen above that we may equivalently consider the iden-
tification of C' in the Poisson equation with the additional integral con-
dition (5.3). Let in the following w.r.o.g. p1 < po and set w := V0 — V2,
then by the mean value theorem we may deduce the existence of bounded
functions a and b such that w satisfies

62
_)\Q_U) _I_ eaw = 01 — CQ — (C+ - C*)]"(ZHJJ?) Z 0’

0z
L
/ @u(z) de = 0.
0

Moreover, w satisfies homogeneous Dirichlet boundary conditions at x =
0 and z = L. Using the maximum principle for elliptic differential
equations we deduce that w > 0 in  and hence, the above integral
identity can only hold for w = 0, which implies also X(pl,pg) = 0. Thus,
we have p; = ps and consequently C; = Cs. O

5.2 A P-N Diode with Zero Space Charge and
Low Injection

The case of zero space charge and low injection means to let first tend
A — 0 and then § — 0 in the stationary drift-diffusion equations. It has
been shown by Schmeiser [16] that the arising limiting problem for u and
v can be solved explicitely and identifiability can be shown in two space
dimensions (cf . [4]) using tools from the theory of harmonic functions.

In [4], numerical test have been performed for the identification of the
p-n junction in this special case. The data where generated by numer-
ically solving the stationary drift-diffusion equations with appropriate
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Figure 1.  Reconstruction using data from the full drift-diffusion model for Cy =
10%°m ™2 (left) and Co = 10*'m ™3 (right) compared to the exact junction (dotted).

parameter choices (cf. [3] for details on the numerical scheme employed)
and subsequently evaluating the current over the contact. The inverse
problem was solved using an iterative regularization method for the sim-
plified model. The results for two different values of Cy = C; = |C_|,
which can be interpreted as two different noise levels in the current mea-
surements, are shown in Figure 1. One observes that the quality of the
reconstruction improves with increasing Cj, which is related to the bet-
ter approximation of the reduced equation to the original drift-diffusion
model. The results obtained indicate that the doping profile is not only
identifiable, but can be reconstructed with reasonable precision also from
noisy data obtained in practice.
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