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h/Abstra
t This paper is devoted to a 
lass of inverse problems arising in the test-ing of semi
ondu
tor devi
es, namely the identi�
ation of doping pro�lesfrom indire
t measurements of the 
urrent or the voltage on a 
onta
t.In mathemati
al terms, this 
an be modeled by an inverse sour
e prob-lem for the drift-di�usion equations, whi
h are a 
oupled system ofellipti
 or paraboli
 partial di�erential equations.We dis
uss these inverse problems in a stationary and a transientsetting and 
ompare these two 
ases with respe
t to their mathemati
alproperties. In parti
ular, we dis
uss the identi�ability of doping pro�lesin the model problem of the unipolar drift-di�usion system. Finally, weinvestigate the important spe
ial 
ase of a pie
ewise 
onstant dopingpro�le, where the aim is to identify the p-n jun
tions, i.e., the 
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2 between regions where the doping pro�le takes positive and negativevalues.1. Introdu
tionDue to their tremendous impa
t on modern ele
troni
s, the mathe-mati
al modeling of semi
ondu
tor devi
es has developed well in the last�fty years, sin
e Van Roosbroe
k (
f.[20℄) �rst formulated the fundamen-tal semi
ondu
tor devi
e equations (see Se
tion 2 for an overview). Fora detailed expositions 
on
erning the modeling, analysis and simulationof semi
ondu
tor devi
es we refer to the monographs [12, 14, 17℄ and foran overview of re
ent advan
es and hierar
hies of models we refer to [9℄.Although of in
reasing te
hnologi
al importan
e, optimal design andidenti�
ation problems related to semi
ondu
tor devi
es seem to bepoorly understood so far. Only re
ently, there was some e�ort in opti-mizing the performan
e of devi
es (
f. e.g. [8, 18, 19℄) and in identifyingrelevant material properties (
f. [4, 10℄). The position-dependent fun
-tion C = C(x) to be identi�ed or optimized is the doping pro�le, whi
his the density di�eren
e of ionized donors and a

eptors. In some 
ases(e.g. for the p-n diode dis
ussed below), it may be assumed that thedoping pro�le is pie
ewise 
onstant over the devi
e; the interesting quan-tities are then the 
urves or surfa
es between the subdomains where thedoping is 
onstant. These 
urves are usually 
alled pn-jun
tions, whenthey separate subdomains where the doping pro�le takes positive andnegative values, respe
tively. In the most important doping te
hniqueof sili
on devi
es, ion implantation, it is only possible to obtain a roughestimate of the doping pro�le by pro
ess modeling (
f. e.g. [17℄ forfurther details). In order to determine the real doping pro�le, re
on-stru
tion methods from indire
t data have to be used. We shall use thenotion inverse doping problem introdu
ed in [4℄ for the identi�
ation ofthe doping pro�le in general.2. Stationary and Transient Semi
ondu
torEquationsIn the following we review the drift-di�usion (DD) model for semi-
ondu
tor devi
es, both in the stationary and transient 
ase. The drift-di�usion model is a 
oupled system of nonlinear partial di�erential equa-tions for the ele
trostati
 potential V , the ele
tron density n (� 0) andthe hole density p (� 0) , whi
h is solved in a domain 
 � Rd (d = 1; 2; 3)representing the semi
ondu
tor devi
e and in a time interval [0; T ℄ in thetransient 
ase.



Inverse Doping Problemsfor Semi
ondu
tor Devi
es 32.1 The Transient DD-ModelThe drift-di�usion equations in the transient 
ase are given by (
f.[14℄) 0 = div(�srV )� q(n� p� C) in 
� (0; T )�n�t = div(Dnrn� �nnrV ) in 
� (0; T )�p�t = div(Dprp+ �pprV ) in 
� (0; T )where �s denotes the semi
ondu
tor permittivity, q the elementary 
har-ge, �n and �p are the ele
tron and hole mobility, Dn and Dp are theele
tron and hole di�usion 
oeÆ
ients. R denotes the re
ombination-generation rate, whi
h generally depends on n and p. We assume thatR is of the standard formR = F (n; p; x)(np� n2i ); (2.1)where F is a nonnegative smooth fun
tion, whi
h holds e.g. for thefrequently used Sho
kley-Read-Hall rateRSRH = np� n2i�p(n+ ni) + �n(p+ ni) :The parameters �S and q are positive (dimensional) 
onstants and �n=pand Dn=p are modeled by positive fun
tions.This system is supplemented by homogeneous Neumann boundary
onditions on a part �
N (open in �
) of the boundary. On the remain-ing part �
D (with positive (d�1)-dimensional Lebesgue-measure), thefollowing Diri
hlet 
onditions are imposed:V (x; t) = VD(x; t) = U(x; t) + Vbi(x) = U(x) + UT ln�nD(x)ni �n(x; t) = nD(x) = 12 �C(x) +qC(x)2 + 4n2i�p(x; t) = pD(x) = 12 ��C(x) +qC(x)2 + 4n2i�on �
D � (0; T ), where ni is the intrinsi
 
arrier density, UT (� 0) thethermal voltage and U is the applied potential. Moreover, the initial
onditionsn(x; 0) = n0(x) � 0; p(x; 0) = p0(x) � 0 in 
 (2.2)have to be supplied.



42.2 The Stationary DD-ModelThe stationary drift-di�usion model is obtained from the transient
ase by setting �n�t = �p�t = 0and omitting the initial 
onditions. Using the Einstein relations, whi
hare standard assumptions about the mobilities and di�usion 
oeÆ
ientsof the form Dn = �nUT ; Dp = �pUT ; (2.3)we may transform the system using the so-
alled Slotboom variables uand v de�ned byn = C0Æ2eV=UT u; p = C0Æ2e�V=UT v; (2.4)where Æ2 = niC0 with a typi
al value C0 for the doping pro�le, whi
h isalso s
aled by C0. Res
aling all quantities to non-dimensional analogues(
f. [14℄ for further details) we obtain the system�2�V = Æ2(eV u� e�V v)� C in 
 (2.5)divJn = Æ4Q(u; v; V; x)(uv � 1) in 
 (2.6)divJp = �Æ4Q(u; v; V; x)(uv � 1) in 
 (2.7)Jn = �nÆ2eVru in 
 (2.8)Jp = ��pÆ2e�Vrv in 
 (2.9)where �2 is a positive 
onstant andQ is de�ned via the relation F (n; p; x)= Q(u; v; V; x). The new variables Jn and Jp are the s
aled ele
tron andhole 
urrent densities; the above mixed formulation seems to be naturalfor 
ases where one is interested in these quantities, sin
e it 
ontainsthem expli
itly. Unless spe
i�ed otherwise, we shall set Æ to 1 in thesequel.The Diri
hlet boundary 
onditions 
an be written asV = U + Vbi = U + ln� 12Æ2 (C +pC2 + 4Æ2)� on �
D (2.10)u = e�U on �
D (2.11)v = eU on �
D: (2.12)On the remaining part �
N = �
 � �
D, the homogeneous Neumann
onditions 
an be formulated in terms of Jn and Jp, i.e.,�V�� = Jn:� = Jp:� = 0 on �
N (2.13)



Inverse Doping Problemsfor Semi
ondu
tor Devi
es 5We note that the mobilities �n and �p generally depend on the ele
tri
�eld strength, i.e, on jrV j in a realisti
 model. Su
h a dependen
e 
ouldbe in
orporated in our subsequent analysis. However, sin
e the te
hni
aldetails one has to deal with in this general 
ase do not 
ontribute to theunderstanding of inverse doping problems and their solution, we will as-sume that �n and �p are positive 
onstants in the following.Also, for thesake of simpli
ity we shall hen
eforth use F � 0, i.e., no re
ombination-generation.3. Available DataIn a typi
al experiment, measurements are always taken on the bound-ary of the devi
e, more pre
isely on a 
onta
t �1 � �
D. In the followingwe will therefore use the notation�1 := � �1 in the stationary 
ase�1 � (0; T ) in the transient 
aseFor general semi
ondu
tor devi
es, two di�erent types of data 
an bemeasured, namely:Voltage-Current Data (denoted by IU ) are given by measurementsof the normal 
omponent of the 
urrent density J := (Jn + Jp) on�1, i.e., IU := (Jn + Jp)j�1 (3.1)for all applied voltages U 2 U , where U is an appropriate 
lassof fun
tions on �
D in the stationary and on �
D � (0; T ) in thetransient 
ase.Capa
itan
e Data (denoted by Q�) around the voltage U are mea-surements of the variation of the ele
tri
 
ux in normal outwarddire
tion (�V�� on �1) with respe
t to the voltage �, i.e.,Q� := lims!0 s�1(�V s�+U�� � �V U�� )j�1 (3.2)for all voltages � 2 U , where V � denotes the solution of the Pois-son equation with U = � and U is as above. For simpli
ity weassume that U � 0 in the following, i.e., we are interested in 
a-pa
itan
e data around equilibrium.Using well-posedness and regularity results for the solutions of thestationary and transient DD-model, one 
an show that for given dop-ing pro�le C, both 
urrent and 
apa
itan
e are well-de�ned outputs forappropriate 
hoi
es of the applied voltage U . In the stationary 
ase,



6"appropriate" means smoothness (e.g. U 2 H 32 (�
D)) and we assume(for linearized stability of the DD system) smallness of U (
f. [4℄), sin
ehysteresis might o

ur for large voltages (
f. [14℄ for examples of non-unique solutions). In the transient 
ase, a smallness assumption on U isnot ne
essary, whi
h is due to the fa
t the transient DD-model and itslinearization are invertible for arbitrarily large applied voltage (
f. [13℄).The 
omputation of the 
urrent 
onsists of solving the DD-equationsand evaluation of a tra
e type operator, whi
h 
an be realized numer-i
ally by standard tools. The 
omputation of the 
apa
itan
e is moreinvolved, sin
e it requires the solution of the DD-model and its lin-earization. At equilibrium, i.e., U � 0, the ele
tron and hole density aregiven by n0 = eV , p0 = e�V with the 
orresponding Slotboom variablesu0 = v0 = 1. The potential V 0 solves the Poisson equation�2�V 0 = Æ2(eV 0 � e�V 0)� C (3.3)subje
t to the boundary 
onditions given above with U � 0 (note thatthis holds both in the transient as in the stationary 
ase). The 
apa
i-tan
e 
an now be 
omputed by a linearization of the drift-di�usionmodelwith respe
t to the applied voltage, i.e., it is given byQ� = �V̂�� j�1 ; (3.4)where in the transient 
ase (V̂ ; n̂; p̂) solves the linearized equations (givenhere after s
aling)0 = �2�V̂ � q(n̂� p̂) (3.5)�n̂�t = div��n(rn̂� n̂rV 0 � eV 0rV̂ )� (3.6)�p̂�t = div��p(rp̂+ p̂rV 0 + e�V 0rV̂ )� (3.7)in 
 � (0; T ), subje
t to homogenous initial 
onditions, homogeneousNeumann boundary 
onditions on �
N , and the Diri
hlet boundary 
on-ditions V̂ = �; n̂ = p̂ = 0; (3.8)on �
D. Again, in the stationary 
ase, the boundary 
onditions remainthe same and the 
orresponding di�erential equations are obtained fromthe transient ones by setting �n�t = �p�t = 0.The above formulation of the data set is a rather general one, inspe
i�
 appli
ations one usually has to deal with some of the following
hoi
es for the fun
tion 
lass U :



Inverse Doping Problemsfor Semi
ondu
tor Devi
es 7Full data: here U denotes a linear fun
tion spa
e of admissibleapplied voltages, e.g., U = H 32 (�
D) in the stationary 
ase. This
ase is a mathemati
al idealization of a situation with a very largenumber of measurements. For full data, the identi�
ation problemhas many analogies to the important �eld of impedan
e tomogra-phy (
f. [6, 11℄).Parameterized data set: in this 
ase U is a spe
ial fun
tion 
lassthat 
an be parametrized using parameters sj 2 (�S; S), j =1; : : : ;m, with some S 2 R+. Of parti
ular importan
e is the
ase where U is pie
ewise 
onstant on some disjoint sets �j ��
D, whi
h represent di�erent ohmi
 
onta
ts. The parameter sjdenotes the voltage applied on the j-th 
onta
t.Finite number of measurements: here U 
onsists of a �nite numberN of fun
tions Uj , j = 1; : : : ; N on �
D (and possible in the timeinterval (0; T )).A frequently appearing spe
ial 
ase is the one with a single measure-ment, i.e., the pre
eding 
ase with N = 1.An immediate observation for all 
ases of data is that the amountof available data is mu
h larger in the transient 
ase than in the sta-tionary 
ase. Together with the simpler mathemati
al analysis, this
learly makes the transient 
ase favourable. However, under pra
ti
al
onditions it is not always possible to obtain meaningful transient mea-surements, sin
e the time variation only o

urs in a small initial timelayer. Therefore one has to use either the stationary or the transientmodel dependent on the spe
i�
 appli
ation.For the sake of simpli
ity, we restri
t our attention here to the 
ase ofa �nite number of applied potentials, with measured 
urrent or 
apa
i-tan
e (or both of them). Under the standard 
onditions on the appliedpotential U and the domain 
 one 
an show that 
urrent and 
apa
itan
eare well-de�ned on a 
onta
t � � �
D.4. Identi�
ation of Doping Pro�lesIn the following we dis
uss some mathemati
al problems 
on
ernedwith the identi�
ation of spatially varying doping pro�les. The domainof admissible doping pro�les C is given byD := � C 2 L2(
) j C � C � C a.e. in 
 	 (4.1)for some 
onstants C;C 2 R.



8 All the above 
ases 
an be transformed to the standard form for aninverse problem, namely the nonlinear operator equationF (C) = Y Æ; (4.2)where F stands for the parameter-to-output mapF : D ! L2(�1)NC 7! (IUj )j=1;:::;N (4.3)for 
urrent measurements, andF : D ! L2(�1)NC 7! (Q�j )j=1;:::;N (4.4)for 
apa
itan
e measurements. The right-hand side Y Æ represents noisy
urrent or 
apa
itan
e data, and we assume that the data error is boun-ded by Æ, i.e., kY Æ � Y kL2(�1)N � Æ (4.5)for the exa
t data Y .We are now able to state the following result on the parameter-to-output operator, for a proof in the stationary 
ase we refer to [4℄ and inthe transient 
ase to [5℄:Theorem 1. The parameter-to-output map F is well-de�ned by (4.3)respe
tively (4.4) and Fr�e
het-di�erentiable on D.The well-de�nedness and di�erentiability of the operator F enablesthe appli
ation of iterative regularization methods for the solution of theidenti�
ation problem, su
h as the Landweber iterationCk+1 = Ck � !F 0(Ck)�(F (Ck)� Y Æ); (4.6)with appropriate damping parameter ! 2 R+, or Newton-type methods,e.g., the Levenberg-Marquardt methodCk+1 = Ck � (F 0(Ck)�F 0(Ck) + �k)�1F 0(Ck)�(F (Ck)� Y Æ); (4.7)where (�k)k2N is a sequen
e of positive real numbers. We mention thatthe evaluation of the dire
tional derivative F 0(C)Ĉ and of the adjointF 0(Ck)�Ŷ require the solution of a linear system similar to the originaldrift-di�usion equations, whi
h 
auses a high e�ort in the numeri
alsolution of the identi�
ation problem. We refer to Burger et al [4℄ forthe iterative regularization of the inverse doping problem (4.2) and to[7℄ for a uni�ed overview of iterative regularization methods.



Inverse Doping Problemsfor Semi
ondu
tor Devi
es 9In the remaining part of this se
tion we fo
us on a fundamental ques-tion in the identi�
ation of parameters from indire
t measurements:Do the data determine the doping pro�le uniquely, respe
tively whi
h setof data is su��
ient for uniquely determining the doping pro�le ?The mathemati
al equivalent of this question is 
alled identi�abilty(
f. [1℄) and means to investigate the inje
tivity of the parameter-to-output map F , whi
h is a diÆ
ult task for inverse doping problems aswe shall see below. Therefore we restri
t our attention to the spe
ial
ase of unipolarity, where a rigorous analysis 
an be 
arried out. Theunipolar drift di�usion equations arise from the original DD-system bysetting p � 0 in 
. We start this dis
ussion in the stationary 
ase, wherea large amount of data is ne
essary in order to ensure identi�ability.In the transient 
ase we shall show that even a single measurement of
apa
itan
e and 
urrent 
an determine the doping pro�le uniquely.4.1 Stationary Inverse DopingWe start our investigation of stationary inverse doping problems withthe spatially one-dimensional 
ase, i.e., 
 = (0; L). We assume withoutrestri
tion of generality that the voltage is applied at x = 0 and themeasurements of 
urrent and 
apa
itan
e are taken at x = L. Even ifwe are able to measure both, a single measurement 
onsists only of tworeal numbers, whi
h 
an 
learly not suÆ
e to identify the doping pro�leas a fun
tion of the spatial variable x. Full data in this 
ase means tomeasure 
urrent and 
apa
itan
e as a fun
tion of the applied voltageU 2 (�r; r) with appropriate r 2 R+, respe
tively the variation of thevoltage � 2 R.At a �rst glan
e it seems possible to identify the doping pro�le fromfull data, sin
e the data are now a fun
tion of one variable and, roughlyspeaking, of the same dimensionality as the parameter to be identi�ed.However, the information 
ontent in the data is mu
h smaller, whi
h
an be seen very easily for 
apa
itan
e measurements. Here the map� 7! Q� is aÆnely linear be
ause it only 
onsists in solving the linearizeddrift-di�usion equations and evaluating a linear tra
e operator. Sin
e anaÆnely linear fun
tion of one variable 
an be 
hara
terized by two realnumbers, the information 
ontent is the same as if one would measure the
apa
itan
e at only two di�erent values � 2 R and hen
e 
annot suÆ
eto determine the doping pro�le uniquely. For 
urrent measurements asimilar argument holds, sin
e it 
an be shown that the 
urrent behavesaround U = 0 like an exponential fun
tion of U (
f. [14℄).



10In two spatial dimensions, the situation is di�erent. Here a singlemeasurement of 
urrent or 
apa
itan
e is given by a fun
tion of onespatial variable over the 
onta
t �1. Of 
ourse, a single measurementis again not suÆ
ient for identi�ability of the doping pro�le, whi
h is afun
tion over the two-dimensional domain 
, but by exploiting similari-ties to ele
tri
al impedan
e tomography (
f. [6, 15℄) we may argue thatfull data are suÆ
ient, whi
h we shall rigourously prove in a spe
ial 
asebelow.As a starting point for the analysis we investigate the unipolar drift-di�usion system around equilibrium, i.e., its linearization with respe
tto the voltage at U = 0. Sin
e p = 0, this implies u � 1, v � 0 and thelinearization v̂ solves the ellipti
 di�erential equationdiv (eV 0rû) = 0 in 
 (4.8)subje
t to the boundary 
onditionsû = � on �
D; �û�� = 0 on �
N : (4.9)The fun
tion V 0 is the solution of the Poisson equation at equilibrium,i.e., �V 0 = eV 0 �C in 
 (4.10)with the boundary 
onditionsV 0 = Vbi on �
D; �V 0�� = 0 on �
N : (4.11)The output 
urrent in this 
ase 
an be identi�ed after res
aling with theNeumann boundary data of û, i.e.,I� := �û�� j�1 : (4.12)From the standard theory of ellipti
 di�erential equations one may
on
lude that for a domain 
 with regular boundary, there is a one-to-one relation between fun
tions V 0 2 H2(
) satisfying the Poissonequation and potentials C 2 L2(
). This motivates the investigationof the identi�ability of V 0 2 H2(
) in (4.8) dire
tly, sin
e for knownpotential V 0 the doping pro�le is determined uniquely by (4.10). Theidenti�ability of the potential V 0 in (4.8), respe
tively the identi�abilityof the 
ondu
tivity a = eV 0 has been investigated by Na
hman [15℄with a positive answer only in the 
ase of full data, whi
h leads to thefollowing result:



Inverse Doping Problemsfor Semi
ondu
tor Devi
es 11Theorem 2. Let 
 � R2 be a bounded Lips
hitz domain, �1 = �
D =�
, and let for two doping pro�les C1 and C2 in D denote their output
urrents by I1� and I2� obtained from linearization around equilibrium.Then the equality I1� = I2�; 8 � 2 H 32 (�
)implies C1 = C2.4.2 Transient Inverse DopingWe have seen in the previous se
tion that the identi�
ation in the sta-tionary 
ase makes no sense for spatial dimension one. In the transient
ase, the situation is di�erent, be
ause a se
ond dimension is added viathe time variable. If we measure 
urrent and 
apa
itan
e over a time in-terval (0; T ), the dimensionality of the data is the same as of the dopingpro�le, namely that of fun
tions over an interval. Sin
e there are manyexamples of paraboli
 identi�
ation problems, where a measurement onthe boundary over some time interval determines a spatially distributedparameter uniquely (
f. [11℄ and the referen
es therein), it seems rea-sonable that one 
an identify the doping pro�le from a single transientmeasurement.For a rigorous justi�
ation of the identi�ability, we 
onsider the modelproblem of the unipolar transient drift-di�usion equations in 
 = (0; L).After appropriate s
aling (setting �n = 1), they are given by0 = �2�2V�x2 � n+ C in (0; L)� [0; T ℄ (4.13)�n�t = ��x(�n�x � n�V�x ) in (0; L)� [0; T ℄; (4.14)subje
t to appropriate Diri
hlet boundary 
onditions for n and V atx = 0 and x = L, and the initial 
onditionn(x; 0) = n0(x) � 0: (4.15)We assume that the potential U = U(t) is applied at x = 0, i.e.,V (0; t) = U(t) + VD(0); V (1; t) = VD(1): (4.16)Introdu
ing the antiderivatives N and D determined by�N�x = n; N(L; :) = 0; Dx = C; D(L) = 0 (4.17)for all t 2 [0; T ℄, we 
an integrate (4.13) to�2�V�x = N �D + �; (4.18)



12where � = �(t). Thus, the system (4.13), (4.14) 
an be redu
ed to thesingle equation�N�t = J + � = �2N�x2 � ��2�N�x (N �D)� �N�x �+ �; (4.19)where � and � are fun
tions of time only, whi
h have to be determinedfrom boundary data. Using the boundary values of N and D at x =L, we dedu
e �(t) = �2 �V�x (L; t). Moreover, the 
urrent J at x = 1determines �, sin
e 0 = �N�t (L; t) = J(L; t) + �(t):I.e., under the knowledge of �V�x (L; t) and J(L; t), the re
onstru
tion ofthe doping pro�le C in the unipolar 
ase redu
es to the identi�
ation ofthe spatially varying sour
e D in the paraboli
 equation (4.19) from theoverposed boundary data for �N�x at x = 0; L and N at x = L. Usingresults for paraboli
 inverse problems based on Carleman estimates, wemay derive the following result (
f. [5℄):Theorem 3. Let C 2 C1;1(
), dUdt (s) 6= 0 for some s 2 (0; T ) andassume that �V�x (L; t) andJ(L; t) = �n�x (L; T )� n(L; T )�V�x (L; t)are known in a �nite time interval (0; T ) and �V�x (L; :) 2 C1;1(0; T ). Thenthe solution (n; V;C) of the unipolar identi�
ation problem is uniquelydetermined.In two spatial dimensions, the situation is similar, sin
e we want toidentify a fun
tion on 
 � R2 from a measurement on �1� (0; T ) � R2.However, there are no rigorous results on the multi-dimensional inversedoping pro�le yet. Nonetheless, there is hope to derive uniqueness resultsat least in spe
ial 
ases, whi
h raises important problems for futureresear
h.5. Identi�
ation of P-N Jun
tionsFinally, we 
onsider the 
ase, where the doping pro�le is a pie
ewise
onstant fun
tion of position. We assume that there exists a de
ompo-sition 
 = 
P [ 
N and values C+ 2 R+, C� 2 R� , su
h thatC � C+ in 
P ; C � C� in 
N : (5.1)



Inverse Doping Problemsfor Semi
ondu
tor Devi
es 13Both 
N and 
P shall only 
onsist of a �nite number of 
onne
ted
omponents. Under this a-priori information it seems now reasonable to
onsider also the stationary 
ase with a �nite number of measurements.In the 
ase of one spatial dimension, we only have to identify a �nitenumber of points xj 2 (0; L) that mark the lo
ation of the p-n jun
tion.This seems possible from voltage and 
apa
itan
e measurements if thenumber of jun
tions is not too large. E.g., for a p-n diode, whi
h is adevi
e where the 
N and the 
P region 
onsist of only one 
onne
ted
omponent ea
h, one only seeks the lo
ation of one jun
tion, i.e., a singlereal value in the interval (0; L), whi
h seems reasonable to be determinedfrom a single measurement of the 
urrent or the 
apa
itan
e. We willrigorously prove the identi�ability of the p-n jun
tion for a unipolar p-ndiode in the following se
tion.In two spatial dimensions one may argue again that a single measure-ment on a 
onta
t is suÆ
ient for identi�ability of the p-n diode, whi
his now a 
urve, i.e., a fun
tion of one variable (the ar
length parame-ter). We will investigate the identi�
ation in a spe
ial 
ase, namely ap-n diode with zero spa
e 
harge and low inje
tion below; for this prob-lem the identi�
ation of the p-n jun
tion redu
es to an inverse boundaryproblem for the Lapla
e equation and one 
an rigorously prove identi�a-bility. However, it is well-known that su
h inverse problems are severelyill-posed, i.e., measurement errors are ampli�ed dramati
ally. Typi
ally,stability estimates for the unknown boundaries in su
h problems are onlyof logarithmi
 type with respe
t to the data error Æ (
f. e.g. [2℄).5.1 A Unipolar P-N Diode in R1In the following we investigate a simple identi�
ation problem fora one-dimensional p-n diode (
 = (0; L)) in the unipolar 
ase. Thelinearization around equilibrium (U = 0, as a system for the equilibriumpotential V 0 and the perturbation û of u) in Slotboom variables reads�2 �2V 0�x2 = eV 0 � C ��x �eV 0 �û�x� = 0; (5.2)in 
, with Diri
hlet boundary 
onditions for V 0 and û at x = 0 andx = L. If we are given the linearized 
urrent J = eV 0 �û�x at x = 0, wemay 
on
lude that �û�x = e�V 0J in 
:With the given Diri
hlet boundary values u(0) and u(L) we 
an redu
ethe identi�
ation of the p-n jun
tion to the identi�
ation of the p-n jun
-



14tion in the equilibrium Poisson equation with the additional 
onditionû(L)� û(0) = J Z L0 e�V 0(x) dx: (5.3)For the solution of this identi�
ation problem we 
an now prove anidenti�ability result:Theorem 4. Let C+ > 0 and C� � 0 be given and let C1 and C2 betwo doping pro�les satisfyingCi = � C+ for x < piC� for x > pi (5.4)for pi 2 (0; L), i = 1; 2. Denote by (V 0i ; ûi) the 
orresponding solutionsof (5.2) with doping pro�le Ci. If the output 
urrents Ji = eV 0i (0) �ûi�x (0)are equal, then C1 = C2 in 
.Proof. We have seen above that we may equivalently 
onsider the iden-ti�
ation of C in the Poisson equation with the additional integral 
on-dition (5.3). Let in the following w.r.o.g. p1 � p2 and set w := V 01 �V 02 ,then by the mean value theorem we may dedu
e the existen
e of boundedfun
tions a and b su
h that w satis�es��2 �2w�x2 + eaw = C1 � C2 = (C+ � C�)1j(p1;p2) � 0;Z L0 eb(x)w(x) dx = 0:Moreover, w satis�es homogeneous Diri
hlet boundary 
onditions at x =0 and x = L. Using the maximum prin
iple for ellipti
 di�erentialequations we dedu
e that w � 0 in 
 and hen
e, the above integralidentity 
an only hold for w � 0, whi
h implies also �(p1; p2) � 0. Thus,we have p1 = p2 and 
onsequently C1 � C2.5.2 A P-N Diode with Zero Spa
e Charge andLow Inje
tionThe 
ase of zero spa
e 
harge and low inje
tion means to let �rst tend�! 0 and then Æ ! 0 in the stationary drift-di�usion equations. It hasbeen shown by S
hmeiser [16℄ that the arising limiting problem for u andv 
an be solved expli
itely and identi�ability 
an be shown in two spa
edimensions (
f . [4℄) using tools from the theory of harmoni
 fun
tions.In [4℄, numeri
al test have been performed for the identi�
ation of thep-n jun
tion in this spe
ial 
ase. The data where generated by numer-i
ally solving the stationary drift-di�usion equations with appropriate
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Figure 1. Re
onstru
tion using data from the full drift-di�usion model for C0 =1020m�3 (left) and C0 = 1021m�3 (right) 
ompared to the exa
t jun
tion (dotted).parameter 
hoi
es (
f. [3℄ for details on the numeri
al s
heme employed)and subsequently evaluating the 
urrent over the 
onta
t. The inverseproblem was solved using an iterative regularization method for the sim-pli�ed model. The results for two di�erent values of C0 = C+ = jC�j,whi
h 
an be interpreted as two di�erent noise levels in the 
urrent mea-surements, are shown in Figure 1. One observes that the quality of there
onstru
tion improves with in
reasing C0, whi
h is related to the bet-ter approximation of the redu
ed equation to the original drift-di�usionmodel. The results obtained indi
ate that the doping pro�le is not onlyidenti�able, but 
an be re
onstru
ted with reasonable pre
ision also fromnoisy data obtained in pra
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