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Let Q1 and Q2 be the GQs over E that the subject and object respec-tively denote in a given model. The ONS and OWS readings of the sentencein this model with respect to a binary relation R � E�E, are de�ned usingthe following polyadic GQs over E �E:(1) Q1-Q2(R) def= Q1(fx 2 E : Q2(fy 2 E : R(y)(x)g)g) (ONS reading)Q1�Q2(R) def= Q2(fy 2 E : Q1(fx 2 E : R(y)(x)g)g) (OWS reading)Let D1 and D2 be global determiners that correspond to the subject andobject determiners respectively. The polyadic determiners D1-D2 and D1�D2, which give rise to ONS and OWS readings respectively, are de�ned asternary relations between A;B � E and R � E � E.(2) D1-D2(A)(B)(R) def= ((D1(A))-(D2(B))(R)D1�D2(A)(B)(R) def= ((D1(A))�(D2(B))(R)A quanti�er QE is called upward (downward) monotone if it is closedunder supersets (subsets). A global determiner D is called upward (down-ward) right monotone if for every A � E, the quanti�er DE(A) is upward(downward) monotone. Symmetrically, D is called upward (downward) leftmonotone if for every A � E, the quanti�er fB � E : D(B)(A)g is upward(downward) monotone. We use the following abbreviations:QE 2MON"/MON#: QE is upward/downward monotoneD 2MON"/MON#: D is upward/downward right monotoneD 2 "MON/#MON: D is upward/downward left monotoneWe would like to characterize whether the relation D1-D2 is contained inthe relation D1�D2. When D1 is every (some) and D2 is some (every), it iswell-known that the answer is negative (positive) respectively. For instance,the ONS reading of the sentence some student saw every teacher entails,but is not entailed by, its OWS reading. We show that in fact, in sentenceswith upward monotone subjects and objects, the existential determiner isthe basis for the class of subject determiners that guarantee entailment fromthe ONS reading to the OWS reading. Symmetrically, for upward monotonesubjects and objects, the universal determiner is the basis for the class ofobject determiners that guarantee entailment from the ONS reading to theOWS reading.We use the fact (cf. [1]) that any upward monotone quanti�er QE canbe represented as a union of intersections of principal ultra�lters.Fact 1 Let QE be an upward monotone GQ over E. Then QE = [N2M\x2N2



Ix, for some subset M of }(E), where Iy is the principal ultra�lter fA �E : y 2 Ag generated by y 2 E.Proof Let M be QE. If A 2 QE, then clearly A 2 \x2AIx, thus QE �[N2QE \x2N Ix. In the other direction, if A 2 [N2QE \x2N Ix, then thereis N 2 QE s.t. A 2 \x2NIx. Thus, there is N 2 QE s.t. N � A. Due toupward monotonicity of QE , we have: A 2 QE . 2We call M the signature of a disjunctive normal form (DNF) of an up-ward monotone quanti�er. We de�ne a hierarchy of the upward monotonequanti�ers by requiring a DNF for a quanti�er QE 2 MON", with a signa-ture M that satis�es certain conditions. The classes in the hierarchy, withthe respective conditions on M that de�ne them, are listed below.TRIV0: M = ;: QE is emptyTRIV1: ; 2M : QE is equal to }(E)PUF: M = ffagg for some a 2 E:QE is the principal ultra�lter Ia generated by a;PUF\: M = fAg for some (possibly empty) A � E:QE is an intersection of PUFs: the principal �lter FA generated by APUF[: M is a (possibly empty) collection of singletons in }(E):QE is a union of PUFs.Obviously, the following relations hold between these classes of GQs: PUF �PUF\ � MON "; PUF � PUF[ � MON "; TRIV0 � PUF[; TRIV1 �PUF\.Further, observe the following simple facts.Fact 2 A quanti�er Q is in PUF[ i� Q = [fxg2QIx.Fact 3 A quanti�er Q is in PUF\ i� Q = \x2\QIx (= F\Q).Consider now the following simple relation between the above hierarchy andscope entailments.Lemma 4 Let Q1; Q2 � }(E) be upward monotone GQs over E. If Q1 2PUF[ or Q2 2 PUF\ then Q1-Q2 � Q1�Q2.Proof Assume �rst that Q1 2 PUF[.Assume that R 2 Q1-Q2. That is: Q1(fx 2 E : Q2(fy 2 E : R(y)(x)g)g).We conclude that Q1 6= ;. Because Q1 is in PUF[, we have by fact 2:3



Q1 = [ftg2Q1It. Thus, there exists ftg 2 Q1 s.t. fx 2 E : Q2(fy 2 E :R(y)(x)g)g 2 It. Let t0 2 E satisfy ft0g 2 Q1 and Q2(fy 2 E : R(y)(t0)g).But fy 2 E : R(y)(t0)g � fy 2 E : 9ftg 2 Q1[R(y)(t)]g. Hence, fromQ2 2 MON" we conclude: Q2(fy 2 E : 9ftg 2 Q1[R(y)(t)]g). (i)From Q1 2 MON" we conclude fy 2 E : 9ftg 2 Q1[R(y)(t)]g � fy 2 E :Q1(fx 2 E : R(y)(x)g)g.Hence, from Q2 2 MON" and (i) we conclude: Q2(fy 2 E : Q1(fx 2 E :R(y)(x)g)g).Therefore, R 2 Q1�Q2.We have shown that if Q1 2 PUF[ then Q1-Q2 � Q1�Q2. The proof forQ2 2 PUF\ is analogous. 2We use our classi�cation of MON" local quanti�ers in order to classifyMON" global determiners as follows. For any global determiner D:D is PUF1[ i� for all A � E: DE(A) is in PUF[ [ TRIV1.D is PUF0\ i� for all A � E: DE(A) is in PUF\ [ TRIV0.D is TRIV0 (TRIV1) i� for all A � E: DE(A) is in TRIV0 (TRIV1).When D is TRIV0 or TRIV1 we say that D is trivial.D is TRIV90 (TRIV91) i� there exist A � E s.t.DE(A) is in TRIV0 (TRIV1).D is PUF0 (PUF1) i� for all x 2 E: DE(fxg) = Ix, while for all A � Es.t. jAj 6= 1: DE(A) is in TRIV0 (TRIV1).When D is PUF0 or PUF1 we say that D is PUF.Thus, a determiner is called PUF1[ (PUF0\) when it generates only PUF[(PUF\) and trivial quanti�ers. Note that a determiner is classi�ed as PUF1[(PUF0\) or TRIV0 (TRIV1) according to its behavior on all domains andarguments. By contrast, for classifying a determiner as TRIV90 (TRIV91),it is su�cient to �nd one domain and one argument for which it is TRIV0(TRIV1). The usefulness of both \universal" and \existential" classi�cationsof determiners will be clari�ed as we go along.Meanwhile, to illustrate these de�nitions, consider the following simplefacts.� The determiner some is TRIV90 and PUF1[, but neither TRIV91 norPUF0\;� The determiner every is TRIV91 and PUF0\, but neither TRIV90 norPUF1[;� The determiner some and (in fact) every is TRIV90 and PUF0\, butneither TRIV91 nor PUF1[; 4



� The determiner some or (perhaps even) every is TRIV91 and PUF1[,but neither TRIV90 nor PUF0\.Of course, the determiners some and/or every are respectively the intersec-tion/union of the standard relations for the existential and universal deter-miners.Our main claim is that this typology of determiners allows us to deter-mine in which cases of MON " determiners D1 and D2, the ONS readingD1-D2 entails (or is entailed by) the OWS reading D1�D2. Before provingthat, there is one quali�cation concerning this result that we should explain.We will assume that both D1 and D2 are �nitely based, in a sense that isde�ned below. This restriction is needed because MON" determiners suchas in�nitely many behave with respect to re lative scope entailments di�er-ently than MON" determiners such as at least three. Consider the followingexamples.(3) a. In�nitely many students saw John or Mary.b. At least three students saw John or Mary.(4) a. In�nitely many students saw at least one of the two students.b. At least three students saw at least one of the two students.In (3a), the ONS reading entails the OWS reading: if there are in�nitelymany students that have the property saw John or saw Mary, then eitherJohn or Mary has the property was seen by in�nitely many students. But thisis obviously not the case in (3b). A similar contrast is observed between (4a)and (4b), under a Russellian treatment of the de�nite article. For instance:(5) at least one of the n0(A)(B) = 1 , jAj = n ^A \ B 6= ;(6) each of the n0(A)(B) = 1 , jAj = n ^ A � BWe have seen that MON" determiners such as in�nitely many show scopeentailments that are di�erent than those of similar \�nite" determiners.Such \in�nite" determiners, which are common in the mathematical jargon,are much less common { and have a much less de�ned meaning { in everydayspeech. This is in contrast to more ordinary determiners such at least threeor every, which English speakers use by and large with the same meaningas logicians do. The formal distinction between determiners that is heldresponsible for this di�erence is de�ned as follows.5



De�nition 1 (FB quanti�ers) Let E be a denumerable non-empty do-main. A sequence Aij1i=1 of subsets of E is called properly monotone ifAi � Ai+1 for every i � 1, or Ai � Ai+1 for every i � 1.Two properly monotone sequences Aij1i=1 and Bj j1j=1 are called mutuallymonotone if Ai � Bj for all i; j � 1, or Ai � Bj for all i; j � 1.A quanti�er QE over E is called �nitely based (FB) i� for any two mu-tually monotone sequences Aij1i=1 and Bj j1j=1 s.t. QE is constant on bothsequences, QE sends both sequences to the same value.By \constancy" of a quanti�er QE on a set X � }(E), we of course mean:X � QE or QE \ X = ;. In the �rst case say we say that QE sends X to 1.In the second case say we say that QE sends X to 0.The de�nition of FB determiners is derived from the de�nition of FBquanti�ers.De�nition 2 (FB determiners) A global determiner D is FB i� for anydenumerable non-empty domain E, DE(E) is an FB quanti�er.Note that this de�nition pays attention only to the behavior of DE on thewhole E domain, and does not take into account proper subsets of E. Thus,a determiner such as all is provably FB, even though on the domain ofnatural numbers, the quanti�er all odd natural numbers is not FB. This isin accordance with the intuition that the determiner all does not inherentlypertain to in�nite sets. By contrast, the determiner all but �nitely manyprovably maps any in�nite domain to a non-FB quanti�er, hence it is notFB itself.Let us consider an example for a pair of FB/non-FB determiners thatbelong in the same class of the above hierarchy. Consider �rst the determinerin�nitely many. Let N by the set of natural numbers, with NO � N theset of odd natural numbers. Consider two sequences (NO \ [1::2i])j1i=1 { theincreasing sequence of sets of odd numbers; and (NO[[1::2i])j1i=1 { the unionsof the odd numbers with elements in the increasing sequence of sets of evennumbers. These two sequences are mutually monotone, but the denotation ofin�nitely many natural numbers on the domain E = N is constantly false onthe �rst sequence but constantly true on the second sequence. Consequently,the determiner in�nitely many is not FB. It is impossible to �nd two suchsequences for the determiner at least three: trivially, for any domain E, thequanti�er at least 30E(E) cannot be false over an in�nite properly monotonesequence. Consequently, the determiner at least three is FB. Note howeverthat, for each of the determiners in�nitely many and at least three, thereare quanti�ers that the determiner forms that belong in the class MON "6



n(PUF[[PUF\). Hence, both determiners are in the class MON" n(PUF1[[PUF0\). Some more examples for FB and non-FB determiners are given intable 1. We note without proof that the class of FB determiners is closedunder complements and �nite intersections and unions.FB non-FBat least three �nitely manyat most three in�nitely manyexactly threeallall but (at least) three all but �nitely manyall but at most three all but in�nitely manyTable 1: FB and non-FB determinersWe observe the following fact about upward monotone FB quanti�ers.Lemma 5 Let Q be an FB upward monotone quanti�er over a denumerabledomain E. If C1 � C2 � : : : is a properly decreasing in�nite sequence ofsets in Q, then there is a �nite set A � C1 in Q.Proof Assume for contradiction that every A � C1 in Q is in�nite. We willshow that Q is not FB.Assume �rst that there is A � C1 in Q s.t. E n A is in�nite. Let us denoteA = fa1; a2; :::g, E nA = fe1; e2; :::g. Consider the following two sequences:X1 = A; Xi+1 = Xi [ feig for every i � 1.Y1 = fa1g; Yj+1 = Yj [ faj+1g for every j � 1.These two in�nite sequences are mutually monotone.For every i � 1 we have: Xi 2 Q (by monotonicity of Q and X1 = A 2 Q).For every j � 1 we have: Yj =2 Q (by �niteness of Yj and Yj � A � C1).Hence Q is not FB, in contradiction to the assumption that it is.Assume now that for every A � C1 in Q: E n A is �nite. Consider thefollowing two sequences:X1 = C1; Xi+1 = Xi n (C2i n C2i+1).Y1 = C1 n C2; Yj+1 = Yj [ (C2j+1 nC2j+2).7



These two in�nite sequences are mutually monotone.For every i � 1 we have: Xi 2 Q, because C2i�1 2 Q, C2i�1 � Xi, andQ 2 MON".For every j � 1 we have: Yj � [1k=1(C2k�1 n C2k) def= D. But E n D �[1n=1(C2k nC2k+1) is in�nite and D � C1, hence by our assumption: D =2 Q.We conclude Yj =2 Q by monotonicity of Q.Therefore we proved again that Q is not FB, in contradiction to the assump-tion that it is. 2For the statement of our main claim, recall the following de�nitions,which are standard in GQ theory ([2]). For any global determiner D:D satis�es extension (EXT) i� for all A;B � E � E 0: DE(A)(B) =DE0(A)(B).D is isomorphism invariant (ISOM) i� for all bijections � : E ! E 0, forall A;B � E: DE0(f�(x) : x 2 Ag)(f�(y) : y 2 Bg) = DE(A)(B).D is conservative (CONS) i� for all A;B � E: DE(A)(B) = DE(A)(A\B).As in other works on GQ theory, we restrict our attention to determiners innatural language that are EXT, ISOM and CONS.It is now possible to move on to our main claim.Theorem 6 Let D1 and D2 be two global MON" determiners that satisfyFB, EXT and CONS. Then D1-D2 � D1�D2 for any domain denumerablenon-empty E i� both following conditions hold: (1) D1 is PUF1[ or D2 isPUF0\; and (2) D1 is not TRIV91 or D2 is not TRIV90.Proof (if)We prove that if D1 is PUF1[ and condition 2 holds then D1-D2 � D1�D2.The proof in case that D2 is PUF0\ is analogous.If D1 is not TRIV91 then for all A � E: D1E(A) 2 PUF[. Hence, by lemma4, for all B � E: (D1(A))-(D2(B)) � (D1(A))�(D2(B)). In other words:D1-D2 � D1�D2 for any domain E.Otherwise, D1 is TRIV91 and by condition 2: D2 is not TRIV90 . (i)For all A � E: D1E(A) 2 PUF[ [ TRIV1. If D1E(A) 2 PUF[, then againby lemma 4, for all B � E: (D1(A))-(D2(B)) � (D1(A))�(D2(B)).If D1E(A) 2 TRIV1, then fy 2 E : D1(A)(fx 2 E : R(y)(x)g)g = E forany R 2 E � E. But for all B � E: E 2 D2E(B), because D2(B) is notTRIV0 (by (i)) and upward monotone. We conclude that for all B � E:(D1(A))-(D2(B)) � (D1(A))�(D2(B)).8



We have shown that if D1 2 PUF1[ and condition 2 holds, then D1-D2 �D1�D2. The proof for D2 2 PUF0\ is analogous. 2To prove the \only if" direction of theorem 6, we will �rst prove thefollowing two lemmas, which rely on the FB property.Lemma 7 Let D be an FB determiner inMON" nPUF1[ that satis�es EXTand CONS. Then there are A � E, for which there is B 2 DE(A) s.t. jBj � 2and for every X � B: X =2 DE(A).Proof We �rst show that there is a domainA s.t.DA(A) 2 MON" n(PUF[[TRIV1). The proof is routine in usages of CONS and EXT. By the assump-tion that D is not PUF1[, there are A � E s.t. DE(A) =2 PUF[[TRIV1. Byfact 2 and upward monotonicity of DE(A), there is B 2 DE(A) s.t. for everyx 2 B: fxg =2 DE(A). By conservativity of D: A \ B 2 DE(A). BecauseDE(A) 2 MON" nTRIV1 we conclude A\B 6= ;. Because D satis�es EXT:A\B 2 DA(A). Hence by assumption on B and extension, for all x 2 A\B:fxg =2 DA(A). By fact 2 and upward monotonicity of DA(A): DA(A) is notPUF[. Because A \ B 6= ;, DA(A) is not TRIV1 either.Let us denote Q = DA(A).Let us further denote Q0 def= fX 2 Q : for every x 2 X : fxg =2 Qg.Because Q 2 MON" nPUF[ and fact 2: Q0 6= ;.Because Q 2 MON" nTRIV1: ; =2 Q0.Assume that there is no properly decreasing in�nite sequence in Q0. Thenfor every C 2 Q0, there is B � C s.t. B 2 Q0 and for every X � B: X =2 Q0.Any such B 2 Q0 is non-empty and by de�nition of Q0: jBj � 2. BecauseQ0 6= ;, we proved existence of B as required.Assume now that there is a properly decreasing in�nite sequence C1 � C2 �: : : in Q0 � Q. By lemma 5, there is a �nite set C � C1 in Q. From de�ni-tion of Q0 we conclude C 2 Q0. Hence, by �niteness of C, there is B � Cs.t. B 2 Q0 and for every X � B: X =2 Q0. Thus, by ; =2 Q0 and de�nitionof Q0 we again conclude jBj � 2. 2Lemma 8 Let D be an FB determiner in MON " nPUF0\ that satis�esEXT and CONS. Then there is a domain E and A � E, for which there areB1; B2 2 DE(A) s.t. B1 \B2 =2 DE(A).Proof For similar considerations as in the proof of lemma 7, we haveDA(A) 2 MON" n(PUF\ [TRIV0) for some A. Let us denote Q = DA(A).Assume that there is no properly decreasing in�nite sequence in Q. Let us9



denote Qmin def= fA 2 Q : for every B � A: B =2 Qg. By assumption onQ, we get that for every A 2 Q there is B � A s.t. B 2 Qmin. Therefore,by monotonicity of Q: Q = [A2QminFA. Because Q =2 TRIV0: Qmin 6= ;.Because Q =2 PUF\: jQminj 6= 1. Hence, any two sets B1; B2 2 Qmin are asrequired.Assume now that there is a properly decreasing in�nite sequence in Q. Be-cause Q is MON" and FB, it follows by lemma 5 that there is a �nite setA0 2 Q. Assume for contradiction that for all B1; B2 2 Q: B1 \ B2 2 Q(assumption (i)). The set Q0 def= fA \A0 : A 2 Qg � Q is �nite and non-empty, thus by assumption (i): \Q0 2 Q. But \Q0 = \Q, and therefore\Q 2 Q. By monotonicity of Q and fact 3: Q is in PUF\, in contradictionto our assumption that it is not. We conclude that there are B1; B2 2 Q s.t.B1 \ B2 =2 Q. 2We can now �nally prove the \only if" direction of theorem 6.Proof of theorem 6 (only if)Let D1 and D2 be two global MON" determiners that satisfy FB, EXT andCONS.We assume that at least one of the two conditions 1 and 2 does not hold,and will show that D1-D2 6� D1�D2.Assume �rst that condition 1 does not hold: D1 is not PUF1[ and D2 isnot PUF0\. According to lemma 7, there are A1; B0 � E s.t. jB0j � 2 andQ1 def= D1(A1) on E satis�es: B0 2 Q1, and for all X � B0: X =2 Q1. Letus denote a1; a2 2 B0, for arbitrary a1 6= a2.According to lemma 8, there are A2; B1; B2 � E 0 s.t. B1; B2 2 Q2 def=D2(A2) on E 0, but B1 \ B2 =2 Q2.Because D1 and D2 satisfy EXT, we can assume without loss of generalitythat E = E 0 (otherwise, choose E 00 = E [E 0).Let us de�ne R � E �E as follows:R(y)(x), (x = a1 ^ y 2 B1) _ (x 2 B0 n fa1g ^ y 2 B2).We shall now show that (A1; A2; R) 2 D1-D2: From de�nition of R, 8x 2B0 : fy 2 E : R(y)(x)g 2 fB1; B2g � Q2. Hence: B0 � fx 2 E : fy 2E : R(y)(x)g 2 Q2g. From monotonicity of Q1 and B0 2 Q1 we get that(A1; A2; R) 2 D1-D2.To prove that (A1; A2; R) =2 D1�D2, we will show that fy 2 E : fx 2 E :R(y)(x)g 2 Q1g = B1 \ B2, which is su�cient because B1 \B2 =2 Q2.Direction \�": We assume b 2 B1 \ B2. We have for every x 2 E:10



R(b)(x) , x = a1 _ x 2 B0 n fa1g , x 2 B0. Hence fx : R(b)(x)g = B0.But B0 2 Q1, hence we conclude b 2 fy 2 E : fx 2 E : R(y)(x)g 2 Q1g.Direction \�": We assume b 2 fy 2 E : fx 2 E : R(y)(x)g 2 Q1g.Hence, fx 2 E : R(b)(x)g 2 Q1. From de�nition of R, we concludefx 2 E : R(b)(x)g � B0. From our assumption about minimality of B0 inQ1, it follows that fx : R(b)(x)g = B0. Especially: R(b)(a1) and R(b)(a2).Hence, by de�nition of R: b 2 B1 \B2.From the assumption that condition 1 does not hold, we have shown hA1; A2; Ri 2D1-D2 nD1�D2, which means that D1-D2 6� D1�D2.Assume now that condition 2 does not hold: D1 is TRIV91 and D2 isTRIV90. Let A � E 0 be s.t. D1(A) on E 0 is }(E 0) and let B � E 00 be s.t.D2(B) on E 00 is empty. On E def= E 0 [ E 00 we have:D1(A) = }(E), by MON" and EXT of D1.D2(B) = ;, by CONS and EXT of D2.Thus, for every R 2 E � E:((D1(A))-(D2(B)))(R) trivially holds; but((D1(A))�(D2(B)))(R) trivially does not hold.From the assumption that condition 2 does not hold, we have again shownthat D1-D2 6� D1�D2. 2Theorem 6 characterizes all the FB logical cases of upward right-monotonesubject and object determiners that make the ONS reading entail (or be en-tailed by) the OWS reading. Simple cases like that are when the subjectdeterminer is PUF1[nTRIV91 or when the object determiner is PUF0\nTRIV90 .That is: when the subject always denotes a PUF[ quanti�er or the objectalways denotes a PUF\ quanti�er. This is the case in the following sen-tences.(7) a. Some student saw every/most/at least two teachers.b. Every/most/at least two student(s) saw every teacher.However, to characterize completely the cases of MON" logical deter-miners for which the ONS reading entails the OWS reading, we have alsoconsidered some more complex cases of global determiners. An example fora member in PUF1[ \ TRIV91 is the determiner some or every. Examplesfor members in PUF0\ \ TRIV90 are the determiner some and every and thedeterminer each of the �ve (cf. de�nition (6)). These determiners show en-tailments from the ONS reading to the OWS reading in sentences such asthe following.(8) Some or (perhaps even) every student saw some or (perhaps even)every teacher. 11



(9) a. At least two teachers saw some and (in fact) every student.b. At least two teachers saw each of the �ve students.The complete characterization of scope entailments with MON" deter-miners explains why there is no entailment from the ONS reading to theOWS reading in simple cases such as the following.(10) Every/most/at least two student(s) saw some/most/at least two teacher(s).Also in more complex cases such as the following, there is no entailmentfrom the ONS reading to the OWS reading, as theorem 6 expects.(11) Some or (perhaps even) every student saw some teacher.(12) Every student saw some and (in fact) every teacher.In both cases, when there are no students and no teachers, the ONS readingis true but the OWS reading is false.Another result concerns the following fact that is mentioned in [3] aboutlocal quanti�ers. Westerst�ahl calls two quanti�ers Q1 and Q2 over E inde-pendent when Q1-Q2 = Q1�Q2. Then he makes the following claim.Proposition 9 (Westerst�ahl) Let Q1 and Q2 be two quanti�ers over Ethat are MON", non-trivial and ISOM. Then Q1 and Q2 are independenti� Q1 = Q2 = every0E(E) (= fEg) or Q1 = Q2 = some0E(E) (= }(E)n;).When we consider global determiners, we call D1 and D2 independentif D1-D2 = D1�D2 for any domain E. Theorem 6 entails the followingfact about independent determiners. Note the ISOM requirement (as inWesterst�ahl's proposition), in addition to the requirements in theorem 6.Corollary 10 Let D1 and D2 be two global MON" determiners that satisfyFB, EXT, ISOM and CONS.Then D1 and D2 are independent i� both of the following conditions hold:1. At least one of the following holds: (a) D1 and D2 are both PUF1[;or (b) D1 and D2 are both PUF0\; or (c) D1 is trivial; or (d) D2 istrivial; or (e) D1 is PUF; or (f) D2 is PUF.2. At least one of the following holds: (a) Neither D1 nor D2 are TRIV90;or (b) Neither D1 nor D2 are TRIV91.12



Proof In the \if" direction, if neither D1 nor D2 are trivial or PUF, theclaim follows directly from theorem 6. We �rst assume without loss of gener-ality that D1 is trivial. If D1 is TRIV0, we conclude that D1-D2 = ;. Fromcondition 2 above we conclude that D2 is not TRIV91 . From monotonicity ofD2, it follows that for all A � E: ; =2 D2E(A). From triviality ofD1 we knowthat for all A � E, R � E �E: fy 2 E : D1E(A)(fx 2 E : R(y)(x)g)g = ;.Thus, D1�D2 = ;. The proof for the case that D1 is TRIV1 is analogous.We now assume without loss of generality that D1 is PUF. Let E anarbitrary domain. We shall look at an arbitrary hA;B;Ri 2 D1E-D2E andprove that hA;B;Ri 2 D1E �D2E . If jAj 6= 1, then from de�nition ofPUF, D1(A) is trivial. From PUF we also know that if D1(A) is TRIV1then D1 is not TRIV91, and if D1(A) is TRIV0 then D1 is not TRIV90 . Asabove, we can now see that hA;B;Ri 2 D1�D2. For A = fag, we assumedD1(fag)(fx : D2(B)(fy : R(y)(x)g)g). From PUF, a 2 fx : D2(B)(fy :R(y)(x)g)g, therefore D2(B)(fy : R(y)(a)g), now from PUF, D2(B)(fy :D1(fag)(fx : R(y)(x)g)g), therefore hfag; B; Ri 2 D1 � D2. The otherdirection is analogous, thus proving D1-D2 = D1�D2.In the \only-if" direction, we assume that D1-D2 = D1�D2 and provethat both conditions (1) and (2) above hold. From theorem 6, we concludethat the following four propositions hold:(i) D1 is PUF1[ or D2 is PUF0\ (from D1-D2 � D1�D2).(ii) D2 is PUF1[ or D1 is PUF0\ (from D1-D2 � D1�D2).(iii) D1 is not TRIV91 or D2 is not TRIV90 (from D1-D2 � D1�D2).(iv) D2 is not TRIV91 or D1 is not TRIV90 (from D1-D2 � D1�D2).Assume �rst for contradiction that condition 2 above does not hold.Thus, D1 or D2 are TRIV90 , and D1 or D2 are TRIV91 . From proposi-tions (iii) and (iv) above, we conclude that either D1 or D2 are neitherTRIV90 nor TRIV91. But, both D1 and D2 are CONS, hence for any E 6= ;:D1E(;); D2E(;) 2 f;; }(E)g, which contradicts our assumption, hence con-dition 2 holds.Assume now for contradiction that condition 1 above does not hold.Thus, either D1 or D2 are not PUF1[, either D1 or D2 are not PUF0\, andD1 and D2 are both neither trivial nor PUF.From propositions (i) and (ii) above, we conclude that either D1 or D2must be both PUF1[ and PUF0\. Without loss of generality, assume thatD1 is both PUF1[ and PUF0\. By de�nition of PUF1[ and PUF0\, for everyA � E : D1E(A) 2 f;; Ix; }(E)g for some x 2 E.13



First, we shall prove that for all A � E � E 0 and for all y 2 E, ifD1E(A) = IEy , then also D1E0(A) = IE0y . For any B 2 }(E 0), if y 2B then also y 2 B \ E, therefore D1E(A)(B \ E) = 1, and thus fromMON" and EXT, D1E0(A)(B). We have shown IEy � D1E0(A). But, fromEXT, D1E0(A)(;) = D1E(A)(;) = 0, thus D1E0(A) is not trivial, thereforeD1E0(A) must be IE0y .If A = ;, then from CONS, D1E(A) 2 f;; }(E)g.If A = fxg � E, from CONS, D1E(fxg) 2 f;; }(E); Ix; Ixg. FromMON", D1E(fxg) 2 f;; }(E); Ixg.If jAj � 2, assume D1E(A) = Ix. From CONS, x 2 A. From jAj � 2,there is y 2 A s.t. y 6= x. Let � be a permutation of E that swaps x and yand maps any other element of E to itself. From ISOM, D1E(�(A)) = Iy .But, D1E(�(A)) = D1E(A) = Ix, hence a contradiction.From condition 2 proven above, we know that either D1 is not TRIV90or D1 is not TRIV91 . Therefore, D1 must be trivial with the same value forall A � E for which it is trivial. From nontriviality, we know that there isA � E s.t. D1E(A) = Ix for some x. We have shown that this can occuronly for A = fxg. From EXT, Dfxg(fxg) = Ifxgx . From the claim above,we know that DE0(fxg) = IE0x for all E 0 s.t. x 2 E 0. We will now showthat DE(fyg) = IEy for all E and for all y 2 E. Let E be some domainand let y 2 E be some element. Let E 0 be a domain s.t. jE 0j = jEj andx 2 E 0. Let � be a bijection E 0 ! E that maps x to y. From ISOM,D1E(fyg)(B)$ D1E(�(fxg))(��1(B))$ D1E0(fxg)(��1(B))$ ��1(B) 2Ix $ x 2 ��1(B) $ y 2 B. Thus, D1E(fyg) = Iy for all y 2 E. We havealready shown that for all A � E s.t. jAj 6= 1, D1E(fxg) is trivial with thesame value, thus D1 must be PUF, contradicting our assumption.We have shown that both conditions hold, thus proving the corollary. 2Examples for identical D1 and D2 that are independent are the followingcases: D1 = D2 = some, every, some-or-every, some-and-every. However,independent determiners do not have to be identical. For instance: each ofthe two and each of the �ve are independent determiners, since according tothe Russellian de�nition in (6), they are both in PUF0\ n TRIV91 .References[1] E. Keenan and J. Stavi. A semantic characterization of natural language determiners.Linguistics and Philosophy, 9:253{326, 1986.[2] E. Keenan and D. Westerst�ahl. Generalized quanti�ers in linguistics and logic. InJ. van Benthem and A. ter Meulen, editors, Handbook of Logic and Language. Elsevier,Amsterdam, 1996. 14
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