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Abstra
tWe show that the equality set Eq(g; h) of two non-periodi
 binary morphisms g; h :A� ! �� is generated by at most two words. If the rank of Eq(g; h) = f�; �g is two,then � and � start and end with di�erent letters.This in parti
ular implies that any binary language has a test set of 
ardinalityat most two.
1 Introdu
tionBinary equality language, i.e. the set on whi
h two binary morphisms agree,is the most simple non-trivial example of an equality language, the notion ofwhi
h was introdu
ed in [9℄. Equality languages in general play an importantrole in formal language theory. For a survey and bibliography see [5℄, se
tion5.In the binary 
ase the morphisms are de�ned on a monoid generated by twoletters. It was for the �rst time extensively studied by K. Culik II and J.Karhum�aki in [6℄. There the main 
laim of our work was 
onje
tured, viz.that a binary equality language is generated by at most two words as soonas at least one of the morphisms is non-periodi
 (or, equivalently, inje
tive).An important step towards the proof of the 
onje
ture was made in [8℄ wherefollowing partial 
hara
terization was obtained.Theorem 1 The equality set of two binary morphisms g and h has the fol-lowing stru
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(A) If h and g are periodi
, then either E(h; g) = f"g orE(h; g) = f"g[f� 2 A+ j j�jaj�jb = kgfor some k � 0 or k =1.(B) If exa
tly one morphism is periodi
, thenE(h; g) = ��for some word � 2 ��.(C) If both g and h are non-periodi
, then eitherE(h; g) = f�; �g�for some words �; � 2 ��, orE(h; g) = (�
��)�for some words �; �; 
 2 �+.The question remained open whether the se
ond possibility of 
ase (C), 
on-tradi
ting the 
onje
ture, 
an a
tually o

ur. In the present paper we showthat the answer is negative and, moreover, if � and � are both non-empty,they start and end with di�erent letters. This is formulated inTheorem 2 Let g; h : A� ! �� be non-periodi
 binary morphisms.(A) Let � and �, with � 6= �, non-empty minimal elements of Eq(g; h). Thenpref1(�) 6= pref1(�) and su�1(�) 6= su�1(�) :(B) Eq(g; h) is generated by at most two words.Note that (B) is a trivial 
onsequen
e of (A). Our proof does not deal dire
tlywith (B), but is fo
used on (A). We are not aware of any way how to prove(B) not using (A).N.B. The 
ase g = h is trivial. Throughout the paper we shall impli
itlysuppose g 6= h.Let us mention two problems 
losely related to the question about the stru
-ture of binary equality sets. The �rst one is the binary 
ase of the famous PostCorresponden
e Problem, shortly PCP(2). The 
ohesion of the two problems isobvious, as PCP(2) 
onsists in de
iding, given two binary morphisms, whethertheir equality set is empty. The proof that the question is algorithmi
ally de-
idable (see [2℄) was one of the important moments in the development oftheoreti
al 
omputer s
ien
e. A survey of re
ent results 
on
erning PCP 
an2



be found in [3℄. It was espe
ially shown ([4℄) that generalized PCP of arbitrarysize is de
idable in marked 
ase.The se
ond problem akin to the stru
ture of binary equality languages is theexisten
e of a test set for binary languages. Indeed, if two morphisms agreeon a language, it must be a subset of an equality language. In [8℄ it is shownthat all binary languages have a three element test set. Our result allows to
ut down this bound to two. Let us remark that this improvement is not asimple 
onsequen
e of the fa
t that the equality language is generated by twowords - the di�eren
e in the �rst (or last) letter is a ne
essary ingredient.This paper has the following stru
ture. In the se
tion 2 some de�nitions andelementary 
ombinatorial tools are given. In se
tion 3 we study basi
 proper-ties of words on whi
h two binary morphisms agree. In se
tion 4 we des
ribea typi
al 
ase of a pair of binary morphisms to whi
h all other 
ases 
an beredu
ed. The �ndings of se
tion 3 are applied in se
tion 5 to marked mor-phisms. The main result is proved in se
tion 6 divided into several subse
tion.Within the se
tion the existen
e of an equality set not �tting Theorem 2 isgradually shown to be 
ontradi
tory. Se
tion 7 is dedi
ated to the test set ofbinary languages bounding its 
ardinality by two.2 PreliminariesWe use the basi
 notation from [1℄ and [5℄.By � we denote an arbitrary alphabet, by A the two-letter alphabet fa; bg.�� is the free monoid and �+ the free semigroup generated by �. The emptyword is denoted by ".The symbol juj represents the length of the word, and jujx the number ofo

urren
es of the letter x in u. The set of all letters having at least oneo

urren
e in the word u is denoted by alph(u).The pre�x of u is any word v 2 �� su
h that there exist a word v0 2 �� withu = vv0. The set of all pre�xes of u is denoted by pref(u). A pre�x v of u isproper if v 6= " and v 6= u. Similarly suÆx and proper suÆx are de�ned. Theset of all suÆxes of u is denoted by su�(u). The �rst (the last resp.) letter ofa non-empty word u is also denoted by pref1(u) (su�1(u) resp.). A word v is
alled a fa
tor of u if there exist words w;w0 2 �� su
h that u = w v w0.The positive powers un of a word are de�ned as usually, with u0 = ". We shallalso use negative powers to simplify notation. This requires a bit of attention.The expression uv�1w, with u; v; w 2 �� is well de�ned if and only if there3



exist words u0 2 pref(u) and w0 2 su�(w) su
h that u0 v w0 = uw. Thenuv�1w = u0w0 :Che
k that uv�1w is determined uniquely. Obviously, u�n is an abbreviationfor (un)�1.The notion of pre�x, suÆx and fa
tor 
an be extended to languages: a pre�x(suÆx, fa
tor resp.) of a language is pre�x (suÆx, fa
tor resp.) of any of itselements. A

ordingly, pref(L) = [u2Lpref(u) :Similarly for su�(L). The language fui j i 2 N+g is denoted by u+ andu� = u+[ f"g :A word u is 
alled primitive if and only if u = vn implies u = v. The primitiveroot of u is the (uniquely given) primitive word r su
h that u 2 r+. Words uand v are 
alled 
onjugates if u = ww0 and v = w0w.If we speak about minimality or maximality of some element, the impli
itordering is the pre�x one, i.e. v � u if and only if v 2 pref(u). (While bythe shortest word we mean the word with the smallest length!) If v 2 pref(u)or u 2 pref(v), we say that they are 
omparable, denoted by u Pref v. Themaximal 
ommon pre�x of words u and v is denoted by u ^ v. It is empty ifand only if one of the words is empty or they start with di�erent letters. If uand v are words, the maximal u-pre�x of v is the maximal element ofpref(v) \ pref(u+) :Let u 2 �+ be a word u = l1l2 : : : ld, with d = juj and li 2 �. Then the mirrorimage of the word u, denoted by u , is obtained by inverting the order of theletters, viz. u = ldld�1 : : : l1 :Let g be an arbitrary morphism. The mirror image of g is the morphismdenoted by g and de�ned by g (x) = g(x) ;for ea
h x 2 �. Note that in general g (u) does not equal to g(u ) nor to g(u) .Instead g (u ) = g(u) :All 
on
epts and reasonings regarding pre�xes are valid dually for suÆxes,mirror images 
onsidered. We shall often use the fa
t.4



A morphism g de�ned on � is 
alled non-erasing if g(x) is non-empty for allx 2 �.Let S be a subsemigroup of �+ generated by a set M . The rank of M is the
ardinality of the minimal set generating S. We 
an writerank(M) = Card(S n S � S) :By the rank of a monoid M we mean the rank of semigroup M n f�g.It is well known fa
t that for ea
h set M � �+ there exist the smallest freesubsemigroup of �+ 
ontaining M and 
alled its free hull.Let g; h : �� ! �� be binary morphisms. Their equality set is de�ned byEq(g; h) = fu 2 �� j g(u) = h(u)g :It is easy to verify that the set Eq(g; h) is a free submonoid of �� generatedby the set of its minimal elementseq(g; h) = Eq(g; h) n (Eq(g; h) n f"g)2 n f"g :Note that eq(g; h) is a bipre�x 
ode.Let g : A� ! �� be a non-periodi
 binary morphism. By zg we denote themaximal 
ommon pre�x of g(ab) and g(ba), i.e.zg = g(ab) ^ g(ba) :Sin
e g is non-periodi
, we have jzhj < jg(a)j+ jg(b)j, by Periodi
ity Lemma(see below). If pref1(g(a)) 6= pref1(g(b)), i.e. zg = ", we say that g is marked.Similarly we de�ne zg as a maximal 
ommon suÆx of g(ab) and g(ba). Notethat zg = g(ab) ^ g(ba) = zgand zg = " is equivalent to g being marked.Cartesian produ
t A� � A� is the set of ordered pairs (u; v) of words. It 
anbe seen as a monoid with operation of 
atenation de�ned by (u; v)(u0; v0) =(uu0; vv0), with the unit ("; "). Su
h a monoid is obviously not free, it is evennot isomorphi
 to a submonoid of a free monoid.Let g; h : A� ! �� be binary morphisms. The subset of A� � A� denoted byC (g; h) and de�ned by C (g; h) = f(u; v) j g(u) = h(v)g5



will be 
alled the 
oin
iden
e set of morphisms g and h. It is generated by theset 
(g; h) = C (g; h) n (C (g; h) n f("; ")g)2 n f("; ")g :It is not diÆ
ult, but quite important to note thatLemma 3 C (g; h) is, as a submonoid of A��A�, freely generated by 
(g; h).Moreover, if (u1; v1), (u2; v2) and (u1xu2; v1yv2) are elements of C (g; h) thenalso (x; y) 2 C (g; h) (i.e. C (g; h) is left and right unitary in A� � A�).The fa
t is illustrated by the following pi
ture, whi
h represents the uniquefa
torization of the pair (abaababab; bababbb) 2 C (g; h) into elements of thebase, namely(abaababab; bababbb) = (ab; ba)(aa; b)(ba; ab)(bab; bb):g :h : a b a a b a b a bb a b a b b bObviously (u; u) is an element of C (g; h) for ea
h u 2 Eq(g; h), and Eq(g; h)is given uniquely by C (g; h) asEq(g; h) = fu j (u; u) 2 C (g; h)g :We present several 
ombinatorial lemmas for future (often impli
it) referen
e.Following three lemmas are part of the folklore.Lemma 4 The words u and v 
ommute if and only if they have the sameprimitive root.Lemma 5 (Periodi
ity Lemma) Let u+ and v+ have a 
ommon fa
tor ofa length juj+ jvj. Then the words u and v 
ommute.Lemma 6 The following 
onditions are equivalent:(i) Words u and v are 
onjugates.(ii) There is a word z su
h that uz = zv.(iii) There are words t1 and t2 su
h that t2 is non-empty, t1t2 is primitive andu 2 (t1t2)+ v 2 (t2t1)+Moreover, if t1 and t2 are like in (iii) and z is like in (ii), then z 2 (t1t2)�t1.We shall often use the following lemma. It is based on the well known fa
t thata primitive word t 
annot satisfy equality tt = utv, with u and v non-empty.Lemma 7 (A) Let sw be a fa
tor of w+. Then s is a suÆx of w+.6



(B) Let wp be a fa
tor of w+. Then p is a pre�x of w+.(C) Let uw be a pre�x of w+. Then u and w 
ommute.(D) Let u1, u2, w, w0 2 �+ be words su
h that w0 is a 
onjugate of w, ju1j �ju2j, and the words u1w0, u2w0 are pre�xes of w+. Then u1 is a suÆx ofu2 and u2u�11 
ommutes with w.The last preliminary lemma plays an important role in the paper.Lemma 8 Let g : A� ! A� be a marked morphism and let u; v 2 A�. Thenthere exist a word w 2 A� su
h that g(w) = g(u) ^ g(v).3 The 
oin
iden
e setIn this se
tion we study the relation of 
oin
iden
e sets of non-periodi
 mor-phisms to their equality set. We will partially follow the exposition from [1℄,pp. 347{351.First noti
e the following ni
e lemma.Lemma 9 Let X = fx; yg � �+ be non-periodi
 set (i.e. xy 6= yx). Letu 2 xX�, v 2 yX� be words su
h that juj; jvj � jxy^yxj. Then u^v = xy^yx.The proof is not diÆ
ult (see [1℄, p. 348).The lemma immediately implies that for a non-periodi
 binary morphism hand an arbitrary word u 2 A+ enough long, the word zh is a pre�x of h(u) andthe (jzhj+ 1)-th letter of h(u) indi
ates the �rst letter of u. For any u; v 2 A�we have zh = h(au)zh ^ h(bv)zh: (1)It is now easy to see that the morphism hm, su
h thathm(u) = z�1h h(u)zh; (2)u 2 A, is well de�ned. Moreover it is marked, and the equality (2) holds forany u 2 A�. We shall 
all it the marked version of h. Similarly we 
an de�nemarked version of g. In the following, however, we shall simply suppose thatg is marked. This restri
tion will be justi�ed later (Lemma 22).Let u; v 2 �� be words su
h that g(u) Pref h(v). Following lemmas show thatthe possibility to lengthen the words u, v to words u0, v0 su
h that g(u0) = h(v0)is very restri
ted. 7



Lemma 10 Let g and h be binary morphisms, and let g be marked. Let u; v 2A� be words su
h that g(u) Pref h(v) and letg(u) 6= h(v)zh :Let u1; u2; v1; v2 2 A+ be words su
h thatg(uu1) = h(vv1);g(uu2) = h(vv2):Then pref1(u1) = pref1(u2) or pref1(v1) = pref1(v2).PROOF. If u1, u2, v1 and v2 satisfy the 
onditions of the lemma, then thesame 
onditions are satis�ed also by the words u1uu1, u2uu2, v1vv1 and v2vv2resp. Hen
e we 
an suppose that ea
h of the words u1; u2; v1; v2 is longer thenzh. Consider three 
ases.1. First suppose that jg(u)j < jh(v)j + jzhj. By (1), h(v)zh is a pre�x of bothh(vv1) and h(vv2) andpref1(g(u1)) = pref1(g(u2)) = pref1(g�1(u)h(v)zh) = x:Sin
e g is a marked morphism, this implies that pref1(u1) = pref1(u2).g(u)h(v) x| {z }zh2. Suppose on the other hand that jg(u)j > jh(v)j+ jzhj. Then v1, v2 have the
ommon pre�x longer than zh and pref1(v1) = pref1(v2) is determined bythe letter x = pref1((h(v)zh)�1g(u)).g(u)h(v) zh x3. If jg(u)j = jh(v)j+ jzhj, then, 
learly, g(u) = h(v)zh.g(u)h(v) zhThe following immediate 
orollary of the previous lemma des
ribes the unique
ase, in whi
h u, v 
an be extended in two di�erent ways.Corollary 11 Let g and h be binary morphisms, and let g be marked. Let8



(
; d) and (
0; d0) be distin
t elements of 
(g; h). Putu = 
 ^ 
0; v = d ^ d0:Then g(u) = h(v)zh:The ground for the 
hara
terization of the 
oin
iden
e set is the followingLemma 12 Let g and h be binary morphisms, and let g be marked. Let thewords e; f 2 A+ satisfy following 
onditions:(i) zhg(e) = h(f)zh(ii) The words e, f are minimal, i.e.: If u is a proper pre�x of e and v is aproper pre�x of f then zhg(u) 6= h(v)zh.Then, given the �rst letter of e or the �rst letter of f , the words e and f aredetermined uniquely. zh g(e)h(f) zhPROOF. Suppose e, f and e0, f 0 satisfy (i) and (ii), and pref1(e) = pref1(e0).Put 
 = e ^ e0, d = f ^ f 0. Sin
e g is a marked morphism, we havezhg(e) ^ zhg(e0) = zhg(
): (3)From (1) we dedu
e h(f)zh ^ h(f 0)zh = h(d)zh: (4)Sin
e zhg(e) = h(f)zh and zhg(e0) = h(f 0)zh, the equalities (3), (4) yieldzhg(
) = h(d)zh:Sin
e 
 is non-empty, we dedu
e from (ii) that 
 = e = e0 and d = f = f 0.Similarly if pref1(f) = pref1(f 0).This implies the followingLemma 13 Let g and h be binary morphisms, and let g be marked.(A) The rank of C (g; hm) is at most two.9



(B) If rank of C (g; hm) is two and 
(g; hm) = f(e; f); (e0; f 0)g, thenpref1(e) 6= pref1(e0)pref1(f) 6= pref1(f 0):PROOF. Re
all that hm(u) = z�1h h(u)zh to see thatC (g; hm) = f(u; v) 2 A� � A� j zhg(u) = h(v)zhg :The rest is a 
onsequen
e of Lemma 12.Note that both g and hm are marked morphisms, and (e; f) 2 
(g; hm) is justan expression of the fa
t that the pair (e; f) satis�es 
onditions des
ribed inLemma 12.The question on the stru
ture of the equality set Eq(g; h) 
an be seen as aspe
ial 
ase of above 
onsiderations. If 
onditionsu = v; 
 = d; e = f;ui = vi; 
0 = d0; e0 = f 0;with i = 1; 2, are added, then we get following modi�
ation of Lemma 10,Lemma 12 and Corollary 11.Lemma 14 Let g and h be binary morphisms, and let g be marked. Let u 2 A�be a word su
h that g(u) Pref h(u) andg(u) 6= h(u)zh :Let u1; u2 2 A+ be words su
h thatg(uu1) = h(uu1);g(uu2) = h(uu2):Then pref1(u1) = pref1(u2).Corollary 15 Let g and h be binary morphisms, and let g be marked. Let 
and 
0 be distin
t elements of eq(g; h): Put u = 
 ^ 
0. Theng(u) = h(u)zh:Lemma 16 Let g and h be binary morphisms, and let g be marked. Let theword e 2 A+ satisfy following 
onditions:(i) zhg(e) = h(e)zh 10



(ii) The word e is minimal, i.e.: If e1 is a proper pre�x of e then zhg(e1) 6=h(e1)zh.Then the word e is determined uniquely by its �rst letter.Lemma 17 Let g and h be binary morphisms, and let g be marked.(A) The rank of Eq(g; hm) is at most two.(B) If rank of Eq(g; hm) is two and eq(g; hm) = fe; e0g, thenpref1(e) 6= pref1(e0):We 
an now give the followingProof of Theorem 1(C). By Lemma 22, we 
an suppose that g is marked.1. If there do not exist a word u 2 A� su
h that g(u) = h(u)zh, then, byCorollary 15, Eq(g; h) is generated by at most one word.2. Suppose that su
h a word u exists and suppose no non-empty pre�x of uis an element of Eq(g; h). By Corollary 15, the word u is a pre�x of anyu0 2 Eq(g; h). If eq(g; h) is not empty, there exist a (minimal) word e1 su
hthat g(ue1) = h(ue1)g :h : u zh e1Note that in su
h a 
ase zhg(e1u) = h(e1u)zhg :h : zh e1 u zhand thus e1u is an element of eq(g; hm).2.1. If Eq(g; hm) is generated by e1u theneq(g; h) = fue1g :2.2. The 
ardinality of eq(g; hm) is at most two, by Lemma 17. Suppose thatthere is another word e0 2 eq(g; hm). We have two possibilities.2.2.1. Let �rst exist a pre�x e01 of e0 su
h thatzhg(e01) = h(e01) :Then e0 = e01u, and thus g(ue01) = h(ue01) andeq(g; h) = fue1; ue01g :11



g :h : zh e0 zhe01 u2.2.2. If su
h a pre�x does not exist, theneq(g; h) = u e0�e1 :g :h : u e0 e0 e1
4 Typi
al morphismsIn this se
tion we introdu
e some properties of morphisms g, h and show thatin the following investigation these properties 
an be assumed without loss ofgenerality.De�nition 18 We say that an (unordered) pair of binary morphisms g; h :A� ! �� is prin
ipal if the target alphabet � is the base of the free hull of theset fg(a); g(b); h(a); h(b)g.De�nition 19 An ordered pair (g; h) of morphisms is 
alled typi
al if(a) Both g; h are binary non-periodi
 morphisms A� ! A�.(b) The morphism g is marked.(
) jg(a)j > jh(a)j, jg(b)j < jh(b)j.The following is an important property of the base of the free hull generatedby a set.Lemma 20 Let X be a �nite subset of �� and let Y be the base of the freehull of X. Then for ea
h element y 2 Y there is a word x 2 X su
h that y isa pre�x (suÆx resp.) of x.For the proof see [7℄, Lemma 3.1. For our purpose note the following immediateCorollary 21 Let X be a �nite subset of �� su
h that � is the base of thefree hull of X. Then� = fpref1(u) j u 2 Xg = fsu�1(u) j u 2 Xg:We 
an now prove a statement allowing to restri
t our 
onsiderations to prin-
ipal and typi
al pairs. 12



Lemma 22 Let g1, h1 be non-periodi
 binary morphisms A� ! �� su
h thatthe rank of Eq(g1; h1) is at least two. Then there exist a pair of morphisms(g; h), whi
h is prin
ipal and typi
al, andC (g; h) = C (g1 ; h1):Moreover, if h1 (g 1, h 1 resp.) is marked then su
h is also h (g , h resp.).PROOF. Let F � �� be the free hull of the set fg1(a); g1(b); h1(a); h1(b)g andlet C be an alphabet whose 
ardinality equals the rank of F . Let ' : F ! C�be an isomorphism. De�ne morphisms g; h : A� ! C� byg = ' Æ g1; h = ' Æ h1: (5)A� FC� -g1; h1SSSSwg; h �����'�1����	'Obviously, (g; h) is a prin
ipal pair of non-periodi
 morphisms, the abovediagram 
ommutes and C (g; h) = C (g1 ; h1).By symmetry of letters a and b, we 
an suppose that the 
ondition of De�nition19(
) is satis�ed. By symmetry of g and h, we 
an supposejzhj � jzgj: (6)By Corollary 21,C = fpref1(g(a)); pref1(g(b)); pref1(h(a)); pref1(h(b))g :1. Suppose g is not marked. Then also h is not marked, by (6), andpref1(g(a)) = pref1(g(b)); pref1(h(a)) = pref1(h(b)):Let x be a �rst letter of a word u 2 Eq(g; h). Thenpref1(g(x)) = pref1(h(x))implies that the 
ardinality of C is one, a 
ontradi
tion with non-periodi
ityof g and h.2. Thus g is marked. We 
laim that 
ardinality of C is two. This 
ompletesthe proof, sin
e we 
an then 
hoose C = A.2.1. To prove the 
laim suppose �rst that h is marked. By Lemma 17, the setEq(g; h) 
ontains two words starting with di�erent letters. This impliespref1(h(a)) = pref1(g(a)); pref1(h(b)) = pref1(g(b));13



and 
ardinality of C is two.2.2. Suppose zh is non-empty. Let again x be the starting letter of a word inEq(g; h). Then pref1(h(y)) = pref1(h(x)) = pref1(g(x));where fx; yg = fa; bg, and 
ardinality of C is again two.We have proved that (g; h) is prin
ipal and typi
al. If h is not marked thenneither h1 = '�1 Æ h is. Similarly for g and h .Let � : A� ! A� denote the morphism ex
hanging letters a and b,�(a) = b; �(b) = a:From a typi
al and prin
ipal pair we 
an derive another one using the mirrorimage.Lemma 23 Let (g; h) be a pair of morphisms, whi
h is typi
al and prin
ipal.(A) If zg = " then (g ; h ) is typi
al and prin
ipal.(B) If zg 6= " then (h Æ �; g Æ �) is typi
al and prin
ipal.PROOF.(A) The veri�
ation is straightforward.(B) The pair (h Æ �; g Æ �), 
learly, satis�es 
onditions (a) and (
) of De�nition19. We have to show that h Æ � is marked. Sin
e (g; h) is prin
ipal,A = fsu�1(g(a)); su�1(g(b)); su�1(h(a)); su�1(h(b))g;by Corollary 21. Suppose h Æ � is not marked. Then both zg and zh arenon-empty and from eq(g; h) 6= ; we 
an 
on
ludesu�1(g(a)) = su�1(g(b)) = su�1(h(a)) = su�1(h(b));a 
ontradi
tion with 
ardinality of A is two.Prin
ipality of both studied pairs follows dire
tly from mirror symmetry.5 Marked morphismsThe stru
ture of an equality set is mu
h more transparent if both morphismsare marked as shown in the following14



Lemma 24 Let g; h : A� ! A� be marked morphisms. ThenEq(g; h) = f�; �g�;with �; � 2 A�. If rank of Eq(g; h) is two, thenpref1(�) 6= pref1(�) :PROOF. By Lemma 22 we 
an suppose that (g; h) is typi
al. The 
laimfollows dire
tly from Corollary 15.Let us further investigate the relation between the 
oin
iden
e and equalitysets of two marked binary morphisms.Lemma 25 Let g; h : A� ! A� be marked morphisms su
h that the rank ofEq(g; h) = fv; wg�;is two. Then C (g; h) = f(e; f); (e0; f 0)g�for some non-empty words e, f , e0, f 0 su
h thatp1(e) = p1(f) = ap1(e0) = p1(f 0) = b:De�ne a pair of morphisms g1; h1 : A� ! A� by8<:g1(a) = e;g1(b) = e0; 8<:h1(a) = f;h1(b) = f 0 :Then g1, h1 are marked non-erasing morphisms and there exist non-emptywords v1, w1 su
h that g1(v1) = h1(v1) = v;g1(w1) = h1(w1) = w;and Eq(g1; h1) = fv1; w1g� :PROOF. By Lemma 22 and Lemma 24 we 
an suppose that (g; h) is a typi
alpair and pref1(v) = a, pref1(w) = b. By Lemma 12, the words (e; f) 
an bede�ned as the minimal pre�x of (v; v) satisfying g(e) = h(f). Similarly (e0; f 0)15



is the minimal pre�x of (w;w) with the same property. Thus the words e, f ,e0, f 0 are non-empty and, still by Lemma 12,C (g; h) = f(e; f); (e0; f 0)g�;and g1, h1 are marked non-erasing morphisms.Let u be an element of Eq(g; h). Sin
e (u; u) 2 C (g; h), there exist a word u0su
h that g1(u0) = h1(u0) = u :Conversely if g1(u0) = h1(u0) then alsog Æ g1(u0) = h Æ h1(u0) :Therefore both g1 and h1 are bije
tions between E(g1; h1) and E(g; h).In the previous lemma the morphisms g1, h1 have the properties assumed forg, h and the 
onstru
tion 
an be iterated to obtain a sequen
e of pairs ofmorphisms. We formulate the fa
t in the followingLemma 26 Let g0; h0 : A� ! A� be marked morphisms su
h that the rank ofEq(g0; h0) = fv0; w0g�;is two. Then following statements hold.(A) There exist a sequen
e of non-erasing marked morphisms (gi; hi)i2N su
hthat for ea
h i 2 N C (gi ; hi) = f(ei; fi); (e0i; f 0i)g�;with 8<:ei = gi+1(a);e0i = gi+1(b); 8<:fi = hi+1(a);f 0i = hi+1(b);and pref1(gi(a)) = pref1(hi(a)) = a;pref1(gi(b)) = pref1(hi(b)) = b:(B) For any i < j E(gi; hi) = gi+1 Æ gi+2 Æ � � � Æ gj(E(gj; hj)) :(C) There exists a number m su
h that em = fm, e0m = f 0m and ei = fi = a,e0i = f 0i = b for all i > m. 16



PROOF. The items (A) and (B) follow from Lemma 25 by indu
tion. Foritem (C) it is enough to note that unless jeij = jfij = jeij = jfij = 1 the lengthof the word viwi is stri
tly de
reasing.The 
onstru
tion of the sequen
e (gi; hi)i2N is similar to an idea used in theproof that Post Corresponden
e Problem is de
idable in the binary 
ase (see[2℄). The sequen
e has also the following interesting property.Lemma 27 Let i; j � 0 and letgi+j(u) = hi+j(v);with u 6= v. Then i+ j < m andgi Æ gi+1 Æ � � � Æ gi+j(u) = hi Æ hi+1 Æ � � � Æ hi+j(v)if and only if j is even.PROOF.By indu
tion, it is enough to showgi Æ gi+1(u) 6= hi Æ hi+1(v)and gi Æ gi+1 Æ gi+2(u) = hi Æ hi+1 Æ hi+2(v):By de�nition, gi(u0) = hi(v0) if and only if (u0; v0) 2 f(ei; fi); (e0i; f 0i)g�, i.e. ifand only if there exist a word w su
h that u0 = gi+1(w), v0 = hi+1(w). But wesuppose u 6= v. On the other hand, if j = 2, put w = gi+2(u) = hi+2(v).For k � m, ek = fk, e0k = f 0k and thus gk(u) = hk(v) if and only if u = v.Therefore i+ j must be less than m.We shall need the following lemma.Lemma 28 Let g; h : A� ! A� be two marked morphisms. Let u, u0, v andv0 2 A� be words, and s, r, q positive integers, su
h thatg(asbu) = h(asbu0); g(arbv) = h(aqbv0):Then s = r = q.PROOF. Re
all that we suppose g 6= h. (For g = h only r = q holds, as it iseasy to see.) 17



Let g and h be morphisms satisfying assumptions, but s = r = q does nothold. Suppose, moreover, that the length of asbu is smallest possible. We show,for a 
ontradi
tion, that asbu 
an be shortened.We �rst note that g(a) and h(a) do not 
ommute. Suppose for a while thatjg(a)j > jh(a)j. The fa
t follows from h being marked and frompref1(h(b)) = pref1(h(a)�sg(a)sbu):Similarly if jg(a)j < jh(a)j. (Clearly, g(a) = h(a) implies g = h.)By Corollary 11, g(asbu ^ arbv) = h(asbu0 ^ aqbv0): (7)1. If s 6= r and s 6= q, then (7) yieldsg(ai) = h(aj);with i = min(s; r), j = min(s; q). Therefore the words g(a) and h(a) 
om-mute, a 
ontradi
tion.2. Suppose next, by symmetry, s = r and s 6= q. Put m = min(s; q). Equality(7) implies g(asbw) = h(am); (8)where w = u ^ v.The set C (g; h) 
ontains elements (asbu; asbu0) and (asbw; am), when
e itis not diÆ
ult to see that the rank of C (g; h) is two. Let e, f , e0 and f 0 bewords, and g1, h1 morphisms, de�ned as in Lemma 25.Equality (8) implies that there is a positive integer p, su
h that f = ap:From this we dedu
e e =2 a+ and thus jej > s. Sin
e asbu0 and aqbv0 areelements of ff; f 0g�, both s and q are multiples of p. Puts1 = sp; q1 = qp;and de�ne words u1 and v1 byg1(u1) = asbu; h1(u1) = asbu0;g1(v1) = asbv; h1(v1) = aqbv0:Sin
e h1(a) = f = ap, the words u1 and v1 
an be fa
torized asu1 = as1bu2; v1 = aq1bv2;with u2; v2 2 A�. If s > q, fromh1(as1bv2) = h1(as1�q1aq1bv2) = as�qaqbv0 = asbv018



we dedu
e g1(as1bu2) = h1(as1bu2);g1(aq1bv2) = h1(as1bv2):The same equalities are obtained in a similar way if s < q.Inequality s 6= q implies s1 6= q1, and jej > s yields jas1bu2j < jasbuj. This
ompletes the proof.6 The (non-existen
e of a) 
ounter-exampleThe 
onse
ution of the prove of our main 
laim, Theorem 2, will be essentiallyby 
ontradi
tion. We shall assume that there exist a 
ounter-example to it andgradually show that su
h an assumption is 
ontradi
tory. A
tually, the �rststep in this dire
tion has been already made in Lemma 24, where we provedthat a 
ounter-example 
annot 
onsist of two marked morphisms.Note that our proof does not deal dire
tly with the rank of equality set. It israther 
on
entrated on the di�erent �rst letter of generating elements.To enable an argument by indu
tion, we 
an also suppose that the 
ounter-example is in a sense of minimal length. This leads to following de�nitions.De�nition 29 We say that a pair of morphisms (g; h) is a 
ounter-exampleif(a) (g; h) is a typi
al pair of morphisms.(b) eq(g; h) 
ontains two distin
t elements u, v su
h thatpref1(u) = pref1(v) :We say that a pair of morphisms (g; h) is a shortest 
ounter-exampleif it satis�es the following additional 
ondition.(
) Let (g0; h0) be a 
ounter-example. Let d (d0 resp.) be the length of theshortest element of eq(g; h) ( eq(g0; h0) resp.). Then d � d0.We say that a pair of morphisms (g; h) is simple if g(e) = h(f) implies e = f .The following lemma yields basi
 information about the stru
ture of the equal-ity set of a 
ounter-example.Lemma 30 Let (g; h) be a 
ounter-example. Then zh is non-empty and thereexist non-empty words �, �a and �b su
h thatpref1(�a) = a; pref1(�b) = b;19



the words ��a, ��b are the two shortest elements of eq(g; h) andg(�) = h(�)zh; (9)zhg(�l) = h(�l); (10)with l 2 A. g :h : � zh �lMoreover pref1(g(x)) 6= pref1(g(y)) = pref1(h(x)) = pref1(h(y)) (11)holds, with fx; yg = fa; bg and y = pref1(�).PROOF. If the words ��a and ��b are elements of eq(g; h), then equalities(9) and (10) are yielded by Corollary 15.Corollary 15 and De�nition 29(b) imply that zh is non-empty and pref1(u) =pref1(v) for any two words u; v 2 Eq(g; h). Therefore we 
an suppose thatu, v from the de�nition of 
ounter-example are the two shortest elements ofeq(g; h). Put � = u ^ v. Sin
e u and v are minimal, there exist non-emptywords u1 and v1 su
h that �u1 = u, �v1 = v, and pref1(u1) 6= pref1(v1). The
hoi
e of �a and �b is obvious.The equality (11) follows from g is marked while h is not.From De�nition 19(
) and from (9), (10), we dedu
e thatj�ja � 1; j�xjb � 1; (12)with x 2 A.The following lemma shows a 
onne
tion between a general 
ounter-exampleand marked morphisms.Lemma 31 Let (g; h) be a 
ounter-example. Then (g; hm) is a typi
al pair ofmorphisms, �a�; �b� 2 Eq(g; hm)and the rank of Eq(g; hm) is two.PROOF. The 
laim is a dire
t 
onsequen
e of equalities (9) and (10), andLemma 24. 20



6.1 The 
ase zg 6= "In this subse
tion we shall suppose that zg is non-empty, i.e. g is not marked.By Lemma 23, the pair (h Æ �; g Æ �) is typi
al. Sin
e zg 6= ", it is also a
ounter-example, by Corollary 15. This implies that we 
an supposejzgj � jzhj; (13)be
ause otherwise we 
onsider (h Æ �; g Æ �) instead of (g; h).Let � denote the maximal 
ommon suÆx of two di�erent elements of Eq(g; h).Then any solution of (g; h) looks likeg :h : � zh zg �The mirror variant of (1) implies that zg is a suÆx of any g(u) enough long.Espe
ially zg 2 su�(g(a)+);zg 2 su�(g(b)+): (14)Thus also zh 2 su�(zg): (15)The following lemma is the �rst of several 
laims investigating the possiblestru
ture of zh.Lemma 32 Let (g; h) be a 
ounter-example su
h that zg 6= ". Let pref(�) = b.Then zh 2 g(b)+.PROOF. Let b l be the maximal b-pre�x of � and bk be the maximal b-pre�xof �b�. From (15) and (14) we dedu
e that zh = sg(b)i for some suÆx s of g(b)and i 2 N . Thus zhg(b) = sg(b)i+1. Equalities (9) and (10) imply that g(b) isa pre�x of zhg(b) and thus s, g(b) and zh 
ommute. Letzh = tm1 ; g(b) = tm2 ;with t primitive andm1; m2 2 N . Then (10) yields that tm1+k�m2 is the maximalt-pre�x of zhg(�b�). Similarly from (9) follows that tl�m2 is the maximal t-pre�xof h(��a). 21



1. Suppose that h(b) = tm3 for some m3 2 N+ . Then, by (9), the word g(b) l �pref1(g(a)) is a pre�x of tl�m3 , a 
ontradi
tion with g being marked.2. This implies, by Periodi
ity Lemma, that the maximal t-pre�x of h(b)zh isshorter than jh(b)tj. Hen
e tl�m2 is the maximal t-pre�x of any word h(bu)zh,u 2 A�.The equality (10) now impliesm1 + k �m2 = l �m2 :Thus m1 = (l � k) �m2and zh = g(b)l�k.SimilarlyLemma 33 Let (g; h) be a 
ounter-example, su
h that zg 6= ". Let pref(�) =a. Then zh 2 h(a)+.PROOF. The equality (9) yields h(a) 2 pref(g(a)). The equality (10) impliesthat h(a)zh is a pre�x of zhg(a) and thus zhh(a) = h(a)zh. Hen
e we havezh = tm1 ; h(a) = tm2for a primitive word t and some m1; m2 2 N+ .Let a l be the maximal a-pre�x of ��b and ak be the maximal a-pre�x of �a�.Sin
e zh is the maximal t-pre�x of every h(bu)zh, the word tl�m2+m1 is themaximal t-pre�x of g(��b). The maximal t-pre�x of h(�a�) is tk�m2+m1 .1. First suppose that g(a) = tm3 for some m3 2 N+ . Sin
e g is marked, theword tk�m3 is the maximal t-pre�x of g(�a�) and tk�m3+m1 is the maximalt-pre�x of zhg(�a�). Thusk �m3 +m1 = k �m2 +m1; (16)and m2 = m3, a 
ontradi
tion with jg(a)j > jh(a)j.2. From (14) and (15) we dedu
e that t is a suÆx of g(a). Sin
e g(a) =2 t+, themaximal t-pre�x of g(��b), i.e. tl�m2+m1 , is also the maximal t-pre�x of g(a).The equality (10) now yieldsk �m2 +m1 = l �m2 + 2 �m1and zh = h(a)k�l. 22



Now we 
an 
omplete the subse
tion by showing that if zg is non-empty, then(g; h) is not a 
ounter-example.Lemma 34 Let (g; h) be a 
ounter-example. Then zg = ".PROOF.1. Suppose �rst pref1(�) = a and zg 6= ". By Lemma 33, zh = h(as), s 2 N+ .From (9) and (10) we havezhg(�) = h(as�)zh; zhg(�a�) = h(�a�)zh:Verify that morphisms hm, g satisfy the assumptions of Lemma 28, a 
on-tradi
tion.2. Suppose then pref1(�) = b and zg 6= ". Let l (k resp.) be the maximal b-pre�x of � (�b� resp.) and let, by the proof of Lemma 32, zh = g(bs), withs = l � k. Put �0 = b�s�. Thenzhg(�0) = h(bs�0)zh; zhg(�b�) = h(�b�)zh;and Lemma 28, applied to morphisms hm Æ � and g Æ �, again yields a
ontradi
tion. This 
ompletes the proof.6.2 The 
ase zh 6= "In this subse
tion we show that we 
an suppose zh = ", i.e. h is marked. Firstwe give a more pre
ise des
ription of the possible 
ounter-example stru
ture.Lemma 35 Let (g; h) be a 
ounter-example.(A) Let the rank of Eq(g; h) be two. Then there exist words �; �a; �b 2 A+and � 2 A� su
h thateq(g; h) = f��a�; ��b�g; zhg(�a)zh = h(�a); pref1(�a) = a;g(�) = h(�)zh; zhg(�b)zh = h(�b); pref1(�b) = b;g(�) = zhh(�); su�1(�a) 6= su�1(�b):g :h : � zh �x zh �
23



(B) Let the rank of Eq(g; h) be !. Then there exist words �; �; �; � 2 A+ su
hthat eq(g; h) = �(��)��� = ��(��)��;g(�)zh = h(�); zhg(�)zh = h(�); pref1(�) 6= pref1(�);g(�) = zhh(�)zh; zhg(�) = h(�); su�1(�) 6= su�1(�):g :h : � zh � zh � zh � zh �PROOF. This proof is in fa
t a re�nement of Proof of Theorem 1(C) frompage 11. (We shall refer to it as to Proof).Sin
e the rank of Eq(g; h) is at least two, the rank of Eq(g; hm) is two. Leteq(g; hm) = fe; e0g, with pref1(e) 6= pref1(e0).(A) Suppose �rst that e = e1u, e0 = e01u and eq(g; h) = fue1; ue01g (
f. Proof2.2.1.). Let v be the maximal 
ommon suÆx of e1 and e01. Sin
e e1 ande01 are not one a suÆx of the other, the word v is proper suÆx of both e1and e01 and e1 = 
v, e01 = 
0v.By Corollary 15, applied to morphisms g and h , we haveg(v) = zhh(v) :Now it suÆ
es to identify � with u, � with v, and �a, �b with 
, 
0a

ording to the �rst letter.(B) Suppose now that e = e1u, u is not a suÆx of e0 and eq(g; h) = u e0� e1(
f. Proof 2.2.2.). Let v be the maximal 
ommon suÆx of e and e0. Theword v is the proper suÆx of both words and, by assumption, it is also aproper suÆx of u. Let u = pv and e0 = qv.The word ve1 is the maximal 
ommon suÆx of ue1 and ue0e1 and thusg(ve1) = zhh(ve1) :Now identify � with p, � with v, � with q and � with e1.Note that between Lemma 30 and Lemma 35 exists the following 
orrespon-den
e. In the 
ase (A) of Lemma 35 the word � is the same as in Lemma 30and �a = �a�; �b = �b�:In the 
ase (B) of Lemma 35� = ��; f�a; �bg = f�; ���g:24



The following lemma shows that we 
an suppose, without loss of generality,that zh is empty, i.e. h is marked. Note that in su
h a 
ase � from Lemma35(A) is empty.Lemma 36 If there exist any shortest 
ounter-example, then there exist alsoa shortest 
ounter-example (g; h) su
h that zh = ".PROOF. Let (g1; h1) be a shortest 
ounter-example. Suppose zh1 6= " andde�ne g and h byg(u) = g1(u); h(u) = zh1h1(u)(zh1)�1:It is not diÆ
ult to see that morphism h is well de�ned. The 
laim is now a
onsequen
e of the 
hara
terization presented in Lemma 35. Let words �, �,� , �, �a, �b, and � be as in that lemma with respe
t to the pair (g1; h1).1. If rank of Eq(g1; h1) is two then, by Lemma 35(A),Eq(g; h) = f���a; ���bg :g :h : �� zh = zh1zh1 �x2. If, on the other hand, rank of Eq(g1; h1) is !, then, by Lemma 35(B),Eq(g; h) = f��; ���g :g :h : � zh = zh1zh1 � g :h : � zh = zh1zh1 ��By Lemma 22, we 
an suppose that (g; h) is typi
al. The words �� and � arenon-empty and (g; h) is a 
ounter-example with zh = ". It is also a shortest
ounter-example, be
ause the length of words in eq(g; h) has not 
hanged.In the previous lemma the equality set of morphisms g1 and h1 is possiblyof in�nite rank. We have redu
ed that pair to a pair (g; h) with equality setgenerated by two words. The 
laim that rank of Eq(g1; h1) is not ! is nowredu
ed to the 
laim that � is empty.6.3 The 
ase pref1(�) = aIn this subse
tion we show that we 
an suppose the word � starts with letterb. 25



First note that if both g and h are marked, then, by Lemma 15, the setEq(g; h) 
ontains an element u with su�1(u) = a. This implies, sin
e jg(a)j >jh(a)j, h(a) 2 su�(g(a)): (17)Next lemma is a parallel of Lemma 33.Lemma 37 Let (g; h) be a 
ounter-example, su
h that both g and h aremarked. Let pref(�) = a. Then zh 2 h(a)+.PROOF. The proof is identi
al with the proof of Lemma 33, with the onlyex
eption that t 2 su�(g(a)) (on the beginning of 2.) is dedu
ed from (17).We 
an now prove the 
laim of this subse
tion.Lemma 38 Let (g; h) be a 
ounter-example su
h that both g and h are marked.Then pref1(�) 6= a.PROOF. Suppose pref1(�) = a, and zg = zh = ". By Lemma 37, zh = h(as),s 2 N+ . From (9) and (10) we havezhg(�) = h(as�)zh; zhg(�a�) = h(�a�)zh:Verify that morphisms hm, g satisfy the assumptions of Lemma 28, a 
ontra-di
tion.The results of subse
tions 6.1{6.3 are summarized byLemma 39 If there exist a 
ounter-example, then there exist a shortest 
ounter-example (g; h) su
h that(A) g and h are marked (i.e. zg = zh = "),(B) pref1(u) = b for ea
h u 2 eq(g; h),(C) g(b) and h(b) do not 
ommute,(D) su�1(�) = b.PROOF. 26



(A) The 
laim follows from Lemma 34 and Lemma 36.(B) Dire
tly from Lemma 38.(C) By 
ontradi
tion. Let t be the 
ommon primitive root of g(b) and h(b).Then from jg(b)j < jh(b)j and from (9) we dedu
e that pref1(t) = pref1(g(a)),a 
ontradi
tion with g being marked.(D) By Lemma 31 and by Lemma 23, the pair of morphisms (g ; hm ) is typi
al.The set Eq(g ; hm ) 
ontains two distin
t elements �a� = � �a and �b� =� �b with a 
ommon pre�x � and distin
t last letters. Thus pref1(� ) =su�1(�) = b, by Lemma 38.To rule out the remaining possibility des
ribed in Lemma 39 we shall dealseparately with 
ases jg(ba)j < jh(b)j and jg(ba)j � jh(b)j.In the next subse
tion we de�ne some 
on
epts that will be needed in our
onsiderations.6.4 Relative positionLet u be an element of Eq(g; h) and let qu = g(u) = h(u).The position p in q = qu is given by the fa
torization q = q1q2 with jq1j = p. Byq[ i; j ℄, with i � j, we shall denote the fa
tor of q spreading between positionsi and j, i.e. q = v q[ i; j ℄ v0; with jvj = i;jv q[ i; j ℄ j = j:Clearly, j q[ i; j ℄ j = j � i.In the following we shall use the expression \ i-th o

urren
e of g(b) (h(b)resp.) in q ". By that we mean the o

urren
e of the fa
tor g(b) (h(b) resp.)in q whi
h is the image of the i-the o

urren
e of the letter b in u by themorphism g (h resp.).We de�ne integers 
i 2 f0; 1; 2; : : : ; jujg, i = 1; 2; : : : ; jujb, as follows. Let u0iand ui be pre�xes of u su
h thatui = u0ib and jg(ui)jb = i :Then 
i = jg(ui)j � jg(b)j = jg(u0i)j :The integer 
i is the starting position of i-th o

urren
e of g(b) in q. Similarlywe de�ne the starting position of i-th o

urren
e of h(b) in q bydi = jh(ui)j � jh(b)j = jh(u0i)j :27



Note that 
i+1 � 
i � jg(b)jand di+1 � di � jh(b)jfor ea
h i = 1; : : : ; jujb � 1.Note also that q[ 
i + jg(b)j; 
i+1 ℄ 2 g(a)�and q[ di + jh(b)j; di+1 ℄ 2 h(a)�for ea
h i = 1; : : : ; jujb � 1.The relation between the o

urren
es of g(b) and h(b) in q is given by themaps � = �u; 	 = 	u : f1; : : : ; jujbg ! f0; 1; : : : ; jujbgde�ned as follows:�(i) =8><>: j if dj � 
i < dj + jh(b)j for some 1 � j � jujb;0 otherwise;	(i) =8><>: j if dj < 
i + jg(b)j � dj + jh(b)j for some 1 � j � jujb;0 otherwise.The value of �(i) is 0 if the i-th o

urren
e of g(b) in q starts within h(a) inthe fa
torization of q indu
ed by h, and �(i) = j if the i-th o

urren
e of g(b)in q starts within the j-th o

urren
e of h(b) in q.The map 	 has a similar meaning for the positions, in whi
h the o

urren
esof g(b) end.The following lemma shows the way mappings � and 	 will be used.Lemma 40 Let (g; h) be a typi
al pair of morphisms, and let u 2 bA�b be anelement of Eq(g; h).(A) Let an integer j 2 f1; : : : ; jujbg be not in the range of �: Then h(b) iseither a fa
tor of g(a)+ or a pre�x of sg(a)+ for some proper suÆx s ofg(b).(B) Let an integer j 2 f1; : : : ; jujbg be not in the range of 	: Then h(b) iseither a fa
tor of g(a)+ or a suÆx of g(a)+p for some proper pre�x p ofg(b).(C) Let Range(	) = Range(�) = f1; : : : ; jujbg :28



Then h(b) = rig(b)qi;g(u0i) = h(u0i)ri;g(ui)qi = h(ui); (18)with i = 1; : : : ; jujb, ri 2 su�(g(a)+) and qi 2 pref(g(a)+).g(u0i) g(b)h(u0i) h(b)ri qiPROOF. Put q = g(u) = h(u).(A) Let j =2 Range(�). By assumption, we have �(1) = 1 and �(jujb) = jujb.Therefore there exist an integer i su
h that
i < dj < dj + jh(b)j � 
i+1:This implies - looking at the j-th o

urren
e of h(b) in q - that h(b) is afa
tor of q[ 
i + 1; 
i+1 ℄, whi
h is a proper suÆx of g(b)g(a)�. The 
laimfollows.(B) Similarly as (A).(C) Clearly, di � 
i < 
i + jg(b)j � di + jh(b)j; (19)with i = 1. By assumption, within ea
h o

urren
e of h(b) in q someo

urren
e of g(b) starts and some ends. One 
an easily see, by indu
tion,that the starting and the ending o

urren
e of g(b) within one o

urren
eof h(b) is the same one. Therefore the equality (19) holds for ea
h i =1; : : : ; jujb. Thus h(b) = rig(b)qi for some ri; qi 2 A�. From inje
tivity of� we also dedu
e that ri is a suÆx and qi a pre�x of g(a)+.6.5 The 
ase jg(ba)j < jh(b)jFirst adopt the followingConvention 41 � Hen
eforward if we speak about a 
ounter-example, we im-pli
itly suppose that it has properties des
ribed in Lemma 39.� Let � denote the word ��b or ��a so that pref1(�) = su�1(�) = b (seeLemma 39). In the rest of this se
tion variables k, l, l0 will have the followingmeaning: 29



� b l is the maximal b-pre�x of �,� bk is the maximal b-pre�x of �b�� b l0 is the maximal b-pre�x of � (i.e. the maximal b-suÆx of �).Note that by (12), the word b l (bk resp.) is the proper pre�x of � (�b� resp.).Also b l0 is the proper suÆx of �. Sin
e � is the 
ommon pre�x of all elementsin Eq(g; h), the word b l is also the maximal b-pre�x of �.We have the followingLemma 42 Let (g; h) be a 
ounter-example. Then g(b) l is a proper pre�x ofh(b) and g(b) l0 is a proper suÆx of h(b).PROOF. By (9), the words h(b) and g(b) l are 
omparable. Sin
e g(b) is asuÆx of h(b), there exist a non-empty word u su
h that h(b) = u g(b). If h(b)were a pre�x of g(b) l, the words u and g(b) would 
ommute, by Lemma 7(C).This is a 
ontradi
tion with Lemma 39(C).The proof of the se
ond part of the statement is symmetri
al.Lemma 43 Let (g; h) be a 
ounter-example and let jg(ba)j < jh(b)j. Theng(b la) 2 pref(h(b)) and g(ab l0) 2 su�(h(b)) :PROOF. By g(�) = h(�), it is enough to prove jg(b la)j � jh(b)j and jg(ab l0)j �jh(b)j. The 
onsideration for the two 
ases are mirror symmetri
al.Pro
eed by 
ontradi
tion and suppose jg(b la)j > jh(b)j. Sin
e jg(ba)j < jh(b)j,l � 2 and the word g(b la) is a pre�x of h(b)g(b)l�1. By Lemma 42, there arewords u, q1 and r1 su
h that g(b) = q1r1;h(b) = g(b) lu;g(a) = ug(b)iq1;with 0 � i � l � 2.1. Suppose that b lab is a pre�x of �. Then g(b)iq1 g(b) is a pre�x of g(b) l and q1
ommutes with g(b). This is a 
ontradi
tion with g being marked. Similarlyif bab l0 is a suÆx of �.2. Thus b laa is a pre�x, and aab l0 is a suÆx of �.30



2.1. First suppose jg(b la a)j > jh(b b)j. Theng(b) = q2r2;h(b) = g(b)i q1 u g(b)l�i�1 q2;g(b)l g(a) g(a)uz }| { g(b)iq1z }| { uz }| {g(b)l�i�1q2z }| {h(b) h(b)where jq2j = jr1j. Sin
e l� i� 1 � 1 and g(b) is a suÆx of h(b), the wordq2 
ommutes with g(b). Thus r1 = q2 and also q1 
ommutes with g(b), a
ontradi
tion with g being marked.Similarly we get a 
ontradi
tion if jg(a a b l0)j > jh(b b)j.2.2. Suppose nowjg(b la a)j � jh(b b)j; jg(a a b) l0j � jh(b b)j:Put � = ��. Sin
e l � 2, the range of � does not 
ontain some j 2f1; 2; : : : ; j�jbg. By Lemma 40, either h(b) is a fa
tor of g(a)+ or a pre�xof sg(a)+ for some proper suÆx s of g(b).2.2.1. Suppose h(b) is a pre�x of sg(a)+.2.2.1.1. If jsj � jg(b)iq1j, then sg(a) is a fa
tor of g(a)+. This impliesthat the word s is a suÆx g(a)+, whi
h is a 
ontradi
tion withg being marked.2.2.1.2. If, on the other hand, jsj > jg(b)iq1j, then, 
learly, i = 0 andq1g(a) is a pre�x of sg(a). Letq s = q1r1 = g(b) :Sin
e sg(a) is a pre�x of h(b), there is a pre�x p of g(a) su
hthat sp = g(b). g(a)p pq sq1| {z }g(b)
g(a)z }| {g(b)z }| {

From q s = sp follows the existen
e of a primitive word t = t1t2,su
h that t2 is non-empty,s = (t1t2)i1t1; q = (t1t2)j1; p = (t2t1)j1;with i1 2 N , j1 2 N+ . Sin
e q1g(a) is a pre�x of h(b), the wordq1p is a pre�x of g(b). Fromg(b) = (t1t2)i1+j1t1; p = (t2t1)j131



we dedu
e q1 2 (t1t2)�t1, and q1 is a suÆx of g(b). This is a
ontradi
tion with g being marked, sin
e q1 is a suÆx of g(a).2.2.2 Suppose h(b) is a fa
tor of g(a)+. Let ta be the primitive root of g(a)and let v1 2 su�(ta) and v2 2 pref(ta) be words su
h thath(b) 2 (v1t�av2) :Sin
e g(b)iq1ta is a pre�x of h(b), it is also a pre�x of v1t+a and we
on
lude that g(b)iq1 2 v1t�a :Therefore h(b b) is a pre�x of g(b) lt+a . Similarly we dedu
e that h(b b)is a suÆx of t+a g(b) l0. Hen
e, by primitivity of ta,h(b b b) = g(b) ltma g(b) l0for some m 2 N+ . Fromjtaj+ jg(b)j � jg(a)j+ jg(b)j < jh(b)j;3 � jh(b)j = (l + l0) � jg(b)j+m � jtajit is not diÆ
ult to dedu
e that either(l + l0) � jg(b)j > jg(b)j+ jh(b)j; or m � jtaj > jtaj+ jh(b)j:This implies, by Periodi
ity Lemma, that either g(b) or ta 
ommuteswith h(b). We thus get a 
ontradi
tion with Lemma 39(C) or withpref1(h(b)) 6= pref1(g(a)) (see (11) ).Lemma 44 Let (g; h) be a 
ounter-example, su
h that jg(ba)j < jh(b)j. Let ube an element of Eq(g; h). ThenRange(�u) = Range(	u) = f1; 2; : : : ; jujbg :PROOF. Suppose, for a 
ontradi
tion, that 1 � j � jujb is not in range of�u. By Lemma 40, the word h(b) is either a fa
tor of g(a)+ or a pre�x ofsg(a)+ for some proper suÆx s of g(b).1. If h(b) is a fa
tor of g(a)+, then, by (9) and Lemma 43, the word g(b) lg(a)is a fa
tor of g(a)+. This implies, by Lemma 7(A), that g(b) is a suÆx ofg(a)+, a 
ontradi
tion with g being marked.2. Consider now the latter possibility. Let r be the word su
h that rs = g(b).Observe that (rs) lg(a) 2 pref(sg(a)+): (20)32



De�ne s0 by ss0 = rs. By (20), the word s0(rs)l�1g(a) is a pre�x of g(a)+. ByLemma 7(C), the words s0(rs)l�1 and g(a) 
ommute. This is a 
ontradi
tionwith g being marked, sin
e s0(rs)l�1 is a suÆx of g(b)l.We have proved Range(�u) = f1; 2; : : : ; jujbg. The rest follows from mirror
onsiderations.Lemma 45 Let (g; h) be a 
ounter-example, su
h that jg(ba)j < jh(b)j. Letu = x1w x2, with x1; x2 2 A and u 2 A+, be an element of eq(g; h). Thenw 2 a�.PROOF. In this proof pi (si resp.) will always denote a proper pre�x (aproper suÆx resp.) of g(a), and ri, qi, ui, u0i are like in (18).Lemma 43 and Lemma 44 implyh(b) = g(b)q1 ;h(b) = rng(b) :Suppose jwjb � 1. Then h(b) = r2g(b)q2:1. First suppose that both r2 and q2 are non-empty. Then we haveh(b) = g(b)g(a)m1p1h(b) = s2g(a)m2g(b)h(b) = s3g(a)m3g(b)g(a)m4p4;with m1; m2; m3; m4 2 N . Sin
e g(a)m3r is a fa
tor of s2g(a)m2 for a non-empty pre�x r of g(b), Lemma 7(B) and g is marked imply that m3 = 0.The mirrored 
onsideration yields m4 = 0.Hen
e jh(b)j < jg(b)j + 2 � jg(a)j, and therefore m1 = m2 = 1. We 
anwrite h(b) = g(b)g(a)p1 (21)h(b) = s2g(a)g(b) (22)h(b) = s3g(b)p4; (23)
s3 g(b) p4s2 g(a) g(b)g(b) g(a) p1p3
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where js2j < js3j and jp1j < jp4j. From (21) and (23) we dedu
e p4 = p3p1and g(b)g(a) = s3g(b)p3 ;with s3p3 = g(a). Hen
e g(b)p3s3 = s3g(b)p3 ;and words g(b)p3 and s3 have a 
ommon primitive root, say t. Let t = t1t2be a fa
torization of t su
h thatg(b) = (t1t2)i1t1;p3 = t2(t1t2)i2 ;s3 = (t1t2)j:with i1; i2; j 2 N , j � 1. Then alsog(a) = p3s3 = (t2t1)i2+jt2;g(b)g(a) = (t1t2)i1+i2+j+1;g(a)g(b) = (t2t1)i1+i2+j+1:From (22) and (21) it follows that s2(t2t1) is a pre�x of g(b)g(a) and thuss2 = (t1t2)i3t1;h(b) = s2g(a)g(b) = (t1t2)i1+i2+i3+j+1t1:with i3 � 0. The equality (23) givesp4 = (t1t2)i2+i3+1and, sin
e p4 is a pre�x of g(a), the words t1 and t2 
ommute. Thereforealso g(a) and g(b) 
ommute, a 
ontradi
tion.2. If, on the other hand r2 or q2 is empty then eitherg(u02) = h(u02) or g(u2) = h(u2);This is a 
ontradi
tion with minimality of x1w x2.It is now easy to 
on
lude byLemma 46 Let (g; h) be a 
ounter-example. Then jg(ba)j � jh(b)j.PROOF. Suppose jg(ba)j < jh(b)j. By Lemma 39(B) and (D),pref1(�) = su�1(�) = b:34



Lemma 45 applied to ��a implies � = b, a 
ontradi
tion with jg(�)j =jh(�)zhj > jh(�)j.6.6 The 
ase jg(ba)j � jh(b)jRe
all the Convention 41. Following two lemmas are a more 
ompli
ated par-allel of Lemma 32. They 
laim that in the present 
ase the word h(b) 
ommuteswith the word zhg(b)k�l. The two lemmas 
orrespond to di�erent signs of k� l.Lemma 47 Let (g; h) be a 
ounter-example and let k > l. Then h(b) 
om-mutes with the word zhg(b)k�l.zh g(b)k g(a)h(b) h(b)g(b)k�lz }| { g(b)lz }| { uz }| {| {z }h(b)PROOF. The assumption imply k � 2. From (9), Lemma 42 and Lemma 46we dedu
e that h(b) = g(b) lu for some pre�x u of g(a). Sin
e jh(b)j > jg(b)j,we have jh(b)kzhj > jzhg(b)k�lh(b)j:The equality (10) now implies that the word zhg(b)k�lg(b) lu = zhg(b)k�lh(b)is a pre�x of h(b)+ and thus zhg(b)k�l 
ommutes with h(b).Lemma 48 Let (g; h) be a 
ounter-example and let k � l. Thenzh = sg(b)l�kfor some word s 2 A�, and h(b) 
ommutes with s.PROOF. Let u be a pre�x of g(a) su
h that g(b) lu = h(b). Thusjg(b) lug(b)l�kj < jg(b la)jand, by (9), ug(b)l�k is a pre�x of g(a). From (10) we dedu
eh(b)zh = zhg(b)kug(b)l�k: (24)1. First suppose jzhj � jg(b)l�kj. The equality (24) yields zh = sg(b)l�k forsome s 2 A� and it readsh(b)sg(b)l�k = sg(b)l�kg(b)kug(b)l�k = sh(b)g(b)l�k :35



Thus the words h(b) and s 
ommute and we are through.Note that the previous 
onsiderations pass smoothly even if k = l. Espe-
ially the 
ase l = 1 (and thus also k = 1) deserves some attention.zh g(b)k g(a)h(b)sz }| { g(b)l�kz }| { uz }| { g(b)l�kz }| {| {z }h(b) | {z }zhs2. Suppose now jzhj < jg(b)l�kj, and, 
onsequently, k < l, l � 2. The equality(24) implies the existen
e of a non-empty word s 2 A+ su
h that szh =g(b)l�k and h(b) = zhg(b)kus.zh g(b)k g(a)h(b)g(b)l�kz }| { uz }| { g(b)l�kz }| {| {z }h(b) s zhsTherefore sh(b) = szh g(b)kus = g(b)l�kg(b)ku s = h(b)s :Thus the words h(b), s and zhg(b)ku have the same primitive root, say t.From szh = g(b)l�k, we have jtj < jg(b)l�kj. Sin
e g(b) l = szhg(b)k is apre�x of t+, Periodi
ity Lemma yields that t is the primitive root of g(b), a
ontradi
tion with Lemma 39(C).A 
onsequen
e of Lemma 47 and Lemma 48 is also divided into two lemmas.Lemma 49 Let (g; h) be a 
ounter-example su
h that k � l. Then eitherzhg(bk�l) = h(bk�l) ; (25)or there exist words v 2 A+ and w 2 b+ su
h thatzhg(v) = h(w)zh: (26)PROOF. By Lemma 47, words h(b) and zhg(bk�l) have a 
ommon primitiveroot, say t. Let h(b) = tk1; zhg(bk�l) = tk2 :The word h(b)kzh = tk�k1zh is the maximal t-pre�x of h(�b�), and thereforealso of zhg(�b�). Sin
e bk�l is a pre�x of �b�,the word tk�k1�k2zh is the maximal t-pre�x of g(b�(k�l)�b�): (27)36



From (9) one 
an similarly dedu
e thatthe word tl�k1zh is the maximal t-pre�x of g(��a): (28)1. First suppose k�k1�k2 = l�k1. Then one easily veri�es zhg(bk�l) = h(b)(k�l).2. Suppose then k � k1 � k2 6= l � k1 and putm = minfk � k1 � k2; l � k1g :From (27) and (28) we dedu
e, by Lemma 8, that tmzh = g(u) for some u 2 A+and zhg(bk�lu) = tm+k2zh:Then also zhg((bk�lu)k1) = tk1(m+k2)zh = h(b)m+k2zh ;and we are through.If k < l, the �rst possibility is ex
luded.Lemma 50 Let (g; h) be a 
ounter-example su
h that l > k. Thenzhg(v) = h(w)zhfor some v 2 A+ and w 2 b+.PROOF. This proof is essentially the same as the proof of Lemma 49, with(k � l) being negative.By Lemma 48, the word h(b) 
ommutes with s = zhg(b)�(l�k). Let t be theprimitive word and h(b) = tk1 ; s = tk2:Inequality k < l yields k � k1 � k2 < l � k1. Verify that statements (27) and(28) hold. Therefore, by Lemma 8, there is a word u 2 A+ su
h that g(u) =tk�k1�k2zh, and s g(u) = tk�k1zh = h(b)kzh:Sin
e sg(b)l�k = zh is a pre�x of tk�k1zh, the word bl�k is a pre�x of u. Thuswe 
an write zhg(b�(l�k)u) = h(b)kzh:37



6.7 Shortest 
ounter-exampleIn this subse
tion we shall exploit the fa
t the 
ounter-example 
an be sup-posed to be a shortest one. Obviously, if any 
ounter-example exists, there isalso a shortest one. A 
ontradi
tion will be obtained by showing that every
ounter-example 
an be shortened.Next lemma deals with possibilities suggested by Lemma 49 and Lemma 50.Lemma 51 Let (g; h) be a shortest 
ounter-example.(A) If (e; f) 2 
(g; hm) then f =2 b+.(B) If k > l and zhg(bk�l) = h(bk�l);then the pair (g; h) is simple ( i.e. g(e) = h(f) ) e = f ).PROOF.1. If the pair (g; h) is simple then both 
laims hold, as it is easy to see.2. By Lemma 31, we 
an therefore suppose that there exist words e 6= f ande0 6= f 0 su
h that 
(g; hm) = f(e; f); (e0; f 0)g; (29)with (e; f) 6= (e0; f 0).De�ne marked morphisms g1; h1 : A� ! A� by8<: g1(a) = e ;g1(b) = e0; 8<: h1(a) = f ;h1(b) = f 0:By Lemma 25, there are words u, v su
h thatg1(u) = h1(u) = �a�g1(v) = h1(v) = �b�:Then g1 (u ) = h1 (u ) = �a� = � �ag1 (v ) = h1 (v ) = �b� = � �b ;and u , v are distin
t elements of Eq(g1 ; h1 ). The length of u and v is atleast two, be
ause g and h are not simple.38



g Æ g1(u) !h Æ h1(u) ! zh zh  g Æ g1 (u ) h Æ h1 (u )g(�a) g(�)h(�a) h(�)By Lemma 22, there exist typi
al pair of morphisms (g0; h0) su
h thatu ; v 2 Eq(g0; h0) = Eq(g1 ; h1 ) :Sin
e (g; h) is a shortest 
ounter-example, fromju j = juj < j��aj; jv j = jvj < j��bjwe dedu
e pref1(u ) 6= pref1(v ). By 
onstru
tion of g1 and h1 , either thewords h1 (a) = f and h1 (b) = f 0 are 
omparable, or � is a proper pre�x ofboth f and f 0 .2.1. Consider the �rst possibility. By (29) ,g (e ) = hm (f ); g (e0 ) = hm (f 0 );and the pairs (e ; f ) and (e 0; f 0) are minimal elements of C (g ; hm ). Sup-pose, by symmetry, that f is a pre�x of f 0 . Sin
e g is marked, we 
on
ludethat also e is a pre�x of e0 , a 
ontradi
tion with minimality of (e0 ; f 0 ).2.2. Thus � is a proper pre�x of both f and f 0 .The 
laim (A) now follows from j�ja � 1.The assumptions of (B) imply �b = bk�l, when
eh1 (v ) = � bk�l:Put x = pref1(v ). The present assumption (2.2.) implies that � is a pre�xof h1 (x). Moreover jv j � 2 and thush1 (x�1v ) 2 b+:This yields that either f or f 0 is in b+, again a 
ontradi
tion with j�ja � 1.We are left with the �nal 
ase, des
ribed in the following lemma.Lemma 52 Let (g; h) be a shortest 
ounter-example. Then(A) (g; h) is simple,(B) k > l,(C) �b = bk�l,(D) jzhj � jh(b)j � jg(b)l0�1j > jg(b)lj.PROOF. 39



(B)-(C) The possibility k < l is ex
luded by Lemma 50 and Lemma 51(A).The possibility (26) of Lemma 49 is also in 
ontradi
tion with Lemma51(A). Therefore the possibility (25) remains and �b = bk�l follows im-mediately from minimality of ��b. Clearly, k 6= l.(A) Follows from Lemma 51(B)(D) From g(b) l is a pre�x of h(b), g(b) l0 is a suÆx of h(b), and the words h(b)and g(b) do not 
ommute we dedu
e, by Periodi
ity Lemma,jh(b)j+ jg(b)j > jg(b) lj+ jg(b) l0j :This implies the se
ond inequality.Note that the word � from the Convention 41 is equal to �bk�l. Moreoversu�1(�) = b and thus l0�1 � k� l � 1. The �rst equality now follows dire
tlyfrom jzhj = jh(b)k�lj � jg(b)k�lj:We present two more 
ombinatorial lemmas.Lemma 53 Let g, h be binary morphisms and w an element of Eq(g; h). Letub; vb 2 pref(w)be words su
h that g(u) is a proper pre�x of h(vb) and h(vb) is a proper pre�xof g(ub). Then (g; h) is not a shortest 
ounter-example.g(u) g(b)h(vb)PROOF. Suppose, for a 
ontradi
tion, that (g; h) is a shortest 
ounter-example. Let u0 and v0 be enough long words, su
h thatg(u b u0) = h(v b v0):Let s1 be a proper suÆx of h(b) su
h thatg(u)s1 = h(vb) (30)and p1 be a proper pre�x of zh su
h thatg(ub) = h(vb)p1 :Sin
e g(b) is a pre�x of zh and a suÆx of h(b) we getg(b) = s1p1 = p1s140



and the words g(b), s1 and p1 have the same primitive root, say r. The maximalr-suÆx of h(vb) is equal to the maximal r-suÆx of h(b), i.e. to g(b) l0. By (30),the word g(b) l0 is also the maximal r-suÆx of g(u)s1. This is a 
ontradi
tionwith g and h being marked.Lemma 54 Let g and h be binary morphisms and w an element of Eq(g; h).Let n be a positive integer and u, v words su
h thatv b; u a bna 2 pref(w);h(v) is a proper pre�x of g(u a) and g(u a bn) is a proper pre�x of h(v b). Then(g; h) is not a shortest 
ounter-example.g(u) g(a) g(b)n g(a)h(v) h(b)s pPROOF. Pro
eed by 
ontradi
tion and suppose that (g; h) is a shortest
ounter-example. Let u0, v0 be enough long words, su
h thatg(u a bna u0) = h(v b v0):The assumptions imply g(b)n is a proper fa
tor of h(b),s g(bnau0) = h(bv0); (31)and h(b) = s g(b)n p; (32)for a proper suÆx s and a proper pre�x p of g(a). Sin
e g and g are marked,g(b) l 2 pref(h(b)) and g(b) l0 2 su�(h(b)), Lemma 7 and (32) yieldjsj > jg(b)l�1j; jpj > jg(b)l0�1j:Thus, by Lemma 52(D), jsg(b)nj � jzhj: (33)Re
all that jg(b)g(a)j > jh(b)j. Let w be the pre�x of g(b)g(a) of length h(b).From (9) and from jg(b)lj < jzhj (see Lemma 52(D) ) we dedu
eg(b)l�1w 2 pref(h(b)zh): (34)Sin
e sg(bna) Pref h(b)zh;41



the inequality (33) impliessg(b)n�1w 2 pref(h(b)zh): (35)Lemma 7(D), (34) and (35) now yield that g(b)l�1 is a suÆx of sg(b)n�1 andsg(b)n�l 
ommutes with h(b). Hen
e n � l, be
ause s is a suÆx of g(a). The
ommon primitive root of h(b) and sg(b)n�l denote by r and leth(b) = rk1 ; sg(b)n�l = rk2;with k1 > k2 > 0.Equality (9) implies thatthe maximal r-pre�x of g(��a) = h(��a) is rk1�lzh. (36)Let bm be the maximal b-pre�x of bv0. From (31) it follows thatthe maximal r-pre�x of g(blau0) is rk1�m�k2zh. (37)From (36) and (37) we dedu
e, by Lemma 8, that there is a word u1 su
h thatg(u1) = rk3zh;with k3 = minfk1 � l; k1 �m� k2g. Thereforezhg(bk�lu1) = h(b)k�lrk3zh = r(k�l)�k1+k3zhand zhg((bk�lu1)k1) = h(b(k�l)�k2+k3)zh;a 
ontradi
tion with Lemma 51(A).The whole se
tion is 
on
luded by the following lemma. It shows that thepossibility ex
luded by Lemma 54 has to take pla
e in a shortest 
ounter-example. That yields the �nal 
ontradi
tion.Lemma 55 Let (g; h) be a shortest 
ounter-example. Then there exist wordsw, u and v and a positive integer n su
h that w is an element of eq(g; h) andv b; u a bna 2 pref(eq(g; h) );h(v) is a proper pre�x of g(u a) and g(u a bn) is a proper pre�x of h(v b).PROOF. Consider the word ��b. Sin
e zh is empty and sin
esu�1(�b) = su�1(bk�l) = b;42



we 
on
lude that pref1(�a) = su�1(�a) = a: (38)First show that if w1 and w2 are proper pre�xes of �a, theng(�w1) 6= h(�w2) :Suppose the 
ontrary. The minimality of ��a implies w1 6= w2. Fromzhg(w1�) = h(w2�)zhwe dedu
e that (g; h) is not simple, a 
ontradi
tion with Lemma 52(A).Put m = j�ajb. From jg(�a)j < jh(�a)j we dedu
e m � 1. De�ne words ui, vi,i = 1; : : : ; m, byuivi = ��a; pref1(vi) = b; jvijb = m� i + 1:Inequality jg(� b)j � jh(� b)j;and jg(a)j > jh(a)j implyjg(u1b)j > jh(u1b)j; jg(umb)j < jh(umb)j:Let j 2 f2; 3; : : : ; mg be the smallest integer su
h thatjg(uj�1b)j > jh(uj�1b)j; jg(ujb)j < jh(ujb)j:Therefore, sin
e uj 2 uj�1b a� and jg(a)j > jh(a)j,jg(uj)j > jh(uj)j:Thus jh(uj)j < jg(uj)j < jg(ujb)j < jh(ujb)j: (39)Let bm1 be the maximal b-suÆx of uj and bm2 the maximal b-pre�x of vj. ByLemma 53, jg(ujbm2)j < jh(ujb)j:If m1 > 0 then, again by Lemma 53,jg(ujb�m1)j > jh(uj)j:43



If m1 = 0, then the last inequality is 
ontained in (39). Putu = ujb�m1a�1; v = uj; n = m1 +m2;and verify that they satisfy the assumptions. This 
ompletes the proof.g(�) g(a) g(b)n g(a) g(a)h(�) h(b) h(a)We 
an summarize in
Proof of Theorem 2. Let g and h be distin
t non-periodi
 binary mor-phisms. By Lemma 22, we 
an suppose that (g; h) is typi
al (De�nition 19).For a 
ontradi
tion suppose that eq(g; h) 
ontains distin
t words u and v su
hthat pref1(u) = pref1(v), and suppose that (g; h) is shortest possible su
h a pair(De�nition 29). Present se
tion shows that the assumption is 
ontradi
tory.To prove that eq(g; h) does not 
ontain two distin
t words u0 and v0 withsu�1(u0) = su�1(v0), 
onsider mirror morphisms g and h .7 Test setIn this se
tion we show that ea
h binary language has a test set of 
ardinalityat most two. We follow the exposition from [8℄, where a three element test setis 
onstru
ted. Our improvement is a dire
t 
onsequen
e of Theorem 2.Test set of a language L � �� is a subset T of L su
h that the agreement oftwo morphisms on the language T guarantees their agreement on L. Formally,for any two morphisms g and h de�ned on ��(8 u 2 T ) ( g(u) = h(u) ) ) (8 v 2 L) ( g(v) = h(v) ) :Let L � A� be a binary language. The ratio of a non-empty word u 2 L isdenoted by r(u) and de�ned by r(u) = jujajujb :44



If jujb = 0, then r(u) =1: A word u is said to be ratio-primitive if no properpre�x of u has the same ratio as u. Note that ea
h word has a unique fa
tor-ization into ratio-primitive words (or shortly ratio-primitive fa
torization).Theorem 56 Let L � A� be a language. Then L possesses a test set of 
ar-dinality at most two.PROOF. Let g and h be binary morphisms. We 
an suppose that jg(a)j 6=jh(a)j and jg(b)j 6= jh(b)j (the dis
ussion of remaining 
ases is trivial).Clearly, morphisms g and h 
an agree on a word u only if they agree lengthwiseon it and one easily sees that it is equivalent tor(u) = jh(b)j � jg(b)jjg(a)j � jh(a)j :This also implies that if u = u1u2 � � �un is the ratio-primitive fa
torization ofu, then g(u) = h(u) if and only if g(ui) = h(ui), i = 1; : : : ; n. Therefore g andh agree on L if and only if they agree on language Lr 
onsisting of all ratioprimitive words o

urring in ratio-primitive fa
torization of all elements in L.Moreover, any test set of Lr 
an be transformed into a test set of L of thesame or smaller 
ardinality: It is enough to assign to ea
h word u 2 Lr a wordv 2 L su
h that u is 
ontained in the ratio-primitive fa
torization of v.The above 
onsiderations allow to restri
t ourselves to languages 
onsistingof ratio-primitive words. The proof is based on the observation that in su
h a
ase, if g and h agree on L, ea
h element of L is in eq(g; h).1. If L 
ontains at most two words, we are trivially through.2. If L 
ontains two words with di�erent ratio, then only morphisms g = h
an agree on L and the two words 
onstitute a test set.3. Suppose that 
ardinality of L is at least three and all words have the sameratio. Let T = fu; vg with u; v 2 L and pref1(u) = pref1(v). We 
laim thatT is a test set of L.3.1. If both morphisms are periodi
, then any single word 
onstitutes a testset.3.2. If just one morphism is periodi
 than g and h do not agree on L, byTheorem 1(B), and any two words 
onstitute the test set.3.3. If both morphisms are non-periodi
, they agree on L just in 
ase g = h,by Theorem 2. Again by Theorem 2, the two words in T 
onstitute a testset, sin
e pref1(u) = pref1(v).Remark 57 The only known equality languages generated by two words areof the form L = faib; baig;45



with i 2 N+ (see [6℄). Some partial results of this paper indi
ate that no othersu
h languages exist. This suggests a dire
tion of further resear
h.A
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