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AbstractIt is often necessary to handle randomness and geom�etry in computer vision, for instance to match andfuse together noisy geometric features such as points,lines or 3D frames, or to estimate a geometric trans�formation from a set of matched features. However,the proper handling of these geometric features is farmore di�cult than for points, and a number of para�doxes can arise. We analyse in this article three basicproblems: (1) what is a uniform random distributionof features, (2) how to de�ne a distance between fea�tures, and (3) what is the �mean feature� of a num�ber of feature measurements, and we propose genericmethods to solve them.1 IntroductionMany algorithms in computer vision and object recog�nition deal with simple geometric features like points,for example the Iterative Closest Point ([4, 21]), the ge�ometric hashing ([13, 19]), and the alignment ([3, 11])algorithms. On the other hand, models of the realworld often lead to the consideration of more complexfeatures: lines ([8]), planes, oriented points, frames([16, 18]), etc. . .The handling of these features raises some problemsand can lead to paradoxes such as Bertrand's para�dox concerning geometric probabilities. We have pre�viously shown ([18]) that additive noise is not suitedfor describing the uncertainty of frames and should bereplaced by a compositive model of noise. Other ex�amples are presented in this article and demonstratethe need for a particular attention when dealing withgeometric features.We determined that the key point to analyse geo�metric feature is their behavior under a transformationgroup (see 1).The article is organized in four parts. Section 2focuses on the nature of geometric features, namely�http://www.inria.fr/Equipes/EPIDAURE-eng.html

A B CFigure 1: Comparison of geometric objects: we can saythat all three triangles are similar (relative to similaritytransformations); or that only A and B are congruent (rel�ative to rigid transformations); or that they are all di�erent(relative to translations).points on a manifold, and we investigate transforma�tion groups (rigid, a�ne,. . . ) that operate on thismanifold. In Section 3, we investigate the standard ge�ometric probabilities and in particular need to de�nean invariant measure on random features (under theconsidered transformation group) in order to obtain ameaningful result. This leads to the computation ofthe prior probability of a false match in recognitionalgorithms. Section 4 is devoted to metric propertiesand section 5 to their use in providing a de�nition ofthe expected and average features which is invariantof the representation and stable under the transforma�tion group. Due to the lack of space, we refer to ([17])for the experiements.2 Features and transformations2.1 Transformations: Lie groupsThere are many familiar transformations: trans�lations, rotations, similarities, a�ne transforma�tions. . .More generally, a transformation of a set Xis a one-to-one map of X onto X. If g is a transforma�tion, we will denote by g ? x = g(x) the application ofthe transformation to an element x 2 X, and by g(�1)the inverse map. If g1 and g2 are two transformations,the map g(x) = g2(g1(x)) is also a transformation: thecomposition of g1 and g2 (g = g2 � g1). A set of trans�formations G which is stable under these two maps isa transformation group of X.The important class of Lie groups is obtained ifG has a separate topological structure (a Hausdor�space) and the composition and inversion maps are1



di�erentiable (G is then a di�erentiable manifold). Infact, most usual transformation groups are Lie ones,as soon as the group is continuous and has reasonableoperations. In this article, we will use the 3D rigidmotion group as an example application. An elementof this group can be de�ned as the composition of arotation with a translation. It can be represented byF = (R; t), where the translation t belongs to R3 andwhere R is a rotation matrix (a 3x3 matrix satisfyingR:R> = R>:R = Id and det(R) = +1), and hencebelongs to the special orthogonal group SO3. Theinverse and compose maps are easily written (�.� isthe matrix multiplication):F (�1) = (R> ; R>:t)F = F2 � F1 = (R2:R1 ; R2:t1 + t2)2.2 Geometric features: manifoldsGeometric features are generally de�ned as sets ofpoints in the plane or 3D space, and the set of allgeometric features of a given type can be describedby a parameter p and a function �(p; x) which asso�ciates the parameter p to the geometric feature (theset fx 2 Rn = �(p; x) = 0g). The function � describea particular type of geometric feature (lines, planes,curves, triangles, . . . ) with a speci�c representationp. Usual sets of geometric features, such lines, curves,surfaces. . . are regular and constitute di�erential man�ifolds. This means that they are not traditional vec�tor spaces, but locally may be treated as if they were(the set is locally di�eomorphic to a vector space Rm).Spheres or smooth surfaces are such manifolds, as isthe set of rotation matrices which is equivalent to P3(the projective space of R4) by means of unit quater�nions (see [18, 2]). Points trivially constitute a mani�fold since they already are a vector space.There are often numerous ways to represent a givenmanifold, with di�erent properties. We can for in�stance de�ne a manifold as an embedding in Rk withdi�erentiable constraints (e.g. rotation matrices) Forother purposes, in particular di�erentiation, it is nec�essary to have a minimal representation where the di�mension of the parameter is the dimension of the man�ifold (e.g. the rotation vector), or more generally a setof charts forming an atlas of the manifold, exactly thesame way we need several charts to represent the earthsurface in a continuous way everywhere. Each chart isde�ned by a one-to-one di�erentiable map 'i(p) fromthe representation into the manifold and an open def�inition domain Di. The set of charts must cover themanifold and must overlap each other so that it is pos�sible to move from one chart to another.In the case of geometric objects, the transforma�tion usually applies to the plane or the 3D space (or

more generally Rn), but we want to work directlyon features and thus must take particular care thattheir nature is preserved during transformations. Con�sider, for instance, that two orthonormal axes are nolonger orthonormal after a general a�ne transforma�tion. The �rst constraint is then for the manifold Mto be globally invariant under the considered trans�formation group G. We can then de�ne the image ofthe feature p, satisfying �(p; x) = 0, by a transfor�mation g 2 G as being the feature p0 2 M realizing�(p0; g ? x) = 0. We will write p0 = g ? p. With thisde�nition, the group G is also a transformation groupof the manifoldM.2.3 Representation of rotations andframesIt is well known that a rotation matrix can be charac�terized by an angle � around an axis n (unit vector),but since the axis is constrained, this couple is notminimal (the dimension of the representation is 4 in�stead of 3) and the axis is moreover not de�ned for theidentity transformation. The rotation vector r = �:nis always de�ned (multiply, since � is modulo 2�) anddi�erentiable. In order to de�ne an atlas of rotations,we need in theory four charts, but we use in practiceonly one� Non re�ection rotations are represented by rota�tions vectors r from the open ball B3(0; �).and we remembered that, at the boundary of the do�main, r = �:n and r0 = ��:n are identi�ed. LetR(r) and r(R) denote the mappings between rotationvectors and matrices, we can now write directly thecomposition and inversion laws on the representation:r(�1) = r(R(r)>) and r2 � r1 = r(R(r2):R(r1))In this article, we used frame features under therigid motion group. A frame is de�ned by a pointwith an associated orthonormal trihedron. A partic�ularity of frames is that they are equivalent to rigidtransformations. Indeed, any frame de�nes a basis for3D space and so we can represent each frame by therigid transformation which map the canonical basisto itself. It is then easy to verify that compositionand application are equivalent. Frames and motionsare represented by a rotation vector and a translation:for convenient notation, we will write f = (r; t) andconsider it as a column vector. In this framework, apoint of the Euclidean space is denoted by x, and thestandard operators can then be written:� Composition: f = f2 � f1 = (r2 � r1 ; r2 ? t1 + t2)� Inversion: f (�1) = �r(�1) ; r(�1) ? (�t)�� Application to a point: x0 = f ? x = r ? x+ t� Application to a frame: f = f2 ? f1 = f2 � f12



2.4 Homogeneous featuresA special kind of relation between the manifold andthe group will be very important: let O 2M be an el�ement called the origin. The manifoldM is transitiveor homogeneous for the group G if any other elementof the manifold can be obtained by a transformationof G, i.e. if G ?O = fg ?O = g 2 Gg =M. This meansthat the features we consider have no invariants. Infact, we assume that we can split the features into aninvariant part (which we do not consider here) and avariable part under the group of transformation.In the case of homogeneous features, we identify themanifold with equivalence classes of group elements inthe following way. Let H be the subset of transformsthat leave O invariant:H = fh 2 G = h ?O = Og (1)H is a group and is called the isotropy or stability groupof G at O. The left cosets g �H can be identi�ed withelements of M. Indeed, if g ? O = x, then g � H isthe set of transformations which map O to x. We willwrite x̂ = fg 2 G = g ?O = xg (2)If we consider for instance point features with ori�gin O = 0 and rigid transformation, we have H =f(R; 0) = R 2 SO3g and x̂ = f(R;x) = R 2 SO3gwhere R is any rotation. For frame, taking as theorigin the canonical basis (O = ( Id; 0)), then H andall its cosets are reduced to a single point: f̂ = ffg.This special case where the manifold is equivalent tothe group leads to important simpli�cations in the the�ory. As an intermediate example, we consider orientedpoints: we set the origin to O = (0; e3), which meansthat all rotations Rz around the third axis e3 will letit invariant: H = fRz 2 SO3 = R:e3 = e3g.
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Frames Oriented Points PointsFigure 2: Chosen origins for frames, oriented points andpoints, and transformation of it by a rigid motion.3 Classical Geometric probabilitiesThe �rst class of problems in geometric probability arequestions of how to measure the probability of occur�rence of an event when some geometric elements arerandomly distributed. Bertrand's paradox illustratethe need to consider invariance by a transformationgroup in order to obtain a single and well de�ned re�sult. In fact, the problem lie in the notion of a uniformdistribution (or measure). Some more recent results

in Lie group theory provide a means of computing theleft invariant measure on the group G, which inducesthe invariant measure on homogeneous manifolds. Anapplication is presented with the generalization of thefalse positives analysis.3.1 Bertrand's paradoxThe problem raised by J. Bertrand in 1907 is to �ndthe probability that a �random� chord of a circle has alength greater than the side of an inscribed equilateraltriangle. Without loss of generality, we can �x theradius to 1 and the side length of the triangle is thenp3. This problem can be tackled by at least threemethods, which are illustrated in �gure 3.
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pFigure 3: Three methods to compute the probability thata �random� chord of a circle has a length greater than theside of an inscribed equilateral triangle. From left to right,the methods give a probability of 13 , 12 and 14 .Method 1: By de�nition, a chord intersects the cir�cle in two points, and we may assume that these twopoints are equally and independently distributed onthe circle. Assume that one of the points is A in �g�ure 3. Then the second point has to lie between A0and A00 in the circle for the chord to be greater thanthe triangle side. This is just 13 of the circumferenceand the searched probability is then 13 .Method 2: A chord is characterized by its distancep to the center (between 0 and 1) and its orientation �w.r.t. a �xed line (between 0 and 2�). If we draw theequilateral triangle with a side parallel to the chord,we can see that the distance d has to be less than 12 inorder to have a chord length greater than p3. Assum�ing a uniform orientation and distance to the origin,we �nd then a normalized probability of 12 (since pvaries between 0 and 1).Method 3: A chord is uniquely de�ned by the or�thogonal projection I of the circle center onto it. Ithas to lie inside the disc of radius 12 in order to havea su�cient length. So, assuming I is uniformly dis�tributed over the interior of the circle, the normalizedprobability is 14 .The above three solutions are correct but they donot refer to the same notion of uniformity in the waywe choose the chord. Using the (p; �) representation(described in the second method), we can compute3



(see [12]) that the probability measures are respec�tivelyd�1 = dp:d�2�p1� p2 d�2 = dp:d�2� d�3 = p: dp:d��and only the second one is invariant under the actionof rotations, translations and re�ections.The solution to this problem is to impose an invari�ance constraint, or more precisely to de�ne the notionof uniformity: for instance, uniform on R means thatthe probability for a point to lie on an interval ]x; x+d[is the same for all x. This is basically an invarianceby translation. In the same way, and since we canonly compare geometric objects with a transformationgroup, we de�ne the uniform (or invariant) measure(the in�nitesimal volume element) as the measure be�ing invariant by the action of any �xed element f ofthe group. Let dM(x) be such a measure (M standsfor manifold); this means that dM(f ? x) = dM(x)for any x. The invariant measure can be sought di�rectly on a given representation (see [12]), but a gen�eral formalism is developed in [20] to extract it fromthe left-invariant measure dLG of the group G.3.2 Invariant measures on a Lie groupWe can require left invariance (dLG(g � f) = dLG(f))for any �xed g 2 G, or right invariance (dRG(f � g) =dRG(f)). Since the group acts on the left (the applica�tion of transformation f to feature x is f ? x), we aremainly interested in left-invariance and we will meanby invariant measure the left-invariant one.To be mathematically correct, we require that forany continuous real function � on G with compactsupport, we have:8g 2 G Zf2G �(g � f):dLG(g � f) = Zf2G �(f):dLG(f)If the group is locally compact, then it can be proven([10]) that there exists only one left-invariant measure(up to a scale factor) that veri�es the above properties.This measure is called the (left) Haar measure of thegroup. In a symmetric way, there is also a unique rightHaar measure.It is interesting to note that the left and rightinvariant measures are generally di�erent: their dif�ference is quanti�ed by the module �G de�ned by:dLG(f) = �G(f):dRG(f). The group is called uni�modular if the module is identity everywhere, whichmeans that left and right measures are equal. A com�pact group is always unimodular, but only locally com�pact groups can have di�erent left and right Haar mea�sures. For instance, left and right Haar measures areidentical on SO3, since the 3D rotation group is com�pact, and the 3D rigid motion group is unimodular

although the group is only locally compact due to theintroduction of translations (see below).The left and right invariant measures can be gen�erally computed from the Maurer-Cartan equations([20]), but a very interesting theorem allows easy com�putation in the case of a minimal representation: as�sume that the de�nition domain of a chart almostcovers the group1 and that the Jacobian of the lefttranslate of the identity JL(f) exists and is continu�ous almost everywhere. Then the invariant measurecan be written:dLG(f) = dfjJL(f)j with JL(f) = @(f � e)@e ����e= Id (3)where jJ j = jdet(J)j. The right-invariant measurecan be derived in the same way using the Jacobian JRof the right translate of the identity, and the moduleis thus �G(f) = jJR(f)j = jJL(f)j. Using this scheme,we can show that the uniform measure for rotationsusing the rotation vector representation isdLG(r) = dRG(r) = 4 sin2(�=2)�2 dr (4)where � = krk. For rigid transformations with ourrepresentation f = (r; t), we have just to multiply bythe translation measure dt. Rotations and rigid trans�formations are thus unimodular.3.3 Invariant measure on manifoldsIf the manifold is not homogeneous, we factorize it intoM�I where I is the invariant part on which we canput any measure. For the homogeneous part M, wesaw in section 2.4 how to identify it with the quotientspace G=H. We can �nd, thanks to the above section,the (left) invariant measures dLG on G and dLH onH,and write dLG = dM:dLH where dM is a measure onthe manifoldM (or the quotient space G=H). Santalogives in [20] several forms of a necessary and su�cientcondition for dM to be an invariant measure. One ofthem can be stated as follows (e is an element of themanifoldM):8h 2 H; ���� @(h ? e)@e ����e=O���� = 1 (5)This means that the measure of the in�nitesimalvolume element at the origin remains unchanged underany transformation that keep the origin unchanged. Ifthis condition is not veri�ed, then there is no invariantmeasure on the manifold, otherwise we can computeit (with a minimal representation of the manifold) ina way similar to what we did for the group (fx is nowany transformation of x̂):dM(x) = dxjJ(fx)j with J(fx) = @(fx ? e)@e ����e=O (6)1Since we integrate function (and not distributions), we can�forget� a subset of the group that have a null measure.4



3.4 Prior probability of a false matchAssume that x is a uniform random feature in the �rstimage (characterized by a set of possible features I1).What is the probability that this feature be acceptedas a match with feature y in the second image, undera given global transformation f ?If we characterize the possible matches for y by an�error volume� Z(y) around y, we can write this prob�ability as the conditional probabilityP (f ? x $ y) = P ((f ? x) 2 Z(y)jx 2 I1) = V ((f ? I1) \ Z(y))V(I1)where V(X) is the �volume� of the setX. With the as�sumption that the volume V(Z(y)) is su�ciently smallwith respect to the volume of the image, we can con�sider that the transformed image I1 either containsthe whole set Z(y) or does not intersect it at all. Thisallows us to approximate the above probability byP (f ? x$ y) = "V (Z(y))V(I1)with " beeing 1 if f (�1) ? y 2 I1 and 0 otherwise.A desirable property for our �error volume� Z(y) isthat it be comparable at every point (as we usually�x the same bound for error on all the points): thismeans that, for any pair of points y and y0 on themanifold, there exists a transformation f such thatf ? y = y0 and Z(y0) = f ? Z(y) (the error volumeis said to be homogeneous). A stronger hypothesisis that for every transformation f , the error volumeon the transformed point is the transformation of theerror volume: Z(f ? y) = f ? Z(y). The volume issaid to be isotropic in this case, and is completelydetermined by its shape around the origin. In bothcases (homogeneity and isotropy), the volume of theerror volume is invariant: V (Z(y)) = V (Z(O)) = V0.The basic probability of a false match we obtain cannow be applied as usual in an analysis of the frequencyof false positives (see [9, 14, 15]).As a practical example, we considered in [16] thattwo frames are matched if the distance between theirpoint is less than a threshold d0 and if the rotationneeded to adjust their trihedra has an angle less thana threshold �0. This is in fact a bound on an invariantdistance (see section 4.5), the volume is thus invariantand we can compute it at the origin. If f = (r; t) is aframe, it is in the error volume Z( Id) if � = krk < �0and ktk < d0. Using the invariant measure of equation4, we can compute the volume of the error zone:V0 = Z�<�0 Zktk<d0 dM(r; t) = 2�(�0 � sin �0):�4�3 d30�If we assume a cubic image of side l (256 for instance)this gives a Euclidean volume VI = l3 for points in

which trihedrons are not constrained: the rotation vol�ume is 2�2. We obtain �nally the basic probability offalse match:P (f ? x$ y) = ��0 � sin �0� � 43 �d0l �3 "We have isolated in the �rst term the probability offalse match due to trihedra only, which re�ects thegain in selectivity when using frames instead of justpoints. This function is plotted in �gure 4 and showsvery interesting results: even for a bound of �0 =�=2 = 90deg, more than 80% of the random matchesare rejected. For a bound of �0 = �=10 ' 20 deg,the probability of a false match drops to 0.0016: wewould have to divide the bound on the position by 10to obtain an equivalent selectivity using points only.
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0Figure 4: Basic probability of a false match for trihedronswith a bound on the angle for the adjustment rotation oftheta.4 Metric propertiesA distance between points is often used to classify,quantify and minimize. This is even the core of somealgorithms (Iterative Closest Point for instance). Inorder to be able to compare features (and generalize anumber of methods on points), we also need a distancefunction on features. However, the distance has to becarefully chosen: a highly desirable property for thisdistance is the invariance under the transformationgroup and the invariance under the chosen representa�tion (see example below).A general method is given to generate an invariantdistance on the manifold from a metric on the trans�formation space, and this allows the generalization ofseveral algorithms based on distance to homogeneousfeatures. The invariance property automatically guar�antees the stability of the result with respect to theconsidered group of transformations.4.1 The paradox of the closest lineWe saw with the paradox of Bertrand di�erent rep�resentations of 2D line. We use in this section an�other minimal representation based on the line equa�tion ([2]): the equation of a 2D line is a:x+b:y+c = 0.In order to obtain a minimal representation, we needto eliminate one parameter:� Chart 1: lines that are not parallel to the Xaxis are represented by d = (a; p) 2 R2 and haveequation: a:x+ y + p = 0.5



� Chart 2: lines that are not parallel to the Y axisare represented by d0 = (a0; p0) 2 R2 and haveequation: x+ a0:y + p0 = 0.In the �rst chart, the line d = (a; p) cuts the Y axesat the point (0;�p) and has a director vector (1;�a).This is symmetric in the second chart: the line d0 =(a0; p0) cuts the X axes at the point (�p0; 0) and hasa director vector (�a0; 1).
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1Figure 5: Three lines in the plane.We draw in �gure 5 three lines. The problem isto choose which line d2 or d3 is the closest one to d1.A de�nition of the distance that seems to be reason�able is dist(d1; d2) = p(a1 � a2)2 + (p1 � p2)2. Thecoordinates of the three lines in the �rst chart ared1 = (�1=2 ; �1), d2 = (�1 ; �1), d3 = (�1=4 ; �1),and the distance between line d1 and d2 turns out tobe equal to the distance between line d1 and d3:dist(d1; d2) = dist(d1; d3) = 1=2The line d1 is thus the mid-line between d2 and d3. Ifwe now consider the lines in the second chart, theircoordinates are d1 = (�2 ; 2), d2 = (�1 ; 1), d3 =(�4 ; 4) and the distances are nowdist(d1; d2) = p2 and dist(d1; d3) = 2p2We have then the following paradox: d1 is themid-lines of d2 and d3 in one chart, and d2 is the clos�est line to d1 in the second chart. Which chart givesthe most reasonable result ? In fact, visually, the lined3 is the closest one: there is an angle of 12:5o be�tween d1 and d3, versus an angle of 18:5o between d1and d2 (these angles are obsiously invariant by rigidtransformation).4.2 Invariant distance on a manifoldLet x; y 2 M and g 2 G, then we require thatdist(x; y) = dist(g ? x; g ? y). This means in partic�ular that this distance is completely de�ned by thedistance N(x) = dist(x;O) of a feature x with theorigin: if we use transformation f (�1)y or f (�1)x , wehave dist(x; y) = N(f (�1)y ? x) = N(f (�1)x ? y) (7)The symmetry, positivity, de�nite character and tri�angular inequality for the distance are translated, un�der the invariance assumption, into the three followingproperties:� N(x) � 0 and (N(x) = 0), (x = O).

� N(f (�1)x ?O) = N(x) for fx 2 x̂ and thus N(h ? x) =N(x) for any h 2 H.� N(x) +N(y) � N(f (�1)y ? x) = N(f (�1)x ? y) for anyfx 2 x̂ and fy 2 ŷThese properties are very close to those required inorder to de�ne a norm on a vector space (without thepositive linearity). To distinguish the functionN fromthe associated invariant distance, we callN the �norm�of the manifold. We note that we have so far de�nedthe metric on the manifold and not in a particularchart. In practice, we use a �principal chart�, centeredaround the origin and covering almost the manifold.The normN is de�ned in this chart, and when we haveto use the distance dist(x; y), we computeN(f (�1)y ?x).4.3 Invariant distances on a Lie groupAssume that we work now on the transformationgroup G. We can require the distance to be eitherleft or right invariant. We are only interested here inthe left-invariant distance since it can induce an invari�ant distance on an homogeneous manifold. As above,a left invariant distance is determined by a metric Ngon the group, satisfying the following properties:� Ng(f (�1)) = Ng(f).� Ng(f) � 0 and (Ng(f) = 0), (f = Id).� Ng(f) +Ng(g) � Ng(g(�1) � f) = Ng(f (�1) � g).and the corresponding left invariant distance isdistL(f; g) = Ng(g(�1) � f) = Ng(f (�1) � g)4.4 Distance induced by the groupLet Ng be a norm on the group G. We de�ne theinduced semi-norm on the homogeneous manifold Mas N(x) = inf(h1;h2)2H2 (Ng(h1 � fx � h2)) (8)The corresponding invariant distance satis�esd(x; y) = infffx2x̂ ; fy2ŷg ( distL(fx; fy)) (9)If the in�mum of is reached for every point x, thenthe semi-metric is separable and is thus a metric. Thisproperty is always true if the isoptropy group H iscompact but is not automatically veri�ed otherwise(for instance, there is no metric induced on points bythe similarities or a�ne transformations).4.5 Practical use on rigid transformationsThe Euclidean distance on R3 is induced by the L2norm: dt(x; y) = kx � yk. On the other hand, it canbe shown ([1]) that the angle � of a rotation is a metricthat induce a left and right invariant distance on SO3,the rotation group. With the rotation vector represen�tation, we have d�(r1; r2) = kr(�1)2 � r1k = kr1 � r(�1)2 kand the norm on the rigid motion group is the combi�nation of these two metrics:N�(f) = N�((r; t)) = kfk =p�2 krk2 + ktk26



where � is a �xed parameter that allow to tune theimportance of the trihedron (rotation part) with re�spect to the position (or translation part). We usuallyscale each of the two terms by the inverse of their vari�ation domain (� for � and the diameter l0 of the imageor the interest object for the translation: � = l0=�).When we have a an information about the noise level(i.e. standard deviations �� and �t), we can also use� = �t=��.We can check that the distance induced by this met�ric on the original space is the Euclidean distance. Theleft-invariant distance is thusdistL(f1; f2)2 = kf (�1)2 �f1k2 = �2kr(�1)2 �r1k2+kt1�t2k2We note that this distance is not right invariant, al�though the rigid motion group is unimodular (and thusleft and right invariant measures are identical). Thisre�ects the fact that N�(f1 � f2) 6= N�(f2 � f1).4.6 Utility of invariant distancesThe distance between two points is often used in ge�ometric algorithms: the Iterative Closest Point algo�rithm, developed in [4, 21] is the best example. An�other example is the classic method of computing thetransformation that maps a set of points xi in oneimage, to a set of points yi in another image: it isthe transformation which the minimizes the sum ofsquared distances C(f) =Pi dist2(f ? xi; yi).All these algorithms can be extended to homoge�neous features in a straightforward way using the in�variant distance previously de�ned. The nice propertythat we have in using this distance is the �conserva�tion� of the result under a change in the referenceframe (the application of a transformation). Let Fbe the transformation minimizing the above criterionC(f). Assuming that the features xi are transformedby a transformation g (x0i = g ? xi), the new result isF 0 = F � g, but if the features of the second image areglobally transformed by g (y0i = g ? yi), then we needhere the invariance property of the distance to con�clude that the new minimum is F 00 = g(�1) �F , whichgives the expected result F = g � F 00. The same ex�periment can be done if both images are transformedby the same transformation g (this means a globalchange of the reference frame), and the invariance ofthe distance is required to prove that the transforma�tion found is F 000 = g(�1) � F � g, i.e. only the changeof the reference frame.5 Expectation of random featuresUncertainty on geometric features (and more gener�ally on measurements) is usually characterized by aprobability density function whose expected value cor�responds to the exact value. In order to deal e�ciently

with it from a computational point of view, we needto keep only a few number of parameters characteriz�ing this pdf. The usual way ([5, 2, 22]) is to considerthe representation of the random feature as a randomvector and, assuming that the pdf is quasi-Gaussian,approximate it up to the second order by its expecta�tion and covariance matrix. We focus in the sequel onthe expectation �x and its statistical measurement (orits discrete version): the empirical mean. The classi�cal de�nition is, for a pdf px (in the parameter space)and a set of measured features fxig:�x = E(x) = ZD y:px(y):dy and E(fxig) = 1nXi xiWe claim that these operators are not properly de��ned. In particular, the result of the integral or thesum is not ensured to be in the de�nition domainand de�nes not necessarily a feature: for instance, thearithmetic mean of several rotation matrices is gener�ally not an orthogonal matrix and is therefore not arotation itself (particularly for large deviations). Thesecond reason, is that the expectation does not com�mute in general with the application of a �xed trans�formation (see example below). This means that themean value of a pdf depends on the chosen referenceframe, which is unacceptable.5.1 Standard expectation of a 2D randomlineWe consider for this example 2D oriented vector lines,which can be represented by a point on the unit circle,and therefore an angle � with a given axis. We �xthe domain of � to be D =] � �; �]. The action ofa rotation of angle � is simply the addition (modulo2�). We can de�ne an uncertain line by its probabilitydensity function �(�), and the classical way to obtainthe expected value is to integrate in the parameterspace: �� = E(�) = ZD �:�(�) d�2�where the term 2� is a normalization factor. We notethat d� is the uniformmeasure for lines under rotation.Let �0(�) = 2 cos(�=2)2 be such a pdf (drawn in �gure6). It is normalized and its expectation is ��0 = 0. If wenow change the reference frame, i.e. apply a rotationof angle �, we obtain the new pdf ��(�) = �0(� � �),and the expected value is now��(�) = ZD �:�0(� � �) d�2� = 2 sin(�=2) cos(�=2)which is di�erent from the rotated expectation �(�) =�. In particular, for a rotation of � = �, we �nd that�� = � and ��� = 0.The �rst idea to avoid this type of problems is to�center� the de�nition domain of the chart around the7
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-3Figure 6: Left: Original pdf �0(�) = 2cos(�=2)2. Expec�tation is ��(0) = 0. Middle: pdf after a rotation of angle� = �. The expectation ��(�) is also 0, whereas the rotatedexpectation is �� = �. Right: comparison of the expecta�tion of the rotated line and the rotation of the expectedline.expected feature. If this can be easy in the case of acircle, as above, it may bemore problematical for someother features such as 3D lines, or frames, where themanifold is far more complex. The question is similarfor the mean value, especially with scattered measure�ments. Last, but not least, if the chart is centeredaround the expected (or the mean) feature, then theproblem is already solved. The Frechet expectationis a well-posed formalism to implement this idea: the�centrality� of a feature is based on its distance withother measurements, and the mean or expected valuesare the features that optimize the �centrality�.5.2 Frechet expectation of a random fea�tureLet v be a random vector in Rn. Frechet ([7]) observedthat the variance �2v(x) = E(dist(v; x)2) is minimizedat the expected value �v. The second point is thatif the expectancy of the representation of a feature (avectorial integral) is not well de�ned (because featuresare not vectors), the expectation of a real mapping(and in particular the distance to a �xed feature) isproperly de�ned.Let dist be an invariant distance on the manifoldMunder the group G. This distance is independant of therepresentation. In order to get rid of the representa�tion problem and be sure to integrate correctly on themanifold, we use from now on the �invariant� pdf pre�viously introduced to describe random features. Letthen x be a random feature of pdf px. The expectedsquare distance of a deterministic feature y with therandom feature x is de�ned by�2x(y) = Ex( dist(y;x)2) = ZM dist(y; z)2:px(z):dM(z)(10)If �2x(y) is �nite for all y, we call every feature �xminimizing �2x an expected feature, and we denote byE(x) the set of all expected features of the randomfeature x. We have thusE(x) = arg miny2M �Ex( dist(y;x)2)� (11)If there is at least one expected feature �x, then �x =�x(�x) is called the standard deviation of x and �2x thevariance. In general, there can be several expected

values. However, Emery and Mokobodzki show in[6], under some strong conditions, the existence anduniqueness of the expected value.In a very similar way, we can de�ne the set of em�pirical means of features x1; : : : xn byE(fxig) = arg miny2M Xi dist(y; xi)2! (12)and if there is at least one mean �y, we call s =q 1n Pi dist(y; xi)2 the empirical standard deviationand s2 the empirical variance.Other types of central values can be de�ned in thisframework: we de�ne more generally the �mean devi�ation� at order � by�x;�(y) = (Ex( dist(y;x)�)1=�If this function is �nite over M, the features �x� min�imizing it are called central features of order �. Tobe more practical, we obtain the modes of the pdf for� = 0, the median features for � = 1, of course themean or expected features for � = 2, and the �barycen�ter� of the support of the pdf (which is a compact set)if the mean deviation is �nite for � = 1. This canalso be applied to de�ne the empirical central featuresat any order.All the above de�nitions can be applied to the trans�formation group with our previous de�nitions of theleft invariant distance and measure.5.3 Invariance propertiesThe nice properties of the Frechet expectation andmean features are, in our case, due to the invariantdistance; these sets are stable under the transforma�tion group:E(g ? x) = g ? E(x) and E(fg ? xig) = g ? E(fxig)Since the distance we use does not depends on the rep�resentation, the results of all minimization are ensuredto be also independent of the representation. We havethus obtained a stable de�nition (and a mean of com�putation via optimization) for the expected featuresof a pdf and for the empirical mean features.5.4 Application to data fusion: the meanframesAssume that we have a set of frame measurementsfi = (ri; xi). We are looking for the mean framef = (r; x) in the Frechet sense. From our de�nition ofthe distance from f to fi, the least squares criterionreduces toC�(f) = �2Xi kr(�1)i � rk2 +Xi kx� xik2We can thus minimize independently for the positionand the orientation. Moreover, the solution is inde�pendent of the parameter �.8



The position is given by the barycenter of the framepositions, and the orientation is obtained by an itera�tive gradient descent (equations for the derivation canbe found in [18]). The gradient descent can be re�peated for several starting points to verify that theglobal minimum is obtained an to test its uniqueness.Another method following the same principles butincorporating second order informations (covariancematrices) was proposed in [18].6 Experiments: a data fusion problemThis section is reachable in the corresponding INRIAresearch report ([17]).7 ConclusionWe showed in this paper that a wide range of para�doxes arise when we try to generalize to geometricfeatures the classical algorithms used for points, andwe demonstrate, in the case of homogeneous features,that they can be avoided by the careful de�nition ofbasic operators which respect the following rules:� Invariance with respect to the representation.� Invariance or commutativity with respect to theaction of the associated transformation group.We are currently working on a theory of uncertaintyon geometric features continuing the formalism intro�duced in this paper.AcknowledgmentsPart of this work was supported by a fellowship fromD.R.E.T./D.C.N. (France).References[1] S. L. Altmann. Rotations, Quaternions, and DoubleGroups. Clarendon Press - Oxford, 1986.[2] N. Ayache. Arti�cial Vision for Mobile robots -Stereo-vision and Multisensor Perception. MIT-Press,1991.[3] N. Ayache and O.D. Faugeras. Hyper : A newapproach for the recognition and positioning oftwo-dimensional objects. IEEE Trans. on PaternAnalysis and Machine Intelligence, 8(1):44�54, 1986.[4] Paul Besl and Neil McKay. A method for registrationof 3�D shapes. IEEE Transactions on Pattern Analy�sis and Machine Intelligence, 14(2):239�256, February1992.[5] H.F. Durrant-Whyte. Integration, Coordination andControl of Multi-Sensor Robot Systems. Kluwer Aca�demic Publishers, 1988.[6] M. Emery and G. Mokobodzki. Sur le barycen�tre d'une probabilité dans une variété. In M. YorJ. Azema, P.A. Meyer, editor, Séminaire de probabil�ités XXV, number 1485 in Lect. Notes in Math., pages220�233. Springer-Verlag, 1991.
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