Binary equality set is generated by two words.
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Abstract

We show that the equality set Eq(g, h) of two non-periodic binary morphisms g, h :
A* — ¥* is generated by at most two words. If the rank of Eq(g, h) = {«, 5} is two,
then « and f start and end with different letters.

This in particular implies that any binary language has a test set of cardinality
at most two.

1 Introduction

Binary equality language, i.e. the set on which two binary morphisms agree,
is the most simple non-trivial example of an equality language, the notion of
which was introduced in [9]. Equality languages in general play an important
role in formal language theory. For a survey and bibliography see [5], section
5.

In the binary case the morphisms are defined on a monoid generated by two
letters. It was for the first time extensively studied by K. Culik IT and J.
Karhuméki in [6]. There the main claim of our work was conjectured, viz.
that a binary equality language is generated by at most two words as soon
as at least one of the morphisms is non-periodic (or, equivalently, injective).
An important step towards the proof of the conjecture was made in [8] where
following partial characterization was obtained.

Theorem 1 The equality set of two binary morphisms g and h has the fol-
lowing structure:
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(A) If h and g are periodic, then either E(h,g) = {¢} or

|O“a

E(h,g) = {e}J{a e AT | =k}

oy

for some k > 0 or k = oo.
(B) If exactly one morphism is periodic, then

E(h,g) =a*

for some word o € ¥*.
(C) If both g and h are non-periodic, then either

E(h, g) = {a, 5}"

for some words o, B € X*, or

E(h,g) = (ay*B)"
for some words a, 3,y € L.

The question remained open whether the second possibility of case (C), con-
tradicting the conjecture, can actually occur. In the present paper we show
that the answer is negative and, moreover, if & and [ are both non-empty,
they start and end with different letters. This is formulated in

Theorem 2 Let g, h : A* — X* be non-periodic binary morphisms.

(A) Let o and 8, with o # 3, non-empty minimal elements of Eq(g, h). Then

pref, () # pref,(8) and suff;(«) # suff;(5) .

(B) Eq(g, h) is generated by at most two words.

Note that (B) is a trivial consequence of (A). Our proof does not deal directly
with (B), but is focused on (A). We are not aware of any way how to prove
(B) not using (A).

N.B. The case g = h is trivial. Throughout the paper we shall implicitly
suppose g # h.

Let us mention two problems closely related to the question about the struc-
ture of binary equality sets. The first one is the binary case of the famous Post
Correspondence Problem, shortly PCP(2). The cohesion of the two problems is
obvious, as PCP(2) consists in deciding, given two binary morphisms, whether
their equality set is empty. The proof that the question is algorithmically de-
cidable (see [2]) was one of the important moments in the development of
theoretical computer science. A survey of recent results concerning PCP can



be found in [3]. It was especially shown ([4]) that generalized PCP of arbitrary
size is decidable in marked case.

The second problem akin to the structure of binary equality languages is the
existence of a test set for binary languages. Indeed, if two morphisms agree
on a language, it must be a subset of an equality language. In [8] it is shown
that all binary languages have a three element test set. Our result allows to
cut down this bound to two. Let us remark that this improvement is not a
simple consequence of the fact that the equality language is generated by two
words - the difference in the first (or last) letter is a necessary ingredient.

This paper has the following structure. In the section 2 some definitions and
elementary combinatorial tools are given. In section 3 we study basic proper-
ties of words on which two binary morphisms agree. In section 4 we describe
a typical case of a pair of binary morphisms to which all other cases can be
reduced. The findings of section 3 are applied in section 5 to marked mor-
phisms. The main result is proved in section 6 divided into several subsection.
Within the section the existence of an equality set not fitting Theorem 2 is
gradually shown to be contradictory. Section 7 is dedicated to the test set of
binary languages bounding its cardinality by two.

2 Preliminaries

We use the basic notation from [1] and [5].

By X we denote an arbitrary alphabet, by A the two-letter alphabet {a, b}.
¥* is the free monoid and X* the free semigroup generated by X. The empty
word is denoted by €.

The symbol |u| represents the length of the word, and |u|, the number of
occurrences of the letter z in u. The set of all letters having at least one
occurrence in the word w is denoted by alph(u).

The prefiz of u is any word v € ¥* such that there exist a word v’ € ¥* with
u = vv'. The set of all prefixes of u is denoted by pref(u). A prefix v of u is
proper if v # ¢ and v # u. Similarly suffiz and proper suffix are defined. The
set of all suffixes of u is denoted by suff(u). The first (the last resp.) letter of
a non-empty word u is also denoted by pref; (u) (suff;(u) resp.). A word v is
called a factor of u if there exist words w,w’ € ¥* such that u = wovw'.

The positive powers u™ of a word are defined as usually, with u° = . We shall
also use negative powers to simplify notation. This requires a bit of attention.
The expression uv~'w, with u,v, w € £* is well defined if and only if there



exist words u' € pref(u) and w' € suff(w) such that u'vw’ = uw. Then
wo tw =’ w'.

n

Check that uv!w is determined uniquely. Obviously, u~" is an abbreviation

for (u™)~t.

The notion of prefix, suffix and factor can be extended to languages: a prefix
(suffix, factor resp.) of a language is prefix (suffix, factor resp.) of any of its
elements. Accordingly,
pref(L) = |J pref(u).
u€el
Similarly for suff(L). The language {u’ | i € N, } is denoted by u* and

ut =utJ{e}.

A word u is called primitive if and only if u = v™ implies u = v. The primitive
root of u is the (uniquely given) primitive word r such that u € r*. Words u
and v are called conjugates if u = ww' and v = w' w.

If we speak about minimality or maximality of some element, the implicit
ordering is the prefix one, i.e. v < w if and only if v € pref(u). (While by
the shortest word we mean the word with the smallest length!) If v € pref(u)
or u € pref(v), we say that they are comparable, denoted by u Pref v. The
maximal common prefix of words u and v is denoted by u A v. It is empty if
and only if one of the words is empty or they start with different letters. If u
and v are words, the maximal u-prefiz of v is the maximal element of

pref(v) () pref(u®).

Let u € X" be a word u = lyly .. .l4, with d = |u| and [; € 3. Then the mirror
image of the word u, denoted by 7, is obtained by inverting the order of the
letters, viz.

U =lglg_1...1.

Let g be an arbitrary morphism. The mirror image of g is the morphism
denoted by g and defined by

for each x € ¥. Note that in general g (u) does not equal to g(@) nor to g(u).
Instead

g(u)=glu).
All concepts and reasonings regarding prefixes are valid dually for suffixes,
mirror images considered. We shall often use the fact.



A morphism ¢ defined on X is called non-erasing if ¢g(z) is non-empty for all
r € M.

Let S be a subsemigroup of ¥ generated by a set M. The rank of M is the
cardinality of the minimal set generating S. We can write

rank(M) = Card(S'\ S - 95).
By the rank of a monoid M we mean the rank of semigroup M \ {e}.

It is well known fact that for each set M C X7 there exist the smallest free
subsemigroup of X% containing M and called its free hull.

Let g, h : ¥* — ¥* be binary morphisms. Their equality set is defined by

Eq(g,h) = {u € X* [ g(u) = h(u)}.

It is easy to verify that the set Eq(g,h) is a free submonoid of ¥* generated
by the set of its minimal elements

eq(g, h) = Eqa(g, n) \ (Ea(g, h) \ {e})* \ {e} .
Note that eq(g, k) is a biprefix code.

Let g : A* — ¥* be a non-periodic binary morphism. By 2z, we denote the
maximal common prefix of g(ab) and g(ba), i.e.

zg = g(ab) A g(ba) .

Since ¢ is non-periodic, we have |z,| < |g(a)| + |g(b)], by Periodicity Lemma
(see below). If pref,(g(a)) # pref,(g(b)), i.e. z, = €, we say that g is marked.

Similarly we define 2z, as a maximal common suffix of g(ab) and g(ba). Note
that

zy = g(ab) A g(ba) =7Z5

and z, = ¢ is equivalent to g being marked.

Cartesian product A* x A* is the set of ordered pairs (u,v) of words. It can
be seen as a monoid with operation of catenation defined by (u,v)(u',v") =
(uu', vv"), with the unit (g,£). Such a monoid is obviously not free, it is even
not isomorphic to a submonoid of a free monoid.

Let g, h : A* — ¥* be binary morphisms. The subset of 4* x A* denoted by
C(g, h) and defined by

Clg, h) = {(u,v) | g(u) = h(v)}



will be called the coincidence set of morphisms g and h. It is generated by the

set
c(g,h) = Clg,h) \ (Clg,h) \ {(e,6)})*\ {(c,)} .

It is not difficult, but quite important to note that

Lemma 3 C(g,h) is, as a submonoid of A* x A*, freely generated by c(g, h).
Moreover, if (uy,v1), (u2,v2) and (u1xug, v1yve) are elements of C(g, h) then
also (z,y) € C(g,h) (i.e. C(g,h) is left and right unitary in A* x A*).

The fact is illustrated by the following picture, which represents the unique
factorization of the pair (abaababab, bababbb) € C(g,h) into elements of the
base, namely

(abaababab, bababbb) = (ab, ba)(aa,b)(ba, ab)(bab, bb).

aéb aéa béa béaéb
b ia b a b b i b

Obviously (u,u) is an element of C(g, h) for each u € Eq(g, h), and Eq(g, h)
is given uniquely by C(g, h) as

Ea(g, h) = {u | (u,u) € C(g, h)} .
We present several combinatorial lemmas for future (often implicit) reference.
Following three lemmas are part of the folklore.

Lemma 4 The words u and v commute if and only if they have the same
primitive root.

Lemma 5 (Periodicity Lemma) Let u™ and vt have a common factor of
a length |u| + |v|. Then the words u and v commute.

Lemma 6 The following conditions are equivalent:

(i) Words u and v are conjugates.
(ii) There is a word z such that uz = zv.
(iii) There are words t, and ty such that ty is non-empty, tity is primitive and

u € (tts)* v € (tatr)*
Moreover, if t1 and ty are like in (iii) and z is like in (ii), then z € (tity)*t;.

We shall often use the following lemma. It is based on the well known fact that
a primitive word ¢ cannot satisfy equality ¢¢ = utv, with u and v non-empty.

Lemma 7 (A) Let sw be a factor of w*. Then s is a suffiz of w™.



(B) Let wp be a factor of wt. Then p is a prefix of wt.

(C) Let uw be a prefiz of wt. Then u and w commute.

(D) Let uy, ug, w, w' € &% be words such that w' is a conjugate of w, |uy| <
|ua|, and the words uyw', usw' are prefives of w*. Then uy is a suffiz of
w9 and u2uf1 commutes with w.

The last preliminary lemma plays an important role in the paper.

Lemma 8 Let g : A* — A* be a marked morphism and let u,v € A*. Then
there exist a word w € A* such that g(w) = g(u) A g(v).

3 The coincidence set

In this section we study the relation of coincidence sets of non-periodic mor-
phisms to their equality set. We will partially follow the exposition from [1],
pp. 347-351.

First notice the following nice lemma.

Lemma 9 Let X = {x,y} C Xt be non-periodic set (i.e. xy # yzx). Let
u € xX*, v € yX* be words such that |u|, |v| > |zyAyz|. Then uhv = xyAyx.

The proof is not difficult (see [1], p. 348).

The lemma immediately implies that for a non-periodic binary morphism A
and an arbitrary word u € A* enough long, the word z, is a prefix of hA(u) and
the (|zn| 4+ 1)-th letter of h(u) indicates the first letter of u. For any u,v € A*
we have

zn, = h(au)zy A h(bv)zy,. (1)

It is now easy to see that the morphism A,,, such that
ho(u) = 2, "h(u) 2, (2)

u € A, is well defined. Moreover it is marked, and the equality (2) holds for
any u € A*. We shall call it the marked version of h. Similarly we can define
marked version of g. In the following, however, we shall simply suppose that
¢ is marked. This restriction will be justified later (Lemma 22).

Let u,v € ¥* be words such that g(u) Pref h(v). Following lemmas show that
the possibility to lengthen the words u, v to words «', v" such that g(u') = h(v')
is very restricted.



Lemma 10 Let g and h be binary morphisms, and let g be marked. Let u,v €
A* be words such that g(u) Pref h(v) and let

g(u) # h(v)z .
Let uy, us, v1,v9 € AT be words such that

g(uur) = h(vvr),
g(uus) = h(vvy).

Then pref, (u;) = pref, (uy) or pref,(vy) = pref, (vs).

X
VU2

PROQOF. If uy, ug, v; and v, satisfy the conditions of the lemma, then the
same conditions are satisfied also by the words ujuuy, usuus, vivvy and vevvy
resp. Hence we can suppose that each of the words wuy, us, v, vo is longer then
zp,. Consider three cases.

1. First suppose that |g(u)| < |h(v)| + |za]- By (1), h(v)zy is a prefix of both
h(vvy) and h(vvy) and

pref, (g(u1)) = pref, (g(us)) = pref, (¢ (u)h(v)z,) = .

Since g is a marked morphism, this implies that pref, (u;) = pref, (us).

.....

2p
2. Suppose on the other hand that |g(u)| > |h(v)| + |24|. Then vy, vy have the
common prefix longer than z, and pref,(v;) = pref,(vs) is determined by

the letter x = pref, ((h(v)z;) tg(u)).

The following immediate corollary of the previous lemma describes the unique
case, in which u, v can be extended in two different ways.

Corollary 11 Let g and h be binary morphisms, and let g be marked. Let



(¢,d) and (c',d") be distinct elements of c(g,h). Put
u=cAc, v=dAd.

Then

The ground for the characterization of the coincidence set is the following

Lemma 12 Let g and h be binary morphisms, and let g be marked. Let the
words e, f € A1 satisfy following conditions:

(i) zng(e) = h(f)zn
(ii) The words e, f are minimal, i.e.: If u is a proper prefiz of e and v is a
proper prefic of f then z,g(u) # h(v)zy.

Then, given the first letter of e or the first letter of f, the words e and f are
determined uniquely.

PROOF. Suppose e, f and ¢, f" satisfy (i) and (ii), and pref, (e) = pref, (¢').
Put c=eAe€,d= f A f'. Since g is a marked morphism, we have

2ng(e) A 2ng(€') = zng(c). (3)
From (1) we deduce
h(f)zn A B(f")zn = h(d) 2. (4)
Since zng(€) = h(f)zn and zng(¢') = h(f')zn, the equalities (3), (4) yield
zng(c) = h(d)zp,.

Since ¢ is non-empty, we deduce from (ii) that ¢ = e = ¢ and d = f = f.
Similarly if pref, (f) = pref, (f').

This implies the following
Lemma 13 Let g and h be binary morphisms, and let g be marked.

(A) The rank of C(g, h.,) is at most two.



(B) If rank of C(g, hw) is two and c(g, h.) = {(e, f), (¢', ')}, then
pref, (e) # pref; (¢')
pref, (f) # pref; (f').
PROOF. Recall that h,,(u) = z;, "h(u)z, to see that
C(g, hm) = {(u,v) € A* x A* | zpg(u) = h(v)zp} .

The rest is a consequence of Lemma 12.

Note that both g and h,, are marked morphisms, and (e, f) € ¢(g, h,,) is just
an expression of the fact that the pair (e, f) satisfies conditions described in
Lemma 12.

The question on the structure of the equality set Eq(g, h) can be seen as a
special case of above considerations. If conditions

U=,

d’ 6:f7
dl 6I:fl

C
¢

U; = Vg,

with ¢ = 1,2, are added, then we get following modification of Lemma 10,
Lemma 12 and Corollary 11.

Lemma 14 Let g and h be binary morphisms, and let g be marked. Let u € A*
be a word such that g(u) Pref h(u) and

g(u) # h(u)zy, .

Let uy,uy € A" be words such that

(uul)a
(uus).

g(uuy)

h
g(uug) = h

Then pref, (u;) = pref, (uy).

Corollary 15 Let g and h be binary morphisms, and let g be marked. Let ¢
and ¢ be distinct elements of eq(g,h). Put w=cAc'. Then

Lemma 16 Let g and h be binary morphisms, and let g be marked. Let the
word e € AT satisfy following conditions:

(i) 2ng(e) = h(e)zn

10



(ii) The word e is minimal, i.e.: If ey is a proper prefiz of e then zpg(e1) #
h(er)zp,.

Then the word e is determined uniquely by its first letter.

Lemma 17 Let g and h be binary morphisms, and let g be marked.

(A) The rank of Eq(g, h.) is at most two.
(B) If rank of Eq(g, hw) is two and eq(g, h,,) = {e, €'}, then

pref, (e) # pref, (¢).

We can now give the following

Proof of Theorem 1(C). By Lemma 22, we can suppose that g is marked.

1. If there do not exist a word u € A* such that g(u) = h(u)z,, then, by
Corollary 15, Eq(g, h) is generated by at most one word.
2. Suppose that such a word u exists and suppose no non-empty prefix of u
is an element of Eq(g, h). By Corollary 15, the word u is a prefix of any
u' € Eq(g,h). If eq(g, h) is not empty, there exist a (minimal) word e; such
that
g(uer) = h(uey)

g: 2
u h €1
h:

Note that in such a case

Zhg(elu) = h(elu)zh

2 61 u .
h
h:

and thus eju is an element of eq(g, h,,)-
2.1. If Eq(g, h,,) is generated by e;u then

eq(g,h) = {ue; }.

2.2. The cardinality of eq(g, h,,) is at most two, by Lemma 17. Suppose that
there is another word €’ € eq(g, h,,). We have two possibilities.
2.2.1. Let first exist a prefix €| of ¢’ such that

zng(€)) = hie)).
Then €' = €} u, and thus g(ue}) = h(ue}) and

eq(g, h) = {uey, ue\}.

11



. 2
/ : / h
Zn € : 6 u

2.2.2. If such a prefix does not exist, then

eq(g,h) = uee;.

4 Typical morphisms

In this section we introduce some properties of morphisms ¢, A and show that
in the following investigation these properties can be assumed without loss of
generality.

Definition 18 We say that an (unordered) pair of binary morphisms g, h :
A* — ¥* 4s principal if the target alphabet X is the base of the free hull of the

set {g(a), g(b). h(a), h(b)}.
Definition 19 An ordered pair (g, h) of morphisms is called typical if

(a) Both g, h are binary non-periodic morphisms A* — A*.
(b) The morphism g is marked.

() lg(@)l > [h(a)], [g(b)] < |A(b)]

The following is an important property of the base of the free hull generated
by a set.

Lemma 20 Let X be a finite subset of ¥X* and let Y be the base of the free
hull of X. Then for each element y € Y there is a word x € X such that y is

a prefix (suffix resp.) of x.
For the proof see [7], Lemma 3.1. For our purpose note the following immediate

Corollary 21 Let X be a finite subset of ¥* such that ¥ is the base of the
free hull of X. Then

Y = {pref,(u) | u € X} = {suff;(u) | u € X}.

We can now prove a statement allowing to restrict our considerations to prin-
cipal and typical pairs.

12



Lemma 22 Let gy, hy be non-periodic binary morphisms A* — ¥* such that
the rank of Eq(gi, h1) is at least two. Then there exist a pair of morphisms
(g, h), which is principal and typical, and

C(g, h) = C(g1, M).

Moreover, if hy (g1, h1 resp.) is marked then such is also h (g, h resp.).

PROOF. Let F' C ¥* be the free hull of the set {g1(a), g1(b), h1(a), h1(b)} and
let C' be an alphabet whose cardinality equals the rank of F'. Let ¢ : FF — C*
be an isomorphism. Define morphisms ¢, h : A* — C* by

g=pogq, h=goh,. (5)
1,h1
L — F

Obviously, (g,h) is a principal pair of non-periodic morphisms, the above
diagram commutes and C(g, h) = C(g1, h1).

By symmetry of letters @ and b, we can suppose that the condition of Definition
19(c) is satisfied. By symmetry of g and h, we can suppose

20| > |z]- (6)
By Corollary 21,

C = {pref,(g(a)), pref;(g(b)), pref;(h(a)), pref;(h(b))} .

1. Suppose g is not marked. Then also h is not marked, by (6), and

pref,(g(a)) = pref, (g(b)), pref, (h(a)) = pref, (h(D)).

Let = be a first letter of a word u € Eq(g, h). Then

pref, (9(x)) = pref, (h(x))

implies that the cardinality of C' is one, a contradiction with non-periodicity
of g and h.
2. Thus g is marked. We claim that cardinality of C' is two. This completes
the proof, since we can then choose C' = A.
2.1. To prove the claim suppose first that h is marked. By Lemma 17, the set
Eq(g, h) contains two words starting with different letters. This implies

pref, (h(a)) = pref,(g(a)), pref, (h(b)) = pref, (g(b)),

13



and cardinality of C' is two.

2.2. Suppose z;, is non-empty. Let again = be the starting letter of a word in
Eq(g,h). Then

pref, (h(y)) = pref, (h(z)) = pref,(g(z)),
where {z,y} = {a,b}, and cardinality of C' is again two.

We have proved that (g, h) is principal and typical. If A is not marked then
neither hy = ¢~' o h is. Similarly for g and h.

Let m: A* — A* denote the morphism exchanging letters a and b,
m(a) = b, 7(b) = a.

From a typical and principal pair we can derive another one using the mirror
image.

Lemma 23 Let (g,h) be a pair of morphisms, which is typical and principal.

(A) If z, = ¢ then (

G, h) is typical and principal.
(B) If z, # ¢ then (h o

7, g om) is typical and principal.
PROOF.

(A) The verification is straightforward.

(B) The pair (h o7, g o), clearly, satisfies conditions (a) and (c) of Definition
19. We have to show that h o 7 is marked. Since (g, h) is principal,

A = {suff;(g(a)), suff;(g(b)), suff; (h(a)), suff; (h(b))},

by Corollary 21. Suppose h o 7 is not marked. Then both 2

g and z, are
non-empty and from eq(g, h) # () we can conclude

suffy (9(a)) = suffi(g(b)) = suffi (h(a)) = suffi (h(b)),

a contradiction with cardinality of A is two.
Principality of both studied pairs follows directly from mirror symmetry.

5 Marked morphisms

The structure of an equality set is much more transparent if both morphisms
are marked as shown in the following

14



Lemma 24 Let g, h: A* — A* be marked morphisms. Then

Eq(g,h) = {a, B}",

with o, 5 € A*. If rank of Eq(g, h) is two, then

pref, (a) # pref, (3) .

PROOF. By Lemma 22 we can suppose that (g, h) is typical. The claim
follows directly from Corollary 15.

Let us further investigate the relation between the coincidence and equality
sets of two marked binary morphisms.

Lemma 25 Let g, h: A* — A* be marked morphisms such that the rank of
Eq(g, h) = {v, w}",

1s two. Then
Clg,h) = {(e, ), (¢, f)}"

for some non-empty words e, f, €', f' such that

n(f)=a

pl(e) 1
p1(f’) =b.

pi(e)

Define a pair of morphisms g1, hy : A* — A* by

gi(a) =e,  [h(a) =,

gi(b) =€, () =f"
Then g1, hy are marked non-erasing morphisms and there exist non-empty
words vy, wy such that

91(7)1) = hl(Ul) =,
gi(wi) = hy(wy) = w,

and
EQ(Qla hl) — {vla wl}* .

PROOF. By Lemma 22 and Lemma 24 we can suppose that (g, h) is a typical
pair and pref, (v) = a, pref;(w) = b. By Lemma 12, the words (e, f) can be
defined as the minimal prefix of (v, v) satisfying g(e) = h(f). Similarly (¢, f')

15



is the minimal prefix of (w,w) with the same property. Thus the words e, f,
e', f' are non-empty and, still by Lemma 12,

Clg, h) = {(e, ), (¢, [},
and gy, h; are marked non-erasing morphisms.

Let u be an element of Eq(g, k). Since (u,u) € C(g, h), there exist a word v’
such that

g(u)=h(u) =u.
Conversely if g;(u') = hy(u') then also

q ogl(u') =ho hl(u') .

Therefore both g; and h; are bijections between E(gy, hy) and E(g,h).

In the previous lemma the morphisms ¢;, h; have the properties assumed for
g, h and the construction can be iterated to obtain a sequence of pairs of
morphisms. We formulate the fact in the following

Lemma 26 Let gy, hg : A* — A* be marked morphisms such that the rank of
Eq(QOa hO) = {v07 wO}*a
15 two. Then following statements hold.

(A) There exist a sequence of non-erasing marked morphisms (g;, h;)ien such
that for each i € N

Clgi, hi) = {(es, fi), (6;7fz")}*a
with

e;i = git1(a), fi = hiz1(a),

6;’ - gi+1(b); fz’ = hi+1(b):

and

pref, (g,(a)) = pref, (hi(a)) = a
pref, (g(6)) = pref, (hy(b)) = b

Y

(B) Foranyi<j

E(gz‘, hi) = 0i+1°Gi420 0 gj(E(gja hj)) .

!

(C) There exists a number m such that e, = fr, €,

e; = fl =b for all i > m.

= fI and e; = f; = a,
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PROOF. The items (A) and (B) follow from Lemma 25 by induction. For
item (C) it is enough to note that unless |e;| = | f;| = |e;| = |fi| = 1 the length
of the word v;w; is strictly decreasing.

The construction of the sequence (g;, h;);en is similar to an idea used in the
proof that Post Correspondence Problem is decidable in the binary case (see
[2]). The sequence has also the following interesting property.

Lemma 27 Leti,j > 0 and let
9i+j(u) = hit;(v),
with u #v. Then i+ 7 < m and
9i © git1© -+ © gij(u) = hi o hipy 0+ -0 hiy;(v)

if and only if j is even.

PROOF.
By induction, it is enough to show

Gi © giv1(u) # hj o hipq(v)

and
gi © gi+1 0 git2(u) = hi 0 hiyy 0 hiys(v).
By definition, g;(u") = h;(v') if and only if (v',v") € {(e;, fi), (e}, f)}*, i.e. if

and only if there exist a word w such that v’ = ¢;1(w), v' = h;y1(w). But we
suppose u # v. On the other hand, if j = 2, put w = g;2(u) = hio(v).

For k > m, e = fi, €, = fi and thus gg(u) = hg(v) if and only if u = v.
Therefore ¢ + 7 must be less than m.

We shall need the following lemma.

Lemma 28 Let g,h : A* — A* be two marked morphisms. Let u, u', v and
v' € A* be words, and s, r, q positive integers, such that

g(a®bu) = h(a’bu'), g(a"bv) = h(a?b").

Then s =r =q.

PROOF. Recall that we suppose g # h. (For g = h only r = ¢ holds, as it is
easy to see.)
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Let g and h be morphisms satisfying assumptions, but s = r = ¢ does not
hold. Suppose, moreover, that the length of a’bu is smallest possible. We show,
for a contradiction, that a®bu can be shortened.

We first note that g(a) and h(a) do not commute. Suppose for a while that
lg(a)| > |h(a)|. The fact follows from h being marked and from

pref, (h(b)) = pref, (h(a)*g(a)’bu).
Similarly if |g(a)| < |h(a)|. (Clearly, g(a) = h(a) implies g = h.)
By Corollary 11,
g(a’bu A a"bv) = h(a’bu' A a?bv'). (7)
1. If s # r and s # ¢, then (7) yields
@) = h(a),

with ¢ = min(s,r), j = min(s, ¢). Therefore the words g(a) and h(a) com-
mute, a contradiction.
2. Suppose next, by symmetry, s = r and s # ¢. Put m = min(s, ¢). Equality
(7) implies
9(a*bw) = h(a™), (8)
where w = u A v.

The set C(g, h) contains elements (a®bu, a*bu’) and (a*bw, a™), whence it
is not difficult to see that the rank of C(g,h) is two. Let e, f, € and f’ be
words, and ¢y, hy morphisms, defined as in Lemma 25.

Equality (8) implies that there is a positive integer p, such that f = a”.
From this we deduce e ¢ a' and thus |e| > s. Since a*bu’ and a?bv’ are
elements of {f, f'}*, both s and ¢ are multiples of p. Put

_ S _4d
S1= —, g1 = —,
p p

and define words u; and v; by

g1(uy) = a’bu, hi(uy) = a’bu’,
g1(v1) = a’bo, hi(vi) = a’bv’.

Since hy(a) = f = aP, the words u; and v, can be factorized as
U = a’ buo, v = a bus,
with ug, vy € A*. If s > ¢, from

hi(a®bvy) = hy(a® "% bvy) = a® %a’b’ = a’b’
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we deduce

g1(a’tbuy) = hy(a® buy),
g1(a®bvy) = hy(a® bvy).

The same equalities are obtained in a similar way if s < ¢.
Inequality s # ¢ implies s; # ¢1, and |e| > s yields |a®buy| < |a*bul|. This
completes the proof.

6 The (non-existence of a) counter-example

The consecution of the prove of our main claim, Theorem 2, will be essentially
by contradiction. We shall assume that there exist a counter-example to it and
gradually show that such an assumption is contradictory. Actually, the first
step in this direction has been already made in Lemma 24, where we proved
that a counter-example cannot consist of two marked morphisms.

Note that our proof does not deal directly with the rank of equality set. It is
rather concentrated on the different first letter of generating elements.

To enable an argument by induction, we can also suppose that the counter-
example is in a sense of minimal length. This leads to following definitions.

Definition 29 We say that a pair of morphisms (g, h) is a counter-example

if

(a) (g,h) is a typical pair of morphisms.
(b) eq(g, h) contains two distinct elements u, v such that

pref, (u) = pref, (v) .

We say that a pair of morphisms (g, h) is a shortest counter-example
if it satisfies the following additional condition.
(c) Let (¢',h'") be a counter-example. Let d (d' resp.) be the length of the
shortest element of eq(g, h) (eq(g',h') resp.). Then d < d'.

We say that a pair of morphisms (g, h) is simple if g(e) = h(f) implies e = f.

The following lemma yields basic information about the structure of the equal-
ity set of a counter-example.

Lemma 30 Let (g,h) be a counter-example. Then zj, is non-empty and there
exist non-empty words o, v, and v, such that

pref, (v,) = a, pref, (1) = b,
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the words ov,, ovy, are the two shortest elements of eq(g, h) and

9(0) = h(o)zn, (9)
zng(v1) = h(w), (10)
with | € A.
g: ; o ,
h: :
Moreover
pref, (g(x)) # pref,(g(y)) = pref, (h(z)) = pref, (h(y)) (11)

holds, with {z,y} = {a,b} and y = pref, (o).

PROOF. If the words ov, and ov, are elements of eq(g, h), then equalities
(9) and (10) are yielded by Corollary 15.

Corollary 15 and Definition 29(b) imply that zj, is non-empty and pref, (u) =
pref, (v) for any two words u,v € Eq(g, h). Therefore we can suppose that
u, v from the definition of counter-example are the two shortest elements of
eq(g,h). Put 0 = u A v. Since u and v are minimal, there exist non-empty
words u; and v; such that ou; = u, ov; = v, and pref, (u;) # pref, (v;). The
choice of v, and v, is obvious.

The equality (11) follows from g is marked while A is not.

From Definition 19(c) and from (9), (10), we deduce that
|0-‘a Z 1; ‘Vx‘b Z 17 (12)
with z € A.

The following lemma shows a connection between a general counter-example
and marked morphisms.

Lemma 31 Let (g, h) be a counter-example. Then (g, hy,) is a typical pair of
morphisms,

Va0, Vo € Eq(g, ha)
and the rank of Eq(g, hw) is two.

PROOF. The claim is a direct consequence of equalities (9) and (10), and
Lemma 24.
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6.1 The case z, #*c

In this subsection we shall suppose that z, is non-empty, i.e. g is not marked.
By Lemma 23, the pair (h om, g o) is typical. Since z, # ¢, it is also a
counter-example, by Corollary 15. This implies that we can suppose

because otherwise we consider (h o7, G o 7) instead of (g, h).

Let 7 denote the maximal common suffix of two different elements of Eq(g, h).
Then any solution of (g, h) looks like

g- 2

The mirror variant of (1) implies that 2, is a suffix of any g(u) enough long.
Especially

z, € suff(g(a)"),

2, € suff(g(8)"). )

Thus also

zp € suff(z,). (15)

The following lemma is the first of several claims investigating the possible
structure of zj,.

Lemma 32 Let (g, h) be a counter-exzample such that z, # <. Let pref(o) = b.
Then zp, € g(b)*.

PROOF. Let b’ be the maximal b-prefix of o and b* be the maximal b-prefix
of yyo. From (15) and (14) we deduce that z;, = sg(b)? for some suffix s of g(b)
and i € N. Thus z,9(b) = sg(b)"*1. Equalities (9) and (10) imply that g(b) is
a prefix of z,¢(b) and thus s, g(b) and z, commute. Let

2p =™, g(b) =t™,

with ¢ primitive and my, my € N. Then (10) yields that ™ +*¥™2 i5 the maximal
t-prefix of 2,g(vp0). Similarly from (9) follows that ¢ is the maximal ¢-prefix

of h(ov,).
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1. Suppose that h(b) = t™ for some m3 € N, . Then, by (9), the word g(b)" -
pref,(¢g(a)) is a prefix of #™ a contradiction with g being marked.
2. This implies, by Periodicity Lemma, that the maximal ¢-prefix of h(b)z, is
shorter than |h(b)t|. Hence ¢'™ is the maximal ¢t-prefix of any word h(bu)zy,
u € A"
The equality (10) now implies

m1+k-m2:l-m2.

Thus
myp = (l — k) Mo
and z, = g(b)" .

Similarly

Lemma 33 Let (g, h) be a counter-evample, such that z, # c. Let pref(o) =
a. Then z, € h(a)*.

PROOF. The equality (9) yields h(a) € pref(g(a)). The equality (10) implies
that h(a)z, is a prefix of z,¢(a) and thus z,h(a) = h(a)z,. Hence we have

zp = t™M, h(a) = t™
for a primitive word ¢ and some m, my € N, .

Let a' be the maximal a-prefix of ov, and a* be the maximal a-prefix of v,0.
Since 2, is the maximal t-prefix of every h(bu)z,, the word #'™*™ ig the
maximal t-prefix of g(ov4). The maximal t-prefix of h(v,0) is thm2m,

1. First suppose that g(a) = t™# for some m3 € N, . Since g is marked, the
word t#™3 is the maximal t-prefix of g(v,0) and t*™F™ is the maximal
t-prefix of z,¢(v,0). Thus

k-m3+m1:k-m2+m1, (16)
and my = myg, a contradiction with |g(a)| > |h(a)|.
2. From (14) and (15) we deduce that ¢ is a suffix of g(a). Since g(a) ¢ t*, the
maximal t-prefix of g(ovy), i.e. t:™2F™ s also the maximal ¢-prefix of g(a).
The equality (10) now yields

k-meo+mi=10-ma+2-my

and z;, = h(a)k".
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Now we can complete the subsection by showing that if z, is non-empty, then
(g, h) is not a counter-example.

Lemma 34 Let (g,h) be a counter-ezample. Then z, = ¢.

PROOF.

1. Suppose first pref;(0) = a and 2z, # . By Lemma 33, z, = h(a®), s € N,.
From (9) and (10) we have

2ng(0) = h(a’o)z, 29 (va0) = h(vao) 2.
Verify that morphisms h,,, g satisfy the assumptions of Lemma 28, a con-
tradiction.
2. Suppose then pref,(c) = b and z, # . Let [ (k resp.) be the maximal b-
prefix of o (v0 resp.) and let, by the proof of Lemma 32, z;, = ¢g(b*), with
s=1—k.Put o’ =b*c. Then

Zhg(U’) = h(bsal)zh, Zhg(VbU) = h(VbU)Zh;

and Lemma 28, applied to morphisms h,, o 7 and ¢ o 7, again yields a
contradiction. This completes the proof.

6.2 The case z;, # ¢
In this subsection we show that we can suppose z, = ¢, i.e. h is marked. First
we give a more precise description of the possible counter-example structure.

Lemma 35 Let (g,h) be a counter-ezample.

(A) Let the rank of Eq(g, h) be two. Then there exist words o, jia, 1y € A
and T € A* such that

eq(g,h) = {opat, ot} 2ng9(1a)zn = h(pta), pref;(pq) = a,
g(o) = h(o)zn, 2ng(ps)zn = h(p), pref () = b,
9(7) = z,h(1), suffy (p1a) # suffy(p).
g:
nel C D Ha e
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(B) Let the rank of Eq(g, h) be w. Then there exist words C, p, p, 7 € AT such

that
eq(g, h) = C(pp) pr = Cp(pp)*r
9(Q)z, = h(C), zng (1) zy = ( ), pref, (p) # pref, (1),
9(p) = zph(p)2n, zng(7T) = h(1), suffy (1) # suffy(C).
Z: C Zp p Zp M Zp p Zhp T

PROOF. This proof is in fact a refinement of Proof of Theorem 1(C) from
page 11. (We shall refer to it as to Proof).

Since the rank of Eq(g, h) is at least two, the rank of Eq(g, h,,) is two. Let
eq(g, hw) = {e, €'}, with pref, (e) # pref; (¢').

(A) Suppose first that e = eju, ¢/ = €ju and eq(g, h) = {uey, ue}} (cf. Proof
2.2.1.). Let v be the maximal common suffix of e; and €}. Since e; and
e} are not one a suffix of the other, the word v is proper suffix of both e,
and €] and e; = cv, €] = v.
By Corollary 15, applied to morphisms § and A, we have

9(v) = zph(v).

Now it suffices to identify o with u, 7 with v, and pu,, pu, with ¢, ¢
according to the first letter.

(B) Suppose now that e = eju, u is not a suffix of ¢’ and eq(g,h) = ue™ e
(cf. Proof 2.2.2.). Let v be the maximal common suffix of e and €’. The
word v is the proper suffix of both words and, by assumption, it is also a
proper suffix of u. Let u = pv and €' = qu.

The word ve; is the maximal common suffix of ue; and ue’e; and thus

g(vey) = zph(vey) .

Now identify ¢ with p, p with v, y with ¢ and 7 with e;.

Note that between Lemma 30 and Lemma 35 exists the following correspon-
dence. In the case (A) of Lemma 35 the word o is the same as in Lemma 30
and

Vo = UaT, Vp = HpT.
In the case (B) of Lemma 35

o=(p, {va, w} = {7, pp7}.
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The following lemma shows that we can suppose, without loss of generality,
that z;, is empty, i.e. h is marked. Note that in such a case 7 from Lemma
35(A) is empty.

Lemma 36 If there exist any shortest counter-example, then there exist also
a shortest counter-ezample (g, h) such that z;, = .

PROOF. Let (g1, h) be a shortest counter-example. Suppose z,, # ¢ and
define g and h by

g(u) = g1 (u), () = 2 b (u) (z0,)7"

It is not difficult to see that morphism A is well defined. The claim is now a
consequence of the characterization presented in Lemma 35. Let words (, o,
T, Py lay M, and p be as in that lemma with respect to the pair (gq, hy).

1. If rank of Eq(gy, h1) is two then, by Lemma 35(A),

Ea(g, h) = {T0pa, ToOus} .

b, TO on = zn Mz

2. If, on the other hand, rank of Eq(gi, k1) is w, then, by Lemma 35(B),
Ba(g, h) = {pp, pr¢}-

g- g
p H p e

B 2h = Zpy Zhy B Zh = Zp, %hy

By Lemma 22, we can suppose that (g, h) is typical. The words 7o and p are
non-empty and (g, h) is a counter-example with z, = ¢. It is also a shortest
counter-example, because the length of words in eq(g, h) has not changed.

In the previous lemma the equality set of morphisms ¢g; and h; is possibly
of infinite rank. We have reduced that pair to a pair (g, h) with equality set
generated by two words. The claim that rank of Eq(g, ki) is not w is now
reduced to the claim that o is empty.

6.3 The case pref, (o) = a

In this subsection we show that we can suppose the word o starts with letter
b.
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First note that if both § and h are marked, then, by Lemma 15, the set
Eq(g, h) contains an element u with suff;(u) = a. This implies, since |g(a)| >

|h(a)],

h(a) € suff(g(a)). (17)

Next lemma is a parallel of Lemma 33.

Lemma 37 Let (g,h) be a counter-ezample, such that both § and h are
marked. Let pref(o) = a. Then z, € h(a)*.

PROQOF. The proof is identical with the proof of Lemma 33, with the only
exception that ¢ € suff(g(a)) (on the beginning of 2.) is deduced from (17).

We can now prove the claim of this subsection.
Lemma 38 Let (g, h) be a counter-ezample such that both g and h are marked.
Then pref, (o) # a.
PROOF. Suppose pref,(0) = a, and z, = 2, = . By Lemma 37, z;, = h(a®),
s € Ny. From (9) and (10) we have

zng(0) = h(a’o)zn, 29 (Vao) = h(va0) 2.
Verify that morphisms h,,, g satisfy the assumptions of Lemma 28, a contra-
diction.
The results of subsections 6.1-6.3 are summarized by

Lemma 39 If there exist a counter-example, then there exist a shortest counter-
example (g, h) such that

(A) g and h are marked (i.e. z, = z, =€),
(B) pref,(u) = b for each u € eq(g, h),
(C) g(b) and h(b) do not commute,

(D) suff; (o) = b.
PROOF.
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(A) The claim follows from Lemma 34 and Lemma 36.

(B) Directly from Lemma 38.

(C) By contradiction. Let ¢ be the common primitive root of ¢g(b) and h(b).
Then from |g(b)| < |h(b)| and from (9) we deduce that pref, (¢) = pref,(g(a)),
a contradiction with ¢ being marked.

(D) By Lemma 31 and by Lemma 23, the pair of morphisms (7, k., ) is typical.
The set Eq(g, h. ) contains two distinct elements 7,6 = 67, and 7o =
o7, with a common prefix @ and distinct last letters. Thus pref,(7) =
suff; (o) = b, by Lemma 38.

To rule out the remaining possibility described in Lemma 39 we shall deal
separately with cases |g(ba)| < |h(b)| and |g(ba)| > |h(D)].

In the next subsection we define some concepts that will be needed in our
considerations.

6.4  Relative position

Let u be an element of Eq(g, h) and let ¢, = g(u) = h(u).

The position p in ¢ = g, is given by the factorization ¢ = ¢,¢s with |¢;| = p. By
q| i, 7], with i < j, we shall denote the factor of ¢ spreading between positions
¢t and 7, i.e.

g=wvqli,j]v,  with o] = . .
lvali, ]| = j.
Clearly, | q[7,7]| =7 —i.

In the following we shall use the expression “i-th occurrence of g(b) (h(b)
resp.) in ¢”. By that we mean the occurrence of the factor g(b) (h(b) resp.)
in ¢ which is the image of the i-the occurrence of the letter b in u by the
morphism ¢ (h resp.).

We define integers ¢; € {0,1,2,...,|ul}, i = 1,2,...,|uly, as follows. Let u!
and u; be prefixes of u such that

u; = uib and |g(uw)|y =1i.

Then

ci = |g(us)| = [9(b)| = [g(us)] .
The integer ¢; is the starting position of i-th occurrence of ¢(b) in ¢. Similarly
we define the starting position of i-th occurrence of h(b) in ¢ by

di = [h(u:)| = [h(b)] = |h(u;)] .
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Note that

Cit1— ¢ > |g(b)]
and

diyr — di > [h(D)]

foreachi=1,..., |ul, — 1.

Note also that

qlei +19(0), civ1] € gla)*
and

qldi + |h(b)], dit1] € h(a)”

foreachi=1,...,|ul, — 1.

The relation between the occurrences of g(b) and h(b) in ¢ is given by the
maps
=0, V=00, {1,... |ulp} = {0,1,... |ulp}

defined as follows:

B(i) — jifd; < ¢ <dj+ |h(b)] for some 1 < j < |ul,
0 otherwise;

Wi {j it d; < ¢ + g(b)] < dj + |h(b)| for some 1 < j < [uly,
1) =

0 otherwise.

The value of ®(7) is 0 if the i-th occurrence of g(b) in ¢ starts within h(a) in
the factorization of ¢ induced by h, and ®(i) = j if the i-th occurrence of g(b)
in ¢ starts within the j-th occurrence of h(b) in gq.

The map ¥ has a similar meaning for the positions, in which the occurrences
of g(b) end.

The following lemma shows the way mappings ® and ¥ will be used.

Lemma 40 Let (g, h) be a typical pair of morphisms, and let u € bA*b be an
element of Eq(g, h).

(A) Let an integer j € {1,...,|uls} be not in the range of ®. Then h(b) is
either a factor of g(a)* or a prefiz of sg(a)™ for some proper suffiz s of
g(b).

(B) Let an integer j € {1,...,|uly} be not in the range of W. Then h(b) is
either a factor of g(a)t or a suffiz of g(a)*p for some proper prefiz p of
g(b).

(C) Let

Range(¥) = Range(®) = {1, ..., |uls} .
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Then

h(b) = ng(b)Qia
9(us) = h(u;)rs, (18)
g9(ui)g; = h(u;)

with i = 1,...,|uly, r; € suff(g(a)™) and ¢; € pref(g(a)™).

3

PROOF. Put ¢ = g(u) = h(u).

(A) Let j ¢ Range(®). By assumption, we have ®(1) = 1 and ®(|ul,) = |ulp.
Therefore there exist an integer ¢ such that

c; < d]‘ < dj + |h(b)‘ < Cit1.

This implies - looking at the j-th occurrence of h(b) in ¢ - that h(b) is a
factor of g[¢; + 1, ¢;41], which is a proper suffix of g(b)g(a)*. The claim
follows.

(B) Similarly as (A).
(C) Clearly,

di < c; < ¢+ |g(b)] < d;i + |h(b)], (19)

with ¢ = 1. By assumption, within each occurrence of h(b) in ¢ some
occurrence of g(b) starts and some ends. One can easily see, by induction,
that the starting and the ending occurrence of ¢g(b) within one occurrence
of h(b) is the same one. Therefore the equality (19) holds for each i =

., |ulp. Thus h(b) = r;g(b)g; for some r;, ¢; € A*. From injectivity of
® we also deduce that r; is a suffix and ¢; a prefix of g(a)™.

6.5 The case |g(ba)| < |h(b)]

First adopt the following

Convention 41 e Henceforward if we speak about a counter-ezample, we im-
plicitly suppose that it has properties described in Lemma 39.

o Let & denote the word ov, or ov, so that pref,(§) = suffy(§) = b (see
Lemma 39). In the rest of this section variables k, 1, I will have the following
meaning:

29



- b' is the mazimal b-prefiz of o,
- b¥ is the mazimal b-prefiz of vyo
- bY is the mazimal b-prefiz of € (i.e. the mazimal b-suffiz of £).

Note that by (12), the word b (b* resp.) is the proper prefix of o (140 resp.).
Also b" is the proper suffix of £. Since ¢ is the common prefix of all elements
in Eq(g, h), the word b' is also the maximal b-prefix of €.

We have the following

Lemma 42 Let (g,h) be a counter-example. Then g(b)' is a proper prefizx of
h(b) and g(b)" is a proper suffiz of h(b).

PROOF. By (9), the words h(b) and g(b)! are comparable. Since g(b) is a
suffix of h(b), there exist a non-empty word u such that h(b) = u g(b). If h(b)
were a prefix of g(b)!, the words u and g(b) would commute, by Lemma 7(C).
This is a contradiction with Lemma 39(C).

The proof of the second part of the statement is symmetrical.

Lemma 43 Let (g,h) be a counter-example and let |g(ba)| < |h(b)|. Then

g(bla) € pref(h(b)) and g(ab") € suff(h(b)).

PROOF. By g(£) = h(€), it is enough to prove |g(b'a)| < |h(b)| and |g(ab”)| <
|h(b)|. The consideration for the two cases are mirror symmetrical.

Proceed by contradiction and suppose |g(b'a)| > |h(b)|. Since |g(ba)| < |h(b)|,
I > 2 and the word g(b'a) is a prefix of h(b)g(b)'~!. By Lemma 42, there are
words u, ¢; and ry such that

Q(b) =q1T,
h(b) = g(b)'u,
g9(a) = ug(b)'q,

with 0 <7 <[ —2.

1. Suppose that b'ab is a prefix of 0. Then g(b)'q; g(b) is a prefix of g(b)! and ¢,
commutes with ¢g(b). This is a contradiction with § being marked. Similarly
if bab" is a suffix of &.

2. Thus blaa is a prefix, and aab’ is a suffix of €.
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2.1. First suppose |g(b'aa)| > |h(bb)|. Then

9(b) = qarz,
h(b) = g(b) qrug(b)" " s,
u 9(b)iq1 u g(b) = ge
~ N~ ~——" — .
g(b)’ g(a) g(a)
h(b) h(b)

where |ga| = |r1|. Since [ —i —1 > 1 and g(b) is a suffix of h(b), the word
q2 commutes with ¢g(b). Thus r; = ¢ and also ¢; commutes with ¢(b), a
contradiction with § being marked.
Similarly we get a contradiction if [g(aab’)| > |h(bb)|.
2.2. Suppose now

Put & =
{1,2,...,

lg(b'aa)| < |h(bb)|, lg(aab)’| < |h(bb)].

.. Since [ > 2, the range of ® does not contain some j €
|€]p}. By Lemma 40, either h(b) is a factor of g(a)™ or a prefix

of sg(a)™ for some proper suffix s of g(b).
2.2.1. Suppose h(b) is a prefix of sg(a)™.

2.2.1.1.

2.2.1.2.

If |s| < |g(b)'q1|, then sg(a) is a factor of g(a)™. This implies
that the word s is a suffix g(a)*, which is a contradiction with
g being marked.

If, on the other hand, |s| > |g(b)'qi|, then, clearly, i = 0 and
q19(a) is a prefix of sg(a). Let

gs=aqri=g(b).

Since sg(a) is a prefix of h(b), there is a prefix p of g(a) such

that sp = g(b). o0 o(@)

A A

"] 7 W

From ¢ s = sp follows the existence of a primitive word t = t,1,,
such that ¢, is non-empty,

s = (tits)"t, g = (tit2)™, p = (ta2t1)",

with 4, € N, ji € N;. Since ¢qig(a) is a prefix of h(b), the word
qp is a prefix of g(b). From

g(b) = (tity)" Mty p = (ta11)”
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we deduce ¢; € (t1t3)*t;, and ¢y is a suffix of ¢g(b). This is a

contradiction with g being marked, since ¢; is a suffix of g(a).

2.2.2 Suppose h(b) is a factor of g(a)*. Let ¢, be the primitive root of g(a)
and let v; € suff(¢,) and vy € pref(t,) be words such that

h(b) € (v1t;vq).

Since g(b)iqit, is a prefix of h(b), it is also a prefix of vt} and we
conclude that

g(b)q € vit:.
Therefore h(bb) is a prefix of g(b)'t}. Similarly we deduce that h(bb)
is a suffix of £} ¢(b)". Hence, by primitivity of t,,
h(bbb) = g(b) 't g(b)"

for some m € N,. From

ltal + 19(0)] < lg(a)| + [g(b)| < [A(D)],
3-1h(D)] = (L+1) - lg(b)] +m - [ta

it is not difficult to deduce that either
(1) -1g@)] > g®)| + |h(D)|, or m-|ta| > |ta] +|A()].

This implies, by Periodicity Lemma, that either g(b) or ¢, commutes
with h(b). We thus get a contradiction with Lemma 39(C) or with

pref, (h(b)) # pref, (g(a)) (see (11)).

Lemma 44 Let (g,h) be a counter-exzample, such that |g(ba)| < |h(b)|. Let u
be an element of Eq(g, h). Then

Range(®,) = Range(U,) = {1,2,...,|uly}.

PROOF. Suppose, for a contradiction, that 1 < j < |ul, is not in range of
®,. By Lemma 40, the word h(b) is either a factor of g(a)™ or a prefix of
sg(a)™ for some proper suffix s of g(b).

1. If h(b) is a factor of g(a)*, then, by (9) and Lemma 43, the word ¢(b)'g(a)
is a factor of g(a)™. This implies, by Lemma 7(A), that ¢(b) is a suffix of
g(a)™, a contradiction with g being marked.

2. Consider now the latter possibility. Let r be the word such that rs = g(b).
Observe that

(rs)'g(a) € pref(sg(a)™). (20)
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Define s’ by ss' = rs. By (20), the word s'(rs)'"'g(a) is a prefix of g(a)*. By
Lemma 7(C), the words s'(rs)""! and g(a) commute. This is a contradiction
with § being marked, since s'(rs)'=! is a suffix of g(b)".

We have proved Range(®,) = {1,2,...,|uls}. The rest follows from mirror
considerations.

Lemma 45 Let (g,h) be a counter-example, such that |g(ba)| < |h(b)|. Let
U = Wy, with x1,x9 € A and u € A", be an element of eq(g,h). Then
wE a*.

PROOF. In this proof p; (s; resp.) will always denote a proper prefix (a
proper suffix resp.) of g(a), and r;, ¢;, u;, u} are like in (18).

Lemma 43 and Lemma 44 imply

Suppose |w|, > 1. Then

h(b) = r29(b)gs.

1. First suppose that both ry and ¢, are non-empty. Then we have

h(b) = g(b)g(a)™ p1
h(b) = s29(a)™g(D)
h(b) = s3g(a)™g(b)g(a)™ pa,

with my, mg, m3, my € N. Since g(a)™r is a factor of syg(a)™ for a non-
empty prefix r of ¢g(b), Lemma 7(B) and ¢ is marked imply that ms = 0.
The mirrored consideration yields my4 = 0.

Hence |h(b)| < |g(b)| + 2 - |g(a)|, and therefore m; = my = 1. We can
write

h(b) = g(b)g(a)p (21)
h(b) = s2g(a)g(b) (22)
h(b) = s39(b)pa, (23)
g(b) gla) i ps | P
52 g(a) g(b)
53 g(b) P4
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where |sy] < |s3] and |py| < |p4]. From (21) and (23) we deduce py = p3p;
and

g(b)g(a) = s39(b)ps,
with s3ps = g(a). Hence

g(b)p3ss = s39(b)ps,

and words g(b)ps and s3 have a common primitive root, say t. Let ¢ = t;t,
be a factorization of ¢ such that

g(b) = (tita)" 11,
ps3 = ta(tita)®,
S3 = (tth)J.

with 71,459,757 € N, 5 > 1. Then also

gla) = p3s3 = (tat1)2 1y,
g(b)g(a) = (tity)1H2t7H
g(a)g(b) = (toty) 1 H0toth,

From (22) and (21) it follows that sy(t9t;) is a prefix of g(b)g(a) and thus

S9 = (tth)i3t1,
h(b) = Szg(a)g(b) = (tltg)i1+i2+i3+j+1t1‘

with i3 > 0. The equality (23) gives
Py = (t1t2)12+i3+1

and, since p, is a prefix of g(a), the words ¢; and ¢, commute. Therefore
also g(a) and ¢(b) commute, a contradiction.
2. If, on the other hand r, or ¢y is empty then either

g(uy) = h(uy) or  g(us) = h(us),

This is a contradiction with minimality of xyw 5.

It is now easy to conclude by

Lemma 46 Let (g,h) be a counter-example. Then |g(ba)| > |h(b)]|.

PROOF. Suppose |g(ba)| < |h(b)|. By Lemma 39(B) and (D),

pref, (o) = suff; (o) = b.
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Lemma 45 applied to ov, implies ¢ = b, a contradiction with |g(o)| =
(o) zn] > |h(o)].

6.6 The case |g(ba)| > |h(D)]

Recall the Convention 41. Following two lemmas are a more complicated par-
allel of Lemma 32. They claim that in the present case the word h(b) commutes
with the word 2;,g(b)*!. The two lemmas correspond to different signs of k —1.

Lemma 47 Let (g, h) be a counter-example and let k > . Then h(b) com-
mutes with the word z,g(b)* .

g(b)k=t  g(b)! u
_____ —NN—— N\ ~
_____ 90" 9(0)
- h(b) h(b)

PROOF. The assumption imply & > 2. From (9), Lemma 42 and Lemma 46
we deduce that h(b) = g(b)'u for some prefix u of g(a). Since |h(b)| > |g(b)],
we have

h(D)* 20| > |2ng (D) (D).
The equality (10) now implies that the word 2z,g(b)*~'g(b)'u = 2,9(b)*~'h(b)
is a prefix of h(b)" and thus z,g(b)* ! commutes with h(b).

Lemma 48 Let (g,h) be a counter-example and let k < 1. Then
2 = sg(b)" "

for some word s € A*, and h(b) commutes with s.

PROOF. Let u be a prefix of g(a) such that g(b)'u = h(b). Thus
9(0) ug(h) 7 < [g(b'a)
and, by (9), ug(b)'"* is a prefix of g(a). From (10) we deduce
h(b)zn = zng(b)*ug(b)'*. (24)

1. First suppose |z;] > |g(b)! *|. The equality (24) yields z, = sg(b)'"* for
some s € A* and it reads

h(b)sg(b)' ™" = sg(b)'*g(b)*ug(b)'™* = sh(b)g(b)'*.



Thus the words h(b) and s commute and we are through.
Note that the previous considerations pass smoothly even if k = [. Espe-
cially the case [ = 1 (and thus also £ = 1) deserves some attention.

s g(b)! =+ u g(b)'—*
_____ /_’ﬁ’_/— s A\ "~ A N
_____ g(b)* 9(a)
o h(b) s
h(b) h ~~ d

Zh
2. Suppose now |z,| < |g(b)'*|, and, consequently, k < [, [ > 2. The equality
(24) implies the existence of a non-empty word s € A' such that sz, =
g(b)"=% and h(b) = z,g(b)*us.
(b)lfk'

gA
__________ s g(b)* g(a)
o h(b) s Zh

Therefore
sh(b) = sz, g(b)*us = g(b) *g(b)*u s = h(b)s.

Thus the words h(b), s and z,g(b)*u have the same primitive root, say ¢.
From sz, = g(b)'*, we have |t| < |g(b)""*|. Since g(b)! = szug(b)* is a
prefix of ¢*, Periodicity Lemma yields that ¢ is the primitive root of ¢(b), a
contradiction with Lemma 39(C).

A consequence of Lemma 47 and Lemma, 48 is also divided into two lemmas.
Lemma 49 Let (g,h) be a counter-example such that k > 1. Then either

ang (W) = h(*), (25)
or there exist words v € AT and w € b" such that

zng(v) = h(w)zp,. (26)

PROOF. By Lemma 47, words h(b) and z,g(b*~") have a common primitive
root, say t. Let

h(b) = t*, 2pg(DF71) = k2.

The word h(b)*z, = tF*1z;, is the maximal t-prefix of h(vy0), and therefore
also of 2,g(v0). Since b¥ ! is a prefix of 0,

the word t¥% %2z, is the maximal t-prefix of g(b~* Dyy0). (27)
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From (9) one can similarly deduce that
the word #"*'z, is the maximal t-prefix of g(ov,). (28)

1. First suppose k-k; —ky = [-ky. Then one easily verifies z,g(b¥~!) = h(b)*—1.
2. Suppose then k- ky — ky # 1 - k1 and put

m:min{k-kl—kg,l-kl}.

From (27) and (28) we deduce, by Lemma 8, that t"2;, = g(u) for some u € A"
and

2pg(DF ) = ™Ry
Then also
Zhg((bkflu)kl) — tkl(m+k2)2h — h(b)m+k22h ,

and we are through.

If £ < I, the first possibility is excluded.

Lemma 50 Let (g,h) be a counter-example such that | > k. Then
zng(v) = h(w)zy

for some v € AT and w € b™.

PROQOF. This proof is essentially the same as the proof of Lemma 49, with
(k — 1) being negative.

By Lemma 48, the word h(b) commutes with s = z,g(b)~¢=%. Let ¢ be the
primitive word and

h(b) = t*', s =t",

Inequality k& < [ yields k - ky — ko < [ - ky. Verify that statements (27) and
(28) hold. Therefore, by Lemma 8, there is a word u € A" such that g(u) =
thki=k2 5, and

sg(u) = t** 2z, = h(b)kz,.

-k

Since sg(b)!=% = z, is a prefix of t"*¥12;,, the word b'=* is a prefix of u. Thus

we can write
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6.7 Shortest counter-example

In this subsection we shall exploit the fact the counter-example can be sup-
posed to be a shortest one. Obviously, if any counter-example exists, there is
also a shortest one. A contradiction will be obtained by showing that every
counter-example can be shortened.

Next lemma deals with possibilities suggested by Lemma 49 and Lemma 50.
Lemma 51 Let (g,h) be a shortest counter-ezample.
(A) If (e, f) € c(g, hwm) then f & b*.

(B) If k> and
ang(0*) = h(0*),
then the pair (g, h) is simple (i.e. gle) = h(f) = e=f).

PROOF.

1. If the pair (g, h) is simple then both claims hold, as it is easy to see.
2. By Lemma 31, we can therefore suppose that there exist words e # f and
e’ # f' such that

c(g; hm) = {(e, f), (¢', 1)}, (29)

with (e, f) # (¢, f').
Define marked morphisms g, hy : A* — A* by

{gma):e, {hl(a)zf,
gl(b) =,

By Lemma 25, there are words u, v such that

g1(u) = hi(u) = v,0
g1(v) = hy(v) = yo.

Then

S|

(@) = h (@)
) =hi(7)

and 7, 7 are distinct elements of Eq(g7, h1 ). The length of @ and 7 is at
least two, because g and h are not simple.

S
= &
N
I
IS
Q
I
Ql
S

=)
<
I
N
o
Q
I
Q|

’
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gogi(u) = glva) 1 g(o) —goq(u)
hohy(u) — hwa) 1 b)) |« hohy ()
By Lemma 22, there exist typical pair of morphisms (¢', h’) such that

u,7 € Ea(g', 1) =Ea(gr, h).
Since (g, h) is a shortest counter-example, from
] = [u] <oval, 7] = o] < low)]

we deduce pref, (@) # pref,(v). By construction of g7 and hy, either the

words hy (a) = f and hy (b) = f” are comparable, or 7 is a proper prefix of
both f and f’.
2.1. Consider the first possibility. By (29) ,
g(€) = ha(f), g(€)=hn(f"),
and the pairs (€, f) and (€', f') are minimal elements of C(g , h,, ). Sup-
pose, by symmetry, that f is a prefix of f’. Since g is marked, we conclude
that also € is a prefix of €', a contradiction with minimality of (e, f").
2.2. Thus & is a proper prefix of both f and f’.

The claim (A) now follows from |o|, > 1.
The assumptions of (B) imply v, = b* !, whence

Put & = pref, (7). The present assumption (2.2.) implies that 7 is a prefix
of hy (z). Moreover || > 2 and thus

hi (2 '7) € b*.

This yields that either f or f’ isin b*, again a contradiction with |o|, > 1.

We are left with the final case, described in the following lemma.

Lemma 52 Let (g,h) be a shortest counter-ezample. Then

PROOF.
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(B)-(C) The possibility & < [ is excluded by Lemma 50 and Lemma 51(A).
The possibility (26) of Lemma 49 is also in contradiction with Lemma
51(A). Therefore the possibility (25) remains and v, = b¥~! follows im-
mediately from minimality of ovy,. Clearly, k # [.

(A) Follows from Lemma 51(B)

(D) From g(b)! is a prefix of h(b), g(b)" is a suffix of h(b), and the words h(b)
and ¢(b) do not commute we deduce, by Periodicity Lemma,

RO+ g )] > lg(®)'] +[9(b)" .
This implies the second inequality.

Note that the word ¢ from the Convention 41 is equal to ob*~!. Moreover
suff; (o) = b and thus I'—1 > k—1[ > 1. The first equality now follows directly
from

[za] = [R(0)*"| = 1g(0)*"].
We present two more combinatorial lemmas.
Lemma 53 Let g, h be binary morphisms and w an element of Eq(g, h). Let

ub, vb € pref(w)

be words such that g(u) is a proper prefix of h(vb) and h(vb) is a proper prefix
of g(ub). Then (g, h) is not a shortest counter-example.

h(vb)

PROOF. Suppose, for a contradiction, that (g,h) is a shortest counter-
example. Let u’ and v’ be enough long words, such that

gubu') = h(vbo').
Let s; be a proper suffix of h(b) such that
g(u)sy = h(vb) (30)
and p; be a proper prefix of z, such that
g(ub) = h(vb)p; .
Since ¢(b) is a prefix of z;, and a suffix of h(b) we get

g(b) = 51P1 = P1S1
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and the words ¢(b), s; and p; have the same primitive root, say r. The maximal
r-suffix of h(vb) is equal to the maximal r-suffix of i (b), i.e. to g(b)". By (30),
the word ¢(b)" is also the maximal r-suffix of g(u)s;. This is a contradiction
with § and h being marked.

Lemma 54 Let g and h be binary morphisms and w an element of Eq(g, h).
Let n be a positive integer and u, v words such that

vbh, uaba € pref(w),

h(v) is a proper prefiz of g(ua) and g(uab™) is a proper prefiz of h(vb). Then
(g, h) is not a shortest counter-example.

g(u) gla) | g(b)" g(a)
h(v) | s & h(): »

PROOF. Proceed by contradiction and suppose that (g, h) is a shortest
counter-example. Let u’, v' be enough long words, such that

guabau') =h(vbv').
The assumptions imply ¢(b)" is a proper factor of h(b),
sg(b"au") = h(bv'), (31)
and
h(b) = sg(b)" p, (32)

for a proper suffix s and a proper prefix p of g(a). Since g and § are marked,
g(b)" € pref(h(b)) and g(b)" € suff(h(b)), Lemma 7 and (32) yield

[s| > lg(0)" "], pl > [g(®)" .
Thus, by Lemma 52(D),
sg(b)"| < |znl. (33)
Recall that |g(b)g(a)| > |h(b)|. Let w be the prefix of g(b)g(a) of length h(b).
From (9) and from |g(b)!| < |24| (see Lemma 52(D) ) we deduce
g(0)'w € pref(h(b)2y). (34)
Since

sg(b"a) Pref h(b)z,
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the inequality (33) implies
sg(b)"'w € pref(h(b)zy). (35)

Lemma 7(D), (34) and (35) now yield that g(b)!! is a suffix of sg(b)" ! and
sg(b)"~! commutes with h(b). Hence n > [, because s is a suffix of g(a). The
common primitive root of h(b) and sg(b)"~! denote by r and let

h(b) = r*1, sg(b)" ! = rh2,

with &k > ky > 0.
Equality (9) implies that

the maximal r-prefix of g(ov,) = h(ov,) is r*'z,. (36)
Let b™ be the maximal b-prefix of bv’. From (31) it follows that

the maximal r-prefix of g(b'au') is r¥ ™ k22, (37)
From (36) and (37) we deduce, by Lemma 8, that there is a word u; such that
g(uy) ="z,

with k3 = min{k; - [, k; - m — ko}. Therefore

2ng (b5 tuy) = h(b) ks, = pk-rkiths

and
Zhg((bkilul)kl) — h(b(kfl)-k2+k3)zh,

a contradiction with Lemma 51(A).

The whole section is concluded by the following lemma. It shows that the
possibility excluded by Lemma 54 has to take place in a shortest counter-
example. That yields the final contradiction.

Lemma 55 Let (g, h) be a shortest counter-ezample. Then there exist words
w, u and v and a positive integer n such that w is an element of eq(g, h) and

vb, uab"a € pref(eq(g, h) ),

h(v) is a proper prefix of g(ua) and g(uab™) is a proper prefiz of h(vb).

PROOF. Consider the word ovy. Since z;, is empty and since

suff (1) = suff, (b*1) = b,
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we conclude that

pref, (v,) = suff;(v,) = a. (38)

First show that if w; and wy are proper prefixes of v,, then
g(owy) # h(owsy) .
Suppose the contrary. The minimality of ov, implies w; # ws. From
zng(wi0) = h(wao)zy
we deduce that (g, h) is not simple, a contradiction with Lemma 52(A).

Put m = |v,|p. From |g(v,)| < |h(v,)| we deduce m > 1. Define words u;, v,
1=1,...,m, by

UV, = OV, pref, (v;) = b, lvilp =m — i+ 1.

Inequality
g(ab)| > |h(cb)],
and |g(a)| > [h(a)| imply

|g(u1b)| > |h(usb)], |9 (umb)| < [A(umb)|.
Let j € {2,3,...,m} be the smallest integer such that
|g(uj1b)| > [h(u;1b)], 19 (u;b)| < [h(u;b)].
Therefore, since u; € u;_1ba* and |g(a)| > |h(a)|,
|9 (uz)| > [h(u;)].
Thus
h(uy)| < lg(us)] < lg(u;b)| < [h(u;b)]. (39)

Let 0™ be the maximal b-suffix of u; and b™? the maximal b-prefix of v;. By
Lemma 53,

|9 (u;b™)| < [h(u;0)].
If my > 0 then, again by Lemma 53,

19 (ub™)| > [h(uj)].
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If my = 0, then the last inequality is contained in (39). Put

u:ujb_mla_l, v = u,, n =my + me,

and verify that they satisfy the assumptions. This completes the proof.

We can summarize in

Proof of Theorem 2. Let g and h be distinct non-periodic binary mor-
phisms. By Lemma 22, we can suppose that (g, h) is typical (Definition 19).

For a contradiction suppose that eq(g, h) contains distinct words u and v such
that pref, (u) = pref, (v), and suppose that (g, k) is shortest possible such a pair
(Definition 29). Present section shows that the assumption is contradictory.

To prove that eq(g,h) does not contain two distinct words u' and v’ with
suff; (u") = suff; (v'), consider mirror morphisms g and h.

7 Test set

In this section we show that each binary language has a test set of cardinality
at most two. We follow the exposition from [8], where a three element test set
is constructed. Our improvement is a direct consequence of Theorem 2.

Test set of a language L C X* is a subset T of L such that the agreement of
two morphisms on the language T" guarantees their agreement on L. Formally,
for any two morphisms ¢ and h defined on >*

(VueT) (g(u) =h(u)) = (Vvel)(g(v)=h)).

Let L. C A* be a binary language. The ratio of a non-empty word u € L is
denoted by r(u) and defined by

ulq

r(u) =

o July
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If |ul, = 0, then r(u) = co. A word w is said to be ratio-primitive if no proper
prefix of u has the same ratio as u. Note that each word has a unique factor-
ization into ratio-primitive words (or shortly ratio-primitive factorization).

Theorem 56 Let L C A* be a language. Then L possesses a test set of car-
dinality at most two.

PROOF. Let g and h be binary morphisms. We can suppose that |g(a)| #
|h(a)| and |g(b)| # |h(b)| (the discussion of remaining cases is trivial).

Clearly, morphisms g and h can agree on a word « only if they agree lengthwise
on it and one easily sees that it is equivalent to

) — 11O = 190)
9(a)] = h(a)]

This also implies that if © = wjus - - - u, is the ratio-primitive factorization of
u, then g(u) = h(u) if and only if g(u;) = h(u;), i = 1,...,n. Therefore g and
h agree on L if and only if they agree on language L, consisting of all ratio
primitive words occurring in ratio-primitive factorization of all elements in L.
Moreover, any test set of L, can be transformed into a test set of L of the
same or smaller cardinality: It is enough to assign to each word v € L, a word
v € L such that u is contained in the ratio-primitive factorization of v.

The above considerations allow to restrict ourselves to languages consisting
of ratio-primitive words. The proof is based on the observation that in such a
case, if g and h agree on L, each element of L is in eq(g, h).

1. If L contains at most two words, we are trivially through.
2. If L contains two words with different ratio, then only morphisms ¢ = h
can agree on L and the two words constitute a test set.
3. Suppose that cardinality of L is at least three and all words have the same
ratio. Let T'= {u, v} with u,v € L and pref, (u) = pref, (v). We claim that
T is a test set of L.
3.1. If both morphisms are periodic, then any single word constitutes a test
set.
3.2. If just one morphism is periodic than g and h do not agree on L, by
Theorem 1(B), and any two words constitute the test set.
3.3. If both morphisms are non-periodic, they agree on L just in case g = h,
by Theorem 2. Again by Theorem 2, the two words in T" constitute a test
set, since pref, (u) = pref; (v).

Remark 57 The only known equality languages generated by two words are

of the form
L = {a'b, ba'},
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with i € Ny (see [6]). Some partial results of this paper indicate that no other
such languages exist. This suggests a direction of further research.
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