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Abstract

Simplicity and efficiency of linear transformations make them a popular tool for re-
ducing dimensions (of data) before or during statistical analysis. Examples of their
applications include image compression and reconstruction, data clustering, pattern
classification, and image or text retrieval. Linear transformations with natural or-
thogonality constraints can be represented as elements of Stiefel and Grassmann
manifolds. We advocate that the choice of a transformation for dimension reduc-
tion is not standard; it is dictated by the application and the data set, and can
be formulated as an optimization problem on these above-mentioned manifolds. We
demonstrate this idea by deriving dimension-reducing transformations in several ap-
plications, including image-based recognition of objects and content-based retrieval
of images.

Key words:
PACS:

1 Introduction

In many applications involving pattern recognition and image analysis, large
dimensions of observed data prohibit efficient use of statistical approaches.
It becomes imperative to use a dimension-reduction technique either before
or during statistical analysis of data. Dimension reduction also provides com-
pression and coding necessary to avoid excessive memory storage and com-
putation. In some applications, such as face recognition using images, the
underlying variability in observed data is known to result from a handful of
physical variables, such as pose, shape, and illumination, and that provides
a strong motivation for seeking low-dimension representations of data. Addi-
tionally, these low-dimension representations can provide a useful immunity
to observation noise or clutter.
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One can devise several ways of generating low-dimensional representations
of data; a common classification of these ideas is into linear and nonlinear
methods. There is a growing realization that observed data points form low-
dimensional nonlinear manifolds inside much larger Euclidean spaces, and
several recent papers have focused on discovering these underlying manifolds
using the observed points. Nonlinear mapping, isomaps [1], local-linear em-
bedding [2], Laplacian eigenmaps [3], and their variations are some of the
approaches to attempt to accomplish this task. Despite these advances in
understanding of nonlinear structures, there remains a need for linear repre-
sentations. Linear representations are attractive because of the simplicity and
efficiency they provide, especially in real-time applications. From a geometric
viewpoint, a linear dimension-reduction approach amounts to approximating
a nonlinear manifold globally by a low-dimensional hyperplane. Although such
strategy will fail in general, it has often been useful in special cases. For exam-
ple, in situations involving proximity of data points and/or negligible curvature
of underlying manifold in neighborhoods local to observed points, a case can
be made for use of linear models.

For reducing data dimension from n to d, where d << n, using a linear trans-
formation, a common approach is to multiply the data vector by a d×n matrix.
It seems natural and efficient to restrict to matrices with linearly independent
rows, or even further, to impose orthonormality constraint on the rows. For
instance, let U be an n× d orthogonal matrix denoting an orthonormal basis
of a d-dimensional subspace of Rn (n >> d), and let X be an n × 1 obser-
vation vector. Then, the vector Y (X, U) = UT X ∈ Rd, also called the vector
of coefficients, is a d-dimensional representation of X. In this setup, several
standard transformations, such as those resulting from a principal component
analysis (PCA) or a Fisher discriminant analysis (FDA), have widely been
used. Although they satisfy some optimality criteria, they may not necessar-
ily be optimal for a specific application at hand. Their optimality criterion
is often not related to the application performance, or if related, is based on
unrealistic assumptions (such as X being multivariate normal). We contend
that the choice of U should be closely related to both application and data.
In other words, a criterion dictated by the application should be used to find
an optimal choice of U . Similar ideas have also been pursued in [4,5], albeit in
different contexts. Guided by the application, one can derive or formulate a
performance function F such that the optimal linear transformation is given
by Û = argmaxU F (U). The problem of finding a linear transformation now
becomes that of optimization over an appropriate space of orthonormal bases.
The main goal of this paper is to present a family of algorithms for finding
orthogonal linear transformations of data that are optimal for specific tasks
and specific datasets. Our search for optimal transformations is based on a
stochastic optimization process that maximizes a given performance function
(chosen for that application). To be computationally effective, the optimiza-
tion process has been modified to account for the geometry of the underlying
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space by formulating the problem on manifolds of orthogonal bases. In case
one is interested in searching over bases, the required space is given by a Stiefel
manifold. On the other hand, if one is interested in a subspace, and not in a
particular basis, the search space becomes a Grassmann manifold. A impor-
tant part of solving optimization problems on these manifolds is to understand
and utilize their differential geometry in reaching intrinsic solutions.

The rest of this paper is organized as follows: Section 2 introduces the two
manifolds of interest, Grassmann and Stiefel. Section 3 motivates this ap-
proach by listing several applications and performance functions associated
with these applications. Section 4 introduces elements from different geome-
try to construct gradient-based solutions to optimization problems on these
manifolds, and Section 5 presents an algorithm for solving such problems. A
few experimental results illustrating the basic ideas are presented in Section
6. The papers ends with a brief summary in Section 7.

2 Representation of Linear Projections

We are interested in linear transformations that can be used for reducing
dimensions of observations before their analysis. Such transformations can be
denoted by n × d, non-singular matrices, or elements of a generalized linear
group GL(n, d). If the columns are forced to be linearly independent, which
seems natural for studying linear transformations, an efficient representation
is obtained by further assuming that the columns are orthogonal and of unit
length. Denoting such a linear transformation via a matrix U ∈ Rn×d, U
satisfies the property that UT U = Id, where Id is the d × d identity matrix.
Let the set of all such matrices be Sn,d,

Sn,d = {U ∈ Rn×d|UT U = Id} ⊂ GL(n, d). (1)

Sn,d is called a Stiefel manifold, and each element of Sn,d provides an or-
thonormal basis for a d-dimensional subspace of Rn. If one is interested only
in the subspace spanned by the columns of U , and not in a particular basis,
then the required space is reduced further, as follows. Define an equivalence
relation between two elements of Sn,d according to:

U1 ∼ U2 if and only if U1 = U2O, for some O ∈ SO(d) .

Here, SO(d) = {O ∈ Rd×d|OT O = Id, det(O) = 1}. This relation implies that
all orthonormal bases of the same subspace are deemed equivalent. Define a
new set Gn,d as the quotient space of Sn,d under this equivalence relation, i. e.
Gn,d = Sn,d/ ∼. Gn,d is called a Grassmann manifold and it forms the set
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of all d-dimensional subspaces of Rn. Another way of stating this equivalence
relation is Gn,d = Sn,d/SO(d).

Both Sn,d and Gn,d can also be viewed as quotient spaces of a larger (special)
orthogonal group according to:

Sn,d = SO(n)/SO(n−d) and Gn,d = Sn,d/SO(d) = SO(n)/(SO(n−d)×SO(d)) .

To interpret these definitions, consider SO(n) as the set of n × n rotation
matrices. The subgroup SO(d) consists of rotations within a d-dimensional
subspace of Rn while the subgroup SO(n− d) consists of rotations within the
remaining (n−d)-dimensional subspace. The quotient space SO(n)/SO(n−d)
can be interpreted as considering those rotations in Rn where the rotations
within an (n − d)-dimensional subspace are ignored. Similarly, in the case
of SO(n)/(SO(d) × SO(n − d)), rotations within a d-dimensional subspace,
and the subspace orthogonal to it in Rn are ignored. Therefore, an element
of Gn,d represents a subspace (rotations within the subspace, and rotations
orthogonal to it are ignored), while an element of Sn,d represents a particular
basis of a subspace (only rotations orthogonal to the subspace are ignored, the
ones within the subspace are included).

Many properties of Sn,d and Gn,d are inherited from SO(n). SO(n) is a matrix
Lie group, i.e. it is a differentiable manifold and a group under matrix mul-
tiplication (see for example [6]). It is compact, smooth, and has dimensions
given by n(n−1)/2. Sn,d is a manifold of dimension (n(n−1)/2)−((n−d)(n−
d− 1)/2) = nd− d(d + 1)/2, and Gn,d has d(n− d) dimensions. Sn,d and Gn,d

are also compact, and continuous functions defined on these manifolds attain
maximum (or minimum) on them.

We emphasize the choice of orthonormal bases in representing linear transfor-
mations as it leads to a significant reduction in computational cost. Solving
for an orthogonal basis on Sn,d or Gn,d leads to a smaller search space as com-
pared to searching for optimal linear transformations on nd-dimensional space
of n×d matrices. It also provides stability to iterative optimization algorithms
by ensuring that the basis vectors remain unit length and the basis matrix is
always full ranked.

We will use an orthogonal matrix U ∈ Rn×d to denote an element of Sn,d and
a set [U ] to denote an element of Gn,d, where

[U ] = {UO ∈ Rn×d|O ∈ SO(d)} .

[U ] denotes the equivalence class of all the bases spanning the same d-dimensional
subspace of Rn.
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3 Application-Driven Dimension Reduction

We will use the following notation. Let X ∈ Rn be a vector of random vari-
ables under investigation, and for U ∈ Sn,d or [U ] ∈ Gn,d, let Y = UT X denote
a random vector that represents a linear projection of X into Rd. In situations
where n is rather large, Y is used instead of X in generating statistical in-
ferences. This step is often called dimension reduction or component analysis.
The choice of basis U has a significant impact on the eventual performance
and, thus, becomes a topic of research. Our strategy is that instead of select-
ing a standard U , disjoint from the application under investigation, we tie the
choice of U to the application. In other words, the application, or a perfor-
mance function in that application, dictates what U is optimal in that context.
Next, we present some examples of these applications and their performance
functions. In some cases, it is straightforward to solve for an optimal basis,
while others require iterative strategies.

(1) Image reconstruction under mean-squared error: Let X ∈ Rn

denote a vector form of an image, and the goal is to find a d-dimensional
subspace of Rn such that the projection of X on that subspace minimizes
expected squared error. That is, find a [U ] ∈ Gn,d such that:

ˆ[U ] = argmax
[U ]∈Gn,d

F ([U ]) = argmax
[U ]∈Gn,d

E[‖UT X −X‖2] , (2)

where E denotes the expectation over a joint probability density function
of X. Let Σ ∈ Rn×n be the covariance matrix of X, and Σ = V ΛV T be
its singular value decomposition (SVD). Then, the first d columns of V

provide ˆ[U ]. Here we are assuming that the entries of diagonal matrix Λ
are non-increasing from top to bottom.

In practical situations, where the covariance Σ is not known, and only
some observations of X are available, one uses the sample covariance
matrix, Σ̂ ∈ Rn×n:

Σ̂ =
1

M − 1

M∑

m=1

(Xi − X̄)(Xi − X̄)T , where X̄ =
1

M

M∑

m=1

Xi .

This calculation of ˆ[U ] is called principal component analysis, and is the
most commonly-used technique for statistical dimensional reduction [7,8].

(2) Class separation for clustered data: In this problem, the goal is to
transform labelled data points in such a way that different clusters maxi-
mally separate from each other. Let {Cj, j = 1, . . . , K} denote different
classes such that each data point Xi ∈ Cj for some j. We simplify the
notation by using Xj

i to imply Xi ∈ Cj. We want to find an optimal
d-dimensional subspace, or find a [U ] ∈ Gn,d, that projects Xj

i s into max-
imally separated clusters, assuming normal distributions with identical
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covariances and different means across clusters.
Let Ȳj(U) ∈ Rd, j = 1, 2, . . . , K, be the average (over i) of projected

vectors UT Xj
i , in each class. The between-class scatter matrix is given by:

SB(U) =
K∑

j=1

(Ȳj(U)−Ȳ (U))(Ȳj(U)−Ȳ (U))T ∈ Rd×d, where Ȳ (U) =
1

K

K∑

j=1

Ȳj(U) .

Let the within-class scatter matrix be given by:

SW (U) =
K∑

j=1

(∑

i=1

(Xj
i − Ȳj(U))(Xj

i − Ȳj(U))T

)
∈ Rd×d .

The required basis is now given by:

ˆ[U ] = argmax
[U ]∈Gn,d

F ([U ]) = argmax
[U ]∈Gn,d

det(SB(U))

det(SW (U))
, (3)

where det denotes matrix determinant. The solution is obtained using
a generalized eigen-decomposition [9]. This analysis is also known as
Fisher’s linear discriminant analysis [10].

(3) Signal extraction from a mixture using independence: Consider
the problem where observed signal is an (unknown) linear mixture of a
number of (statistically independent) signals, and the goal is to extract
individual signals from the observed data. Comon [11] and others have
posed this problem as that of finding linear transformations of data such
that the transformed components are statistically independent from each
other. This approach, called independent component analysis has found
applications in signal processing [11] and image analysis [12–14].

Let Y (U) = UT X be the vector of transformed random variables. Seek-
ing independence of elements of Y (U), define a cost function:

F (U) = −KL(P (Y1(U), Y2(U), . . . , Yn(U))||P1(Y1(U))P2(Y2(U)) . . . Pn(Yn(U))) ,(4)

where KL denotes the Kullback-Leibler divergence, and Yi(U) implies the
ith (scalar) component of the vector Y . In this definition, P denotes the
joint probability, and Pis denote the marginal probabilities of the random
variables Yi(U)s. The desired transformation is obtained by solving for
Û = argmaxU∈Sn,d

F (U). Since it is difficult to estimate mutual informa-
tion using observations of random variables, several approximations of
F have exploited to obtain ICA in the literature. Comon [11] proposed
cost functions that approximate minimization of mutual information and
Bell et al. [15] used a stochastic gradient technique to solve such opti-
mization problem. It must be noted that some of these formulations do
not require orthogonality of basis; in fact, they often use over-complete
or non-orthogonal bases. Hyvärinen [16] proposed a FastICA algorithm
for computing ICA using an approximation based on negative entropy
function.
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(4) Recognition of objects from image data: In this example, X de-
notes an image of an object of interest and the goal is to recognize
that object using a statistical analysis of X. This application is called
appearance-based recognition of objects. There are several approaches to
solve this problem, and as an example, one can choose a nearest neighbor
classifier to compare test images with the training images, and to label
the test images according to their nearest training image. Using the Eu-
clidean distance between the transformed image, define d(X1, X2; U) =
‖UT X1−UT X2‖, where ‖ · ‖ denotes the 2-norm of a vector. Let there be
K objects (or classes) to be recognized from the images; each object has
mtrain training images (denoted by Xj

1 , . . . , X
j
mtrain

, j = 1, . . . , K). De-

fine ρ(Xj
i , U) to be the ratio of the between-class-minimum distance and

within-class minimum distance of a training image from class j indexed
by i in the leave-one out sense, given by

ρ(Xj
i , U) =

minj′ 6=j,k d(Xj
i , X

j′
k ; U)

mink 6=i d(Xj
i , X

j
k; U) + ε0

,

where ε0 > 0 small is added to avoid division by zero. Then, define F
according to:

F ([U ]) =
1

Kmtrain

K∑

j=1

mtrain∑

i=1

h(ρ(Xj
i , U)− 1), (5)

where h(·) is a monotonically increasing and bounded function. In our
experiments, we have used h(x) = 1/(1 + exp(−2βx)), where β controls
the smoothness of F . Note that Xj

i is classified correctly in the leave-
one out sense according to the nearest neighbor rule under U if and
only if ρ(Xj

i , U) > 1. It follows that F is precisely the leave-one out
recognition performance of the nearest neighbor classifier when β →∞.
Having defined F , the goal is to solve for ˆ[U ] = argmax[U ]∈Gn,d

F ([U ]), as
described in [17].

(5) Generalization of representations: A key problem in appearance-
based recognition is the issue of generalization, i.e. how to extend a good
performance on the training data to the test data. Without explicit mod-
els of the underlying physical processes, one has to rely on heuristics to
improve the performance on test datasets that are not known beforehand.
We follow the idea of maximally-separated hyperplanes (used in support
vector machines [18]) and define the generalization of a linear represen-
tation as separation between clusters formed by (training) images from
different classes.

Define a generalization performance function as follows. Let there be
K classes to be recognized from the images; each class has mtrain train-
ing images (denoted by Xj

1 , . . . , X
j
mtrain

) and mcross cross validation im-
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ages 3 (denoted by X̃j
1 , . . . , X̃

j
mcross

) to evaluate the recognition perfor-
mance measure, for j = 1, 2, . . . , K. To obtain a smooth F , first define
ρ(X̃j

i , U) to be the ratio of the between-class-minimum distance and av-
erage within-class minimum distance of a validation image i from class j
based on the r-nearest neighbor rule, given by

ρ(X̃j
i , U) =

minj′ 6=j,k d(X̃j
i , X

j′
k ; U)

1/|τ(X̃
j

i , r)|
∑

X∈τ(X̃j
i ,r) d(X̃j

i , X; U) + ε0

, (6)

where τ(X̃j
i , r) is the set of r training images closest to X̃j

i in class j. If
τ(X̃j

i , r) does not contain r elements, the first term in the denominator
is set to {mink d(X̃j

i , X
j
k)}). Then, define F (U) according to:

F ([U ]) =
1

Kmcross

K∑

j=1

mcross∑

i=1

h(ρ(X̃j
i , U)− 1), 0 ≤ F (U) ≤ 1.0 (7)

where h(·) is a monotonically increasing and bounded function, as earlier.
Under this formulation, F achieves its maximum when clusters formed
by images from one class are far way from clusters by images from
different classes. Therefore, the optimization problem becomes ˆ[U ] =
argmax[U ]∈Gn,d

F ([U ]).
(6) Sparse representations of natural images: An important principle

for deriving components of natural images has been to maximize the
sparseness of transformed images ([19,20]). Sparseness of the resulting
coding on the given dataset can be specified in many ways. One example
is:

F ([U ]) = −E[
d∑

i=1

log(1 + Yi(X, U)2)] , (8)

where E is the expectation over the probability distribution of X. One
motivation for choosing sparseness comes from its emerging connection
with neural coding of visual stimuli in the visual cortex. In practice,
this expectation is computed by averaging over all training images. Note
that this definition of F (U) is the negative of the one given in ([20]).
A related problem deals with finding data transformations that enhance
non-Gaussianity of the observed data. As an example, let κ(y) denote the
kurtosis of a random variable y. Then, define total kurtosis of a random
vector as

F (U) =
d∑

i=1

κ(Yi(U)) ,

3 This can be implemented in two ways: having a separate cross validation set or
using the training set as the validation set in the leave-one-out sense.
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and set the goal to find Û = argmaxU F (U). In the context of spectral
decomposition of images via linear filters, several papers have studied this
problem [21–23].

(7) Retrieval of images from a large database: Another important ap-
plication of linear components is in retrieval of images (or text files) from
a large database using queries. Since images, or text files, have large di-
mensions, a dimension reduction step becomes important before retrieval,
to improve implementation speed. How to setup a performance function
in the context of content-based image retrieval? We use the retrieval pre-
cision as F with a fixed number of retrieved images [24]. To be more
specific, let there are K classes in an image dataset; each class has mdb

images (denoted by Xj
1 , . . . , X

j
mdb

) to be retrieved and mqu query images

(denoted by X̃j
i , . . . , X̃

j
mqu

). Here for simplicity, we assume that each class
has the same mdb and mqu, although it can be modified easily to allow
for different numbers of images in different classes. To evaluate the pre-
cision measure, let R denote the number of images to be retrieved for
each query image, we define F as the average retrieval precision for all
the query images, given by

F (U) =
1

Kmqu

K∑

j=1

mqu∑

i=1

No. of relevant images retrieved

R
. (9)

Relevant images are pre-defined by the end user for the purpose of testing
retrieval algorithms. As the total number of relevant images is known in
this setting, for each F (U), the corresponding average recall measure is
given by F (U)R/mdb. Now, the goal is to find a basis that maximizes F ,
i.e. Û = argmaxSn,d

F (U). Note that the optimal performance of F (U) is
given by min{1,mdb/R}, the goal is basically to find a U that achieves
this performance.

These are some examples of applications that naturally specify a performance
function under which a choice of dimension-reduction transformation must
be made. It is easy to find such examples in all branches of computational
sciences, in situations where high-dimensional observations are involved.

4 Differential Geometry of Sn,d and Gn,d

Our goal is to solve optimization problems on these two spaces and we will use
a stochastic gradient procedure to solve this problem. In view of the nonlinear
nature of these manifolds, we require two tools from differential geometry to
solve optimization problems. One relates to defining tangent spaces on these
manifolds, in order to define derivatives and gradients, and the second relates
to computing flows generated by vector fields on these spaces, in order to

9



compute gradient flows. Next, we summarize these two ideas in the context of
Sn,d and Gn,d.

4.1 Tangent Spaces

For a manifold M , and any point p ∈ M , we will use Tp(M) to denote the
set of vectors tangent to M at p. This set is actually a vector space with
same dimension as M . Elements of Tp(M), called the tangent vectors (even
though they happen to be n× d matrices in case of Sn,d and Gn,d), are found
by constructing paths on M passing through p and finding the velocities of
these paths at p. The characterization of Tp(M) is important because for any
v ∈ Tp(M) and any differentiable map F : M 7→ R, (vF )(p) denotes the
directional derivative of F in the direction v at point p. In order to perform
gradient-based optimization, one has to be able to define and evaluate these
directional derivatives at all points of M .

In the case M = SO(n), the tangent spaces are simple to construct. At identity
In, the tangent space TIn(SO(n)) is given by the set of n× n skew-symmetric
matrices. This vector space is spanned by an orthogonal basis {Eij}, where
Eij is an n×n skew-symmetric matrix such that: for 1 ≤ i ≤ n and i < j ≤ n,

Eij(k, l) =





1/
√

2 if k = i, l = j

−1/
√

2 if k = j, l = i

0 otherwise .

(10)

Any element of TIn(SO(n)) can be written as a linear combination of Eijs.

For any Q ∈ SO(n) other than identity, the tangent space TQ(SO(n)) is simply
a rotated version of TIn(SO(n)). (This is a property of Lie groups where the
tangent space at any point can be generated by “rotating” the tangent space
at any other point). It can be shown that

TQ(SO(n)) = {QA|A ∈ TIn(SO(n))} .

In fact, the set {QEij} forms an orthogonal basis of the tangent space TQ(SO(n)).

Using the tangent structure on SO(n), we can derive tangent structures on
the quotient spaces Sn,d and Gn,d as follows. If M/H is a quotient space of M
under the action of a subgroup H ⊂ M (assuming H acts on M), then, for
any point p ∈ M , a vector v ∈ Tp(M) is also tangent to M/H as long as it
is perpendicular to the tangent space Tp(pH). Next, we use this idea to find
tangent spaces on Sn,d and Gn,d.
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(1) Tangent Structure of Sn,d: Since Sn,d = SO(n)/SO(n − d), set M =
SO(n) and H = SO(n− d), and the tangent spaces on Sn,d can be seen
as subsets of tangent spaces on SO(n). Let J ∈ Rn×d be made up of the
first d columns of In; J acts as “identity” element in Sn,d. A vector in
TIn(SO(n)) is also tangent to Sn,d at J as long as it is perpendicular to
TIn−d

(SO(n− d)). Therefore,

TJ(Sn,d) = {AJ |A ∈ TIn(SO(n)), A ⊥ TIn−d
(SO(n− d))}

= {AJ |A ∈ Rn×n, A = −AT , A ⊥



0 0

0 D


 , D = −DT , D ∈ R(n−d)×(n−d)}

= {



C B

−BT 0


 J |C = −CT , C ∈ Rd×d, B ∈ Rd×(n−d)} . (11)

An orthonormal basis of this tangent space is given by:

{EijJ, i = 1, . . . , d; j = i + 1, . . . , d} ∪ {EijJ, i = 1, . . . , d; j = d + 1, . . . , n} .(12)

The first set of vectors span the matrix C, while the second set span the
matrix B.

For any other point U ∈ Sn,d, let QT ∈ SO(n) be a matrix that rotates
the columns of U to align with the columns of J , i.e. let U = QT J . Note
that the choice of Q is not unique and can be obtained efficiently using
Householder decomposition [25]. Then, the tangent space at U is given
by:

TU(Sn,d) = {QT A|A ∈ TJ(Sn,d)} .

An orthonormal basis of this space is obtained by multiplying the ele-
ments in Eqn. 12 by QT on the left.

(2) Tangent Structure of Gn,d: In this case, set M = SO(n) and H =
SO(d)×SO(n−d). Now the vectors tangent to SO(n) will also be tangent
to Gn,d as long as they are perpendicular to the space (TId

(SO(d)) ×
TIn−d

(SO(n− d))). The tangent space at [J ] ∈ Gn,d is given by:

T[J ](Gn,d) = {AJ |A ∈ TIn(SO(n)), A ⊥



A1 0

0 A2


 , A1 ∈ TId

(SO(d)),

A2 ∈ TIn−d
(SO(n− d))}

= {



0 B

−BT 0


 J | B ∈ Rd×(n−d)} (13)

This space is spanned by orthonormal basis vectors {EijJ, i = 1, . . . , d; j =
d + 1, . . . , n}. For any other point [U ] ∈ Gn,d, let Q ∈ SO(n) be a matrix
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such that U = QT J . Then, the tangent space at [U ] is given by:

T[U ](Gn,d) = {QT A|A ∈ T[J ](Gn,d)} .

An orthonormal basis of this space is given by {QT EijJ, i = 1, . . . , d; j =
d + 1, . . . , n}.

Now that we have defined tangent spaces at all points on Sn,d and Gn,d, we
consider (tangent) vector fields on these manifolds. V is called a vector field
on M , if it assigns a tangent vector Vp ∈ TP (M) for all p ∈ M . In case the
vector Vp changes smoothly with p, the vector field V is called a smooth vector
field. Let F : M 7→ R be a smooth map, and {ei,p} form an orthonormal basis
for Tp(M) for all p. Then, (ei,pF ) is the directional derivative of F at p in the
direction of ei,p, and the vector field Vp =

∑
i(ei,pF )ei,p is called the gradient

vector field of F on M . In the case of Sn,d or Gn,d, a gradient vector field takes
the form: for U ∈ Sn,d or [U ] ∈ Gn,d,

VU = QT (
∑

i,j

(EijF )Eij)J , (14)

where Eij are as defined earlier, and the ranges of i, j for summation depend
on whether the manifold is Sn,d or Gn,d.

4.2 Gradient Flows on Sn,d and Gn,d

Given a gradient vector field V on a manifold Sn,d or Gn,d, we seek a process
X(t) such that

dX(t)

dt
= VX(t) . (15)

X(t) is called a gradient flow, generated by the gradient vector field V (Eqn.
14. The next issue is: How to solve for the flow X(t)? On a computer, one
can approximate the solution using the following discretization: for a small
step size δ > 0, we will generate a discrete-time process {X(sδ), s = 1, 2, . . . , }
that will approximate the solution of Eqn. 15 as δ gets smaller. This discrete
process is computed according to:

X(s+1)δ = ψX(sδ)(VX(sδ), δ) ,

where ψ is a geodesic path (on the manifold) that is defined next. The notation
ψp(v, t) for a point p ∈ M , and a vector v ∈ Tp(M) implies a geodesic flow
starting at p in the direction v, and parameterized by time t. In other words,
ψp(v, 0) = p and ψ̇p(v, 0) = v.

12



For any Q ∈ SO(n), a geodesic flow in a tangent direction (say, QA) is given
by ψQ(A, t) = Q exp(tA), where exp is the matrix exponential. Since A is
a skew-symmetric matrix, and exp(A) is always orthogonal, this flow always
stays on SO(n). Note that the velocity vector of this flow at Q is actually QA,
the given tangent vector. Similarly, in case of Sn,d a geodesic flow starting
from a point U ∈ Sn,d in a direction QT AJ ∈ TU(Sn,d) is given by:

ψU(QT AJ, ·) : t 7→ QT exp(tA)J ∈ Sn,d , (16)

and for Gn,d by:

ψ[U ](Q
T AJ, ·) : t 7→ QT exp(tA)J ∈ Gn,d . (17)

Recall that in case of Sn,d, the skew-symmetric matrix A is of the type


C B

−BT 0


, whereas for Gn,d it is of the type




0 B

−BT 0


. The cost of com-

puting these flows depends heavily on evaluation of exp(tA); the paper [25]
utilizes the structure of A in these cases and describes an efficient way to
compute exp(tA) in the case of Gn,d.

Combining these ideas, a gradient vector flow on Sn,d or Gn,d is given by:

X(s+1)δ = QT
s exp(δWs)J , where Xsδ = QT

s J and Ws =
∑

ij

(EijF )Eij .(18)

Note that Ws is slightly different from Vs in Eqn. 14 in that QT is missing on
the left side. Also, the gradient flows on Sn,d and Gn,d differ only in the terms
include in summation over Eij.

The notion of geodesic flow also helps in approximating directional derivatives
of functions in cases where analytical expressions are not available. For a
function F on Sn,d, the directional derivative EijF at U ∈ Sn,d is defined as:

(EijF ) = lim
ε↓0

1

ε

(
F (QT exp(εEij)J)− F (U)

)
.

In cases, where (EijF ) is difficult to derive analytically, one can use the ap-
proximation:

(EijF ) ∼ 1

ε

(
F (QT exp(εEij)J)− F (U)

)
, (19)

for a small ε > 0.

13



5 Optimization Procedures

In each of the application mentioned earlier, the goal of finding an optimal
dimension-reduction transformation reduces to solving an optimization prob-
lem on a Stiefel or a Grassmann manifold. In this section, we look at a general
stochastic gradient type approach to solving such problems.

For M = Sn,d or Gn,d, let F : M 7→ R+ be a performance function such that
we seek

Û = argmax
U∈Sn,d

F (U) or ˆ[U ] = argmax
[U ]∈Gn,d

F ([U ]) . (20)

Since F is a C1-function, one can define a continuous vector field on M ac-
cording to gradient of F as in Eqn. 14. The gradient flow is approximated by
Eqn. 18 , and has the property that it converges to a local maximum of the
function F . To seek global optimal, one often adds a stochastic component to
the gradient according to W̃s = Ws +

∑
i,j zijEij, where zij is a normal random

variable with mean zero and variance 1/δ. Another useful idea seems to be
use a Markov chain framework. The basic idea is to construct a stochastic
gradient, governed by Markov chain dynamics, in such a way that the process
converges to a global optimum in the limit. This idea has been pursued earlier
in [17,26] for optimization on Grassmann manifolds. In [17], we have adopted
a Metropolis-Hastings type of idea to stochastic gradient search; stochastic
gradient provides candidates for updating estimates, but they are accepted or
rejected according to a probability density function that depends upon F . In
other words, it uses randomly-perturbed versions of the gradient directions
to find candidates for updating the chain; these candidates are accepted and
rejected according to a probability proportional to exp(F (p)). The algorithm
is repeated here for convenience of readers.

Algorithm 1: Let X0 = U0 ∈ Sn,d or [U0] ∈ Gn,d be any initial condition. Set
s = 0.

(1) Calculate the directional derivative of F at Xsδ according to:

Ws =
∑

i,j

(EijF )Eij ∈ Rn×n , (21)

where (EijF ) can be approximated numerically using Eqn. 19.
(2) Generate independent and identical realizations zijs, from N(0, 1/δ). Us-

ing the value of Xsδ, calculate a candidate value Y according to:

W̃s = Ws +
√

2Ts

∑

i,j

zijEij,
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Y = QT
s exp(δW̃s)J, (22)

The operation exp(δṼs) can be performed in O(nk2) operations by ex-
ploiting the structure of sparse skew-symmetric matrix Ṽs, as described
in [25].

(3) Compute F (Y ), F (Xsδ), and set dF = F (Y )− F (Xsδ).
(4) Set X(s+1)δ = Y with probability min{exp(dF/Ts), 1}, else set X(s+1)δ =

Xsδ.
(5) Set Ts+1 = Ts/γ, s = s + 1, and go to Step 1.

Here γ > 1 is the cooling ratio for simulated annealing with a typical value of
1.0025. We must note that there is a larger family of algorithms that perform
optimization over manifolds with constraints, of which this algorithm is an
example.

6 Experimental Results

In this section we illustrate Algorithm 1 using a number of examples and
databases. In each case, we will optimize over a performance function F spec-
ified in Section 3 and show improvements over standard choices of dimension-
reduction transformations.

(1) Optimal Subspace for Image-Based Recognition: The data used
in this experiment is taken from the ORL face recognition dataset 4 .
This database consists of 40 subjects, each imaged at 10 different facial
expressions. In this experiment we used n = 112×92 = 10304, and we seek
optimal transformations onto space of dimension d = 5, using mtrain = 5,
and mtest = 5. Shown in Figure 1 are three example evolutions of F (Xsδ)
versus s starting from random initial points in Gn,d. In each of these
case, the algorithm starts from a low performance but reaches optimal
performance (100%) eventually.
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Fig. 1. Performance of Xsδ versus s for three random initial conditions.

4 http://www.uk.research.att.com/facedatabase.html
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(2) Content-Based Image Retrieval: We describe a small experiment on
ORL database for image retrieval. In this experiment, two images of each
person were used as query images, i.e. mqu = 2 and mdb = 8, and the
remaining eight images of that were all considered relevant images. Our
goal is to search for a [U ] ∈ Gn,d that maximizes F specified in Eqn. 9.
Shown in Figure 2, is an example of Algorithm 1 applied to this problem.
The top figure plots evolution of F (Xsδ) (dotted line) and the average
recall measure (solid line) versus s, and shows a steady increase in F till
it reaches its maximum value. For this experiment, d = 20 and R = 10.
The lower figure shows the displacement from initial condition by plotting
‖Xsδ −X0‖ versus s to emphasize a non-local nature of this search.
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Fig. 2. Temporal evolution of the optimization algorithm. (a) Plots of retrieval
precision (solid line) and the corresponding recall (dotted line). (b) Distance of Xt

from X0.

(3) Sparse Representations of Images: In this experiment, we used Al-
gorithm 1 to find sparse representations of images in ORL data, by max-
imizing F as defined in Eqn. 8. Shown in Figure 3 three examples of this
optimization. In each row, the right panel shows evolution of sparseness
performance versus the iteration index showing a steady improvement un-
til convergence. Several papers have noted that sparseness by itself is not
an interesting criterion; it becomes interesting when combined with an ap-
plication such as reconstruction or classification. To underscore this point,
we have drawn the corresponding recognition performance of the transfor-
mations that result from maximization of sparseness performance. These
plots point out that recognition performance of sparse representations
can be very low. This suggests that a better option is to seek an op-
timal transformation U under a joint cost function, a function that is a
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weighted combination of recognition and sparseness performances. Shown
in Figure 4 are some examples of joint optimization over recognition and
sparsity performance. Here λ1 denotes the weight on recognition perfor-
mance and λ2 weights the sparsity performance. The three rows present
evolutions of performance function (left panel) and the sparsity function
(right panel) for three different set of weights.
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Fig. 3. Evolution of sparseness performance (right panels in each
row) on ORL dataset starting at three different initial conditions.
(a)X0=UFastICA.(b)X0=UInfoMaxICA.(c)X0=UPCA. Left panels show the
corresponding recognition performance for the same process.

(4) Generalization to test data: In this case, we seek those transforma-
tions that extend a good performance obtained on the training data to
the test data. The idea is to separate the classes maximally in order to im-
prove the generalization performance stated earlier. Shown in Figure 5 is
an example of this idea. Algorithm 1 was used to maximally separate the
transformed classes (in the training data) according to F given in Eqn. 7.
Top left panel shows the evolution of F over the training data (solid line)
and the corresponding evaluation of F on a separate test data. Bottom
left panel plots the difference between training and test performance;
this difference gets smaller as the algorithm proceeds. In the next two
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Fig. 4. Joint optimization over recognition and sparsity functions. Left panels plot
the recognition performance and right panels display sparsity function. The three
rows show results three different weights on the performance functions. (a) λ1 = 1.0
and λ2 = 0.0. (b) λ1 = 0.2 and λ2 = 0.8. (c) λ1 = 0.0 and λ2 = 1.0.

columns, the idea of maximally separating the classes is demonstrated.
To middle shows the distance d(X1, X2; U) between a training image and
the remaining training images for U = X0, a random initial condition.
The bottom middle panel shows a similar plot for X5000δ. These plots
show that images of the same class came closer together, the images from
other classes drifted further apart, during the evolution of Xsδ. The right
panels plot the same two sets of distances, this time using the test images.

7 Summary

In this paper we have presented an optimization approach for finding a dimension-
reduction transformation that is optimal for the application of interest. The
basic idea is to define a performance function for that application, that re-
lates an orthonormal transformation to the desired performance, and then to
search over the appropriate manifold of orthonormal bases to obtain an op-
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Fig. 5. The search process of a linear representation with better generalization. (a)
Top: F (Xsδ) on the training set (solid line) and on a separate test set (dotted line)
using the nearest neighbor classifier; bottom: the difference between training and
test performance (solid line). Here X0 is obtained using the FastICA algorithm [16].
(b) The distances between a training image and all the training ones using X0 (top)
and X5000δ (bottom). The thick segment corresponds to the correct class. (c) As in
(b) but for a test image from the same class.

timal transformation. Orthonormal bases are elements of a Grassmann or a
Stifel manifold, and we utilize differential geometry of these manifolds con-
struct a stochastic gradient search for solving the optimization problem.
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