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Abstract

An algorithm for computation of an arbitrary response of an LTI system
from an exact finite input/output trajectory of the system is presented. In
particular, the impulse response can be obtained directly from data. A spe-
cial case of the algorithm corresponds to the oblique projection.
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Abstract— An algorithm for computation of an arbitrary
response of an LTI system from an exact finite input/output
trajectory of the system is presented. In particular, the impulse
response can be obtained directly from data. A special case of
the algorithm corresponds to the oblique projection.

Index Terms— Deterministic subspace identification, im-
pulse response estimation, oblique projection.

I. I NTRODUCTION

The existing deterministic balanced subspace identifica-
tion algorithms [1], [2], [3] compute the impulse response
and sequential zero input responses of the identified sys-
tem. This paper presents a method for computation of
any response directly from data. Applied to the balanced
subspace identification problem, this approach gives a the
algorithm proposed in [3]. Alternatively combined with
Kung’s algorithm, it gives a different identification method.

Our approach is based on the result of [4], which shows
when the image of a Hankel matrixH (w̃) constructed
from an exact trajectory ˜w = (ũ, ỹ) of a system contains
any response of the system. Therefore, in this case, any
response of length row dim

(

H (w)
)

can be obtained as a
linear combinationH (w̃)g, for a suitably choseng∈ R

•.
Important refinement of this basic idea is that a response can
be constructed from sequential pieces, so that an arbitrary
long response can be computed from a finite trajectory ˜w.

II. COMPUTATION OF A RESPONSE FROM DATA

Let Hl (•) be a block-Hankel matrix withl block-rows,
e.g., with ũ(1), . . . , ũ(T),

Hl (u) =











ũ(1) ũ(2) · · · ũ(T − l +1)
ũ(2) ũ(3) · · · ũ(T − l +2)

...
...

...
ũ(l) ũ(l +1) · · · ũ(T)











,

nmax be an upper bound on the system ordern, and define
Up ∈ R

nmaxm×• Uf ∈ R
lm×•, Yp ∈ R

nmaxp×•, Yf ∈ R
lp×• by

Hnmax+l (ũ) =:

[

Up

Uf

]

, Hnmax+l (ỹ) =:

[

Yp

Yf

]

.

Theorem 1. Let w̃= (ũ, ỹ) be a trajectory of a controllable
LTI systemS of order n ≤ nmax and let ũ be persistently
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exciting of order l+2nmax. Then the system of equations




Up

Uf

Yp



g =





0
uf

0



 , (1)

is solvable for any uf and any particular solution̄g allows
the computation of the response yf of S due to the input uf
and zero initial conditions as yf = Yf ḡ.

Proof: Similar statement is proved in [3, Sec. 3]. The
essential lemma used is presented in [4].

Theorem 1 gives a block algorithm for the computation of
the responseyf . Let w̃ =

(

w̃(1), . . . ,w̃(T)
)

. The persistency
of excitation assumption implies that

l ≤
T +1
m+1

−2nmax, (2)

so using the block algorithm, we are limited in the length of
the responseyf that can be computed from a finite ˜w. It is
possible, however, to find an arbitrary many sample of the
response. Algorithm 1 does this by computing iteratively
blocks of l consecutive samples. (The notationσ , used in
step 2.3. of the algorithm, is for the shift operator. Acting
on a matrix it removes the firstblock row.)

Algorithm 1 (Computation of response from data).
Input: w̃ = (ũ, ỹ), uf , nmax.

1) Initialization: choosel according to (2), setk := 0,

f (0)
u :=

[

0mnmax×1

uf (1:l)

]

, and f (0)
y,p := 0pnmax×1.

2) Repeat

2.1. Solve





Up

Uf

Yp



g(k) =





f (k)
u

f (k)
y,p



 and

let ḡ(k) be the particular solution found.
2.2. Compute the responsey(k)

f := Yf ḡ(k).

2.3. Shift: f (k+1)
u :=

[

σ l f (k)
u

u(kl+1:(k+1)l)

]

, f (k+1)
y,p := σ l

[

f
(k)
y,p

y(k)
f

]

.

2.4. k := k+1

Until t < kl (t := # of samples inuf )

Output: yf := col
(

y(0)
f , . . . ,y(k−1)

f

)

.

Algorithm 1 works by matching the initial conditions
of the l -samples long responsesy(0)

f ,y(1)
f , . . ., so that they

become sequential pieces of the desired responseyf . In the
special caseuf = δ (t)ei , where δ is the Kronecker delta
function andei is thei-th unit vector, Algorithm 1 computes
the i-th column of the impulse response ofS .



TABLE I

ERROR OF ESTIMATIONe= ||Y0−Ŷ0||F AND THE CORRESPONDING AMOUNT OF OPERATIONSf IN MEGA FLOPS.

σ = 0.0 σ = 0.1 σ = 0.2 σ = 0.4
Method e f e f e f e f

Iterative algorithm, using the QR decomposition 10−14 130 1.2990 131 2.5257 132 4.7498 132
Oblique projection, computed from the definition 10−10 182 1.6497 186 3.2063 187 6.0915 189
Oblique projection, using the QR decomposition 10−14 251 1.6497 251 3.2063 251 6.0915 252

III. COMPUTATION OF SEQUENTIAL ZERO INPUT

RESPONSES AND LINK WITH THE OBLIQUE PROJECTION

Consider the computation of a sequence of zero input
responses with the property that the corresponding sequence
of initial conditions form a valid state sequence of the
system. Such zero input responses are calledsequential.

Using the result of [4], a matrixY0 which columns are
zero input responses can be computed from the data ˜w by
solving the system





Up

Yp

Uf



G =





Up

Yp

0



 (3)

and settingY0 =Yf G. Moreover, the Hankel structure ofUp

andYp implies thatY0 is a matrix of sequential responses.
System (3) andY0 = Yf G give a block algorithm for the
computation of sequential zero input responses.

An iterative algorithmsimilar to Algorithm 1 is presented
in [3, Sec. 4]. (The only modification needed is to replace
in the initialization step of Algorithm 1 the zero block
in f (0)

u with Up and f (0)
y,p = 0 with f (0)

y,p = Yp .) It allows to
compute arbitrary long sequential free responses. Moreover,
the freedom to choose the parameterl allows to relax
the persistency of excitation condition and to solve more
overdetermined system of equations on each iteration step.

For any particular solution̄G of (3), Y0 =Yf Ḡ is equal to
the oblique projectionYf /Uf

[

Up
Yp

]

of the classical subspace
algorithms. Consider the least squares least norm solution
of (3)

Ḡ=
[

W⊤
p Uf

⊤
]

[

WpW⊤
p WpU⊤

f
Uf W⊤

p Uf Uf
⊤

]+ [

Wp

0

]

, Wp :=
[

Up
Yp

]

.

We haveYf Ḡ = Yf /Uf Wp , i.e., the oblique projection ofYf

alongUf onWp . (See [2, p. 21, eqn. (1.4)] for the definition
of the oblique projectionYf /Uf Wp .) Thus,

the oblique projection is an implementation of
the block algorithm for the computation of the
matrix Y0 of sequential zero input responses.

IV. SIMULATION EXAMPLE

The systemS is of ordern = 3. The input ˜u is a unit
variance white noise and the data available for identification
is the corresponding trajectory ˜w = (ũ, ỹ) of S , corrupted
by white noise with standard deviationσ . The simulation
time is T = 100 and the parametersnmax and l of the
iterative algorithm are chosen as follows:nmax = l = 3.

Table I shows the error of estimatione := ||Y0 − Ŷ0||F
and the corresponding amount of operations, whereY0 is a
matrix of exact sequential zero input responses with length
10 andŶ0 is its estimate computed from data. The esti-
mate is computed in three ways: by the proposed iterative
algorithm, implemented with the QR factorization; by the
oblique projection, computed directly from the definition [2,
eqn. (1.4)]; and by the oblique projection, computed via the
QR factorization.

The iterative algorithm needs less computations and gives
more accurate results than the alternatives. The reason for
this is that selecting the parameterl = 3 instead ofl = 10,
as in a block computation, results in a more overdetermined
system of equations in the iterative algorithm compared with
system (3) used in the block algorithm. As a result the noise
is averaged over more samples, which leads to statistically
better estimate. Solving several more overdetermined sys-
tems of equations instead of one more rectangular system
can be more efficient, as it is in the example. In fact, the
freedom in the choice of the parameterl makes possible to
optimize efficiency or another criterion.
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