
Kolmogorov Complexity and Information Theorywith an interpretation in terms of questions and answersPeter D. Gr�unwald� and Paul M.B. Vit�anyiyCWI, P.O. Box 94079, NL-1090 GB Amsterdam, the NetherlandsE-mail: fpdg,paulvg�
wi.nlAbstra
t. We 
ompare the elementary theories of Shannon information and Kol-mogorov 
omplexity, the extent to whi
h they have a 
ommon purpose, and wherethey are fundamentally di�erent. We dis
uss and relate the basi
 notions of both the-ories: Shannon entropy, Kolmogorov 
omplexity, Shannon mutual information andKolmogorov (`algorithmi
') mutual information. We explain how universal 
odingmay be viewed as a middle ground between the two theories. We 
onsider Shannon'srate distortion theory, whi
h quanti�es useful (in a 
ertain sense) information. Weuse the 
ommuni
ation of information as our guiding motif, and we explain how itrelates to sequential question-answer sessions.Keywords: Kolmogorov 
omplexity, algorithmi
 information theory, Shannon in-formation theory, mutual information, pre�x 
odes, universal 
odes, rate distortiontheory, data 
ompression 1. Introdu
tionHow should we measure the amount of information about a phenomenonthat is given to us by a parti
ular observation 
on
erning the phe-nomenon?Shannon information theory, usually 
alled just `information' the-ory, was introdu
ed in 1948 by C.E. Shannon (1916{2001). Kolmogorov
omplexity theory is also known as `algorithmi
 information' theory. Itwas introdu
ed independently and with di�erent motivations by R.J.Solomono� (born 1926), A.N. Kolmogorov (1903{1987) and G. Chaitin(born 1943) in 1960/1964, 1965 and 1966 respe
tively. Both theoriesaim at providing a means for measuring `information'. They use thesame unit to do this: the bit. In both 
ases, the amount of informationin an obje
t may be interpreted as the length of a des
ription of theobje
t. In the Shannon approa
h, however, the method of en
odingobje
ts is based on the presupposition that the obje
ts to be en
odedare out
omes of a known random sour
e|it is only the 
hara
teristi
s ofthat random sour
e that determine the en
oding, not the 
hara
teristi
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2of the obje
ts that are its out
omes. In the Kolmogorov 
omplexityapproa
h we 
onsider the individual obje
ts themselves, in isolationso-to-speak, and the en
oding of an obje
t is a 
omputer program(Turing ma
hine) that generates it and then halts. In the Shannonapproa
h we are interested in the minimum expe
ted number of bitsto transmit a message from a random sour
e of known 
hara
teristi
sthrough an error-free 
hannel. In Kolmogorov 
omplexity we are inter-ested in the minimum number of bits from whi
h a parti
ular message
an e�e
tively be re
onstru
ted. A little re
e
tion reveals that thisis a great di�eren
e: for every sour
e emitting but two messages theShannon information is at most 1 bit, but we 
an 
hoose both mes-sages 
on
erned of arbitrarily high Kolmogorov 
omplexity. Shannonstresses in his founding arti
le that his notion is only 
on
erned with
ommuni
ation, while Kolmogorov stresses in his founding arti
le thathis notion aims at supplementing the gap left by Shannon theory 
on-
erning the information in individual obje
ts. To be sure, both notionsare natural: Shannon ignores the obje
t itself but 
onsiders only the
hara
teristi
s of the random sour
e of whi
h the obje
t is one of thepossible out
omes, while Kolmogorov 
onsiders only the obje
t itselfto determine the number of bits in the ultimate 
ompressed versionirrespe
tive of the manner in whi
h the obje
t arose.How to read this paper In this paper, we introdu
e, 
ompare and
ontrast the Shannon and Kolmogorov approa
hes. We do this byswit
hing ba
k and forth between the two theories, a

ording to thefollowing pattern: we �rst dis
uss a 
on
ept of Shannon's theory, dis-
uss its properties as well as some questions it leaves open. We thenprovide Kolmogorov's analogue of the 
on
ept and show how it answersthe question left open by Shannon's theory. We use as our guidingmotif the 
ommuni
ation between a sender A and a re
eiver B; whereappropriate, we also dis
uss the related setting of a question-answersession between B and A.To obtain an understanding of the two theories and how they re-late, it is 
ru
ial to read the overview below and then Se
tions 2 andSe
tion 3, whi
h dis
uss preliminaries, �x notation and introdu
e thebasi
 notions. The other se
tions are written in a way so that they 
anbe read separately from one another. Throughout the text, we assumesome basi
 familiarity with elementary notions of probability theoryand 
omputation.The paper does not 
ontain any new results. All theorems that wepresent here, as well as further details, 
ontext and dis
ussion, 
an befound in either of two standard text books: (Cover and Thomas, 1991),
Gruenwald.tex; 11/04/2003; 17:29; p.2



3the standard referen
e on Shannon information theory, and/or (Li andVit�anyi, 1997), the standard referen
e on Kolmogorov 
omplexity.1.1. Overview and SummaryA summary of the basi
 ideas is given below. In the paper, these notionsare dis
ussed in the same order.1. Coding:Pre�x 
odes, Kraft inequality. Sin
e des
riptions or en
odingsof obje
ts are fundamental to both theories, we �rst review someelementary fa
ts about 
oding. The most important of these is theKraft inequality. This inequality gives the fundamental relationshipbetween probability mass fun
tions and pre�x 
odes, whi
h are thetype of 
odes we are interested in (Se
tion 2).2. Shannon's Fundamental Con
ept:Entropy is de�ned as a fun
tional that maps probability distri-butions or, equivalently, random variables, to real numbers. Thisnotion is derived from �rst prin
iples as the only `reasonable' wayto measure the `average amount of information 
onveyed when anout
ome of the random variable is observed'. The notion is thenrelated to en
oding and 
ommuni
ating messages by Shannon'sfamous `
oding theorem' (Se
tion 3.1).3. Kolmogorov's Fundamental Con
ept:Kolmogorov Complexity is de�ned as a fun
tion that maps ob-je
ts (to be thought of as natural numbers or sequen
es of symbols)to the natural numbers. Intuitively, the Kolmogorov 
omplexity ofa sequen
e is the length (in bits) of the shortest 
omputer programthat prints the sequen
e and then halts (Se
tion 3.2).4. Universal Coding:interpolating between Shannon and Kolmogorov. Althoughtheir primary aim is quite di�erent, and they are fun
tions de�nedon di�erent spa
es, there are 
lose relations between entropy andKolmogorov 
omplexity. These are best illustrated by explaining`universal 
oding' whi
h 
ombines elements from both Shannon'sand Kolmogorov's theory, and whi
h lies at the basis of mostpra
ti
al data 
ompression methods (Se
tion 4).Entropy and Kolmogorov Complexity are the basi
 notions of the twotheories. They serve as building blo
ks for all other important notionsin the respe
tive theories. Arguably the most important of these notionsis mutual information:
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45. Mutual Information for Shannon and Kolmogorov:Entropy and Kolmogorov 
omplexity are 
on
erned with infor-mation in a single obje
t: a random variable (Shannon) or anindividual sequen
e (Kolmogorov). Both theories provide a (dis-tin
t) notion of mutual information that measures the informationthat one obje
t gives about another obje
t. In Shannon's theory, thisis the information that one random variable 
arries about another;in Kolmogorov's theory (`algorithmi
 mutual information'), it isthe information one sequen
e gives about another (Se
tion 5).Entropy, Kolmogorov 
omplexity and mutual information are 
on
ernedwith lossless des
ription or 
ompression: messages must be des
ribedin su
h a way that from the des
ription, the original message 
an be
ompletely re
onstru
ted. Extending the theories to lossy des
ription or
ompression enables the formalization of more sophisti
ated 
on
epts,su
h as `meaningful information' and `useful information'. `Meaningfulinformation' is de�ned in the Kolmogorov framework using the Kol-mogorov stru
ture fun
tion. `Useful information' is de�ned in Shannon'sframework using the rate-distortion fun
tion. We end the paper with abrief treatment of the latter:6. Useful Information:Rate-distortion theory is the part of Shannon information the-ory that deals with the following situation: The sender is onlyallowed to use a �xed (small) number of bits to send his message.The goal is then to send the most useful or valuable message giventhis 
onstraint (Se
tion 6).2. The Coding Framework and the Kraft InequalityNotational preliminaries:1. Strings Let X be some �nite or 
ountable set. We use the notationX � to denote the set of �nite strings or sequen
es over X . For example,f0; 1g� = f�; 0; 1; 00; 01; 10; 11; 000; : : :g;with � denoting the empty word `' with no letters. Let x; y; z 2 N , whereN denotes the natural numbers. We identify N and f0; 1g� a

ordingto the 
orresponden
e(0; �); (1; 0); (2; 1); (3; 00); (4; 01); : : : (1)The length l(x) of x is the number of bits in the binary string x. Forexample, l(010) = 3 and l(�) = 0. If x is interpreted as an integer, we
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5get l(x) = blog(x+ 1)
 and, for x � 2,blog x
 � l(x) � dlog xe: (2)Here, as in the sequel, dxe is the smallest integer larger than or equal tox, bx
 is the largest integer smaller than or equal to x and log denoteslogarithm to base two. We shall typi
ally be 
on
erned with en
oding�nite-length binary strings by other �nite-length binary strings. Theemphasis is on binary strings only for 
onvenien
e; observations in anyalphabet 
an be so en
oded in a way that is `theory neutral'.2. (In)equality up to a 
onstant We will denote by +< an inequality towithin an additive 
onstant. More pre
isely, let f; g be fun
tions fromf0; 1g� to R. Then by `f(x) +< g(x)' we mean that there exists a 
 su
hthat for all x 2 f0; 1g�, f(x) < g(x) + 
. We denote by += the situationwhen both +< and +> hold.3. Probabilities Let P be a probability distribution de�ned on a�nite or 
ountable set X . Throughout this text, we denote by X therandom variable that takes values in X ; thus P (X = x) = P (fxg) isthe probability that the event fxg obtains. We write both P (x) and pxas an abbreviation of P (X = x).Codes We repeatedly 
onsider the following s
enario: a sender (say,A) wants to 
ommuni
ate or transmit some information to a re
eiver(say, B). The information to be transmitted is an element from someset X . It will be 
ommuni
ated by sending a binary string, 
alled themessage. When B re
eives the message, he 
an de
ode it again and(hopefully) re
onstru
t the element of X that was sent. To a
hievethis, A and B need to agree on a 
ode or des
ription method before
ommuni
ating. Intuitively, this is a binary relation between sour
ewords and asso
iated 
ode words. The relation is fully 
hara
terized bythe de
oding fun
tion. Su
h a de
oding fun
tion D 
an be any fun
tionD : f0; 1g� ! X . The domain of D is the set of 
ode words and therange of D is the set of sour
e words. D(y) = x is interpreted as \y is a
ode word for the sour
e word x". The set of all 
ode words for sour
eword x is the set D�1(x) = fy : D(y) = xg. Hen
e, E = D�1 
an be
alled the en
oding substitution (E is not ne
essarily a fun
tion). Withea
h 
ode D we 
an asso
iate a length fun
tion LD : X ! N su
h that,for ea
h sour
e word x, L(x) is the length of the shortest en
oding ofx: LD(x) = minfl(y) : D(y) = xg:We denote by x� the shortest y su
h thatD(y) = x; if there is more thanone su
h y, then x� is de�ned to be the �rst su
h y in lexi
ographi
alorder.
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6 In 
oding theory attention is often restri
ted to the 
ase where thesour
e word set is �nite, say X = f1; 2; : : : ; Ng. If there is a 
onstantl0 su
h that l(y) = l0 for all 
ode words y (equivalently, L(x) = l0 forall sour
e words x), then we 
all D a �xed-length 
ode. It is easy to seethat l0 � logN . For instan
e, in teletype transmissions the sour
e hasan alphabet of N = 32 letters, 
onsisting of the 26 letters in the Latinalphabet plus 6 spe
ial 
hara
ters. Hen
e, we need l0 = 5 binary digitsper sour
e letter. In ele
troni
 
omputers we often use the �xed-lengthASCII 
ode with l0 = 8.Pre�x 
ode It is immediately 
lear that in general we 
annot uniquelyre
over x and y from E(xy). Let E be the identity mapping. Thenwe have E(00)E(00) = 0000 = E(0)E(000). We now introdu
e pre�x
odes, whi
h do not su�er from this defe
t. A binary string x is aproper pre�x of a binary string y if we 
an write y = xz for z 6= �. A setfx; y; : : :g � f0; 1g� is pre�x-free if for any pair of distin
t elements inthe set neither is a proper pre�x of the other. A fun
tion D : f0; 1g� !N de�nes a pre�x-
ode if its domain is pre�x-free. In order to de
odea 
ode sequen
e of a pre�x-
ode, we simply start at the beginning andde
ode one 
ode word at a time. When we 
ome to the end of a 
odeword, we know it is the end, sin
e no 
ode word is the pre�x of anyother 
ode word in a pre�x-
ode.Suppose we en
ode ea
h binary string x = x1x2 : : : xn as�x = 11 : : : 1| {z }n times 0x1x2 : : : xn:The resulting 
ode is pre�x be
ause we 
an determine where the 
odeword �x ends by reading it from left to right without ba
king up. Notel(�x) = 2n + 1; thus, we have en
oded strings in f0; 1g� in a pre�xmanner at the pri
e of doubling their length. We 
an get a mu
h moreeÆ
ient 
ode by applying the 
onstru
tion above to the length l(x) ofx rather than x itself: de�ne x0 = l(x)x, where l(x) is interpreted asa binary string a

ording to the 
orresponden
e (1). Then the 
odeD0 with D0(x0) = x is a pre�x 
ode satisfying, for all x 2 f0; 1g�,l(x0) = n+2 logn+1 (here we ignore the `rounding error' in Equation 2).D0 is used throughout this paper as a standard 
ode to en
ode naturalnumbers in a pre�x free-manner; we 
all it the standard pre�x-
ode forthe natural numbers. We use LN (x) as notation for l(x0). When x isinterpreted as a number (using the 
orresponden
e (1) and (2)), we seethat LN (x) = log x+ 2 log log x+ 1.Pre�x 
odes and the Kraft inequality Let X be the set of naturalnumbers and 
onsider the straightforward non-pre�x representation
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7(1). There are two elements of X with a des
ription of length 1, fourwith a des
ription of length 2 and so on. However, for a pre�x 
ode Dfor the natural numbers there are less binary pre�x 
ode words of ea
hlength: if x is a pre�x 
ode word then no y = xz with z 6= � is a pre�x
ode word. Asymptoti
ally there are less pre�x 
ode words of length nthan the 2n sour
e words of length n. Quanti�
ation of this intuitionfor 
ountable X and arbitrary pre�x-
odes leads to a pre
ise 
onstrainton the number of 
ode-words of given lengths. This important relationis known as the Kraft Inequality and is due to L.G. Kraft.THEOREM 2.1 (Kraft inequality). Let l1; l2; : : : be a �nite or in�nitesequen
e of natural numbers. There is a pre�x-
ode with this sequen
eas lengths of its binary 
ode words i�Xn 2�ln � 1:Uniquely De
odable Codes We want to 
ode elements of X in a waythat they 
an be uniquely re
onstru
ted from the en
oding. Su
h 
odesare 
alled `uniquely de
odable'. Every pre�x-
ode is a uniquely de
od-able 
ode. For example, let X = f1; 2; 3; 4g� . If E(1) = 0, E(2) = 10,E(3) = 110, E(4) = 111 then 1421 is en
oded as 0111100, whi
h 
anbe easily de
oded from left to right in a unique way.On the other hand, not every uniquely de
odable 
ode satis�es thepre�x 
ondition. Pre�x-
odes are distinguished from other uniquelyde
odable 
odes by the property that the end of a 
ode word is alwaysre
ognizable as su
h. This means that de
oding 
an be a

omplishedwithout the delay of observing subsequent 
ode words, whi
h is whypre�x-
odes are also 
alled instantaneous 
odes.There is good reason for our emphasis on pre�x-
odes. Namely, itturns out that Theorem 2.1 stays valid if we repla
e \pre�x-
ode"by \uniquely de
odable 
ode." This important fa
t means that ev-ery uniquely de
odable 
ode 
an be repla
ed by a pre�x-
ode without
hanging the set of 
ode-word lengths. In Shannon's and Kolmogorov'stheories, we are only interested in 
ode word lengths of uniquely de
od-able 
odes rather than a
tual en
odings. By the previous argument, wemay restri
t the set of 
odes we work with to pre�x 
odes, whi
h aremu
h easier to handle.Probability distributions and 
omplete pre�x 
odes A uniquely de
od-able 
ode is 
omplete if the addition of any new 
ode word to its 
odeword set results in a non-uniquely de
odable 
ode. It is easy to see thata 
ode is 
omplete i� equality holds in the asso
iated Kraft Inequality.
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8Let l1; l2; : : : be the 
ode words of some 
omplete uniquely de
odable
ode. Let us de�ne qx = 2�lx . By de�nition of 
ompleteness, we havePx qx = 1. Thus, the qx 
an be thought of as probability mass fun
-tions 
orresponding to some probability distribution Q. We say Q isthe distribution 
orresponding to l1; l2; : : :. In this way, ea
h 
ompleteuniquely de
odable 
ode is mapped to a unique probability distribution.Of 
ourse, this is nothing more than a formal 
orresponden
e: we may
hoose to en
ode out
omes of X using a 
ode 
orresponding to a distri-bution Q, whereas the out
omes are a
tually distributed a

ording tosome P 6= Q. But, as we show in Theorem 3.5 below, if X is distributeda

ording to P , then the 
ode to whi
h P 
orresponds is, in an averagesense, the 
ode that a
hieves optimal 
ompression of X.Pre�x 
odes as proto
ols for asking questions Pre�x 
odes 
an bethought of as proto
ols for sequentially asking yes/no-questions. Tomake this pre
ise we slightly 
hange our setting. We now think of the`re
eiver' B as someone who sequentially asks questions about X. Weassume that the `sender' A only passes on information when asked aquestion. But in that 
ase, he answers truthfully. The questions of Bmust all be of the form `Is the realized value x an element of the setX 0?', where X 0 is some subset of X . B keeps asking su
h questionsuntil he has determined the pre
ise value X = x. More pre
isely, Bdetermines a sequen
e of sets X�, X0, X1, X00, X01, : : :, satisfying thefollowing two 
onditions:1. X� = X .2. Let y 2 f0; 1g�. If Xy has more than one element, then Xy0\Xy1 =; and Xy0 [ Xy1 = Xy. If Xy has just one element, then Xyz isunde�ned for any 
ontinuation z of y.The sets Xy determine B's proto
ol as follows. First, B asks `Is x 2 X0?'.If the answer is yes, then B's next question is `Is x 2 X00?' If the answeris no, then B knows that x 2 X1 and B's next question is `Is x 2 X10?'If the answer to the �rst two questions is yes, B's third question is `Isx 2 X000?' If the answer to the �rst question is no and to the se
ond yes,then B's question is `Is x 2 X10?', and so on. B keeps asking questionsin this way until it has pre
isely determined the value of x, i.e. until itknows that x 2 Xy for some y su
h that Xy has but one element.To relate su
h a sequential proto
ol to pre�x 
odes, 
onsider the
ode E de�ned as follows: for all x 2 X , we set E(x) := y for the ysu
h that Xy = fxg. In this way all x 2 X are assigned a unique 
odeword E(x) su
h that the set of 
ode words is pre�x-free. Therefore, Ede�nes a pre�x-
ode that, for ea
h sour
e word, reserves exa
tly one
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9
ode word. Conversely, one 
an show that ea
h pre�x-
ode that reservesonly one 
ode word for ea
h sour
e word 
oin
ides with a sequentialquestion-proto
ol.Thus, the problems of pre�x-free en
oding the value of X and se-quentially determining (by asking) the value of X are really equivalent.This is yet another reason why pre�x 
odes are more `natural' thangeneral uniquely de
odable 
odes.3. Shannon Entropy versus Kolmogorov Complexity3.1. Shannon EntropyIt seldom happens that a detailed mathemati
al theory springs forthin essentially �nal form from a single publi
ation. Su
h was the 
asewith Shannon information theory, whi
h properly started only withthe appearan
e of C.E. Shannon's paper \The mathemati
al theory of
ommuni
ation" (Shannon, 1948). In this paper, Shannon proposed ameasure of information in a distribution, whi
h he 
alled the `entropy'.The entropy H(P ) of a distribution P measures the `the inherent un
er-tainty in P ', or (in fa
t equivalently), `how mu
h information is gainedwhen an out
ome of P is observed'. To make this a bit more pre
ise, letus imagine an observer who knows that X is distributed a

ording toP . The observer then observes X = x. The entropy of P stands for the`un
ertainty of the observer about the out
ome x before he observesit'. Now think of the observer as a `re
eiver' who re
eives the message
onveying the value of X. From this dual point of view, the entropystands forthe average amount of information that the observer has gainedafter re
eiving a realized out
ome x of the random variable X. (�)Below, we �rst give Shannon's mathemati
al de�nition of entropy, andwe then 
onne
t it to its intuitive meaning (�).DEFINITION 3.1. Let X be a �nite or 
ountable set, let X be arandom variable taking values in X with distribution P . Then the(Shannon-) entropy of random variable X is given byH(X) = �Xx2X px log px; (3)Entropy is de�ned here as a fun
tional mapping random variables toreal numbers. In many texts, entropy is, essentially equivalently, de�nedas a map from distributions of random variables to the real numbers.Thus, by de�nition: H(P ) := H(X) = �Px2X px log px.
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10Motivation Shannon's de�nition 
an be motivated in several di�erentways. The two most important ones are the axiomati
 approa
h and the
oding interpretation. In this paper we 
on
entrate on the latter, but we�rst brie
y sket
h the former. The idea of the axiomati
 approa
h is topostulate a small set of eminently reasonable 
onditions that any mea-sure of information relative to a distribution should satisfy. One thenshows that the only measure satisfying all the postulates is the Shannonentropy. We outline this approa
h for �nite sour
es X = f1; : : : ; Ng. Welook for a fun
tion H that maps probability distributions on X to realnumbers. For given distribution P , H(P ) should measure `how mu
hinformation is gained on average when an out
ome is made available'.We 
an writeH(P ) = H(p1; : : : ; pN ) where pi stands for the probabilityof i. Suppose we require that1. H(p1; : : : ; pN ) is 
ontinuous in p1; : : : ; pN .2. If all the pi are equal, pi = 1=N , then H should be a monotoni
in
reasing fun
tion of N . With equally likely events there is more
hoi
e, or un
ertainty, when there are more possible events.3. If a 
hoi
e is broken down into two su

essive 
hoi
es, the originalHshould be the weighted sum of the individual values of H. Ratherthan formalizing this 
ondition, we will give a spe
i�
 example.Suppose that X = f1; 2; 3g, and p1 = 1=2; p2 = 1=3; p3 = 1=6. We
an think of x 2 X as being generated in a two-stage pro
ess. First,an out
ome in X 0 = f0; 1g is generated a

ording to a distributionP 0 with p00 = p01 = 1=2. If x0 = 1, we set x = 1 and the pro
essstops. If x0 = 0, then out
ome `2' is generated with probability 2=3and out
ome `3' with probability 1=3, and the pro
ess stops. The�nal results have the same probabilities as before. In this parti
ular
ase we require thatH(12 ; 13 ; 16) = H(12 ; 12) + 12H(23 ; 13) + 12H(1):Thus, the entropy of P must be equal to entropy of the �rst step inthe generation pro
ess, plus the weighted sum (weighted a

ordingto the probabilities in the �rst step) of the entropies of the se
ondstep in the generation pro
ess.As a spe
ial 
ase, if X is the n-fold produ
t spa
e of another spa
eY, X = (Y1; : : : ; Yn) and the Yi are all independently distributeda

ording to PY , then H(PX) = nH(PY ). For example, the totalentropy of n independent tosses of a 
oin with bias p is nH(p; 1�p).Remarkably, Shannon (1948) proved that
Gruenwald.tex; 11/04/2003; 17:29; p.10



11THEOREM 3.2. The only H satisfying the three above assumptions isof the form H = �KPNi=1 pi log pi; with K a 
onstant.Thus, requirements (1){(3) lead us to the de�nition of entropy (3) givenabove up to an (unimportant) s
aling fa
tor. We shall give a 
on
reteinterpretation of this fa
tor later on. Besides the de�ning 
hara
teris-ti
s (1){(3), the fun
tion H has a few other properties that make itattra
tive as a measure of information. We mention:4. H(p1; : : : ; pN ) is a 
on
ave fun
tion of the pi.5. For ea
h N , H a
hieves its unique maximum for the uniform distri-bution pi = 1=N .6. H(p1; : : : ; pN ) is zero i� one of the pi has value 1. Thus, H is zeroif and only if we do not gain any information at all if we are toldthat the out
ome is i (sin
e we already knew i would take pla
ewith 
ertainty)We note that there do exist variations of `entropy' whi
h violate oneor more of requirements (1)-(3); a good example is the family of R�enyientropies (Cover and Thomas, 1991). While su
h alternative notions ofentropy are useful in their own, restri
ted 
ontext, Shannon's originalde�nition remains by far the most important.Coding interpretation Immediately after stating Theorem 3.2, Shan-non (1948) 
ontinues, \this theorem, and the assumptions required forits proof, are in no way ne
essary for the present theory. It is given
hie
y to provide a 
ertain plausibility to some of our later de�nitions.The real justi�
ation of these de�nitions, however, will reside in theirimpli
ations".Thus, in the spirit of Shannon, we will hen
eforth 
on
entrate on avery 
on
rete interpretation of entropy in terms of the length (num-ber of bits) needed to en
ode out
omes in X . This provides mu
h
learer intuitions; it lies at the root of the many pra
ti
al appli
ationsof information theory, and, most importantly for us, it simpli�es the
omparison to Kolmogorov 
omplexity.EXAMPLE 3.3. We start with an example. The entropy of a randomvariable X with equally likely out
omes in a �nite sample spa
e X isgiven by H(X) = log jX j. By 
hoosing a parti
ular message x fromX , we remove the entropy from X by the assignment X := x andprodu
e or transmit information I = log jX j by our sele
tion of x.We show below that I = log jX j (or, to be more pre
ise, the integerI 0 = dlog jX je) 
an be interpreted as the number of bits needed to betransmitted from an (imagined) sender to an (imagined) re
eiver. }
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12We now 
onne
t entropy to minimum average 
ode lengths. These arede�ned as follows:DEFINITION 3.4. Let sour
e words x 2 f0; 1g� be produ
ed by arandom variable X with probability P (x) = px for the event X =x. The 
hara
teristi
s of X are �xed. Now 
onsider pre�x 
odes D :f0; 1g� ! N with one 
ode word per sour
e word. and denote thelength of the 
ode word for x be lx. We want to minimize the expe
tednumber of bits we have to transmit for the given sour
e X and 
hoose apre�x 
odeD that a
hieves this. In order to do so, we must minimize theaverage 
ode-word length �LD =Px pxlx. We de�ne the minimal average
ode word length as �L = minf�LD : D is a pre�x-
odeg. A pre�x-
odeD su
h that �LD = �L is 
alled an optimal pre�x-
ode with respe
t toprior probability P of the sour
e words.The (minimal) average 
ode length of an (optimal) 
ode does notdepend on the details of the set of 
ode words, but only on the setof 
ode-word lengths. It is just the expe
ted 
ode-word length withrespe
t to the given distribution. Shannon dis
overed that the minimalaverage 
ode word length is about equal to the entropy of the sour
eword set. This is known as the Noiseless Coding Theorem. The adje
tive\noiseless" emphasizes that we ignore the possibility of errors.THEOREM 3.5. Let �L and P be as above. If H(P ) = �Px px log pxis the entropy, then H(P ) � �L � H(P ) + 1: (4)We are typi
ally interested in en
oding a binary string of length n withentropy proportional to n (Example 4.1). The essen
e of (4) is that,for all but the smallest n, the di�eren
e between entropy and minimalexpe
ted 
ode length is 
ompletely negligible.It turns out that the optimum �L in (4) is relatively easy to a
hieve,with the Shannon-Fano 
ode. Let there be N symbols (also 
alled basi
messages or sour
e words). Order these symbols a

ording to de
reasingprobability, say X = f1; 2; : : : ; Ng with probabilities p1; p2; : : : ; pN . LetPr = Pr�1i=1 pi, for r = 1; : : : ; N . The binary 
ode E : X ! f0; 1g� isobtained by 
oding r as a binary number E(r), obtained by trun
atingthe binary expansion of Pr at length l(E(r)) su
h that� log pr � l(E(r)) < 1� log pr:This 
ode is the Shannon-Fano 
ode. It has the property that highlyprobable symbols are mapped to short 
ode words and symbols withlow probability are mapped to longer 
ode words (just like in a less
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13optimal setting is done in the Morse 
ode). Moreover,2�l(E(r)) � pr < 2�l(E(r))+1:Note that the 
ode for symbol r di�ers from all 
odes of symbols r+1throughN in one or more bit positions, sin
e for all i with r+1 � i � N ,Pi � Pr + 2�l(E(r)):Therefore the binary expansions of Pr and Pi di�er in the �rst l(E(r))positions. This means that E is one-to-one, and it has an inverse: thede
oding mapping E�1. Even better, sin
e no value of E is a pre�x ofany other value of E, the set of 
ode words is a pre�x-
ode. This meanswe 
an re
over the sour
e message from the 
ode message by s
anningit from left to right without look-ahead. If H1 is the average number ofbits used per symbol of an original message, then H1 = Pr prl(E(r)).Combining this with the previous inequality we obtain (4):�Xr pr log pr � H1 <Xr (1� log pr)pr = 1�Xr pr log pr:Interpretation in terms of sequential questions We re-interpret Shan-non's noiseless 
oding theorem in terms of proto
ols for sequentiallyasking questions: suppose that B asks questions of the type `Is x inthe set X 0?', where X 0 is some subset of X . A answers truthfully toea
h question, and B keeps asking questions until he has determinedthe exa
t value of the realized out
ome x of the random variable X. InSe
tion 2 we showed that ea
h proto
ol that B 
an use may be thoughtof as a pre�x 
ode with one 
ode word per sour
e word, and vi
e versa.Therefore, Theorem 3.5 may be interpreted as follows. Suppose it isB's goal to determine the exa
t value of X using as few questions aspossible. If B asks his questions in the 
leverest possible way, he willon average need to ask H(X) questions (plus or minus one) to �nd outthe exa
t value of X. From this point of view, the Shannon-Fano 
odewe des
ribed above is a proto
ol for asking questions that is `almost'optimal, where the `optimal' proto
ol is the proto
ol that minimizesthe expe
ted number of questions to be asked.Problem and La
una Shannon observes, \Messages have meaning [: : : however : : : ℄ the semanti
 aspe
ts of 
ommuni
ation are irrelevantto the engineering problem." Thus, in Shannon's theory `information'is fully determined by the probability distribution on the set of pos-sible messages, and unrelated to the meaning, stru
ture or 
ontent ofindividual messages. This is problemati
 in at least two ways:
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14 First, in many pra
ti
al 
ases, the distribution generating out
omesmay be unknown to the observer or (worse), may not exist at all1.For example, 
an we answer a question like \what is the informationin this book" by viewing it as an element of a set of possible bookswith a probability distribution on it? This seems unlikely. And how tomeasure the quantity of hereditary information in biologi
al organisms,as en
oded in DNA? Again there is the possibility of seeing a parti
ularform of animal as one of a set of possible forms with a probabilitydistribution on it. This seems to be 
ontradi
ted by the fa
t that the
al
ulation of all possible lifeforms in existen
e at any one time on earthwould give a ridi
ulously low �gure like 2100.Shannon's 
lassi
al information theory assigns a quantity of informa-tion to an ensemble of possible messages. All messages in the ensemblebeing equally probable, this quantity is the number of bits needed to
ount all possibilities. This expresses the fa
t that ea
h message in theensemble 
an be 
ommuni
ated using this number of bits. However,it does not say anything about the number of bits needed to 
onveyany individual message in the ensemble, and this 
onstitutes a se
ond`la
una' of Shannon's theory. To illustrate this, 
onsider the ensemble
onsisting of all binary strings of length 9999999999999999.By Shannon's measure, we require 9999999999999999 bits on theaverage to en
ode a string in su
h an ensemble. However, the string
onsisting of 9999999999999999 1's 
an be en
oded in about 55 bitsby expressing 9999999999999999 in binary and adding the repeatedpattern \1." A requirement for this to work is that we have agreedon an algorithm that de
odes the en
oded string. We 
an 
ompressthe string still further when we note that 9999999999999999 equals32 � 1111111111111111, and that 1111111111111111 
onsists of 24 1's.Thus, we have dis
overed an interesting phenomenon: the des
rip-tion of some strings 
an be 
ompressed 
onsiderably, provided theyexhibit enough regularity. However, if regularity is la
king, it be
omesmore 
umbersome to express large numbers. For instan
e, it seems eas-ier to 
ompress the number \one billion," than the number \one billionseven hundred thirty-�ve million two hundred sixty-eight thousand andthree hundred ninety-four," even though they are of the same order ofmagnitude.We are interested in a measure of information that, unlike Shan-non's, does not rely on (often untenable) probabilisti
 assumptions,and that takes into a

ount the phenomenon that `regular' strings are
ompressible. Thus, we aim for a measure of information 
ontent of1 Even if we adopt a Bayesian (subje
tive) interpretation of probability, thisproblem remains (Gr�unwald, 2003).
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15an individual �nite obje
t, and in the information 
onveyed about anindividual �nite obje
t by another individual �nite obje
t. Here, wewant the information 
ontent of an obje
t x to be an attribute ofx alone, and not to depend on, for instan
e, the means 
hosen todes
ribe this information 
ontent. Surprisingly, this turns out to bepossible, at least to a large extent. The resulting theory of informationis based on Kolmogorov 
omplexity, a notion independently proposedby Solomono� (1964), Kolmogorov (1965) and Chaitin (1969); Li andVit�anyi (1997) des
ribe the history of the subje
t.3.2. Kolmogorov ComplexitySuppose we want to des
ribe a given obje
t by a �nite binary string. Wedo not 
are whether the obje
t has many des
riptions; however, ea
hdes
ription should des
ribe but one obje
t. From among all des
rip-tions of an obje
t we 
an take the length of the shortest des
riptionas a measure of the obje
t's 
omplexity. It is natural to 
all an obje
t\simple" if it has at least one short des
ription, and to 
all it \
omplex"if all of its des
riptions are long.As in Se
tion 2, 
onsider a des
ription method D, to be used totransmit messages from a sender to a re
eiver. If D is known to both asender and re
eiver, then a message x 
an be transmitted from senderto re
eiver by transmitting the des
ription y withD(y) = x. The 
ost ofthis transmission is measured by l(y), the length of y. The least 
ost oftransmission of x is determined by the length fun
tion L(x): re
all thatL(x) is the length of the shortest y su
h that D(y) = x. We 
hoose thislength fun
tion as the des
riptional 
omplexity of x under spe
i�
ationmethod D.Obviously, this des
riptional 
omplexity of x depends 
ru
ially onD. The general prin
iple involved is that the synta
ti
 framework ofthe des
ription language determines the su

in
tness of des
ription.In order to obje
tively 
ompare des
riptional 
omplexities of ob-je
ts, to be able to say \x is more 
omplex than z," the des
riptional
omplexity of x should depend on x alone. This 
omplexity 
an beviewed as related to a universal des
ription method that is a prioriassumed by all senders and re
eivers. This 
omplexity is optimal if noother des
ription method assigns a lower 
omplexity to any obje
t.We are not really interested in optimality with respe
t to all de-s
ription methods. For spe
i�
ations to be useful at all it is ne
essarythat the mapping from y to D(y) 
an be exe
uted in an e�e
tive man-ner. That is, it 
an at least in prin
iple be performed by humans orma
hines. This notion has been formalized as that of \partial re
ur-sive fun
tions", also known simply as 
omputable fun
tions. A

ording
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16to generally a

epted mathemati
al viewpoints it 
oin
ides with theintuitive notion of e�e
tive 
omputation.The set of partial re
ursive fun
tions 
ontains an optimal fun
tionthat minimizes des
ription length of every other su
h fun
tion. Wedenote this fun
tion by D0. Namely, for any other re
ursive fun
tionD, for all obje
ts x, there is a des
ription y of x under D0 that isshorter than any des
ription z of x under D. (That is, shorter up to anadditive 
onstant that is independent of x.) Complexity with respe
tto D0 minorizes the 
omplexities with respe
t to all partial re
ursivefun
tions.We identify the length of the des
ription of x with respe
t to a�xed spe
i�
ation fun
tion D0 with the \algorithmi
 (des
riptional)
omplexity" of x. The optimality of D0 in the sense above means thatthe 
omplexity of an obje
t x is invariant (up to an additive 
onstantindependent of x) under transition from one optimal spe
i�
ation fun
-tion to another. Its 
omplexity is an obje
tive attribute of the des
ribedobje
t alone: it is an intrinsi
 property of that obje
t, and it does notdepend on the des
ription formalism. This 
omplexity 
an be viewed as\absolute information 
ontent": the amount of information that needsto be transmitted between all senders and re
eivers when they 
om-muni
ate the message in absen
e of any other a priori knowledge thatrestri
ts the domain of the message. Thus, we have outlined the pro-gram for a general theory of algorithmi
 
omplexity. The three majorinnovations are as follows:1. In restri
ting ourselves to formally e�e
tive des
riptions, our de�-nition 
overs every form of des
ription that is intuitively a

eptableas being e�e
tive a

ording to general viewpoints in mathemati
sand logi
.2. The restri
tion to e�e
tive des
riptions entails that there is a uni-versal des
ription method that minorizes the des
ription length or
omplexity with respe
t to any other e�e
tive des
ription method.Signi�
antly, this implies Item 3.3. The des
ription length or 
omplexity of an obje
t is an intrinsi
attribute of the obje
t independent of the parti
ular des
riptionmethod or formalizations thereof.3.3. Formal DetailsThe Kolmogorov 
omplexity K(x) of a �nite obje
t x will be de�nedas the length of the shortest e�e
tive binary des
ription of x. Broadly
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17speaking, K(x) may be thought of as the length of the shortest 
om-puter program that prints x and then halts. This 
omputer programmay be written in C, Java, LISP or any other universal language: weshall see that, for any two universal languages, the resulting programlengths di�er at most by a 
onstant not depending on x.To make this pre
ise, let T1; T2; : : : be a standard enumeration ofall Turing ma
hines, and let �1; �2; : : : be the enumeration of 
or-responding fun
tions whi
h are 
omputed by the respe
tive Turingma
hines. That is, Ti 
omputes �i. These fun
tions are the partialre
ursive fun
tions or 
omputable fun
tions. For te
hni
al reasons weare interested in the so-
alled pre�x 
omplexity, whi
h is asso
iatedwith Turing ma
hines for whi
h the set of programs (inputs) resultingin a halting 
omputation is pre�x free2. We 
an realize this by equippingthe Turing ma
hine with a one-way input tape, a separate work tape,and a one-way output tape. Su
h Turing ma
hines are 
alled pre�xma
hines sin
e the halting programs for any one of them form a pre�xfree set.We �rst de�ne KTi(x), the pre�x Kolmogorov 
omplexity of x rela-tive to a given pre�x ma
hine Ti, where Ti is the i-th pre�x ma
hine ina standard enumeration of them. KTi(x) is de�ned as the length of theshortest input sequen
e y su
h that Ti(y) = �i(y) = x. If no su
h inputsequen
e exists, KTi(x) remains unde�ned. Of 
ourse, this preliminaryde�nition is still highly sensitive to the parti
ular pre�x ma
hine Tithat we use. But now the `universal pre�x ma
hine' 
omes to our res
ue.Just as there exists universal ordinary Turing ma
hines, there also existuniversal pre�x ma
hines. These have the remarkable property thatthey 
an simulate every other pre�x ma
hine. More spe
i�
ally, thereexists a pre�x ma
hine U su
h that, with as input the pair hi; yi, itoutputs �i(y) and then halts. We now �x, on
e and for all, a pre�xma
hine U with this property and 
all U the referen
e ma
hine. TheKolmogorov 
omplexity K(x) of x is de�ned as KU (x).Let us formalize this de�nition. Let h�i be a standard invertiblee�e
tive one-one en
oding from N � N to a pre�x-free subset of N .h�i may be thought of as the en
oding fun
tion of a pre�x 
ode. Forexample, we 
an set hx; yi = x0y0.We insist on pre�x-freeness and re
ursiveness be
ause we want auniversal Turing ma
hine to be able to read an image under h�i fromleft to right and determine where it ends.DEFINITION 3.6. Let U be our referen
e pre�x ma
hine, i.e. forall i 2 N ; y 2 f0; 1g�, U(hi; yi) = �i(y). The pre�x Kolmogorov2 There exists a version of Kolmogorov 
omplexity 
orresponding to programsthat are not ne
essarily pre�x-free, but we will not go into it here.
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18
omplexity of x isK(x) = minz fl(z) : U(z) = x; z 2 f0; 1g�g == mini;y fl(hi; yi) : �i(y) = x; y 2 f0; 1g�; i 2 Ng: (5)We 
an alternatively think of z as a program that prints x and thenhalts, or as z = hi; yi where y is a program su
h that, when Ti is inputprogram y, it prints x and then halts.Thus, by de�nition K(x) = l(x�), where x� is the lexi
ographi
ally�rst shortest self-delimiting (pre�x) program for x with respe
t tothe referen
e pre�x ma
hine. Consider the mapping E� de�ned byE�(x) = x�. This may be viewed as the en
oding fun
tion of a pre�x-
ode (de
oding fun
tion) D� with D�(x�) = x. By its de�nition, D� isa very parsimonious 
ode. The reason for working with pre�x ratherthan standard Turing ma
hines is that, for many of the subsequentdevelopments, we need D� to be pre�x.Though de�ned in terms of a parti
ular ma
hine model, the Kol-mogorov 
omplexity is ma
hine-independent up to an additive 
on-stant and a
quires an asymptoti
ally universal and absolute 
hara
terthrough Chur
h's thesis, from the ability of universal ma
hines to sim-ulate one another and exe
ute any e�e
tive pro
ess. The Kolmogorov
omplexity of an obje
t 
an be viewed as an absolute and obje
tivequanti�
ation of the amount of information in it.EXAMPLE 3.7. To develop some intuitions, it is useful to think ofK(x) as the shortest program for x in some standard programminglanguage su
h as LISP or Java. Consider the lexi
ographi
al enumer-ation of all synta
ti
ally 
orre
t LISP programs �1; �2; : : :, and thelexi
ographi
al enumeration of all synta
ti
ally 
orre
t Java programs�1; �2; : : :. We assume that both these programs are en
oded in somestandard pre�x-free manner. With proper de�nitions we 
an view theprograms in both enumerations as 
omputing partial re
ursive fun
-tions from their inputs to their outputs. Choosing referen
e ma
hines inboth enumerations we 
an de�ne 
omplexities KLISP(x) and KJava(x)
ompletely analogous to K(x). All of these measures of the des
rip-tional 
omplexities of x 
oin
ide up to a �xed additive 
onstant. Let usshow this dire
tly for KLISP(x) and KJava(x). Sin
e LISP is universal,there exists a LISP program �P implementing a Java-to-LISP 
om-piler. �P translates ea
h Java program to an equivalent LISP program.Consequently, for all x, KLISP(x) � KJava(x) + 2l(P ). Similarly, thereis a Java program �L that is a LISP-to-Java 
ompiler, so that for all x,KJava(x) � KLISP(x) + 2l(L). It follows that jKJava(x) �KLISP(x)j �2l(P ) + 2l(L) for all x!
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19The programming language view immediately tells us that K(x)must be small for `simple' or `regular' obje
ts x. For example, thereexists a �xed-size program that, when input n, outputs the �rst nbits of � and then halts. Spe
i�
ation of n takes at most LN (n) =logn+2 log log n+1 bits. Thus, if x 
onsists of the �rst n binary digitsof �, then K(x) +< log n+2 log logn. Similarly, if 0n denotes the string
onsisting of n 0's, then K(0n) +< log n+ 2 log logn.On the other hand, for all x, there exists a program `print x; halt'.This shows that for all K(x) +< l(x). As was previously noted, forany pre�x 
ode, there are no more than 2m strings x whi
h 
an bedes
ribed by m or less bits. In parti
ular, this holds for the pre�x 
odeE� whose length fun
tion is K(x). Thus, the fra
tion of strings x oflength n withK(x) � m is at most 2m�n: the overwhelming majority ofsequen
es 
annot be 
ompressed by more than a 
onstant. Spe
i�
ally,if x is determined by n independent tosses of a fair 
oin, then withoverwhelming probability, K(x) � l(x). Thus, while for very regularstrings, the Kolmogorov 
omplexity is small (sublinear in the length ofthe string),most strings are `random' and have Kolmogorov 
omplexityabout equal to their own length. }Problem and La
una Unfortunately K(x) is not a re
ursive fun
-tion: the Kolmogorov 
omplexity is not 
omputable in general. Thismeans that there exists no 
omputer program that, when input anarbitrary string, outputs the Kolmogorov 
omplexity of that stringand then halts. While there exist `feasible', resour
e-bounded formsof Kolmogorov 
omplexity (Li and Vit�anyi 1997), these la
k some ofthe elegant properties of the original, un
omputable notion.Now suppose we are interested in eÆ
ient storage and transmissionof long sequen
es of data. A

ording to Kolmogorov, we 
an 
ompresssu
h sequen
es in an essentially optimal way by storing or transmit-ting the shortest program that generates them. Unfortunately, as wehave just seen, we 
annot �nd su
h a program in general. A

ordingto Shannon, we 
an 
ompress su
h sequen
es optimally in an averagesense (and therefore, it turns out, also with high probability) if theyare distributed a

ording to some P and we know P . Unfortunately, inpra
ti
e, P is often unknown or even nonexistent. Thus, both Shannon'sand Kolmogorov's idea are not dire
tly appli
able to most a
tual data
ompression problems. For these, we 
an use universal 
odes whi
hmay be viewed at the same time as an extension of Shannon's, and a`downs
aling' of Kolmogorov's theory.
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204. Universal Coding: interpolating between Kolmogorovand ShannonBelow we repeatedly use the 
oding 
on
epts introdu
ed in Se
tion 2.Suppose we are given a re
ursive enumeration of pre�x 
odesD1;D2; : : :.Let L1; L2; : : : be the length fun
tions asso
iated with these 
odes. Thatis, Li(x) = minfl(y) : Di(y) = xg; if there exists no y with Di(y) = x,then Li(y) =1. We may en
ode x by �rst en
oding a natural numberk using the standard pre�x 
ode for the natural numbers. We thenen
ode x itself using the 
ode Dk. This leads to a so-
alled two-part
ode ~D with lengths ~L. By 
onstru
tion, this 
ode is pre�x and itslengths satisfy ~L(x) := mink2N LN (k) + Lk(x); (6)Let x be an in�nite binary sequen
e and let x[1:n℄ 2 f0; 1gn be theinitial n-bit segment of this sequen
e. Sin
e LN (k) = O(log k), we havefor all k, all n: ~L(x[1:n℄) � Lk(x[1:n℄) +O(log k):Re
all that for ea
h �xed Lk, the fra
tion of sequen
es of length nthat 
an be 
ompressed by more than m bits is less than 2�m. Thus,typi
ally, the 
odes Lk and the strings x[1:n℄ will be su
h that Lk(x[1:n℄)grows linearly with n. This implies that for every x, the newly 
on-stru
ted ~L is `almost as good' as whatever 
ode Dk in the list is bestfor that parti
ular x: the di�eren
e in 
ode lengths is bounded by a
onstant depending on k but not on n. In parti
ular, for ea
h k andea
h in�nite sequen
e x, limn!1 ~L(x[1:n℄)Lk(x[1:n℄) � 1: (7)A 
ode satisfying (7) is 
alled a universal 
ode relative to the 
ompar-ison 
lass of 
odes fD1;D2; : : :g. It is `universal' in the sense that it
ompresses every sequen
e essentially as well as the Dk that 
ompressesthat parti
ular sequen
e the most. In general, there exist many typesof 
odes that are universal: the 2-part universal 
ode de�ned above isjust one means of a
hieving (7).Universal 
odes and Kolmogorov In most pra
ti
ally interesting 
aseswe may assume that for all k, the de
oding fun
tion Dk is 
omputable,i.e. there exists a pre�x Turing ma
hine whi
h for all y 2 f0; 1g�, wheninput y0 (the pre�x-free version of y), outputs Dk(y) and then halts.Sin
e su
h a program has �nite length, we must have for all k,l(E�(x[1:n℄)) = K(x[1:n℄) �+ Lk(x[1:n℄)
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21where E� is the en
oding fun
tion de�ned earlier, with l(E�(x)) =K(x). Comparing with (7) shows that the 
ode D� with en
odingfun
tion E� is a universal 
ode relative to D1;D2; : : :. Thus, we seethat the Kolmogorov 
omplexity K is just the length fun
tion of theuniversal 
ode D�. Note that D� is an example of a universal 
ode thatis not (expli
itly) two-part.EXAMPLE 4.1. Let us 
reate a universal two-part 
ode that allowsus to signi�
antly 
ompress all binary strings with frequen
y of 0'sdeviating signi�
antly from 1=2. For n0 < n1, let Dhn;n0i be the 
odethat assigns 
ode words of equal (minimum) length to all strings oflength n with n0 zeroes, and no 
ode words to any other strings. ThenDhn;n0i is a pre�x-
ode and Lhn;n0i(x) = dlog � nn0�e. The universal twopart 
ode ~D relative to the set of 
odes fDhi;ji : i; j 2 Ng then a
hievesthe following lengths (to within 1 bit): for all n, all n0 2 f0; : : : ; ng, allx[1:n℄ with n0 zeroes,~L(x[1:n℄) = log n+ log n0 + 2 log log n+ 2 log logn0 + log � nn0�= log � nn0�+O(log n): (8)Using Stirling's approximation of the fa
torial, n! � nne�np2�n, we�nd thatlog � nn0� = log n!� logn0! + log(n� n0)! == n logn� n0 log n0 � (n� n0) log(n� n0) +O(log n)= nH(n0=n) +O(log n): (9)Note that H(n0=n) � 1, with equality i� n0 = n. Therefore, if thefrequen
y deviates signi�
antly from 1=2, ~D 
ompresses x[1:n℄ by anfa
tor linear in n. In all su
h 
ases, D� 
ompresses the data by at leastthe same linear fa
tor. Note that (a) ea
h individual 
ode Dhn;n0i is
apable of exploiting a parti
ular type of regularity in a sequen
e to
ompress that sequen
e, (b) the universal 
ode ~D may exploit manydi�erent types of regularities to 
ompress a sequen
e, and (
) the 
odeD� with lengths given by the Kolmogorov 
omplexity asymptoti
allyexploits all 
omputable regularities so as to maximally 
ompress asequen
e. }Universal 
odes and Shannon If X is distributed a

ording to somedistribution P , then the optimal (in the average sense) 
ode to use isthe Shannon-Fano 
ode. But now suppose it is only known that P 2 P,where P is some given (possibly very large, e.g. un
ountable) set of
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22
andidate distributions. Now it is not 
lear what 
ode is optimal. Wemay try the Shannon-Fano 
ode for a parti
ular P 2 P, but su
ha 
ode will typi
ally lead to very large expe
ted 
ode lengths if Xturns out to be distributed a

ording to some Q 2 P; Q 6= P . Wemay ask whether there exists another 
ode that is `almost' as goodas the Shannon-Fano 
ode for P , no matter what P 2 P a
tuallygenerates the sequen
e? We now show that, provided P is �nite or
ountable, then (perhaps surprisingly), the answer is yes. To see this,we need the notion of an information sour
e. An information sour
emay be thought of as a probability distribution over arbitrarily longsequen
es, of whi
h an observer gets to see longer and longer initialsegments; examples are given below. Formally, an information sour
eP is a probability distribution on the set f0; 1g1 of one-way in�nitesequen
es. Su
h a P 
an be identi�ed with the distributions P (1) onf0; 1g1, P (2) on f0; 1g2; : : :. Here P (n) denotes the marginal distributionof P on the �rst n-bit segments. P (n) is related to P (n+1) as follows: forall n � 0, all x 2 f0; 1gn, Py2f0;1g P (n+1)(xy) = P (n)(x) and P (0)(x) =1. Suppose then that P is a �nite or 
ountable set of informationsour
es. Then the members of P may be listed as P1; P2; : : :. To ea
hmarginal distribution P (n)k , there 
orresponds a unique Shannon-Fano
ode de�ned on the set f0; 1gn with lengths Lhn;ki(x) := d� logP (n)k (x)e.For given P 2 P, we de�neH(P (n)) := Xx2f0;1gn P (n)(x)[� log P (n)(x)℄as the entropy of the distribution of the �rst n out
omes.Let E be a pre�x-
ode assigning 
odeword E(x) to sour
e wordx 2 f0; 1gn. The Noiseless Coding Theorem 3.5 on page 12 asserts thatthe minimal average 
odeword length �L(P ) = Px2f0;1gn P (x)l(E(x))among all su
h pre�x-
odes E satis�esH(P (n)) � L(P ) � H(P (n)) + 1:The entropy H(P (n)) 
an therefore be interpreted as the expe
ted 
odelength of en
oding the �rst n bits generated by the sour
e P , when theoptimal (Shannon-Fano) 
ode is used.We look for a pre�x 
ode ~D with length fun
tion ~L that satis�es,for all P 2 P: limn!1 EP ~L(X[1:n℄)H(P (n)) � 1: (10)where EP ~L(X[1:n℄) =Px2f0;1gn P (n)(x)L(x). De�ne ~D as the followingtwo-part 
ode: �rst, n is en
oded using the standard pre�x 
ode for
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23natural numbers. Then, among all 
odes Dhn;ki, the k that minimizesLhn;ki(x) is en
oded (again using the standard pre�x 
ode); �nally, x isen
oded in Lhn;ki(x) bits. Then for all n, for all k, for every sequen
ex[1:n℄, ~L(x[1:n℄) � Lhn;ki(x[1:n℄) + LN (k) + LN (n) (11)Sin
e (11) holds for all strings of length n, it must also hold in expe
ta-tion for all possible distributions on strings of length n. In parti
ular,this gives, for all k 2 N ,EPk ~L(X[1:n℄) � EPkLhn;ki(X[1:n℄) +O(log n) = H(P (n)k ) +O(log n);from whi
h (10) follows.Histori
ally, 
odes satisfying (10) have been 
alled universal 
odesrelative to P; 
odes satisfying (7) have been 
onsidered in the literatureonly mu
h more re
ently and are usually 
alled `universal 
odes forindividual sequen
es' (Merhav and Feder, 1998). The two-part 
ode~D that we just de�ned is universal both in an individual sequen
eand in an average sense: ~D a
hieves 
ode lengths within a 
onstant ofthat a
hieved by Dhn;ki for every individual sequen
e, for every k 2N ; but ~D also a
hieves expe
ted 
ode lengths within a 
onstant ofthe Shannon-Fano 
ode for P , for every P 2 P. We may say that ~Dinterpolates between Shannon's 
odes, whi
h are optimal for a spe
i�
P , and Kolmogorov's 
ode D� (with length fun
tion K), whi
h byde�nition does at least as well (within an additive 
onstant) as ~D.EXAMPLE 4.2. Suppose our sequen
e is generated by independenttosses of a 
oin with bias p of tossing \head" where p 2 (0; 1). Identify-ing `heads' with 1, the probability of n� n0 out
omes \1" in an initialsegment x[1:n℄ is then (1�p)n0pn�n0 . Let P be the set of 
orrespondinginformation sour
es, 
ontaining one element for ea
h p 2 (0; 1). P isan un
ountable set; nevertheless, a universal 
ode for P exists. In fa
t,it 
an be shown that the 
ode ~D with lengths (9) in Example 4.1 isuniversal for P, i.e. it satis�es (10). The reason for this is (roughly) asfollows: if data are generated by a 
oin with bias p, then with probability1, the frequen
y n0=n 
onverges to p, so that, by (9), n�1 ~L(x[1:n℄) tendsto n�1H(P (n)) = H(p; 1� p).If we are interested in pra
ti
al data-
ompression, then the assump-tion that the data are generated by a biased-
oin sour
e is very re-stri
ted. But there are mu
h ri
her 
lasses of distributions P for whi
hwe 
an formulate universal 
odes. For example, we 
an take P to bethe 
lass of all Markov sour
es of ea
h order; here the probability thatXi = 1 may depend on arbitrarily many earlier out
omes. Su
h ideasform the basis of most data 
ompression s
hemes used in pra
ti
e.
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24Codes whi
h are universal for the 
lass of all Markov sour
es of ea
horder and whi
h en
ode and de
ode in real-time 
an easily be imple-mented. Thus, while we 
annot �nd the shortest program that generatesa parti
ular sequen
e, it is often possible to e�e
tively �nd the shortesten
oding within a quite sophisti
ated 
lass of 
odes. }Expe
ted Kolmogorov Complexity += Shannon Entropy: Suppose thesour
e words x are distributed as a random variable X with probabilityP (x). While K(x) is �xed for ea
h x and gives the shortest 
ode wordlength (but only up to a �xed 
onstant) and is independent of theprobability distribution P , we may wonder whether K is also universalin the following sense: If we weigh ea
h individual 
ode word lengthfor x with its probability P (x) the resulting P -expe
ted 
ode wordlength Px P (x)K(x) a
hieves the minimal average 
ode word lengthH(P ) = �Px P (x) log P (x)? Here we sum over the entire support ofP ; restri
ting summation to a small set, for example the singleton setfxg, 
an give a di�erent result. The reasoning above implies that, undersome mild restri
tions on the distributions P , the answer is yes. Thisis expressed in the following theorem, where, instead of the quotientwe look at the di�eren
e of Px P (x)K(x) and H(P ). This allows usto express really small distin
tions. We 
all an informatin sour
e Pre
ursive if there exists a Turing ma
hine that, when input hn; x; yiwith x 2 f0; 1g� and y; n 2 N , outputs P (n)(x) to pre
ision 1=y. Thefollowing theorem 
an be found in (Li and Vit�anyi, 1997):THEOREM 4.3. Let P be a re
ursive information sour
e. Then for alln, 0 � Xx2f0;1gn P (n)(x)K(x)�H(P (n)) � 
Pwhere 
P is a 
onstant that depends only on P (and not on n).The Shannon-Fano 
ode for a 
omputable distribution is itself 
om-putable. Therefore, for every 
omputable distribution P , the universal
ode D� whose length fun
tion is the Kolmogorov 
omplexity 
om-presses on average at least as mu
h as the Shannon-Fano 
ode for P .This is the intuitive reason why, no matter what 
omputable distri-bution P we take, its expe
ted Kolmogorov 
omplexity is 
lose to itsentropy.
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255. Mutual Information5.1. Shannon Mutual InformationHow mu
h information 
an a random variable X 
onvey about a ran-dom variable Y ? Taking a purely 
ombinatorial approa
h, this notion is
aptured as follows: If X ranges over SX and Y ranges over SY , then welook at the set U of possible events (X = a; Y = b) 
onsisting of jointo

urren
es of event X = a and event Y = b. If U does not equal theCartesian produ
t SX �SY , then this means there is some dependen
ybetween X and Y . Considering the set Ua = f(a; y) : (a; y) 2 Ugfor a 2 SX , it is natural to de�ne the 
onditional entropy of Y givenX = a as H(Y jX = a) = log d(Ua). This suggests immediately thatthe information given by X = a about Y isI(X = a : Y ) = H(Y )�H(Y jX = a):For example, if U = f(1; 1); (1; 2); (2; 3)g, U � SX � SY with SX =f1; 2g and SY = f1; 2; 3; 4g, then I(X = 1 : Y ) = 1 and I(X = 2 :Y ) = 2.In this formulation it is obvious that H(XjX = a) = 0, and thatI(X = a : X) = H(X). This approa
h amounts to the assumption ofuniform distribution of the probabilities 
on
erned.We 
an generalize this approa
h, taking into a

ount the frequen
iesor probabilities of the o

urren
es of the di�erent values X and Y 
anassume. Let the joint probability p(a; b) be de�ned as: \the probabilityof the joint o

urren
e of event X = a and event Y = b." This leads tothe self-evident formulas for joint variables X;Y :H(X;Y ) = �Xa;b p(a; b) log p(a; b);H(X) = �Xa;b p(a; b) logXb p(a; b);H(Y ) = �Xa;b p(a; b) logXa p(a; b);where summation over a is taken over all out
omes of the randomvariable X and summation over b is taken over all out
omes of randomvariable Y . One 
an show thatH(X;Y ) � H(X) +H(Y ); (12)with equality only in the 
ase that X and Y are independent. In all ofthese equations the entropy quantity on the left-hand side in
reases ifwe 
hoose the probabilities on the right-hand side more equally.
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26Conditional entropy The 
onditional probability p(bja) of out
omeY = b given out
ome X = a for random variables X and Y (notne
essarily independent) is de�ned byp(bja) = p(a; b)Pb p(a; b) ;This leads to the following analysis of the information in X about Y by�rst 
onsidering the 
onditional entropy of Y given X as the averageof the entropy for Y for ea
h value of X weighted by the probability ofgetting that parti
ular value:H(Y jX) = Xa p(a)H(Y jX = a)= �Xa p(a)Xb p(bja) log p(bja)= �Xa;b p(a; b) log p(bja):The quantity on the left-hand side tells us how un
ertain we are aboutthe out
ome of Y when we know an out
ome of X. WithH(X) = �Xa p(a) log p(a)= �Xa  Xb p(a; b)! logXb p(a; b)= �Xa;b p(a; b) logXb p(a; b);and substituting the formula for p(bja), we �nd H(Y jX) = H(X;Y )�H(X). Rewrite this expression as the Entropy EqualityH(X;Y ) = H(X) +H(Y jX): (13)This 
an be interpreted as, \the un
ertainty of the joint event (X;Y )is the un
ertainty of X plus the un
ertainty of Y given X." CombiningEquations 12, 13 gives H(Y ) � H(Y jX), whi
h 
an be taken to implythat knowledge of X 
an never in
rease un
ertainty of Y . In fa
t,un
ertainty in Y will be de
reased unless X and Y are independent.Finally, the information in the out
ome X = a about Y is de�ned asI(X = a : Y ) = H(Y )�H(Y jX = a): (14)Here the quantities H(Y ) and H(Y jX = a) on the right-hand side ofthe equations are always equal to or less than the 
orresponding quanti-ties under the uniform distribution we analyzed �rst. The values of the
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27quantities I(X = a : Y ) under the assumption of uniform distributionof Y and Y jX = a versus any other distribution are not related byinequality in a parti
ular dire
tion. The equalities H(XjX = a) = 0and I(X = a : X) = H(X) hold under any distribution of the variables.Sin
e I(X = a : Y ) is a fun
tion of out
omes ofX, while I(Y = b : X) isa fun
tion of out
omes of Y , we do not 
ompare them dire
tly. However,forming the expe
tation de�ned asE(I(X = a : Y )) = Xa p(a)I(X = a : Y );E(I(Y = b : X)) = Xb p(b)I(Y = b : X);and 
ombining Equations 13, 14, we see that the resulting quantitiesare equal. Denoting this quantity by I(X;Y ) and 
alling it the mutualinformation in X and Y , we see that this information is symmetri
:I(X;Y ) = E(I(X = a : Y )) = E(I(Y = b : X)): (15)EXAMPLE 5.1. Suppose we want to ex
hange the information aboutthe out
ome X = x and it is known already that out
ome Y = y is the
ase, that is, x has property y. Then we require (using the Shannon-Fano 
ode) about � logP (X = xjY = y) bits to 
ommuni
ate x. Onaverage, over the joint distribution P (X = x; Y = y) we use H(XjY )bits, whi
h is optimal by Shannon's noiseless 
oding theorem. In fa
t,exploiting the mutual information paradigm, the expe
ted informationthat out
ome Y = y gives about out
ome X = x is the same as theexpe
ted information that X = x gives about Y = y. }Interpretation in terms of sequential questions Just as we did for theentropy, we 
an also re-interpret mutual information in terms of pro-to
ols for asking questions. Suppose that B sequentially asks questionsabout X, but, as in Example 5.1, before he has to ask any questions,B is told that Y = y. B then sequentially asks questions to �nd outthe value of X, using the proto
ol de�ned by the Shannon-Fano 
odefor P (X = � j Y = y). By Shannon's noiseless 
oding theorem, this isthe optimal proto
ol. Intuitively, sin
e B is given some initial informa-tion, we expe
t that B has to ask fewer questions than if he were notgiven any initial information. I(Y ;X) denotes exa
tly how many fewerquestions B 
an expe
t to need to ask on average if he is already toldthe value of Y before asking any questions. Here the average is overboth X and Y . Indeed, on average, B needs to ask fewer questions,sin
e I(Y ;X) � 0. But there may 
ertainly exist individual y su
h thatI(Y = y : X) is negative. For example, we may have X = f0; 1g, Y =
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28f0; 1g, P (X = 1jY = 0) = 1, P (X = 1jY = 1) = 1=2, P (Y = 1) = �.Then I(Y ;X) = H(�; 1� �) whereas I(Y = 1 : X) = H(�; 1� �)+ ��1.For small �, this quantity is smaller than 0.Problem and La
una The quantity I(X;Y ) symmetri
ally 
hara
ter-izes to what extent random variables X and Y are 
orrelated. Aninherent problem with probabilisti
 de�nitions is that | as we havejust seen | although E(I(Y : X)) is always positive, for some prob-ability distributions and some y, I(Y = y : X) 
an turn out to benegative|whi
h de�nitely 
ontradi
ts our naive notion of information
ontent. How is this possible? The 
on
ept of information as used in thetheory of 
ommuni
ation is a probabilisti
 notion, whi
h is natural forinformation transmission over 
ommuni
ation 
hannels. Nonetheless,we tend to identify probabilities of messages with frequen
ies of mes-sages in a suÆ
iently long sequen
e, whi
h under some 
onditions onthe sto
hasti
 sour
e 
an be rigorously justi�ed. The great probabilist,Kolmogorov, remarks, \If something goes wrong here, the problem liesin the vagueness of our ideas of the relation between mathemati
alprobability theory and real random events in general." The algorithmi
mutual information we introdu
e below 
an never be negative, and inthis sense is 
loser to the intuitive notion of information 
ontent.5.2. Algorithmi
 Mutual InformationConditional Kolmogorov Complexity To prepare for the de�nition ofShannon mutual information, we �rst needed to introdu
e a 
onditionalversion of entropy. Analogously, to prepare for the de�nition of algorith-mi
 mutual information, we need a notion of 
onditional Kolmogorov
omplexity. Intuitively, the 
onditional pre�x Kolmogorov 
omplexityK(xjy) of x given y 
an be interpreted as the shortest pre�x programp su
h that, when y is given to the program p as input, the programprints x and then halts. The idea of providing p with an input y isrealized by putting hp; yi rather than just p on the input tape of theuniversal pre�x ma
hine U .DEFINITION 5.2. The 
onditional pre�x Kolmogorov 
omplexity ofx given y (for free) isK(xjy) = minp fl(p) : U(hp; yi) = x; p 2 f0; 1g�g:We de�ne K(x) = K(xj�).Note that we just rede�nedK(x) so that the un
onditional Kolmogorov
omplexity is exa
tly equal to the 
onditional Kolmogorov 
omplexity
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29with empty input. This does not 
ontradi
t our earlier de�nition: we
an 
hoose a referen
e pre�x ma
hine U su
h that U(hp; �i) = U(p).Then we automati
ally have K(x) = K(xj�).Re
all from Se
tion 2 the notation +=; +>. By de�nition, K(x; y) =K(hx; yi). Trivially, the symmetry property holds: K(x; y) += K(y; x).An interesting property is the \Additivity of Complexity" propertyK(x; y) += K(x) +K(y j x�) += K(y) +K(x j y�): (16)where x� is the �rst (in standard enumeration order) shortest pre�xprogram that generates x and then halts. It is easy to see that x� has thesame information as the pair x;K(x): given x� we 
an 
ompute x andl(x�) = K(x); given x;K(x) we 
an run all programs simultaneouslyin dovetailed fashion and sele
t the �rst program of length K(x) thathalts with output x as x�. (Dovetailed fashion means that in phasek of the pro
ess we run all programs i for j steps su
h that i + j =k, k = 1; 2; : : :) (16) is the Kolmogorov 
omplexity equivalent of theentropy equality (13). That this latter equality holds is true by simplyrewriting both sides of the equation a

ording to the de�nitions ofaverages of joint and marginal probabilities. In fa
t, potential individualdi�eren
es are averaged out. But in the Kolmogorov 
omplexity 
ase wedo nothing like that: it is truly remarkable that additivity of algorithmi
information holds for individual obje
ts.The result (16) is due to G�a
s (1994), 
an be found as Theorem3.9.1 in (Li and Vit�anyi, 1997) and has a diÆ
ult proof. It is perhapsinstru
tive to point out that the version with just x and y in the
onditionals doesn't hold with +=, but holds up to additive logarithmi
terms that 
annot be eliminated.To de�ne the algorithmi
 mutual information between two individ-ual obje
ts x and y with no probabilities involved, it is instru
tive to�rst re
all the probabilisti
 notion (15) Rewriting (15) asXx Xy p(x; y)[� log p(x)� log p(y) + log p(x; y)℄;and noting that � log p(s) is very 
lose to the length of the pre�x-freeShannon-Fano 
ode for s, we are led to the following de�nition. Theinformation in y about x is de�ned asI(y : x) = K(x)�K(x j y�) += K(x) +K(y)�K(x; y); (17)
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30where the se
ond equality is a 
onsequen
e of (16) and states that thisinformation is symmetri
al, I(x : y) += I(y : x), and therefore we 
antalk about mutual information.3Theorem 4.3 gave the relationship between entropy and ordinaryKolmogorov 
omplexity; it showed that the entropy of distribution Pis approximately equal to the expe
ted (under P ) Kolmogorov 
omplex-ity. Theorem 5.3 gives the analogous result for the mutual information(to fa
ilitate 
omparison to Theorem 4.3 , note that x and y in (18)below may stand for strings of arbitrary length n).THEOREM 5.3. Given a re
ursive probability mass distribution p(x; y)over (x; y) we haveI(X;Y )�K(p) +<Xx Xy p(x; y)I(x : y) +< I(X;Y ) + 2K(p); (18)where 
p is a 
onstant that depends only on p (it is the length of theshortest pre�x-free program that 
omputes p(x; y) from input (x; y)).Thus, we see that the expe
tation of the algorithmi
 mutual informa-tion I(x : y) is 
lose to the probabilisti
 mutual information I(X;Y ).Interpretation in terms of sequential questions The algorithmi
 mu-tual information I(y : x) = K(x)�K(xjy�) whi
h equalsK(x)�K(xjy)up to an additive logarithmi
 term O(logK(y)) is the savings in numberof questions B needs to ask to get to know x if B already knows y.Clearly, if y is the empty word, no information at all, then B needs toask K(x) yes-no questions to obtain the 
onse
utive bits of x�. But ifB already knows y then he needs to ask only K(xjy) su
h questionsto obtain the shortest program to 
ompute from y to x. The 
aveatbeing, as usual, that B has arbitrary amounts of time and storage toperform its 
omputation from x to y. For spe
i�
 individual x; y thisnumber 
an be far less than the average as given by Shannon's mutualinformation.Problem and La
una Entropy, Kolmogorov 
omplexity and mutual(algorithmi
) information are 
on
epts that do not distinguish betweendi�erent kinds of information (su
h as `meaningful' and `meaningless'3 The notation of the algorithmi
 (individual) notion I(x : y) distinguishes itfrom the probabilisti
 (average) notion I(X;Y ). We deviate slightly from (Li andVit�anyi, 1997) where I(y : x) is de�ned as K(x)�K(x j y).
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31information). Su
h more re�ned notions 
an be arrived at by 
on-straining the des
ription methods with whi
h strings are allowed to been
oded, and by 
onsidering lossy rather than lossless en
oding. Yet thebasi
 notions entropy, Kolmogorov 
omplexity and mutual information
ontinue to play a fundamental rôle. The two most important devel-opments are rate-distortion theory in the Shannon setting (Shannon,1948, Cover and Thomas, 1991), dealing with `useful' information, andthe Kolmogorov stru
ture fun
tion in Kolmogorov's setting, dealingwith `meaningful' information (Kolmogorov, 1974; Shen', 1983; Coverand Thomas, 1991; G�a
s et al. 2001; Veresh
hagin and Vit�anyi, 2002;Vit�anyi, 2002; Rissanen, 2002). It is here that the two theories mayhave something relevant to say about the notions of `information' thatare studied within the logi
 and semanti
s of natural language 
ommu-nities (Van Rooy 2003). We brie
y illustrate this for the rate-distortiontheory.6. Shannon's Rate Distortion; Information in QuestionsAs before, we 
onsider a situation in whi
h sender A wants to 
ommuni-
ate the out
ome of random variable X to re
eiver B. The distributionof X is known to both A and B. But now A is only allowed to use a�nite number, say R bits, to 
ommuni
ate, so that A 
an only send2R di�erent messages. Then the en
oding fun
tion E has to map Xto f0; 1gR, and D has to map f0; 1gR ba
k to X . If jX j > 2R or if Xis un
ountable (say, X = IR), then there 
an be no 
ode (D;E) su
hthat for all x, D(E(x)) = x. Thus, A and B 
annot make sure that x
an always be re
onstru
ted. As the next best thing, they may agreeon a 
ode su
h that for all x, D(E(x)) is in some sense `as 
lose aspossible' to the original x. To formalize this for a given 
ode (D;E),we de�ne X̂ : X ! X as the fun
tion X̂(x) := D(E(x)), and we let X̂be the range of X̂ . We may interpret X̂(x) as an estimate of x, and X̂as the set of values it 
an take. We assume that the `goodness' of X̂(x)as an approximation of x is measured using some distortion fun
tiond : X � X ! IR. This distortion fun
tion may be anything that isappropriate to the situation at hand. On
e d is �xed, we may 
onsiderthe expe
ted distortionE[d(X; X̂)℄ = Xx2X pxd(x; X̂(x)); (19)where, if X = IR, the sum is repla
ed by an integral and px stands forthe probability density of x with respe
t to Lebesgue measure.
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32 In the rate distortion setting, the goal of A and B is to determine the
ode (D;E) with asso
iated X̂ that minimizes the expe
ted distortion.EXAMPLE 6.1. Suppose X is a real-valued, normally (Gaussian) dis-tributed random variable with mean E[X℄ = 0 and varian
e E[X �E[X℄℄2 = �2. Let us use the squared Eu
lidean distan
e d(x; x̂) =(x� x̂)2 as a distortion measure. If A is allowed to use R bits, then X̂
an have no more than 2R elements, whereas X = IR is un
ountablyin�nite. We should 
hoose X̂ and the fun
tion X̂ su
h that (19) isminimized. Suppose �rst R = 1. Then the optimal X̂ turns out to beX̂(x) = 8<: q 2��2 if x � 0�q 2��2 if x < 0:Thus, the domain X is partitioned into two regions, one 
orrespondingto x � 0, and one to x < 0. That the boundary should be at x = 0 isevident by the symmetry of the Gaussian distribution around 0. Withinea
h region, one then pi
ks a `representative point' so as to minimize(19). Similarly, if R = 2, then X should be partitioned into 4 regions,ea
h of whi
h are to be represented by a single point su
h that (19)is minimized. An extreme 
ase is R = 0: how should B estimate Xif it is not given any information whatsoever? This means that X̂(x)must take the same value for all x. The expe
ted distortion (19) is thenminimized if B pi
ks X̂ � 0, giving distortion equal to �2. }There is no reason in general that the distortion fun
tion should besymmetri
: in fa
t, it may be anything that pertains to the situationat hand. It 
an be 
onsidered as (minus) a utility fun
tion, indi
atingthe loss that B in
urs if he has to predi
t x without knowing its pre
isevalue.Interpretation in terms of sequential questions Previously, we inter-preted entropy as the expe
ted minimum number of yes/no-questionsthat re
eiver has to ask to sender in order to determine the pre
iseout
ome x of a random variable X.The present setting 
an be interpreted in terms of a more involvedquestion-and-answer game: now re
eiver is allowed to ask onlyR yes/no-questions. He then has to 
ome up with a guess x̂ of the out
omex. The quality of this guess is measured by d(x; x̂). The goal of there
eiver is now to ask the R `
leverest possible questions' that redu
ehis expe
ted distortion as mu
h as possible; equivalently, they in
reasehis expe
ted utility as mu
h as possible. Thus, there is a relation to`quality and quantity of information ex
hange' (Van Rooy 2003) asstudied in natural language semanti
s.
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33As a 
on
rete 
ase, if R = 1, then in the Gaussian example above,re
eiver should ask \Is x 2 [0;1) or not?". Every other questionredu
es the expe
ted distortion by a lesser amount. In general, thepresent question-and-answer game is very di�erent from the originalgame where the goal was to minimize the total number of questions.But the following example shows that, if we take a spe
ial distortionmeasure, then the goal of minimizing distortion and minimizing totalnumber of questions are re
on
iled.EXAMPLE 6.2. Suppose re
eiver wants to estimate the a
tual x bya probability distribution P on X . Thus, if R bits are allowed to beused, one of R di�erent distributions on X 
an be sent to re
eiver. Thebest that 
an be done is to partition X into 2R subsets A1; : : : ;A2R .Sender observes the i su
h that x 2 Ai and passes this informationon to re
eiver. A little thought reveals that the information i tellsthe re
eiver that X is now distributed a

ording to the 
onditionaldistribution P (X = � j X 2 Ai). It is then natural to measure thequality of distribution P (X = � j X 2 Ai) by its entropy, i.e. by theadditional number of questions that re
eiver has to ask before he knowsthe value of x with 
ertainty. That is, we take d(x; P ) = � logP (x):the distortion fun
tion is the Shannon-Fano 
ode length for the 
om-muni
ated distribution. Here we impli
itly generalized the de�nition of`distortion' measure: we do not require the estimates X̂ to take valuesin X any more. Rather, they are now a set of probability distributionson X ; the new de�nition in
ludes the former as a spe
ial 
ase.With d(x; P ) = � logP (x), the expe
ted distortion is E[d(X;P )℄ =H(P ). The minimum a
hievable distortion d�(r) for R = r is given byd�(r) = min I(Y ;X)where Y = f1; : : : ; 2Rg, and the minimum is over all sets Y and alldistributions P � over X � Y su
h that for all y 2 Y, P �(Y = y) =Px P �(Y = y;X = x) = P (Y = y). In parti
ular, for r = 0, d�(r) =H(P ); for r � H(P ), d�(r) = 0; for general r, d�(r) is the minimumexpe
ted number of questions that B still has to ask to determine x,just after B has already been given the answers to the �rst r questions.Thus, if we pi
k the Shannon-Fano 
ode length as the distortionmeasure, then the rate-distortion theory is re
on
iled with the loss-less 
ompression theory. In this 
ase, the distortion-rate fun
tion d�(r)shows how fast the entropy de
reases (the information gained by re-
eiver in
reases) if re
eiver always asks the `
leverest possible question',that has the highest expe
ted information gain. }Rate distortion and mutual information As R in
reases, the minimuma
hievable distortion be
omes smaller and smaller. Shannon was in-
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34terested in studying the fun
tional relationship between R and theminimum a
hievable distortion d� for a given R. This is 
alled thedistortion-rate fun
tion. For te
hni
al reasons it is often more 
on-venient to study R as a fun
tion of d�. This is the 
elebrated rate-distortion fun
tion. As one of the main results in his original paper,Shannon (1948) showed that there is a deep 
onne
tion between the mu-tual information and the rate-distortion fun
tion whi
h holds no matterwhat distortion fun
tion d is used - thus not only for the Shannon-Fano distortion. We only mention this result be
ause it illustrates thatmutual information is a fundamental notion; for a pre
ise statement werefer to (Cover and Thomas, 1991).7. Further Topi
s and Further ReadingFurther Topi
s: Shannon Of the three most important developmentsin Shannon's original paper, we only dis
ussed two: the noiseless 
odingtheorem for lossless 
ompression (Theorem 3.5) and the notion of rate-distortion related to lossy 
ompression. We did not dis
uss the 
hannel
oding theorem, whi
h is related to lossless 
ommuni
ation over a noisy
hannel. These and many other topi
s in Shannon information the-ory are thoroughly dis
ussed and explained in the standard referen
e(Cover and Thomas, 1991).Further Topi
s: Kolmogorov Kolmogorov 
omplexity has many appli-
ations whi
h we 
ould not dis
uss here. It leads to a formal notion ofrandomness of individual sequen
es that does not refer to an underlyingprobability distribution. Also, it lies at the basis of a powerful mathe-mati
al theory of indu
tive inferen
e. Third, it has led to a new mathe-mati
al proof te
hnique 
alled the in
ompressibility method. These andmany other topi
s in Kolmogorov 
omplexity are thoroughly dis
ussedand explained in the standard referen
e (Li and Vit�anyi, 1991).We end by mentioning an ex
iting re
ent development: the Kolmogorovstru
ture fun
tion.Kolmogorov Stru
ture Fun
tion The Kolmogorov Stru
ture Fun
tion(Kolmogorov, 1974; Shen', 1983; Cover and Thomas, 1991; G�a
s et al.2001; Veresh
hagin and Vit�anyi, 2002; Vit�anyi, 2002; Rissanen, 2002)
an be viewed (to some extent) as the analogue in Kolmogorov's theoryof Shannon's rate distortion. It is based on en
oding obje
ts (strings)in two parts: a stru
tural and a random part. We en
ountered a verysimple example of su
h a des
ription in Example 4.1, where we �rst
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35en
oded the frequen
y of ones in a string (a very simple `stru
ture') andthen the parti
ular sequen
e with the given frequen
y (
orresponding tothe `random' part of the des
ription). Intuitively, the `meaning' of thestring resides in the stru
tural part and the size of the stru
tural partquanti�es the `meaningful' information in the message. Re
ently, therehave been many ex
iting new results in this area; see (Veresh
haginand Vit�anyi, 2002). Kolmogorov's stru
ture fun
tion is 
losely relatedto J. Rissanen's minimum des
ription length prin
iple for indu
tiveinferen
e. In its simplest guise, this says that the best theory for a givenset of data is the theory that minimizes the des
ription length of thetheory plus the des
ription length of the data given the theory. Thus,data is en
oded by �rst en
oding a theory (
onstituting the `stru
tural'part of the data) and then en
oding the data using the properties of thedata that are pres
ribed by the theory. Pi
king the theory minimizingthe total des
ription length leads to an automati
 trade-o� between
omplexity of the 
hosen theory and its goodness of �t on the data. Thisprovides a pra
ti
al and su

essful prin
iple of indu
tive inferen
e thatmay be viewed as a mathemati
al formalization of `O

am's Razor'.But that is quite another story { we refer to (Gr�unwald, 2003) and(Rissanen, 1989) for details. Referen
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