COMPUTATION OF KRONECKER-LIKE FORMS OF A
SYSTEM PENCIL:
APPLICATIONS, ALGORITHMS AND SOFTWARE

A. Varga
DLR - Oberpfaffenhofen
Institute for Robotics and System Dynamics
P.O.B. 1116, D-82230 Wessling, Germany
Andreas.Varga@dlr.de

Abstract

Kronecker-like forms of a system pencil are useful in
solving many computational problems encountered in
the analysis and synthesis of linear systems. The
reduction of system pencils to various Kronecker-like
forms can be performed by structure preserving 0(n?)
complexity numerically stable algorithms. The pre-
sented algorithms form the basis of a modular collec-
tion of LAPACK compatible FORTRAN 77 subroutines
to perform the reduction of a system pencil to several
Kronecker-like forms.

1. Introduction

The most general representation of a linear time-
invariant system is the generalized state space or de-
scriptor model

MAEx(t) = Ax(t)+ Bu(t) (1)
y(t) = Cz(t)+ Du(t)

where z(t) € R" is the descriptor state vector, u(t) €
IR™ is the input vector and y(t) € RP is the output
vector, and where A € R™", E € R™", B € R*™™,
C c RP*", D € RP*™. Notice that generally A and
E are non-square matrices and even if these matrices
are square, F£ may be singular. In the case of standard
systems E is an invertible matrix and in most of cases
E = I,, the n-th order identity matrix. The operator
A is either the differential operator \x(t) = dx(t)/dt
or the advance operator Ax(t) = x(t + 1). We de-
note alternatively the system (1) by the quadruple
(A-)\E,B,C,D).
For this representation one can define the associated
system matriz of (1) as the linear pencil
B | A-)\E
s = | oA @

The Kronecker’s canonical form (KCF) [1] of this pencil
can be obtained by applying to S()\) suitable invertible

left and right transformations U and V', respectively,
to yield a block diagonal decomposition of the form

US(\)V = diag{Lc,I — A, Jg— M, LT} (3)

where:  (a) L. = diag{L,...,L,}, L} =
diag {L} ,..., L} } and L; is the i x (i + 1) bidiagonal
pencil

L;= (4)
-2 1

(b) Joo = diag{J,,(0),...,J,.(0)} and J;(0) is the
Jordan block of order ¢ corresponding to the null eigen-
value. Notice that the matrix J, is nilpotent.

(c) Jy is a matrix in Jordan canonical form.

The pencils J; — AI and I — AJ contain the finite
and infinite eigenvalues, respectively, and represent to-
gether the regular part of S(A). The finite eigenvalues
are also called the finite zeros of S(A). To each Jordan
block J,,(0) corresponds an infinite elementary divisor
of order v; — 1 in the Schmidt form of the polynomial
matrix S(A), and thus the union of the sets of v; — 1
infinite eigenvalues is also called the infinite zeros of
S(A). The blocks L. and Lf contain the singularity of
S(A) and the index sets {e;} and {7;} are the left (or
column) and right (or row) minimal Kronecker indices
of S(A), respectively. Notice that zero row or column
indices correspond to null rows or null columns in the
KCF of the system pencil, respectively.

The KCF is very useful in the structural analysis
of descriptor systems. Particular system matrices
can be used to study the pole-zeros structure or the
controllability-observability properties of a system by
computing various type of zeros (poles, input or output
decoupling zeros) [2]. Controllability and observability
indices can be easily deduced from the row and col-
umn Kronecker indices of the particular system pencils
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information on the left and right null-space structure of
S(A) and generalized inverses of the system pencil can
be computed using this information, having as main
application the inversion of rational matrices [3]. The
need to determine generalized inverses of rational ma-
trices arises in some of recently developed algorithms
to compute minimum-phase rational coprime factoriza-
tions, as for example the inner-outer factorization [4]
or the J-inner-outer factorization [5]. The reduction of
special system pencils to KCF can also be used to solve

special classes of constrained Riccati equations [6, 7].

[B| A—AE]and . The KCF also provides

In all above applications the computation of the KCF
is in fact not necessary and certainly not recommend-
able from numerical point of view. Instead, with the
help of orthogonal left and right transformations, sev-
eral condensed Kronecker-like forms can be computed
which exhibit either the complete Kronecker structure
or only a part of the Kronecker structure of the sys-
tem pencil. In the next sections we introduce several
Kronecker-like forms which can be computed with the
help of a collection of recently implemented FORTRAN
77 subroutines. For an easy reference, we shall associate
each form with the name of the corresponding subrou-
tine implemented to compute it. We also indicate the
main applicability of each form in solving some of the
above mentioned problems.

The algorithms to compute various Kronecker-like
forms are combinations of several recently developed
numerically stable procedures [8, 9, 10, 2]. All im-
plemented algorithms have 0(n®) computational com-
plexity and compare favorably in many aspects with
existing methods [11, 8, 12]. Because of space restric-
tions we will discuss only three Kronecker-like forms.
Other condensed forms and the accompanying software
are discussed in an extended version of this paper [13].

2. The SPRED Form

The SPRED subroutine determines, by applying left
and right orthogonal transformations, the following
Kronecker-like form of the system pencil

S\ =QTs(\)Z =

B.|A, — \E, * * * *
(0 (0] A — A\E * * *
(0 (0} O D; * *
O 0 O 0 Af — AEf *
(0 (0 (0 (0 (0 A — \E;
(0 ‘ (0 (0 (0 (0 c
(5)

where: (a) the pencil [ B, A, — AE, | contains the
right Kronecker structure of S(A) and E,. is invertible
and upper-triangular; the pair (B,, A, — AE,) is con-

trollable and the pencil [ B, A, — AE,. | is in the con-
trollability staircase form.

(b) the regular pencil Ay — AE together with D;
contain the infinity Kronecker structure of S(\); A
and D; are invertible and upper-triangular, and E, is
nilpotent and upper-triangular.

(c) the regular pencil Ay — AE; contains the finite Kro-
necker structure of S(\) and E is invertible and upper-
triangular.

A — \E,;
(&)

necker structure of S(A) and E; is invertible and upper-
triangular; the pair (C;, A; — AE;) is observable and

the pencil [ Ar— ABu

(d) the pencil contains the left Kro-

C } is in the observability staircase
1

form.

Excepting the finite eigenvalues structure, the SPRED
form contains identical structural information as the
KCF. The detailed structure of the subpencils of the
SPRED form is given in [13]. The associated dimensional
index sets determine the minimal indices and the infi-
nite structure of the system pencil S(\).

Application. Let G(\) be a p x m rational matrix
for which we want to compute a (1,2)-generalized in-
verse G(\)T satisfying the conditions GGTG = G and
GTGG' = G [14]. Each G()\) can be assimilated
with the transfer-function matriz (TFM) of a regular
descriptor system (A — AE, B, C, D), satisfying

G(\)=C(\E - A)"'B+D. (6)

The generalized inverse G(A)T of G(\) can be com-
puted by using the formula [3]

G =1on, 150 [ g |

With the partitioning of S(A) in (5) as

S0 - [ Su) | S ] ®

0 |S8»n(\)

it follows that for almost all A, rank S(\) = rank Sy2(\),
and thus a generalized (1,2)-inverse of S(\) can be com-
puted as [14]

(0]

SNt=2 [ S ()1

O ,r

. 9
ol 0
It is easy to verify that G(A)* in (7) is indeed an
(1,2)-generalized inverse of G()\). Notice that to com-
pute a descriptor representation of the generalized in-
verse G(\)T, it is not necessary to explicitly evaluate
812(/\)_1 [3]



The finite pole structure of the generalized inverse G
results from the SPRED form (5) of the system pencil
S(A) used to compute it. Thus, the finite poles of
G™ are the union of generalized eigenvalues of the pair
(Af, Ey) called also the zeros of G and of the general-
ized eigenvalues of the pairs (A, E,.) and (A;, E;). No-
tice that the zeros of G are always present among the
poles of any of its generalized inverses. Even if the ze-
ros are stable, that is the descriptor system is minimum-
phase, it is still possible that the generalized inverse has
unstable poles because of possible unstable eigenvalues
appearing in the pairs (A,, E,) and (A;, E;). However
the spectrums of these pairs can be arbitrarily modi-
fied by applying suitable left and right non-orthogonal
transformations to the SPRED form (5). Thus stable
inverses can be computed provided the given system is
minimum-phase. The computation of inverses is further
discussed in [3].

3. The SLRRED Form

The SLRRED subroutine determines, by applying left
and right orthogonal transformations, the following
Kronecker-like form of the system pencil

A, - )\E, * * *

R O Di * *

SN =Q"s\NZ = o O A; —\E;  «
o o O A - )\E

o o o Ci

where: (a) A, — AE, has full row rank and contains
the right and infinite Kronecker structure of S(X); the
pencil A, — AE, is in a staircase form.

(b) The rest of subpencils are as in the SPRED form.

Excepting the finite eigenvalues structure, the SLRRED
form contains identical structural information as the
KCF. The detailed structure of the subpencil A, — \E,.
is given in [13]. The associated dimensional index sets
determine the right minimal indices and the infinite
structure of the system pencil S(X).

Application. It is well known that each stable ra-
tional matrix G(A) has an inner-outer factorization
G = G;G,, where G; is a square inner factor and G, is
a stable and minimum-phase TFM. The main compu-
tational problem in the procedure proposed in [4] is the
computation of G; from the right-coprime factorization
with inner denominator of a particular (1,2)-generalized
inverse G* of G as G = NGi_l. The outer factor
results simply as G, = Gi_lG. For the computation
of the inner denominator a recursive state-space algo-
rithm described also in [4] is best suited. By using this
algorithm to compute G; the output matrices of the
descriptor realization of G* play no role. Thus instead
of the SPRED form to compute an appropriate G(\)T,
we can use the simpler SLRRED form, which provides all

)

necessary information to compute G;. A detailed de-
scription of the resulting algorithm is presented in [4].
A similar technique can be used to compute J-inner-
outer factorizations [5].

4. The SRLRED Form

The SRLRED subroutine determines, by applying left
and right orthogonal transformations, the following
Kronecker-like form of the system pencil

S\ =QTs(\)Z =

B, A, — \E, * * *

0] [0 A —M\E; x *

o o 0O D, =« (10
o o O 0 A -)\E

where: (a) A; — AE; has full column rank and contains
the left and infinite Kronecker structure of S(\); the
pencil A; — AE; is in the staircase form

(b) The rest of subpencils are as in the SPRED form.

Excepting the finite eigenvalues structure, the SRLRED
form contains identical structural information as the
KCF. The detailed structure of the subpencil A; — \E;
is given in [13]. The associated dimensional index sets
determine the left minimal indices and the infinite struc-
ture of the system pencil S(A).

Application. The computation of mazimal proper sta-
ble deflating subspaces of Hamiltonian and simplectic
pencils has important applications in solving various
nonstandard Riccati equations [6, 7]. In what follows,
we discuss how to compute such subspaces for an arbi-
trary pencil by using the SRLRED form. Let M — AN be
an arbitrary pencil with M, N € IR"*?, let C~ be the
stability region of € and let € be the complement of
€™ in C. The following particular reducing subspace
introduced in [6] has important applications in solving
various nonstandard Riccati equations.

Definition 1 A subspace V C R? of dimension p is
called a proper stable deflating subspace of M — AN to
the right if NV = MVS and MV is monic, where
V € RY*? is any basis matriz for V and S € R"*” is
an adequate matriz having all its eigenvalues in C.

Let n; be the number of stable generalized eigenvalues
of the pair (Ay, E) in the SRLRED form of the pencil
M — AN (viewed as a particular system pencil) and let
n, the dimension of the A, — AFE,. block. The following
result [6] characterizes the existence of a stable proper
deflating subspace of maximal dimension.

Theorem 1 The pencil M — AN has a stable proper
deflating subspace to the right if and only if n, +n; >
0. Moreover, the maximal dimension of a stable proper
deflating subspace to the right is n, + ny.



A procedure (similar to that proposed in [15]) to com-
pute the basis matrix V for a proper deflating subspace
of maximal dimension of M — AN has the following
main steps:

1. Compute the orthogonal matrices @ and Z to reduce
the pencil M — AN to the SRLRED form (10).

2. Apply the pole assignment algorithm of [16] to de-
termine the orthogonal matrices @, and Z; and
the feedback matrix F such that A(QT (A, +
B,.F)Z,,Q{E,Z,) C € and the pair (Q] (A, +
BTF)ZthETZl) is in a generalized real Schur
form (GRSF).

3. Compute the orthogonal matrices Q, and Z, to re-
duce the pair (A, Ey) to the ordered GRSF

A, af,

El Ef
T 11 ~12
A Zy =
2 {0A§2 }7

T
EiZy =
}’ 2 {OEé‘z

where A(Af,, Ef\) c € and A(AL,, EL)) c €7,
4. Compute V as

F O
|z o
V=210 2z
o o

Notice that in the above procedure, the left transfor-
mations should be not accumulated. It is easy to verify
that NV = MV S holds with MV monic,

g._ | Z1E (A + B.F)Z, x
' o (E{1)71A{1 ’

and A(S) C C.

The reductions to the ordered GRSF at steps 2 and 3
can be performed by using the well-known QZ algorithm
of [17] followed by the recently developed numerically
stable algorithms to reorder the GRSF [18].

5. Algorithms

In this section we discuss the computational ap-
proaches implemented in the subroutines to compute
the Kronecker-like forms introduced in previous sec-
tions. A common characteristics of all these procedures
is that they consist of combinations of several highly
specialized structure revealing subprocedures, as those
to separate the left and infinity structures, the right and
infinity structures, the controllable and uncontrollable
or the observable and unobservable parts of particular
system pencils. As an example, we present the main
computational steps of the most complex procedure to
compute the SPRED form. We also discuss the compu-
tational ingredients which ensure the 0(n3) computa-
tional complexity of this procedure. The procedures to

compute other Kronecker-like forms are either parts of
the SPRED Procedure or rely on similar dual algorithms
applied to implicitly pertransposed pencils (transposed
with respect to the main antidiagonal).

SPRED Procedure.

1. Determine orthogonal U, and V1 to compute a com-

plete orthogonal decomposition of E in the form

g g VT, where E is upper-triangular

and non-singular. Set Q = diag{U.,I,}, Z =

diag {I,,, V1} and compute the SRSET form of S(\)
as

E =U;

SN =Q"s\\)Z = [ B|A-)\E ]

D c

2. By using the dual SSREDUCE algorithm of [2], de-
termine orthogonal Uy and V5 to reduce the system
pencil S;(\) to the SLISEP form

Al — \E,| *

S2(N) =USS1 (N Va =

where D, is upper-trapezoidal and has full column
rank, FE. is upper-triangular and non-singular, and
A; — AE; has full row rank. Compute Q «— QUo,
Z — ZV,.

3. By using the reduction technique of [8, pages 33-34],
determine orthogonal Uj to compress the rows of the

B.
D. ] such that

matrix [
A1 — )\E1 * *
(0 O A; — \E;
o (0 C-

S3(\) = diag {I, U2 }S:()\) =

where D; is upper-triangular and non-singular, Cs
is the part of C. corresponding to the linearly de-
pendent rows of D., and E5 is upper-triangular and
non-singular. Compute @ «— Q diag {I,U3}.

4. By using the dual of the controllability staircase al-
gorithm of [9], determine orthogonal U, and V4 to
Az — \E,

reduce the sub-pencil [
C:

} to the observ-

ability staircase form

Ay — \Ey *
(0 A, — \E;

uT [A2 —\E>
o C,

C- ]V“:

)

where the pair (C;, A;— AE)) is observable, and both
E and E; are upper-triangular and non-singular ma-
trices. Compute the SLRRED form

Si(\) = diag {I,UT}S3(\) diag {I,V 4}

and Q — Qdiag{I,U,}, Z — Z diag{I,V4}.



5. By using Algorithms 3.3.1 and 3.3.3 in [8], determine
orthogonal Us and V5 to reduce the full row rank
sub-pencil A; — AE; to the following form

B, A. — )\E. *

Us (A =2AB)Vs = 57" 57 4 EL |

where A, — AE contains the infinity structure of
the system pencil S(A) and the pair (B, A, — AE,)
is controllable with FE, upper-triangular and non-
singular. Compute the final SPRED form

S(\) = diag {U?, I}S3(\) diag {V'5, I}
and Q «— Qdiag{Us,I}, Z — Z diag{V5,I}.

Two lower complexity Kronecker-like forms of the sys-
tem pencil S(A), the SRSET and SLISEP forms, are com-
puted at steps 1 and 2 as the pencils S;(A) and Sa()),
respectively. For computing the dual SRLRED form the
same procedure applied to the pertransposed system
pencil S(A)¥ can be used.

For computing the complete orthogonal decomposition
at step 1, any rank revealing decomposition of E can
be used. The most reliable approach is to compute the
singular value decomposition of E and to determine the
rank of E on the basis of computed singular values. A
less expensive approach is to use the QR-decomposition
with column pivoting of E. Excepting very special ex-
amples (for instance the so-called Kahan-matrices), this
decomposition has almost the same reliability in deter-
mining the rank of a matrix as the singular value decom-
position [19]. Thus we decided to use it in implementing
the SRSET subroutine in combination with the incre-
mental rank estimation technique proposed in [20]. Re-
liable software for both decompositions as well as aux-
iliary routines for the incremental rank estimation, are
provided in LAPACK [21]. Notice that in contrast with
alternative algorithms [8, 12, 11], a single rank determi-
nation is performed involving FE. In all subsequent com-
putations the preservation of the triangular form and of
the full rank structure of intervening “E” matrices are
crucial for performing the various pencil reductions and
for ensuring the 0(n3) computational complexity.

The reductions performed at steps 2 and 4 are based on
a reduction technique similar to that introduced in [9]
to compute controllability staircase forms of descrip-
tor systems. This technique was used in conjunction
with computing system zeros [10] and is described in
detail in [2]. The rank determinations are based on QR-
decompositions with column pivoting. The main feature
of these algorithms is the preservation, during computa-
tions of QR-decompositions, of the full rank and of the
upper-triangular form of the intervening “E” matrices.
This feature leads to two important advantages over
existing methods. The first advantage is the compu-
tational complexity 0(n3). In contrast, the algorithms

in [12, 11] have computational complexity 0(n*), be-
cause singular value decompositions are used instead of
QR-decompositions, and thus the explicit accumulation
of left and right transformation matrices is necessary.
Notice that the 0(n*) computational complexity is a
generic feature of these algorithms and always occurs for
example for a randomly generated single-input single-
output system. The second advantage arises in compar-
ing the reduction algorithm S-REDUCE of [2] and the
improved 0(n3) complexity Algorithm 3.2.1 of [8]. The
main weakness of this latter algorithm is the need to
update during each QR-like reduction step the rank in-
formation on “E”. This rank updating is in fact equiv-
alent with rank decisions based on QR-decompositions
without pivoting and thus it is potentially unreliable.
In the SSREDUCE algorithm of [2], “E” having always
full rank, no such updating is necessary. Instead, two
QR-~decompositions with column pivoting are necessary
to be performed at each step.

Bc
D,
in two steps. First the rows of D, are compressed with
an orthogonal matrix W to an invertible matrix D,
such that

The row compression of } at step 3 is performed

WlT[DCCC][D1 Cl]

O (O,

c

Then the rows of are compressed with an ap-

D,
propriate orthogonal matrix W such that
wT B. A.—XE. | _| D; *
2 D1 C1 o A2 - /\E2 ’

where the resulting F5 is upper-triangular and non-
singular. The compression method efficiently combines
Givens rotations and row permutations and is described
in detail in [8, pages 33-34].

To perform the reductions at step 5 the SSREDUCE
algorithm can be used after compressing F; to a full
rank invertible matrix. A more efficient approach is
to use the Algorithms 3.3.1 and 3.3.3 proposed in [§]
which requires no rank determinations. In computing
the SPRED form we implemented these two algorithms.

6. Software Implementations

Higher level user callable FORTRAN 77 subroutines
have been implemented to compute the Kronecker-like
forms described in the previous sections as well as sev-
eral condensed forms of lower complexity. Some of
the lower level subroutines to compute controllabil-
ity /observability staircase forms of descriptor systems
are also of independent interest in some applications.
All routines optionally accumulates the left and right
orthogonal transformations used during the reductions.



All implementations to compute dual Kronecker-like
forms avoid explicit pertransposing by working directly
on the original matrices.

The implementations of all routines rely on LAPACK
[21] and BLAS calls. The user interface conforms with
the implementation standards of the SLICOT library
[22]. All routines are extensively commented and in
line comments serve for documentation purposes. Test
programs with files containing test data and test results
are available for all user callable routines. Special rou-
tines to evaluate the incurred rounding errors are called
by all test programs.

7. Conclusions

Several Kronecker-like forms of a system pencil have
been introduced and their applications in solving sev-
eral computational problems have been mentioned. All
these Kronecker-like forms can be computed by 0(n?)
complexity numerically stable algorithms. The reduc-
tion technique can be also applied without modification
to the more general case of an arbitrary pencil. A mod-
ular collection of LAPACK compatible FORTRAN 77
subroutines to perform the reduction of system pencil
to several Kronecker-like forms has been implemented.

References
[1] F.R. Gantmacher. Theory of Matrices, volume 1.
Chelsea, New York, Chelsea, New York, 1959.

[2] P. Misra, P. Van Dooren, and A. Varga. Compu-
tation of structural invariants of generalized state-space
systems. Automatica, 30:1921-1936, 1994.

[3] A. Varga. On computing generalized inverses
of rational matrices with applications. In Proc. 1995
ICIAM, Hamburg, 1995.

[4] A. Varga. On computing inner-outer factoriza-
tions of rational matrices. In Proc. 1995 Furopean Con-
trol Conference, Rome, Italy, volume 3, pages 2241-
2246, 1995.

[6] A. Varga and T. Katayama. On computing J-
inner-outer factorizations of rational matrices. In Proc.
1995 American Control Conference, Seattle, Washing-
ton, volume 6, pages 4035-4039, 1995.

[6] V. Ionescu and C. Oara. Generalized continuous-
time Riccati theory. Lin. Alg. & Appl., 232:111-130,
1995.

[7]  V.Ionescuand C. Oara. Generalized discrete-time
Riccati theory. SIAM J. Control Optim., 34(2), 1995.

[8] T. Beelen and P. Van Dooren. An improved al-
gorithm for the computation of Kronecker’s canonical
form of a singular pencil. Lin. Alg. & Appl., 105:9-65,
1988.

[9] A. Varga. Computation of irreducible generalized
state-space realizations. Kybernetika, 26:89-106, 1989.

[10] A. Varga. Computation of zeros of generalized
state-space systems. In Proc. of 5th IFAC/IMACS
Symp. on Computer Aided Design of Control Systems,
Swansea, UK, pages 164-167, July 1991.

[11] P. Van Dooren. The computation of Kronecker’s
canonical form a singular pencil. Lin. Alg. & Appl.,
27:103-141, 1979.

[12] J. Demmel and B. Kagstrom. Stably computing
the Kronecker structure and reducing subspaces of sin-
gular pencils A — AB for uncertain data. In J. Cullum
and R. A. Willoughby, editors, Large Scale Eigenvalue
Problems, volume 127 of Mathematics Studies Series,
pages 283-323. North-Holland, Amsterdam, 1986.

[13] A. Varga. Computation of Kronecker-like forms of
a system pencil: Applications, algorithms and software.
TR R181-95, DLR-Oberpfaffenhofen, Inst. Robotics
and System Dynamics, January 1995.

[14] A. Ben Isracl and T. N. E. Greville. Some topics
in generalized inverses of matrices. In M. Z. Nashed, ed-
itor, Generalized Inverses and Applications, pages 125—
147. Academic Press, New York, 1976.

[15] C. Oara. Proper deflating subspaces: properties,
algorithms and applications. Numerical Algorithms,
7:355-373, 1994.

[16] A. Varga. On stabilization of descriptor systems.
Systems & Control Letters, 24:133-138, 1995.

[17) C. B. Moler and G. W. Stewart. An algorithm
for generalized matrix eigenvalue problem. SIAM J.
Numer. Anal., 10:241-256, 1973.

[18] B. Kagstrom and P. Poromaa. Computing
eigenspaces with specified eigenvalues of a regular ma-
trix pair (A,B) and condition estimation: theory, al-
gorithms and software. Report UMINF 94.04, UMEA
University, Dept. Computer Science, 1994.

[19] G. W. Stewart. Determining rank in the presence
of error. Technical Report TR-2972, University of Mary-
land, College Park, Dept. Computer Science, October
1992.

[20] C. Bischof. Incremental condition estimation.
SIAM J. Matriz Anal. Appl., 11:312-322, 1990.

[21] E. Anderson, Z. Bai, J. Bishop, J. Demmel, J. Du
Croz, A. Greenbaum, S. Hammarling, A. McKenney,
S. Ostrouchov, and D. Sorensen. LAPACK User’s
Guide, Second Edition. STAM, Philadelphia, 1995.

[22] WGS. Implementation and Documentation Stan-
dards. Report 90-1, Working Group on Software, 1990.



