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Abstract and Contents

In cellular systems, the radio waves reaching both the mobile stations and the base station undergo
reflection or refraction from buildings, cars, hills, and so forth. The signal reaching areceiver antennais
said to have undergone fading, which means the receiver antenna does not receive the original signal but
many different time, phase, and amplitude shifted versions of the signal. In most types of TDMA
communication systems, signals undergo frequency-sel ective fading because of their short-symbol
duration. In designing areceiver for such a mobile system, these conditions need to be accounted for to get
the best performance. In communications, such as GSM/EDGE, a gaussian filter is used for spectra
compaction. Both the modulation and channel impairments introduce severe inter-symbol interference
(1S1). To lessen the performance impairments resulting from 1SI, receivers for these types of systems use
channel equalizers. An equalizer estimates the channel impulse response and uses that information to
remove as much |S| as possible. In GSM/EDGE there are training bitsin each burst that are used for
various purposes such as frequency tracking, timing tracking, and channel estimation. The information is
used later in the receiver to create an improved symbol decision. This application note explores an efficient
implementation of a decision feedback equalizer (DFE) that is based on Cholesky factorization for the
Motorola StarCore SC140, DSP architecture. Cholesky factorization yields afinite solution of an
infinite-length spectral factorization [1]
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1 Introduction

It iswell known that a maximum likelihood sequence equalizer (ML SE) is the optimum equalizer for a
typical intersymbol interference (1SI) channel. Unfortunately, the complexity of the ML SE equalizer
increases exponentially with the channel-memory length. To reduce this computational |oad, many
sub-optimal solutions have been developed. Decision feedback equalizers (DFE) are agood sub-optimal
solution. With the introduction of faster digital signal processors (DSP), computational ly-intense
agorithms can now be easily implemented. The DFE can be implemented as a combination of simple FIR
filters. This application note presents a method for computing the DFE coefficient and a method for
implementing the algorithm on the StarCore, SC140 digital signal processor.

Thisdocument isarranged asfollows:. Section 2, “ Decision Feedback Equalization Theory,” presentsbasic
ideas used in the devel opment of the DFE. Section 3, “Derivation of DFE Filter Coefficients,” presentsthe
method used in deriving the feed forward and feedback coefficients. Section 4, “Implementation of the
Algorithm,” presents implementation details of the algorithm on the SC140. Results for this
implementation are presented in Section 5, “ Results.” Section 6, “ Conclusion,” summarizes the document.
References are provided in Section 7, “ References.”

2 Decision Feedback Equalization Theory

There are two major categories of achannel equalizer; linear and non-linear, as shown in Figure 1.
Non-linear equalization is heeded when the channel distortion istoo severe for the linear equalizer to
mitigate the channel impairments. An example of alinear equalizer is a zero-forcing equalizer (ZFE) and
as the name implies, it forces S| to become zero for every symbol decision. A zero-forcing equalizer
enhances noise and results in performance degradation. On the other hand, a Minimizes Mean Square
Error-Linear Equalizer (MM SE-LE), minimizesthe error between the received symbol and the transmitted
symbol without enhancing the noise. Although MM SE-LE has better performance than ZFE, its
performance is not enough for channels with severe ISI. An obvious choice for channels with severe ISl is

anon-linear equalizer.

MMSE ML
ZFE
LE DFE Symbol MLSE
Detector

Figure 1. Linear and Non-Linear Process for Equalization of Transmission Channel
It iswell know that a maximum likelihood sequence equalizer (ML SE) gives optimum performance. It

tests all possible data sequences and chooses the data with the maximum probability as the output.
Generally, the Viterbi algorithm provides a solution to the problem with ML SEs of afinite-state,

(M) moToroLa Introduction 1



Decision Feedback Equalization Theory

discrete-time Markov process. However, the computational complexity of an ML SE increases with
channel spread and signal constellation size. The number of states of the Viterbi decoder is expressed as
ML, whereM = the number of symbolsin the constellation, and L = the channel-spread length —1.
Therefore, atypical 8-PSK constellation with a channel span of 5, trandates to asgt= 4096, state Viterbi
decoder, which makes it unsuitable for cost effective implementation. In this situation, the obvious choice
is to use sub-optimal solutions such as a DFE or a DFE followed by a Viterbi equalizer.

A decision feedback equalizer makes use of previous decisions in attempting to estimate the current
symbol with a symbol-by-symbol detector. Any tailing ISl caused by a previous symbol is reconstructed
and then subtracted. The DFE isinherently a non-linear device, but by assuming that al the previous
decisionswere correct, alinear analysis can be made. There are different variations of DFES. The choice of
which type of DFE to use depends on the all owable computational complexity and required performance.
Considered in this application note is an MM SE-DFE (Minimum Mean Square Error) consisting of a

e linear, anti-causal, feed forward filter, F(D)

» linear, causal, feedback filter, 1-B(D), with bo=1

» simple detector (threshold block)
The input to the feedback filter is the decision of the previous symbol (from the decision device). Figure 2
shows the layout of the DFE.

Ny

Yk

z
Xk —9| Channel Wy | K

Decision B X+ N-1-0

Feed Forward
Filter

5b g

Feedback
Filter
DFE

Figure 2. DFE Block Diagram

Theideal, infinite-length feed forward filter is a noise whitening filter that resultsin an overall response
with minimum phase. Choosing an infinite-length filter eliminates the delay optimization, because the
overall response, consisting of transmit, channel, receiver, sampler, and FF filtersis simply afilter with
minimum phase. The first tap in the overall response is the main tap. Spectral factorization isavery
important concept used in deriving DFE taps. A finite version of the infinitetap DFE isderived in [1]. The
Cholesky factorization theory is auseful tool in deriving the finite-length equivalent to the infinite-length
DFE.

Terms used in DFE development are described as follows:
1. A filter response F(D), is canonical if itis:
» causal (fi =0, for k<0)
* monic (fp=1)

e minimum phase
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2. If F(D) iscanonical then F'(D™) is:
* anti-causal
* monic
* maximum-phase
3. Ann X nsymmetric matrix, A, is positive definiteif al diagonal elements and

submatrices of A are positive definite. The definition for a positive definite matrix is
expressed in Equation 1.

n n
X#00 X'AX = T Y axx >0 Eqgn. 1
i=1li=1

4. Matriceswith constant entries along a diagonal are called Toeplitz matrices. Equation 2
expresses a Toeplitz matrix with the number three as the constant entry aong the diagonal.

340
T = |2 3 4/, TisToeplitz Eqn. 2

123

3 Derivation of DFE Filter Coefficients

The name MM SE-DFE implies that the DFE coefficients are derived under MM SE criteria. Consider the
development, where by and w are the feedback and feed forward filter coefficients derived in
minimum-mean-sguare-sense, by making the error orthogonal to the received sequence. Equation 3
represents the received signal as, y(t), the channel-input data symbols as, x and the channel-impulse
response as, h(t); where n(t) is additive-white Gaussian noise and T is the symbol duration.

y(t) = me Ch(t—mT) + n(t) Eqgn. 3

m
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Derivation of DFE Filter Coefficients

If | oversampling is used, then the sampled channel-output is expressed in Equation 4. For our
implementation, | is set to 1, and channel memory is expressed as v in the equations.

\Y
Y= > MmBkom* %
m=0

-1 y (=1 h
yB(+(—2| ™ -1k him+ 52T I-1m
yk: ° = . hm: o o
y(KT) Yo,k h(mT) 0,m
(=1 n
nBu | TB |—°1,k
Ny = ° =l .
n
n(kT) 0,k

By combining N; successive |-tuples of samples y,:

y X n

k+Nf—1 h0 h1 hv 0..0 k+Nf—1 k+Nf—1

yk+Nf—2 - 0 h0 h1 hv 0 .. ka+Nf_2 . nk+Nf—2
Y 0..0 h0 h1 hv X Ny

A more compact representation of Equation 6 is expressed in Equation 7.
Yk+Nf-1,k = TXkeNf-1 k—v Tk NF-1,k
The equalizer output error is expressed in Equation 8.
& = b X k_v—w*ykJr Ne—1k
Thew" ! feed forward filter taps are expressed in Equation 9.

w o= [W*—(Nf—l)w*—(Nf—Z) ...... wl

For adecision delay of A, the corresponding MM SE is expressed in Equation 10.

20_ -
Egeld H— E{e [k } = E%(xk_A—ka+bxk_A_l)(xk_A—WYk

«L
+ bx ) O
k—-A-1 ®

Eqgn. 6

Eqgn. 7

Eqgn. 8

Eqgn. 9

Eqn. 10

Equation 11 shows where b is the vector of the coefficients for the feedback FIR filter and x, — 5 -1 iSthe

vector of the data symbolsin the feedback path.

b = {1 by - bNb}

1. (.)"is the complex conjugate transpose

4 DFE Implementation for the SC140 DSP
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Applying the orthogonal principle by making the error orthogonal to the output we get Equation 12.
E{e, ¥, } =0 Eqn. 12

In other words, the optimum error sequence is uncorrelated with the observed data. This simplifiesto
Equation 13, which gives the relation between the DFE feedback and feed forward filter coefficients

b ny: w Ryy Eqn. 13
The FIR MM SE-DFE autocorrelation matrix is expressed in Equation 14.
RNy x ! '
Ryy:g%k+Nf—l,kY k+Nf—l,k%:SXHH +Rnn Eqnl4

Where R, = Ngl ¢ @nd where N is the noise power, and where | is an identity matrix, the input-output
cross-correlation matrix, where S, isthe signal power as expressed in Equation 15.

Ryy = B koY ke Nf—1, k] = SO + py(Nf— 1) (v + 1yl H Eqn. 15
The mean-square error is expressed in Equation 16.
—1 D_ * * L D_l 0
Rk ReyR yy Ry 0 Iv+:J|:|Nf+v_H R+ SRING v H“’wl Ean. 16
Simplifying Equation 16 by using the matrix inversion lemmat resultsin Equation 17.
Eqn. 17
s 0 g 7] st 7,
| | —H HHH + I H = N,|01 H + I
X v+1/| Nf+v SNR Nf+uvd |v+1 0 v+1Ij SNR Nf +JJ Iv+1%

The middle term in the right-hand side of Equation 18, is defined as a Cholesky factorization, where LDL’
is the Lower-Diagonal-Upper.

-1 -1

-1 1., o= _
nt = %?xx_nyR nyy>dZI - SNRINf+v

R +HRn

~ +H'H = LDL” Eqn. 18

1.
The matrix inversion lemma:

* * 1 D_l * 1 D_l *
+ = = + =
H B—m SR O H B—m SuRnD HH
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Implementation of the Algorithm

Where L isalower-triangular monic matrix, D is a diagonal matrix shown in Equation 19.
Eqn. 19

u
-1 0
L "=
UN,+v -1
dg - 0
D=0 .. 0
0 .dy 4y 1

Because L isamonic matrix, its columns constitute a basis for the (N¢+v) dimensional vector space. It is
shown in [1] that the optimal setting for b is column L which corresponds to the highest value of “d” in the
diagonal matrix. When the feedback coefficients are located, the solution expressed in Equation 20, gives
the optimal setting for w, the feed forward coefficient.

* _ * -1
W oopt = b optnyR yy Eqn. 20

The first coefficient of b is always unity, therefore a ssimple back substitution method can be used
to solve for the feed forward coefficients. This process for derivation of DFE filter coefficients,
eliminates the need for the matrix inversion.

It has been seen that the:
* number of tapsin the feedback filter Np=v, N >Ny

» optimum delay A isbetweenv and N¢ + v

4 Implementation of the Algorithm

This section presents an implementation of the algorithm using Matlab and the corresponding DSP
implementation techniques. The Matlab implementation is made using practical requirements of atypical
communication system (such as; GSM), with the ultimate intent of implementing the algorithm in the
SC140. Table 1 presents some of the design parameters that are used.

Table 1. Parameter Considerations for Communication Systems

Parameter Considered Parameter Value Comments
channel-impulse response N/A Assumed available
Channel memory channel-impulse

response length 1

Complex channel-impulse 5 Typically this is the length of the channel-impulse response for
response length GSM
Estimate of the SNR N/A Assumed available
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Table 1. Parameter Considerations for Communication Systems (Continued)

delay optimization

Parameter Considered Parameter Value Comments
Feed forward filter length 8 Chosen arbitrarily, typically enough for GSM channel. The only
constraint is that the size of the convolution matrix needs to be
multiple of 4.
Optimum feedback taps by Minimizes ISI, and maximizes SNR at the decision point

SNR 5dB —25dB Typical range of operation
Symbol spaced N/A Chosen over a T/l spaced case because its computational
equalizer complexity is “I” times less. Performance does suffer.

The DSP software is written in such away that these parameters can easily be tailored to the needs of the
communication system where the DFE is used. Feedback and feed forward filter coefficients for the DFE
are obtained as follows:

1. Generate the convolution matrix H for an Ny tap feed forward filter (N; = 8) and a complex

channel-impul se response memory length v (typically obtained from a channel estimation
block).

This combination produces a convolution matrix of size C. For our example it will be 8 x 12.
Compute the matrix; A =H x H + (L/SNR_lin)*I.

The (I/SNR_lin)*| creates a diagonal matrix with all the diagonal terms equal to /SNR_lin.
(SNR_lin=SNR isexpressed in linear scale).

NOTE:
TheH x H (size 12 X 12) matrix isapositive semi-definite matrix, with N¢

(Nf = 8) numbers of positive eiganvalues, and four, zero eiganvalues

(channel memory size = 4). When the term 1/SNR _lin is added to all the
diagonal entries, the matrix becomes strictly positive-definite.

Compute the Cholesky factorization of Matrix A.

When computing the Cholesky factorization, use the “outer product version” of the factorization.
This algorithm computes a lower triangular G*, such that A = GG*. For all i > j, A(i,j) is
over-written by G(i,j).

The Matlab code for steps 1through 3 is given in Code Listing 1.

Code Listing 1. Matlab Code to Compute the Cholesky Factorization

function [L,D A U =outer_chol esky(A)

n=si ze(A 1);
for k=1:n-1

end

Ak, k) =sart (A(k, k) ) ;
A(k+1:n, k) =A(k+1: n, k) / Ak, k) ;
for j=k+1l:n
i=j:n;
AT ) =A(T, ) - AT k) *conj (A(S L K));

end

@ MOTOROLA Implementation of the Algorithm




Implementation of the Algorithm

4. Factor matrix A into LDL ", where L isalower-triangular monic matrix and D isadiagonal
matrix.

When complete, column of L, corresponding to the highest diagonal element of D, givesthe
optimum feedback filter taps (Matlab code for thisis omitted here).

5. Compute the optimum feed forward taps. Because L isamonic matrix, back subgtitutionis
an easy way to solve for the feed forward filter taps. Code Listing 2 shows how the back
substitution routine is implemented in Matlab.

The feedback and the feed forward taps are then used in the channel equalizer to equalize all the
received symbols within aframe of data (the channel is assumed to be quasi-static).

Code Listing 2. Matlab Back Substitution Routine

I =L; %Lower Triangular Mnic Mtrix
chan_men¥4;

h=channel _h;

9688668468668680 BSME6886868866660

d_opt =d_opt *scal e_fact or"2;

sc=4; % scal e factor used in DSP inpl enentation

v = zeros(1,del ay);
v(del ay) = 1/sc;

tenp_v=0
I =I/sc;
% 0P 1
for kk = delay :-1 :2;
sum v=0;
for jj = kk : delay
temp_v = -1(jj,kk-1)*v(jj);
sumyv = sc*sc*tenp_v+ sumy,
end
v(kk-1) = (sumv)/sc;
end
w opt = zeros(1, Nf);
% .OCP 2
for j = 1:N
sumw = 0;
for k =1 : (mn(chan_mem delay-j) + 1)
tw(k) = (v(k+-1))*conj (h(k));
sumw = sumw + twk);
end

isp(’witi ng coeff now )
wopt(j) = ((1/d_opt)*sumwsc)
di sp(’ Wote the above coeff’)
end

4.1 DFE Implementation in the SC140

A decision feedback equalizer can be implemented on the SC140 efficiently because the SC140 has four
arithmetic logic units (ALUSs) and special instructions. This provides the advantage of computing complex
numbers and performing matrix operations. Setting constraints on the channel-impul se response and the
number of filter taps improves the efficiency of the DSP implementation on SC140. The constraints are:

e All the entries of the channel-impulse response need to be less than one.

« Thelength of the channel-impulse response and the length of the feed forward filter tap needsto be
constrained in such away that the size of the convolution matrix becomes a multiple of four. The
size of the convolution matrix is given by (N¢ X N¢ + v), where v is the channel memory length

(v = channd-impulse length —1).

8 DFE Implementation for the SC140 DSP @ MOTOROLA



Main Calling Routine

Computation of the DFE coefficients is accomplished through several assembly routines. These routines
are called from amain assembly calling routine. Figure 3 illustrates the flow of the assembly program.

Input

main_equalizer.asm

® @ ® outp
Feed Forward
convxtm_matrix.asm matrix_mult.asm cholesky.asm — and
Feedback Taps
s.qrt_and_ one over X. find_max_delay.asm
inv_sqrt. - =
asm
asm

Figure 3. DSP Implementation Process Flow Chart

4.2 Main Calling Routine

The main calling routine, main_equalizer.asm, allocates all the memory and defines the globally used
variables. This routine contains the compl ex-channel -impul se response and the linear-scal ed value of SNR.

4.3 Forming the Matrix

When implementing this algorithm, it isimportant to ensure that all the datais properly scaled to be less
than one. A key observationsisthat if the matrix, H" H+l (L/SNR) has entries |less than one, then the
Cholesky factor will have entries less than one throughout the computation. This greatly reduces the
numeric dynamic range of the algorithm and makesit easier to implement in afixed point DSP. To achieve
this, two constraints have been introduced:

1. The channel-impulse response, must be normalized.

NOTE:

Better results are achieved if normalization is done with care, by using the
minimum scale factor that just alows the highest values in the
channel-impulse response to be less than one. The process of
normalization can be achieved by searching through the elements of the
channel-impul se response generation block and normalizing with respect
to the highest entry. This remains as a design parameter for the
channel-impulse response and will not be addressed here.

2. Theoutput of the matrix multiply block is scaled by right shifting each entry of the matrix
multiply by ceil(log,[# of rowsin (H"H) + (SNR)I]). Thisensuresthat all entriesareless
than one. For this specific implementation example the scale factor is 1/16.

@ MOTOROLA Implementation of the Algorithm 9



Implementation of the Algorithm

4.3.1 Generating the Convolution Matrix

The assembly program, convxtm_matrix.asm, takes the complex channel -impul se response and generates
the transpose of the convolution matrix (similar to using the matlab command, transpose (H), where
H = convxtm(channel_h,N¢)). The transpose of matrix H is shown in Equation 21.

hg 0 ... 00 .. 0
hyhy O ... 0 O ...
hy hy g cov cen e .
0..00 0 .. h,

transpose(H)= Eqgn. 21

Note that all complex numbers throughout the implementation are stored in the memory asindicated in
Equation 22.

Re(®)
Im(°) Eqn. 22

In the DSP implementation, the channel-impulse response is assumed to be stored in memory (that is;
provided by the channel-impul se response block). A memory space of size (N¢* (N¢ + v)*2* 2) is zeroed out
to store the convolution matrix (channel-impulse response length = 5 and feed forward length = 8), so the
complex-conjugate transpose of the convolution matrix will be size 12 x 8. Each entry has areal and an
imaginary part and each element is stored in 16-bit memory (2 bytes). Two pointers (address registers) are
used. One pointer pointsto “channel_h” and is used to read the complex channel -impulse response and the
other pointer isused to point to “conv_matrix” and to write the data to the convolution matrix. At the start
of the iteration, a pointer points to the start of the memory, where the convolution matrix will be stored,
and the matrix is filled column-wise with the channel-impul se response, as shown in Equation 23. Each
element of the complex channel-impulse response is read one element at time, using move.2f (reads data
from memory to register). The program uses moves.2f to write each complex data from the register into
memory.

Eqgn. 23

'y 000000
hyh 0 0 0 0 0
hzhl\hqo 000
hyhy,h hy 0 0 0
hyhyhyh hy 0 0
0 h, hy h, h1\1(\0
h, hy hy hy hy O
h4h3h2hlh0
0 h, hyh, h,
0 0 h,hyh,
0 0 0 h,h, Note: hy h, are each complex

numbers, that is;
i 0000Hh ho= Re(hg) and Im(ho)

The address register pointing to the memory that contains the complex-impulse response, hg...h,, isset as
modulo. This causes the pointer to wrap around before filling each column of the convolution matrix
transpose when it reaches the last entry of the channel-impulse response in the array, “channel_h”.

o O O ©o o o

transpose(H)=

o O O o o o
O O O o o o
o

0
0
0
0

10 DFE Implementation for the SC140 DSP @ MOTOROLA



Forming the Matrix

Expressions used in the assembly code shown in Code Listing 3 are defined as:
1. r0: #channel_h (Modulo 2)
2. rl: #conv_matrix
3. r2: holdsthe start location for each column in the #conv_matrix

Code Listing 3. Assembly Code Used to Fill the Convolution Matrix

| oopstartO
add_co
doenshl #CHANNEL_MEM ; 1 oopl repeat
; #CHANNEL MEM ti mes
nove. 2f (r0)+, dO: d1 ; dO=Re[ channel _h(1)]
; and
d1=I nf channel _h(1)]
| oopstartl
nmove. 2f (rO0)+, dO: d1 nmoves. 2f d0O: d1, (r1)+nl ; dO=Re[ channel _h(1)]
; d1=Infchannel _h(1]]
; move dO and d1 (rl)
;o rl->ri1+4*nl
| oopendl
noves. 2f d0:d1, (r1)+nl
adda n2,r2 ;o r2->r2+%$24
tfrar2,rl ;. rl->r2=next
; diagonal el enent
| oopendO

4.3.2 Matrix Multiply Block

The matrix multiply block generates the matrix product H "x H. Thisblock is desi gned to perform this
operation efficiently. The key ideato simplify thisimplementation is that, given amatrix M, if read
row-wise, theresultisM and if read column-wise, the result isM T The operation that is needed to be
performed in this application isH “x H. Recall that HT was generated instead of H. This was done
primarily to assist in this matrix multiply block. Now, looking at the problem in hand, if HT isread
row-wise, theresultisH™ and if HT is read column-wise, theresultis (HT)T = H.

As an example, to multiply two matrices of size [(Ns+Vv) * N¢] X [N X (N¢+Vv)], identified as Matrix1 and
Matrix2 four address registers are used in the implementation as follows:

e One address register in modulo mode, pointing to Matrix1 (moving in the direction of ptrA in
Equation 24 on page 13)

» Oneaddress register in linear mode, pointing to Matrix2 (moving in the direction of ptrB in
Equation 24 on page 13)

e Oneaddressregister in linear mode, for intermediate address calculation
* One address register in linear mode, pointing to the output matrix “ mult_out”
The following steps are performed by the matrix multiply block to perform the matrix multiply operation.

1. Nt mac operations are performed between one row of Matrix1 and one column of Matrix2 to produce
one row entry of the output Matrix. Two complex values are read at a time from each matrix using the
move.4f instruction and four mac operations are performed in parallel.

2. Ny mac operations are performed between the same previous row of the Matrix1 and the next column of
Matrix2. Note here that pointer to Matrix1 needs to be modulo to wrap around the same row. The pointer
to Matrix2 needs to be linear to advance to the next column in Matrix2. Thisis shown in the following
example, whereit is also shown how the first row of the output is generated.

@ MOTOROLA Implementation of the Algorithm 11



Implementation of the Algorithm

where:

Mlgy

Matrix 1 Matrix 2
M2c1  M2c,

i '

a(1,1) a2, 1) a(3,1) a(4,1)| |b(1, 1) b(2, 1) b(3, 1) b(4, 1)
a(2,1) a(2,2) a(2,3) a(2,4)| , [b(2, 1) b(2,2) b(2,3) b(2,4)| _
a(3,1) a(3,2) a(3,3) a(3,4)| |b(3,1) b(3,2) b(3,3) b(3, 4)
la(4, 1) a(4,2) a(4,3) a(4,4)] |b(4,1) b(4, 2) b(4, 3) b(4, 4)

mac(M1g,, M2;) mac(M1g,, M2:,) mac(M1g,, M2-5) mac(M1gq, M2-,)

o [ o o

MlRl = MaIrileowl M2Cl = MmriXZCommm

3. The next step isto advance the pointer to the next row in the Matrix1 and re-define the modulo address
register and repeat step 2. This generates the next row of output. The final matrix isfilled row-wise. Before
writing the datato memory, the output of the last mac operation is scaled by aright shift of (ceiling {log,[#
of summation]}). Therefore the amount of right shift for our implementation is four (that is, asrr #4,dn,
where dn holds the data that will be written to memory).

12

NOTE:

An offset greater than the modulo size cannot be added to the modulo
register, for this reason another intermediate register (r4) isused which is
updated linearly to point to the next row of Matrix1. Then the value of the
intermediate register is transferred to the address register (r0) and its
corresponding base resister (r8) using the assembly instruction tfrar4,r0
and tfrar4,r8. This register update is done in the assembly code by the
hardware loop called “NN_loop” as shown in the Code Listing5 on
page 14.
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Forming the Matrix

Eqn. 24
¢ ptrB
_ -
ptrA ’hOOOOOOOO
hl h0 0 0O0O0OO0ODO
h2 hl h0 0 0O0O0O
h3h2h1ho 0 00O
h4h3h2h1ho 000
0 h,hyhyh, hy O O
Transpose(H)= 473727170
00 h4h3h2h1h0 0
0 00O h4h3h2h1h0
0 000 h4h3h2h1
0 00OO h4 h3 h2
0 00O0OO h4 h3
0 00O0OOODO h4
Code Listing 4. Main Kernel for Matrix Multiply Block
nove. 4f (r0)+, dO: d1: d2: d3nove. 4f (r1)+, d4: d5: d6: d7 | oad real /i nag of
transpose(H and H
| oopstart2
N_| oop:
;load real/inmag of transpose(H and H
[ mac do, d4, d8 nac do, d5, d9
nmac d2, d6, d10 mac d2, d7,d1l
][ nac di, d5, d8 nac -dil, d4, d9
mac d3, d7,d10 nmac -d3, d6, d11
][ add d8, d10, d12 add d9, d11, d13
nove. 4f (r0)+, dO: d1: d2: d3 nove. 4f (r1)+, d4: d5: d6: d7 | oad real /i mag of
] transpose(H and H
| oopend2
@ MOTOROLA Implementation of the Algorithm 13



Implementation of the Algorithm

Code Listing 5. Address Register Updates for Matrix Multiply Block

nove. | #mult_out,r3
doset up0 NN _| oop doset upl P_| oop
doset up2 N_| oop
nove. | #conv_matrix, r0
nove. | #$000008, MCTL
doen0 #OCOL_CONV_MATR X tfrar0O,rl ; r1->r1 and doenO
; loop0 repeat # of col tines
of convol ution matrix

tfrar0,r4 r4->r0
nove. | #conv_matri x, b0 i bO->#conv_matri x
nove. | #RON CONV_MATR X_4X, nD ; Set modul o size of rO to # of
; rows in conv_matrix*4
NN_| oop:
| oopstart0
doenl #OOL_CONV_NATR X ; loopl repeat # of col in
;conv_matrix
P_I oop:
| oopstart1
[ doen2 #ROW CONV_NMATR X over 2 clr d8 ; loop2 repeat # of row 2, d8=0
clr d9 clr dio ;d9=0, d10=0, d11=0
clr di1
]
nove. 4f (r0)+, dO: d1: d2: d3 nove. 4f (r1)+, d4: d5: d6: d7 ; load real/inmag of
;  transpose(H and H
| oopstart2
N_| oop:
| oopend2 '
[ asrr #OOW_MATR X SCALE, d12 asrr #OOW_MATR X _SCALE, d13 ; scale the multiply
suba #8,r0 ; out put
; back up r0 by 8
]
[ rnd d12,d12 rnd di3, d13 ; round entries before storing
suba #8,r1 ; back up rl1 by 8
]
[ noves. 2f d12:d13,(r3)+ ; wite results to menory
clr d8 clr do
clr dio clr di1
]
| oopend1
nove #conv_matrix, rl adda #RON COW_MATR X 4X,r4,r4 ; rl->#conv_matrix
Cr4->r4+32
tfrar4,r0 tfrar4,r8 ; r0->r4 and r8

| oopend0

At the exit from this routine al the addressing modes are set back to linear.

In this matrix multiply block /SNR (SNR in linear scal€) is also added to all the diagonal elements of the
output matrix, mult_out. This block completes the generation of the matrix expressed in Equation 25.

HxH+W1R| Eqn. 25

4.4 Cholesky Factorization and Back Substitution

Cholesky factorization is the core routine for computing the DFE coefficient. This routine computes the
Cholesky factorization of the matrix illustrated in Figure 3 on page 9. The input to the routineis
A =H x H + (/JSNR_lin)I and the output of the routine is the feed forward and feedback filter taps.

4.4.1 Cholesky Factorization

Thefirst step in finding the feed forward and the feedback taps is the computation of the lower triangular
Cholesky factor of matrix A (formed by replacing the lower triangle of the original matrix A by its
Cholesky factor). This section describes how the Cholesky factorization is implemented in StarCore. To
explain the process for computing the Cholesky factorization, two iterations of the algorithm are presented.
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Iteration 1:

Cholesky Factorization and Back Substitution

NOTE:

Iteration refers to the outer most loop. In the following context Iteration 1
refers to al the operation as long as column 1 is the base column,
“BASE_COL". Similarly Iteration 2 refers to all the operation when
column 2 is the base column, “BASE_COL".

1. Compute sgrt(a(1,1)) and 1/sgrt(a(1,1)).

Thefirst step in filling up the matrix isreplacing a(1,1) by sgrt(a(1,1)). Then, each element of the
first column of the marix A ismultiplied by 1/sgrt(a(1,1)) and these new values replace the existing
first column of matrix A in DSP memory. This process is shown by the lighter-shaded column
whichiscalled the “BASE_COL" shown in the Figure 4.

(a(1,1))

a2, 1)
a(3,1)
a(4,1)
a(5, 1)
A= a(6, 1)
a(7,1)
a(g, 1)
a(9, 1)
a(10, 1)
a(11, 1)

La(1,2) a(1,3) a(1,4)
af2,2) a(2,3) a2 4)
A38)_a(3, 4)

a(3,2)
a(4,2)
a5, 2)
a(6, 2)
a(7,2)
a8, 2)
a9, 2)

a(10,2) a(10,3) a(10, 4) a(10, 5) a(10, 6) a(10, 7) a(10, 8) a(10, 9) a(10,TONA(10, 11) a(10, 12)
a(11,2) a(11, 3) a(11, 4) a(11, 5) a(11, 6) a(11, 7) a(11, 8) a(11, 9) a(11, 10) a(1l, 1)} a(1l, 12)

a(12,1)

2. Perform the operation:

a(12,2) a(12,3) a(12, 4) a(12, 5) a(12, 6) a(12, 7) a(12, 8) a(12, 9) a(12, 10) a(12, 11) a(12,%2)|

a(4,3)
a(5, 3)
a(6, 3)
a(7,3)
a8, 3)
a(9, 3)

a(1,5) a(1,6)
a(2,5) a(2,6)
a(3,5) a(3,6)

a(2,4) a4,5) a4,6)

a5, 4)
a(6,4)
a(7,4)
a8, 4)
a9, 4)

a(575)~a(5, 6)
a(6,5) a6, &)
a(7,5) a(7,6)
a(8,5) a(8,6)
a(9,5) a(9,6)

AT j)=A(T,j)- AT, k) *conj (A, K))
Thisimplies replacing the second column (starting from the diagonal dash line) with the (first
iteration; k=1, j=2, and i=2) newly computed values:
A(2:12,2)=A(2:12,2)-A(2:12,1)*conj (A(2,1))

The darker-filled column in the matrix in Figure 5, shows the newly replaced columns. In the
assembly code, the start location of A( 2: 12, 2) isstored in aregister named, CURRENT_COL,
and the start location of A( 2: 12, 1) isstored in aregister named, BASE_ROW.

The“BASE_ROW?” containsthe starting row location in the “BASE_COL" asthe algorithm
proceeds.

@ MOTOROLA

a(1,7) a(1,8) a(1,9)
a(2,7) a(2,8) a(2,9)
a(3,7) a(3,8) a(3,9)
a(4,7) a(4,8) a(4,9)
a(5,7) a(5,8) a(5,9)

a(6,7) a(6,8) a(6,9)

a(77)~a(7.8) a(7,9)
a(8,7) a(8,8) -a(8,9)

a(1, 10)
a(2, 10)
a(3, 10)
a(4, 10)
a(5, 10)
a(6, 10)
a(7, 10)
a(8, 10)

a(9,7) a(9,8) a(9,9y~a(Q, 10)

Implementation of the Algorithm

Figure 4. First Step in Computing the Cholesky Factor

a(1, 11)
a(2,11)
a(3,11)
a(4,11)
a(5,1(1))
a(6, 11)
a(7, 11)
a(g, 11)
a(9, 11)

a1, 12)
a(2,12)
a(3,12)
a(4,12)
a(5, 12)
a(6, 12)
a7, 12)
a(g, 12)
a(9, 12)
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Implementation of the Algorithm

BASE RO zi'lﬁl)\a(l, 2) a(1,3) a(1,4) a(1,5) a(1,6) a(l,7) a(1,8) a(l1,9) a(l,10) a(l,11) a(1,12)
— " mela2, )] aZ 2] a(2,3) a(2,4) a(2,5) a(2,6) a(2,7) a(2,8) a(2,9) a(2,10) a(2,11) a(2,12)
a(3,1) | a(3,2) z33,~3)\a(3, 4) a(3,5) a(3,6) a(3,7) a(3,8) a(3,9) a(3,10) a(3,11) a3, 12)
a(4,1) | a(4,2) | a(4,3) a(Z 4. a(4,5) a(4,6) a(4,7) a(4,8) a(4,9) a(4,10) a(4,11) a(4, 12)
a(5,1) | a(5,2)| a(5,3) a(5,4) 3(5,\5)\61(5, 6) a(5,7) a(58) a(59) a(5 10) a5 1(1)) a(5, 12)
A= a(6,1) | a(6,2)| a(6,3) a(6,4) a(b,5) a(%,s; 3(6, 7) a(6,8) a(6,9) a(6,10) a(6,11) a(6,12)
a(7,1)|a(7,2)| a(7,3) a(7.4) a(7,5) a(7,6) a(7~7)x_a(7,8) a(7,9) a(7,10) a(7,11) a(7,12)
a8 1) | a(8,2)| a(8,3) a(8,4) a(8,5 a(8,6) a(8,7) a@,& &(8,9) a(8,10) a8, 11) a(8,12)
a(9,1) |a(9,2)| a(9,3) a(9,4) a(9,5) a(9,6) a(9,7) a(9,8) a(d9 a(9,10) a(9,11) a(9, 12)
a(10, 1)la(10, 2)| a(10, 3) a(10, 4) a(10, 5) a(10, 6) a(10, 7) a(10, 8) a(10, 9) a(\lo,\lo.)\a(lo, 11) a(10, 12)
a(11, 1)|a(11, 2) a(11, 3) a(11, 4) a(11, 5) a(11, 6) a(11, 7) a(11, 8) a(11, 9) a(11, 10) a(*ﬂ,\uLa(u, 12)
a(12, 1)la(12, 2) a(12, 3) a(12, 4) a(12,5) a(12, 6) a(12, 7) a(12, 8) a(12,9) a(12, 10) a(12, 11) au242)_

Figure 5. Second Step in Computing the Cholesky Factor

3. Perform the same set of operations asin step 2 between the first “ base column” and the
third column and this time replace the content of the third column with the results of the
computation. Thisis represented in the matrix in Figure 6 on page 16 by the darker-filled
column. This processes continues until all the columnsin the 12 x 12 matrix have been
replaced with the results of the computation (under the dashed-diagonal line).

Iteration 2: (Inthis step the second column becomesthe “BASE_COL")

1. Perform the same operation as step 2 of Iteration one between the second and third columns
continuing until all the columnsin the 12 x 12 matrix are replaced.

This processis shown in Figure 7. Just asin step 1 of Iteration 1, the first objective isto compute
Usgrt(a(2,2)) and sqgrt(a(2,2)). The diagonal element is then replaced by sgrt(a(2,2)) and all the
contents of the second column (the new “ base column”) starting at the element below the diagonal
lineare multiplied by 1/sgrt(a(2,2)) and replaced in memory by the new results. Thisis the updated
“base column” that will be used in the second iteration of the algorithm.

These address changes are made in loop_d of the assembly code.

After N¢ —1 iteration the whole matrix (below the dashed-diagonal line) isreplaced by its Cholesky
factor. This process requires NS complex operations. Where N X N is the size of the square matrix.

b Z2A11) a(l,2) a(1,3) a(1,4) a(l1,5 a(l,6) a(l,7) a(l,8) a(l,9) a(l,10) a(1,11) a(1,12)
BASE rRow | &2 1)\a(‘2~, 2. a(2,3) a(2,4) a(2,5) a(2,6) a(2,7) a(2,8) a(2,9) a(2,10) a(2,11) a(2 12)
— (a3, 1)] a(3,2) [A38)|_a(3,4) a(3,5) a(3,6) a3,7) a(3,8) a(3,9) a(3,10) a3 11) a(3 12)
a4, 1)| a(4,2) a(4,3) a(Z 4. a(4,5) a4,6) a4,7) a(4,8) a(4,9) a(4,10) a(4,11) a(4,12)
a(5,1)| a(5,2) a5, 3)| a5,4) ;(5,\5)\a(5, 6) a(57) a(5,8) a(59) a5 10) a(5, 1(1)) a5, 12)
A= a(6,1)| a(6,2) a6, 3) a(6,4) a(6,5) a(?, 6> a(6,7) a(6,8) a(6,9) a(6,10) a(6,11) a(6,12)
a(7,1)| a(7,2) |a(7,3) a(7,4) a(7,5) a(7,6) a(7,7)\aq, 8) a(7,9) a(7,10) a(7,11) a(7,12)
a(8,1)| a(8,2) a(8,3) a(8,4) a(8,5) a(8,6) a8,7) a8 8r a(8,9) a(8,10) a(8 11) a(8, 12)
a(9,1) a(9,2) |a(9,3) a(9,4) a(9,5) a(9,6) a9, 7) a9, 8) a(9,\9)\aQ, 10) a(9,11) a(9,12)
a(10, 1) a(10, 2) [a(10, 8) a(10, 4) a(10, 5) a(10, 6) a(10, 7) a(10, 8) a(10, 9) a(10, T0)~a(10, 11) a(10, 12)
a(11, 1) a(11, 2) |a(11, 3) a(11, 4) a(11, 5) a(11, 6) a(11, 7) a(11, 8) a(11, 9) a(11, 10) a(11, T1)~a(11, 12)
a(12, 1) a(12, 2) |a(12, 3) a(12, 4) a(12,5) a(12, 6) a(12, 7) a(12,8) a(12,9) a(12, 10) a(12, 11) a(1\2, 12),

Figure 6. Third Step in Computing the Cholesky Factorization
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(a1

a2, 1)

Cholesky Factorization and Back Substitution

NOTE:

In loop_a the BASE_ROW is moved to the next column, where as in
loop_c, it is moved down by one row, without changing the column
location. In the assembly code all loops and the address calculation have
been highlighted.

a(1,2) a(1,3) a(1,4) a(1,5) a(1,6)
a(%2) a(2,3) a(2,4) a(2,5) a(2,6)

a(3,1)
a4, 1)
a(5,1)
a(6,1)
a(7,1)
a8, 1)
a9, 1)
a(10, 1)
a(11,1)

la(12, 1)

a(3,2)
a(4, 2)
a(5, 2)
a6, 2)
a(7,2)
a8, 2)
a(9, 2)
a(10, 2)
a(11, 2)
a(12, 2)

A39) .
a(4, 3)
a(5, 3)
a(6, 3)
a(7,3)
a(8, 3)
a(9, 3)
a(10, 3)
a(11, 3)
a(12, 3)

@ MOTOROLA

a(3,4) a(3,5) a(3,6)

T~

a(z 4). a(4,5) a(4,6)
a(5,4) a5%)_a(5, 6)
a(6,4) a(6,5) a(®,6)

a(1,7)
a2, 7)
a3,7)
a(4,7)
a5, 7)
a(6,7)

a(1,8)
a(2,8)
a(3,8)
a(4,8)
a5, 8)
a(6, 8)

a(7,4) a(7,5) a(7,6) a(?=7)\_a(7,8)
a(8,4) a(8,5) a(8,6) a8, 7) a8 8)
a(9,4) a(9,5 a(9,6) a(9,7) a(9,8) a(9-9)x. a(9, 10)
a(10, 4) a(10,5) a(10, 6) a(10, 7) a(10, 8) a(10, 9) aﬁo,\m)\a(lo, 11)

a(11, 4) a(11, 5) a(11, 6) a(11, 7) a(11, 8) a(11, 9) a(11, 10) a(11x11)
a(12, 4) a(12,5) a(12, 6) a(12,7) a(12, 8) a(12, 9) a(12, 10) a(12, 11)\a(~12\12)_

a(1,9)
a2,9)
a(3,9)
a(4,9)
a(5,9)
a(6,9)
a(7,9)
a(8,9)

Figure 7. First Step of Iteration 2

Implementation of the Algorithm

a(1, 10)
a(2,10)
a(3, 10)
a(4, 10)
a(5, 10)
a(6, 10)
a(7, 10)
a8, 10)

a(1,11)
a(2,11)
a(3,11)
a(4,11)
a(5, 1(1))
a(6,11)
a(7,11)
a(s, 11)
a(9, 11)

a(1,12)
a(2,12)
a(3,12)
a(4,12)
a(5, 12)
a(6, 12)
a(7,12)
a(sg, 12)
a(9, 12)
a(10, 12)
a(11, 12)
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Implementation of the Algorithm

Code Listing 6. Cholesky

18

| oop_a:

| oop_b

nove. 2f

nove. | #mult_out,r0

nove.| #d_array,r5

nove. w #RON OOL_MULT_MATR X_SUBL, d8

doset up0 | oop_a doen0 #ROWN OOL_MULT_MATR X_SUBL
move. | #ROWCOOL_MAT MATR X ADDL, n1 tfra r0, CURRENT OCL

tfra r0, BASE ROV

- | nmove. | #RON OOL_MULT_MATR X, n0
nove. f (r0),d15

| oopend1

.****Er]d Ioop b*****
end_loop_b:

[

tfra BASE RONTO

adda #N 1,r0,r0 doset upl | oop_c

tfrar0O,rl tfra r0, QURRENT_OOL

suba #4,r1
doset up2 | oop_d

tfr dg, d9

tfra rl, BASE COL

doenl d9

nove. 2f (r1),do:d1 ;o for
nove. 2f (r1),d4:d5 tfrar0,r4

clr d6é clr d7

nac do, d4, dé nmac do, d5, d7

mac di, d5, d6 mac -di, d4, d7

(r0), d2: d3

v LA k) * Conl (A K]

"sub de, d2, sub d7,d3, d11

| oopstart1

doen2 d9 nove. 2f (r1),doO:dl ;
nove. 2f (r1)+n0, d4: d5 tfrar0,r4
clr d6é clr d7

mac dO, d4, d6
mac di, d5, d6
nove. 2f (r1)+n0, d4: d5

mac do, d5, d7
mac -di, d4, d7
nove. 2f (r0)+n0, d2: d3

sub d6, d2, d10 sub d7,d3, d11

DFE Implementation for the SC140 DSP

r0->#mul t _out,
r5->#d_array
d8=counter for outernost |oop |oop_a
repeat |oop_a Matrix size-1 tines
nl=Matrix size+l,

CURRENT_CCOL->r 0

BASE RW>r0 and nO->size Matrix

Read el ement A(1,1) fromnenory

d8=11 (counter)

nove d3 to menory (inmag result)
poi nter rO0->r0+$30, point to
next element in the colum

end | oop_b

| oopstart start for |oop_a
loop_a k=1: Nf+nu-1
doset upl | oop_b
tfr di5, do doenl d8 ; dO=real (di agonal ) , | oop_b 1: Nf +nu- 1
i Isr (sjqrt and_i nvsqrt ; dO=sqrt(real (diagonal),
clr
; d4=1/sqgrt(real (A(L, 1))
nove. f dO, (r5)+ noves. 2f d0: di, (r0) +n0 ; d_array(i)=sqgrt(real (di agonal)
cl b d4, do ; r0->a(i,i)=sqrt(Re(diagonal)),
;. r0->r 0+#RON COL_MULT_NATRI X( $30) ,
; dO=scale for
; fromsqgrt_and_i nvsqrt routi ne
asrr do, d4 ; repeat loop_b for I=k+l:n
;. d4 = d4*scal e
| oopstart1
: ; start for loop (loop_b)
;This loop will nultiply each entry of k th col by 1/sqrt (A(k,k)) & will replace each ;
;entry of the k th col by the results |
(r0),d2:d3 ; d2=Re[ (A(k+1:n, k)]
;o d3=1m A(k+1: n, k)]
npy d4, d2, d2 npy d4, d3,d3 ;o d2=Re[ A(k+1: n, k) / A(k, k)]
;o d3=Inf A(k+1:n, k) / A(k, k)]
asl| do, d2 asl| do, d3 ; scale d2 and d3 by scale for
i Usart (A(k, k))
noves. 2f d2:d3, (r0)+n0 ; nove d2 to nenory (real result)

; r0O->prevoi us diagonal address
7 r0->r0+$34 address for current
; di agonal

;. save loaction of the current

; diagonal elenent in CURRENT_CCL
;o r1->(COURRENT_COL- $4) =

; previous col =BASE CCOL
; d9=d8 (counter)

. BASE QOL->r1

j=k+1:n dO=real (A(j,k)) dl=i mag(A(j,k))
;o dd=Re([A(j:n, k)] &
;o d5=In(A(j:n)

;. d6=0 and d7=0

;o r4->r0

; d6 &d7 = Re & Im

; dlo & dll = Re & Im[A(i,])]

; base col.), loop_c for |=k+l:n

k+1:n dO=real (A(j,k)) di=i mag(A(j,Kk))

;o d5=ln(A(j: n, k))
;  d6=0 and d7=0
;o r4->r0

; d6 &d7 =Re &Im
i [AG k) *conj (A(j, k)]
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Cholesky Factorization and Back Substitution

nove. 2f (r0)+n0, d2: d3 clr dé clr d7
d10 & d11 = Re & IM[A(i,j)]
| oopstart 2
| oop_d
dd=real (A(j:n,k)) &
;- d5=i mag(A(j : n, k))
rnd d10, d10 rnd dii, d11 ; dé=0 d7=0
[ mac dO, d4, d6 mac do, d5, d7
noves. 2f d10: d11, (r4)+n0 7 d6 &d7 =Re &1m
mac di, d5, d6 nmac -dl, d4, d7 v LA, k) *conj (A(], K))]
; d10=Re(A( 1)
dil=In{ACi , i))
nove d10, dilin to nenory
[ sub d6, d2, d10 sub d7, d3,d11

nove. 2f (r0)+n0, d2: d3 nove. 2f (r1)+n0, d4: d5
clr d6é clr d7;r0->r0+$30 and r1->r1+$30
]

| oopend2; end of for loop j
mac di, d5, d6 mac -di, d4, d7 ;. NOTE Taking -di1
i mpl ements the conj operation
;*****End I 00

p_d
noves. 2f d10: d11, (r4)+n0
end _| oop_d:

adda #N 1, CURRENT_COL, CURRENT_OCOL  adda #N 1, CURRENT_OCL, 10
;. OURRENT_CCL=CURRENT_CCL+$34
adda #N 0, BASE O, r1 adda #N 0, BASE OCL, BASE OCL;
k_OOL=BASE_QCL+$30
r1->BASE OCL , rO0->CURRENT OCL

| oopend1
;****End Ioop_c******
end_| oop_c

sub #1,d8 adda #N 1, BASE RONTO adda #N_1, BASE RON BASE ROV
;. r0->r0+$34, BASE ROV >
BASE_ROM-$34
d8=d8-1 (counter) r0->BASE ROV
(r0 points to the next col. and
BASE RONcontains the start
; address for that col
| oopendO ; end loop_a
;****End | oop_a

4.4.2 Back Substitution Algorithm

Back substitution isimplemented as part of the Cholesky factorization routine. Thisroutine takes the result
of the Cholesky factored matrix and performs aback substitution solving aset of linear equationsto get the
final solutions for the optimum feed forward and feedback taps. This section explains how the back
substitution was implemented on the SC140 by making a comparison of the assembly implementation to
its corresponding Matlab implementation presented in Code Listing 2 on page 8.

LOOP 1 (Refersto LOOP 1 of Matlab codein Code Listing 2 on page 8)

1. The column corresponding to the maximum value in the diagonal of Matrix A (the lower
triangular Cholesky factor) is located.

This givesthelocation of the optimum feedback filter coefficients and itsindex gives the optimum
decision delay. L ocating the index with the maximum diagonal value in the Cholesky factored
matrix is done by the assembly routine find_max.asm and will be explained Section 4.4.3,
“Finding the Optimum Delay.”

In the Matlab code, the monic matrix L (L_matrix) of the LDL* Cholesky factor is generated by
multiplying each column of matrix A by thereciproca of the diagonal entry for that column. In the
assembly routine, anew array called L _matrix isformed in the same way as described above but
only asubset of the matrix L isgenerated in the DSP implementation. To clarify this point further,
Figure 8 on page 20 depicts an example which shows the elements of matrix A that are used in
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20

2.

forming the L _matrix (here the optimum delay is assumed to be 8) and the direction of the arrow
shows how the contentsof L _matrix arearranged in memory. For thisexampletheL _matrix array
isfilled with elements 1(8,7), 1(7,6), 1(8,6), 1(6,5), [(7,5), 1(8,5)...where I(i,j)=a(i,j)/a(j,j).

‘at‘l,;L) a(1,2) a(1,3) a(1,4) a(l1,5) a(l,6) a(l,7) a(l1,8) a(l,9) a(l,10) a(l,11) a(1,12)
a(2,1) \a(2>2)\a(2, 3) a(2,4) a(2,5) a(2,6) a(2,7) a(2,8) a(2,9) a(2,10) a(2,11) a(2 12)
ar3,?) a3,4) a(3,5) a(3,6) a(3,7) a(3,8) a(3,9) a(3,10) a(3,11) a(3,12)
a(4 3) \a(4,~4)\ a(4,5) a(4,6) a(4,7) a4,8) a(4,9) a(4,10) a(4,11) a4, 12)
\a(5, 6) a(57) a(5,8) a(59) a(5,10) a(5 1(1)) a(5,12)

a(6,8) a(6,9) a(6,10) a(6,11) a(6, 12)
A7) _a7,8) a(7,9) a(7,10) a(7,11) a(7,12)
a(8'1) a82 ad3) a(8y4) a(®5s) 6) 7)) a(B, 8. a(8,9) a(8,10) a(8,11) a(8,12)
a(9,1) a(9,2) a(9,3) a(9,4) a(9,5 a(9,6) a9, 7) a9 8) ;(9,‘9)\8.(9, 10) a(9,11) a(9, 12)
a(10, 1) a(10, 2) a(10, 3) a(10, 4) a(10, 5) a(10, 6) a(10, 7) a(10, 8) a(10, 9) a(TO,{LO)\a(lO, 11) a(10, 12)
a(11,1) a(11, 2) a(11, 3) a(11, 4) a(11,5) a(11, 6) a(11, 7) a(11,8) a(11,9) a(11, 10) a(1i,11) a(11, 12)
a(12, 1) a(12, 2) a(12, 3) a(12, 4) a(12, 5) a(12, 6) a(12,7) a(12,8) a(12, 9) a(12, 10) a(12, 11) a2, 12)]

Figure 8. Generating L_Matrix for Back Substitution

Theentriesof L _matrix are processed and the results are stored in an intermediate array, v
(same notation as the Matlab code).

One very important point to mention here is that, in the matlab code, the array labeled v isfilled
from the back (that is; the first element computed isthe last entry in v). In the DSProutine, v array
isfilledinthe oppositeway, that is, thefirst value computed isthefirst element in array v. Thisway,
at the end of filling the array v, the pointer pointsto the last element of the array v. Filling the array
inthisdirectionis helpful becausethe next loop, the loop that computesw_opt, can read the entries
from array v by simply decrementing the address register by one each time.
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Code Listing 7. DSP Code that Generates the L_Matrix

IEE RS R R R R RS SRR R R R R R R R R R R R R R
i

| oopstartO ; forloop for noving pointer to
; previous col. in the chol esky
;omatrix
| oop_address_setting:
nove.f (r0),dl doenl d8 ; dl=di agonal el enent, d8=counter
j sr one_over _x ; d0=1/di agonal el enent, d2=scal e
; factor
| oopstartl ; start for loop to fill up
;o Lmatrix
| oop_conput e:
adda nO, r0 ; r0->next element in the col.
nove. 2f (r0), d4: d5 ; dd=real and d5=i nage od the
; elenents down the col.
npy d4, do, d6 npy d5, dO, d7 ;  d6=real (1/di agonal )*el ements in

; the sane col.
; d7=i mag( 1/ di agonal ) *el ements in
;. the sane col.
asrr d2,dé asrr d2,d7 ; scale d6 and d7 by the devide
; routine scale factor

asrr #2,d6 asrr #2,d7 ; scale the entry of L_matrix
; before saving to nenory to
;. prevent overflow

noves. 2f d6:d7, (rl)+ ; witeresults to L _matrix
| oopendl ; end forloop L_natrix
; End | oop_conput e

add #1, d8 suba nl, BASE ROV ; d8=d8+1, BASE ROMBASE RON $34

tfra BASE RONrO; rO0->BASE ROV

| oopend0 ; end forloop for noving pointer
; to previous col. in the chol esky
;omatrix

;¥***End | oop_address_setting

LOOP 2
1. Inthis part of the algorithm, datais read from two different locations in memory:
a) “v’ (starting at the location of the last entry in v)
b) “channe_h” (starting at the first element of the impulse response)
The v matrix is arranged in Matlab as shown in Equation 26 (for our example with, an optimum
delay = 8 and chan_mem = 4).
V= [v(8) v(7) v(6) v(5) v(4) v(3) v(2) v(1)] Eqn. 26

During the execution of LOOP 2 (following the same notation as the Matlab routine) datais read out as
shown in Table 2. Note that the number of elements read in each iteration depends on the min(chan_mem,
ji)+1, where jj is decremented by one from avalue of N; every iteration.

Table 2. Read Out of Loop 2 Data

lteration
First v(8) v(7) v(6) v(5) v(4)
Second v(7) v(6) v(5) v(4) v(3)
Third v(6) v(5) v(4) v(3) v(2)
Fourth v(5) v(4) v(3) v(2) v(D
Fifth v(4) v(3) v(2) v(1)
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Table 2. Read Out of Loop 2 Data (Continued)

Iteration
Sixth v(3) v(2) v(D)
Seventh v(2) v(1)
Eighth v(1)

However, in the DSP code this process is done slightly different. Datais arranged in thev array in the DSP
as shown in Equation 27. As the algorithm progresses, datais read out every iteration as shownin Table 3.

V= 10000 v(1) v(2) v(3) v(4) v(5) v(6) v(7) v(8)] Eqn. 27
Table 3. Read Out of Loop 2 Data in the SC140
Iteration
First v(8) v(7) v(6) v(4) v(5)
Second v(7) v(6) v(5) v(4) v(3)
Third v(6) v(5) v(4) v(3) v(2)
Forth v(5) v(4) v(3) v(2) v(1)
Fifth v(4) v(3) v(2) v(1) 0
Sixth v(3) v(2) V(1) 0 0
Seventh v(2) v(1) 0 0 0
Eight V(1) 0 0 0 0

Stuffing four zeros (eight complex elements for this particular example) makes the code easier to write and
more optimal, because this eliminates the need for address manipulation that is required to implement
min(chan_mem,jj)+1.
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Code Listing 8. Back Substitution

nove. | #L_matrix,rl
nove. | #v,r2

nove. f #. 25,d0
nmoves. 2f dO: di, (r2)
nove. | n3,d0

doset up0 kk_I oop
doen0 dO

| oopstartO

kk_| oop
doenl di12

[ nove.2f (rl)+,d0:dl
clr d4 clr d5

| oopstartl
jj_loop
cc
mac -do, d2, d4
mac di, d3, d4

asl| #4,d4
nmove. 2f (r1)+,dO: dl

add d4, d6, dé
clr d4 clr d5
| oopendl

[ asrr #2,d6
adda #$4, BASE ROV
]

ox2

add #1, d12
| oopendO

clr d1 ;
nove. w #$1, d12

tfra r2, BASE ROV ;
dosetupl jj_I oop

nove. 2f (r2)-,d2: d3

nmac -do, d3, d5

nmac -d1, d2, d5

asl| #4,d5

nove. 2f (r2)-,d2:d3

add d5, d7, d7
asrr #2,d7

adda #$4, BASE RONT 2

suba #4,r1

noves. 2f d6:d7,(r2)

r1->L matrix

r2->v

d0=0.25 first entry in v, di1=0
nmove first conplex result to v(1)
n3=nax_del ay_i ndex- 1

(d12 = counter for jj_|oop)

r 2- >BASE_ROW

kk_l oop for j=1:max_del ay_i ndex-1

renove the scaling by 4
(Note: all the elements were
scaled by 1/4, therefore the
product was scal ed by 1/16)

nmove pointer to next address to
fill up the new val ue of v

clr d6 clr d7

;NOTE: at the end of kk_loop "start_|ocation" contains the |ocation for
;the last elenent in v

@ MOTOROLA

Implementation of the Algorithm

23



Implementation of the Algorithm

4.4.3 Finding the Optimum Delay

This section describes the assembly routine to find the optimum delay and how to implement it into the
SC140. The StarCore SC140 has a special instruction, max2, which helps implement this type of array
search very efficiently. The max2 instruction finds the maximum number between two sets of 16-bit
numbers. However, this assembly routine requires the size of the input array to be in multiples of eight. In
our example there are 12 diagonal values. To resolve this problem, d_array, which contains al the
diagonal values, isfirst zero padded to make the total size of the array equal to 16. The max2 instruction
then finds the maximum number between two sets of 16-bit numbers. The following description briefly
explains how this routine works:

The vector d_array has Nt + v elementsindexed: 0,1,2,...,(Ns + v + 4) —1.
The vector is divided into eight sets:

set #0 contains elements with index - 0,8,16....

set #1 contains elements with index - 1,9,17,...

Set #2 contains elements with index - 2,10,18,...

]
]
(o]

set #7 contains elements with index - 7,15,23,...

In thefirst loop, Loop_1, thelocal maximum value in each of the eight setsisfound.
The index of each local maximum is not known at the end of the kernel.

Maximum of set #0 isat d4.1, maximum of set #1 is at d4.h,

Maximum of set #2 isat d5.], maximum of set #3 isat d5.h,

Maximum of set #4 isat d6.l, maximum of set #5is at d6.h,

Maximum of set #6 isat d7.], maximum of set #7 isat d7.h.

In the second loop, L oop_2, the global maximum is found from the local maxima. The set where this
globa maximaexistsisthen located.

Once the set that contains the global maximum is known (it has only (N¢+v+4)/8 elements), al that
remainsis to scan the set and locate the index of the element that is equal to the global maximum. Thisis
accomplished in the third loop, L oop_3.
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Code Listing 9. Locating the Optimum Delay (find_max.asm)

section .data | ocal
gl obal Ftenp
N equ 16
align 4
DUMW dc 0,0,0,0,0,0

Ftenp ds 3*4
endsec

section .text |ocal
gl obal find_nax_del ay
find_nax_del ay type func

nove.w #d_array, r0 nmove. w #<2, n3
nove. w #d_array+8,r1l doensh3 #<(N 8)-2
nove. w #Ft enp, r 2 nmove. 2| (r0)+n3, d4: d5
nove. w #Ft enp+4, r 3 nmove. 2| (r1)+n3, d6: d7
nove. 2| (r0)+n3, dO: d1 nmove. 2| (r1)+n3, d2: d3
Loopl_1:
| oopstart3
[ max2 do, d4 nax2 di, d5
max2 d2, dé max2 d3, d7
nove. 2| (r0)+n3, dO: d1 nove. 2| (r1)+n3, d2: d3
| oopend3
[ max2 do, d4 nax2 di, d5
nax2 d2, dé6 nax2 d3, d7
nove. w #d_array, d2 doensh3 #<5

The starting address for the subset with maxi mumis saved in d3

[

sxt.w d4,d4 asrw d4,d0 tfr d2,d3 tfr d2,d1l
nmove. | d5,(r2) nove. 2| d6: d7, (r3)

1

(
cnpgt d4,d0 nax dO,d4 add #<2, d2
move.w (r2)+,d0  nove. w #<8, n3

| oop_2:
| oopstart3
[ cnpgt d4,do max do, d4
tfrt d2,d3 add #<2,d2 nove.w (r2)+,dO
]
| oopend3
[ cnpgt d4,do max do, d4

tfrt d2,d3 add #<2,d2 nove.w #<16, d5
]

[
ift tfr d2,d3 add d2,d5, d4
i ff add d3, d5, d4

]
sub di,d3,d7 nove.l d3,rl1 nove.l d4,r0
asr d7,d7 doensh3 #<(N 8)-2

; The best index is saved in d7l
tfr d7,d6 nove.w (rl1),d4 nove.w (r0)+n3, dO

; The maxi numval ue is saved in d4l
cnpgt d4,d0 add #<8,d6 nmax dO, d4 move. w (r0)+n3, dO

Loop_3:
| oopstart3

[ cnpgt d4,d0  nax doO, d4
tfrt de, d7 add #<8, d6 nove. w (r0)+n3, d0

]
| oopend3
tfrt deé,d7
nove. | d7,n3 ;load the delay index in to n3
rts
endsec
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4.4.4 Square Root and Inverse Square Root

The sguare root and inverse square root routine computes the sgrt(x) and 1/sgrt(x). First, 1/sgrt(x) is
computed, multiplying this by x gives sgrt(x).

Computation of 1/sgrt(x) is made by iterative quadratic method as shown in Equation 28.
Ui+1 = Ui/2*(3—-V*Ui*Ui) Eqgn. 28

After afew iterations, the results of the iterative quadratic method reaches a fairly good approximation of
L/sgrt(V). For the purpose of implementation Equation 28 is re-written as 0.5Ui+1 = 0.25* Ui - V* Ui"3.
Intermediate results need to be scaled to ensure that the data going into the 16-bit multiplier yields good
precession. Thefirst step isto scaletheinput x by 2* (where x must be even) so that it is anumber lessthan
one (but as close to one as possible). To obtain ascale factor (2*) for theinput, X is made even by an “and”
operation of the form “and #$0000fffe,d2,d2”. Thisinstruction ensures d2 is even. The usefulness of this
will become obvious in the following example where the relationship between the scale factor and the
sguare root of the scale factor is expressed.

L et us assume that we want to compute the square root of x. Also, assume that a scale factor after
performing a dynamic scaling on x (using the instruction “ clb” ) comes out to be 16 (24 or |eft shift by 4).
After performing the left shift operation the number isx X 24, our goal isto compute sgrt(x) whichis
sort(x x 2%/sgrt(2%). Thisis exactly equal to shifting sgrt(x x 2%) right by two.

Our example shows that the square root of the scale factor can be obtained simply by dividing the shifts by
two (that is; asrr #1, d2).

Assuming that the input is scaled by SC the result that is computed is expressed in Equation 29.
Ui = Usgrt(V*SC) = U[sart(V)* sgrt(SC)] Eqgn. 29

To find 1/sgrt(V), it is necessary to multiply the result 1/sqrt(V* SC) by sgrt(SC). As scale factors SC are
always chosen to be even shifts of two, the procedure mentioned in the example above can be used to
compute sgrt(SC).

Code Listing 10. Routine for Computing Square Root Inverse Square Root

section .text |ocal
gl obal sgrt_and_i nvsqgrt
sgrt_and_i nvsqgrt type func

push di push d8 ; save dl and d8
cl b do, d2 tfr do, d4 ; scal e dO=v=i nput, scale factor
; ind4
; save v in d4
and #$0000f f f e, d2, d2 ; this will make the scale factor an

even integer. e.g. if d2=3 the and
; operation will output d2=4
asrr d2,do ; scal e dO=input by d2

asrr #2,d0 nmove. f #. 75, d1 ; asrr #2 inplenems factor 0.25
;d1=0. 75=U

tfr di, d3 doset up3 | oopl doen3 #6 ; d3=0.75=scale factor for U,
; loopl for 1=1:6

| oopstart3 ; start |oopl

| oopl
clb di,d10 ; d10 = scale factor for U
asrr dio, d1 ; scale dl by di10
[ npy di,d1, d5npy di, doO, d6 ; d5=U "2, d6=0.25*U *V, d7=0.75*U

npy d3,d1, d7 add di10, d10, d11 ; dll=2*scale for U

npy d5, d6, dé inc di0 ; d6=0.25*U ~3*V, d10 = scale for U +1

asl| dii, d6 ;  scale back d6é by dil

sub d6, d7, d1 ;d1=0. 75*U - 0. 25*V*U "3

asl| di0, d1 tfr di,d9 ;  scale back d1 by d10, d9=d1

| oopend3 ;end | oopl

asrr #1,d2 npy d9, d4, do ; d2=sgrt(scale factor)
;o do=l/sqgrt(V)*V =sqrt (V)

asrr d2,d1 asl | di0, do

asrr d2,do tfr di, d4

pop d8 pop di

rts

endsec

26 DFE Implementation for the SC140 DSP @ MOTOROLA



Cholesky Factorization and Back Substitution

5 Results

Figure 9 — Figure 12 shows the Matlab and corresponding DSP results for the feedback and feed forward
filter taps for an arbitrary channel-impulse response. Channel impulse response = [(-0.5251 -0.4487i)
(0.0953 -0.2673i) (-0.2129 -0.0084i) (-0.3605 -0.2713i) (0.1874 -0.3487i)] and SNR = 20 dB.
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Figure 9. Real Part of the DFE Feed Forward Tap
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Figure 10. Imaginary Part of the DFE Feed Forward Tap
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Figure 12. Imaginary Part of the DFE Feedback Tap

These results show that the DSP and the Matlab results agree within the allowable error range of 16-bit

arithmetic. The“ X" axis represents the filter taps and the “Y” axis represents the magnitude of each of the
filter taps. It isimportant to note that the DSP feedback filter taps need to be conjugated before using them.
The frequency response of the feedback and the feed forward filter obtained from the DSP implementation
closely matches the theoretical Matlab result. Storing the intermediate result (that is, the element for which
1/sgrt() needsto be computed) in adataregister instead of memory improves the accuracy of the algorithm
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to agreat extent. Thisis primarily because storing small fractional numbers to memory (16-bit) increases
the error, whereas keeping the result in a data register holds better precision as the data register uses 32-bit
representation.

It isimportant to consider that because of error introduced in fixed-point calculation, the optimum delay
may be more than one in some situations, but they will always appear next to each other. In this case
picking any one of the columns of the L_matrix (feedback coefficient and the corresponding feed forward
coefficient) that has the same optimum delay (that lies between N —1 to N —v) will give good resultsin
terms of BER of the overall communication system. Also, there are communication systems whereit is
safe to assume the optimal decision delay is N¢ —1. In such systems the computation can be further reduced
by removing the routine that locates the optimal delay. The entire process of computing the DFE
coefficient from the channel-impul se response required 7680 cycles for a DFE (8,4). In this
implementation example the channel-impul se response length was assumed to be of length five.

5] Conclusion

Decision feedback equalizers are very useful as sub-optimal solutions when the constellation sizeis large
and the channel memory islong. This situation is common in many communication systems, especially in
many current and next generation communication systems. The fact that decision feedback equalizers are
implemented as FIR filters makes them especially attractive for processors such as SC140, which have
multiple ALU. Thisis primarily because of the fact that multi-sample programming can be used to
implement FIR filters very efficiently. The DSP implementation of Cholesky based DFES presented hereis
away of finding the DFE coefficients using the concept of spectral factorization. This eliminates the need
for computationally expensive complex-matrix inversion. Also, simulation results show that optimizing
the decision delay improves the decision point SNR, which in turn improves BER performance of the
communication receiver. The implementation presented here optimizes the decision delay. The results
obtained from the real-time SC140 implementation are accurate within the precession of the 16-bit
computation.

7 References

[1] MMSE Decision-Feedback Equalizers: Finite-Length Results, Al-Dhahir, N.; Cioffi, J.M. (Information
Theory, IEEE Transactions on Volume: 41 4, July 1995 , Page(s): 961 - 975)

[2] Efficient computation of the delay-optimized finite length MMSE-DFE, Al-Dhahir, N.; Cioffi, JM,
(Signal Processing, |EEE Transactions on Volume: 44 5, May 1996, Page(s): 1288 - 1292)

(M) moToroLa Conclusion 29



References

30

DFE Implementation for the SC140 DSP

@ MOTOROLA



	Title Page
	Abstract & Contents
	1 Introduction
	2 Decision Feedback Equalization Theory
	3 Derivation of DFE Filter Coefficients
	4 Implementation of the Algorithm
	4.1 DFE Implementation in the SC140
	4.2 Main Calling Routine
	4.3 Forming the Matrix
	4.4 Cholesky Factorization and Back Substitution

	5 Results
	6 Conclusion
	7 References

