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Abstract

We present a finite difference method for solving parabolic partial
integro-differential equations with possibly singular kernels which arise in
option pricing theory when the random evolution of the underlying asset is
driven by a Lévy process or, more generally, a time-inhomogeneous jump-
diffusion process. We discuss localization to a finite domain and provide
an estimate for the localization error under an integrability condition on
the Lévy measure. We propose an explicit-implicit finite difference scheme
to solve the equation and study stability and convergence of the schemes
proposed, using the notion of viscosity solution. Our convergence analysis
requires neither the smoothness of the solution nor the non-degeneracy of
coefficients and applies to European and barrier options in jump-diffusion
and pure jump models used in the literature. Numerical tests are per-
formed with smooth and non-smooth initial conditions.
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The shortcomings of diffusion models in representing the risk related to large
market movements have led to the development of various option pricing models
with jumps, where large returns are represented as discontinuities in prices as
a function of time. Models with jumps allow for a more realistic representation
of price dynamics and a greater flexibility in modelling and have been the focus
of much recent work [11].

Exponential Lévy models, where the market price of an asset is represented
as the exponential S; = exp(rt + X;) of a Lévy process X, offer analytically
tractable examples of positive jump processes which are simple enough to allow
a detailed study both in terms of statistical properties and as models for risk-
neutral dynamics i.e. option pricing models. Option pricing with exponential
Lévy models is discussed in [11, 15, 17, 19, 24]. The flexibility of choice of the
Lévy process X allows to calibrate the model to market prices of options and
reproduce a wide variety of implied volatility skews/smiles [10]. The Markov
property of the price allows us to express prices of European and barrier options
in terms of solutions of partial integro-differential equations (PIDEs) which in-
volve, in addition to a (possibly degenerate) second-order differential operator, a
non-local integral term which requires specific treatment both at the theoretical
and numerical level [12].

In this paper, we propose a finite difference scheme for solving such PIDEs.
Our numerical solution is based on splitting the operator into a local and a non-
local part: we treat the local term using an implicit step and the non-local term
using an explicit step. This idea, previously used for non-linear PDEs [3], allows
for an efficient implementation in terms of speed and stability restrictions. Our
scheme extends to infinite activity Lévy processes with singular kernels and does
not require the diffusion part to be non-degenerate. We study the consistency
and stability of this scheme, show its convergence to a viscosity solution of
the partial integro-differential equation and study its numerical performance on
two examples, the Merton model with Gaussian jumps and the infinite activity
Variance Gamma model. Our scheme can be used for European and barrier
options and can also be extended to the case of non-constant coefficients.

In section 2 we briefly discuss, following [12], the derivation of integro-
differential equations for European and barrier options, first giving conditions
under which option values can be described in terms of classical solutions fol-
lowed by a more general result using the notion of viscosity solution, .

Solving such PIDEs by finite difference methods involves several approxi-
mations: localization of the equation to a bounded domain, treatment of the
singularity due to small jumps, discretization of the equation in space and it-
eration in time. We discuss localization errors in section 3.1 and provide an
estimate for the localization error under an integrability condition on the Lévy
measure. In section 3 we propose an explicit-implicit finite difference scheme
and study consistency, stability and convergence of the scheme proposed. To
study the convergence of the scheme, we use the notion of wiscosity solution,
which allows to show uniform convergence to the solution without requiring a
priori smoothness of the solution or non-degeneracy of coefficients.

In section 5, numerical tests are performed for smooth and non-smooth initial



conditions to assess the effect of various numerical parameters on the accuracy
of the scheme.

Various numerical methods for solving such parabolic integro-differential
equations have been proposed in the recent literature [2, 20, 14, 27]. In the
case where the characteristic function of the log-price is known, Carr & Madan
[8] propose a method using the Fast Fourier transform for pricing European op-
tions. Our scheme extends this approach to cases where an analytical expression
for the characteristic function may not be available and where barriers / bound-
ary conditions may be present. In the case of jump-diffusion models with finite
jump intensity, Andersen & Andreasen [2] propose an operator splitting method
where the differential part is treated using a Crank-Nicholson step and the jump
integral is computed using an explicit time step. Our method applies more gen-
erally to models with infinite activity i.e. singular integral kernels; in addition,
we propose an analysis of the convergence of our algorithm, which is absent in
[2]. Using a variational formulation of the integro-differential equation, Zhang
[27, 28] studied a finite difference scheme in the case of jump-diffusion models
with finite intensity and possessing all exponential moments. These conditions
rule out all models in the literature except the Merton model: our analysis does
not require such restrictive conditions. Variations on this scheme are given in
[14]. The variational formulation has been recently extended by Matache et al
[20] to the infinite activity case using a wavelet Galerkin method. Relation with
these methods is further discussed in sections 3-5.

1 Exponential Lévy models

We consider here the class of models where the risk neutral dynamics of the
underlying asset is given by S; = exp(rt + X;) where X; is a time-homogeneous
jump-diffusion ( Lévy ) process.

1.1 Lévy processes: definitions

A Lévy process is a stochastic process X; with stationary independent incre-
ments which is continuous in probability. Without loss of generality we assume
that Xy = 0. The characteristic function of X; has the following form, called
the Lévy-Khinchine representation [22]:

Ele"™ "] = expto(2) =

0222 . > izx .
:exp{t(fT+7/yz+ (e — 1 —izxljy <1)v(dr))},

—0oQ

where o > 0 and +y are real constants and v is a positive measure verifying

/:1 z?v(dx) < oo, /m>1 v(dz) < oc. (1.1)



The random process X can be interpreted as the superposition of a Brownian
motion with drift and an infinite superposition of independent (compensated)
Poisson processes with various jump sizes z, v(dz) being the intensity of jumps
of size x.

In general v is not a finite measure: [ v(dz) need not be finite. In the
case where A\ = [v(dz) < 400, the measure v can be normalized to define a
probability measure p which can now be interpreted as the distribution of jump
sizes:

v(dz) '

pldr) = —

The jumps of X are then described by a compound Poisson process with A as
jump intensity (average number of jumps per unit time) and u(.) as jump size
distribution. In this case the truncation of small jumps is not needed and the
Lévy-Khinchin representation reduces to:

o222 °
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A Lévy process is a Markov process; its infinitesimal generator LX : f —
LX f is an integro-differential operator defined by the expression :

. Elfx+ X)) - flx)
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which is well defined for f € C3(R).

1.2 Exponential Lévy models

Let (S¢)tcjo,m be the price of a financial asset modelled as a stochastic process
on a filtered probability space (2, F, F:, Q). Under the hypothesis of absence of
arbitrage there exists a measure equivalent to Q under which (S;) is a martin-
gale. We will assume in the sequel that Q is already a martingale measure.

In ezponential Lévy models, the (risk-neutral) dynamics of S; under Q is
represented as the exponential of a Lévy process:

Sy = Spe"t X, (1.3)

Here X, is a Lévy process with characteristic triplet (o,7,v), and the interest rate
r is included for ease of notation. Different exponential Lévy models proposed
in the financial modelling literature simply correspond to different choices for
the Lévy measure v, see [11, Chap. 3] for a review. The absence of arbitrage
then imposes that S't = S;e" = exp X; is a martingale, which is equivalent to



the following conditions on the triplet (o,y,v):

/ o v(dy)e? < oo, (1.4)
v=low) = =T - [@ -1yl (15)

We will assume this relation holds in the sequel. The infinitesimal generator
L% then becomes:

Tk [ v e ) - 1) - @ -0 o

(1.6)

LY f(z) =
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We will also use the notation Y; = rt + X;. The infinitesimal generator of
Y; is

a
Lf = fo+r—f. (1.7)
ox
2 Partial integro-differential equation for option
prices
The value of an option is defined as a discounted conditional expectation of its

terminal payoff Hr under a risk-adjusted martingale measure (sometimes called
risk-neutral probability) Q:

Cy = Ele """ Hy| .

For a European call or put, Hy = H(St). From the Markov property,
C:; = C(t,S) where
Ct,S) = Ele"TYH(S)|S, = S]. (2.1)
Introducing the change of variable 7 = T — ¢, = In(S/Sp), and defining:
h(z) = H(Spe") and u(r,z) = e""C(T — 1, Sge®), then
u(r,z) = E[h(z + Y;)]. (2.2)
If u is sufficiently smooth for example, u € C!? with bounded derivatives

then by applying Ito’s formula to u(t, X;) between 0 and T one can show [6, 12]
that it is a classical solution of the Cauchy problem:

0

a—“ =Lu, on(0,T]xR  w(0,z)=h(z), z€R (2.3)
-

Barrier options lead to initial-boundary value problems. Consider for in-

stance an up-and-out call option with maturity 7', strike K, and (upper) barrier
U > Sy. The terminal payoff is given by

Hr = (Sr—K)"lr<,



where § = inf{t > 0 | S; > U}, the first moment when the barrier is crossed.

Due to the strong Markov property of Lévy processes, it is possible to express
the value of the option C; = e """ E[Hr|F;] as a deterministic function of
time ¢ and current stock value S; before the barrier is crossed. Namely, for any
(t,S) € [0,T] x (0,00) we can define

Cy(t,8) = e T ElH(SeYTt)171,9,], (2.4)

where H(S) = (S — K)*, {Y;_4, s > t} is a Lévy process, and ; = inf{s >
t | Se¥s—t > U}, the first exit time after £. Then,

Cy = Cy(t, Si)li<g (2.5)

for all t+ < T. Note that outside of the set {t < 8} the objects Cy and Cy(t, St)
are different: if the barrier has already been crossed, C; will always be zero,
but Cy(t,S;) may become positive if the stock returns to the region below the
barrier.

As in the European case, by going to the log variables we define

up(7, ) = "7 Cp(T — T, Spe”). (2.6)

Again, if uy is smooth the It6 formula can be used to show that uy is a solution
of the following initial-boundary-value problem:

8—' = Lu, on (0,T] x (—o0,log(U/So)),
-

u(0,2) = h(z), =z <log(U/So); u(r,z) =0, z >log(U/Sop).

Prices of down-and-out or double barrier options are defined similarly. In
the case of pure jump models where o = 0 the smoothness is not obvious: the
behavior of the option price at the barrier depends on the local behavior of
the Lévy process at the barrier. More generally, if smoothness of C(.,.) is not
known it should be seen as a viscosity solution of the PIDE, as discussed below.

2.1 Viscosity solutions: definition

Existence and uniqueness of (classical) solutions for the PIDEs considered above
in Sobolev / Holder spaces have been studied in [6, 16] in the case where the
diffusion component is non-degenerate: for a Lévy process this simply means
o > 0 but more generally these results apply to jump diffusion where the diffu-
sion coefficient is bounded away from zero. However many of the models in the
financial modelling literature are pure jump models with ¢ = 0, for which such
results are not available. A notion of solution which yields both existence and
uniqueness without requiring non-degeneracy of coefficients or a priori knowl-
edge of smoothness of solutions is the notion of viscosity solution, introduced by
Crandall & Lions for PDEs [13] and extended to integro-differential equations
of the type considered here in [1, 4, 21, 23, 25].



Denote by USC (respectively LSC') the class of upper semicontinuous (re-
spectively lower semicontinuous) functions u : [0,7) x R — R and by C;f ([0, T] x
R) the set of measurable functions on [0, 7] x R with polynomial growth of degree
p at 400 and bounded on [0,7] x R™:

(NS C;“([(LT] xR) < 3C >0, |p(t,z)] < CA+ |z|P 1,50). (2.7)

Let O = (I,u) C R be an open interval, 90 = {l,u} its boundary, and g €
C([0,T]x R\O) a continuous function. Consider the following initial-boundary
value problem on [0,7] x R:

— = Lu, on (0,T] x O, (2.8)
or

uw(0,2) = h(z), =z € O; u(r,z) =g(r,x), x¢O0. (2.9)

Definition 1 (Viscosity solution). A function u € USC'is a viscosity subso-
lution of (2.8)—(2.9) if for any test function ¢ € C*([0, T|xR)NC,F ([0, T]xR) and
any global maximum point (7,z) € [0,T] x R of u — ¢, the following properties
are verified:

if (r,z) € (0,T] x O, <— - L<p> (r,z) <0, (2.10)
ifr=0, 2€0, min{ <g—f - L<p> (r,z), u(r,z) — h(z)} <0,

if 7 € (0,T], = € 00, min{ <g—f - an) (r,2), u(r,z) — g(r,2)} <0,

if z ¢ O, u(r,x) < g(r, 7). (2.11)

A function u € LSC is a viscosity supersolution of (2.8)—(2.9) if for any test
function ¢ € C*([0,T] x R) N C;F([0,T] x R) and any global minimum point
(r,z) € [0,T] x R of u — ¢, we have:

if (1,x) € (0,T] x O, <— — L¢> (r,2) >0,
ifr=0 r€0, max{ <‘;—f - L¢> (1,x), u(r,z) — h(z)} >0,

if 7€ (0,T], = € 00, max{ <g—(’0 — L<p> (r,z), u(r,z) — g(r,z)} >0,
T

if z ¢ O, u(r,x) > g(1, 7).

A function u € C}F ([0,T] x R) is called a wviscosity solution of (2.8)~(2.9) if
it is both a subsolution and a supersolution. This function is then continuous
on (0,7] x R.

Note that the initial and boundary conditions are verified in a viscosity sense.
The definition also includes the case of initial value problems: O = R.

In the next section, we show that European and barrier option prices are
(unique) viscosity solutions of the corresponding integro-differential problems
under rather general conditions on the Lévy triplet and the payoff function.



2.2 Option prices as viscosity solutions of PIDE

Existence and uniqueness of viscosity solutions for such parabolic integro-differential
equations are discussed in [1] in the case where v is a finite measure and in [4]
and [21] for general Lévy measures. Growth conditions other than u € Cf can

be considered (see e.g. [1, 4]) with additional conditions on the Lévy measure

v. The main tool for showing uniqueness is the comparison principle: if u, v are
viscosity solutions and u(0,z) > v(0, ) then V7 € [0,T], u(r,2) > v(r,z). This
property can be extended to subsolutions and supersolutions in the following
sense [1, 18]:

Proposition 1 (Comparison principle for semi-continuous solutions1,
18]). Ifu € USC is a subsolution and v € LSC is a supersolution then u < v
on (0,T] x R.

Proofs and extensions can be found in [1] for the case where v is a bounded
measure; the case of a general Lévy measure has been recently treated in [18].
The following result, whose proof is given in [12], shows that values of European
and barrier options can be expressed as viscosity solutions of (2.8) (2.9):

Proposition 2 (Option prices as viscosity solutions). Let the payoff func-
tion H wverify the Lipschitz condition on its domain of definition:

\H(Sy) — H(S2)| < C|S; — Sy, VS1, Sy € (Spe!, Spet) (2.12)
and let h(x) = H(Spe™) have polynomial growth at infinity. Then:

e The forward value of a Furopean option u(r,z) defined by (2.2) is the
unique viscosity solution of the Cauchy problem (2.8) (that is (2.8) (2.9)
with O = R).

e Let up(7,z) be the forward value of a knockout (single or double) barrier
option defined by (2.6). If uy(7,z) is continuous then it is the unique
viscosity solution of (2.8) (2.9) (with g =0).

The hypotheses above on the payoff function apply to put options, single-
barrier knockout puts, double barrier knockout options and also to the log-
contract. One can then retrieve call options by put-call parity. For barrier
options with rebate, the zero boundary condition has to be replaced by the
value of the rebate, as in the case of diffusion models. A discussion of sufficient
conditions for continuity of value functions for barrier options is given in [12].

3 An explicit-implicit finite difference scheme

In this section we present a numerical procedure for solving the PIDE:

% = Lu, 0, 7] x O (3.1)
u(0,z) = h(x), z€e0
u(r,z) = g(7, 2), xé¢O0



where L is defined by (1.7), and g € Cf ([0, T] x R\ O) is a continuous function.
Our method is based on splitting the operator L into two parts:

Ou

— =Du+ Ju,

or
where D and J stand for the differential and integral parts of L respectively.
We replace Du with a finite difference approximation, Ju with the trapezoidal
quadrature approximation and use the following explicit-implicit time stepping
scheme:

un+1 —un

At

We treat the integral part in an explicit time stepping in order to avoid the
inversion of the non-sparse matrix .JJ. We show that this does not affect the
stability of the scheme: it is unconditionally stable like the fully implicite one.

Before applying discretization, the equation must be localized to a bounded
domain; we first discuss estimates for the localization error using a probabilistic
approach. We then describe the space discretization and the time-stepping
scheme in the case of a jump-diffusion model where the jump intensity is finite.
Finally, we discuss how to deal with the singular case v(R) = +oc.

= Du"*' + Ju™.

3.1 Localization to a bounded domain

To solve numerically the initial-boundary-value problem (3.1) in the case of an
unbounded domain O, we first truncate the domain to an interval z € (—A4, A).
Usually, this leads to define some boundary conditions at z = —A and = = A.
As noted above, because of the integral term, the operator is non-local. Thus, we
need to extend the function u(7, -) outside this interval: more precisely, to {z +
y|z e (—A,A), y € suppr} which in most examples is equal to the whole real
line R. In the case of knock-out barrier options, a natural boundary condition
is given by the zero extension (or the rebate). In other cases this extension is
done by imposing a numerical boundary condition. Choosing u(7,z) = g(7, x)
for some given continuous function g with polynomial growth will lead to a
probabilistic interpretation of the solution of the localized problem.

Although many choices are possible for the boundary condition g, we will
consider here two cases. The simplest choice is ¢ = 0 i.e. extend the solution
by zero outside the domain. Another extension is given by the payoff function
(the initial condition) itself: g(7,z) = h(z) which is asymptotically close to the
solution at infinity. We will see that both choices lead to a localization error
which exponentially decreases with the domain size. Let us define ua(r,z) as
the solution of the localized problem:

—— = Luy, (0,T) x (—A, A) (3.2)
ua(0,z) = h(x), x € (—A A); ua(r,x) = g(7,x), x ¢ (—A A

where g = 0 or g(7,z) = h(z).

10



Proposition 3. Assume that h is bounded (||h||oc < 00), and
Ja > 0, / ey (dr) < 0. (3.3)
Jlz|>1
Let u(r,z) be the solution of (3.1) and ua(r,z) be the (viscosity) solution of
(3.2) with boundary condition g =0 or g(t,x) = h(x). Then:
lu(r,z) —ua(r,z)] < 2C;a||hl|lece®A71FD Vre (—A A). (3.4)
where the constant C , does not depend on A.

Proof. The proof is based on the probabilistic representation of the solutions of
(3.1) and (3.2). Let us define M = sup;c(q ,11Ys + 2| Then,

u(r,z) = Eh(Y; + 2)],
UA(Tz 37) = E[h(YT + m)l{Mjf<A}]= if g=0
orua(r,z) = Eh(Y: +2)lipecay + h(Ygo) + )Lz > a1

where §(z) = inf{t > 0,|Y; + 2| > A} is the first exit time of Y; + = from
[-A, A]. Subtracting u4 from u gives:

lu(r,z) —ua(r,z)] = \Eh(YT+az)1{M¢2A}\
< [hlleQMZ > A) for g =0

and in the case g(7,z) = h(z) we obtain:

|u(r, ) — wa(r, z)] EIh(Yr + @)Lz > ay| + BIA(Yg(z) + 2) 1z > a3

<
< 2l QUME > A).
So, in both cases
fu(r, 7) — wa(r,o)| < 20|blQME > A). (3.5)
Theorem 25.18 of [22] together with (3.3) implies
Cro = Ee®™? < 0. (3.6)
Therefore, Chebyshev’s inequality applies and we obtain
QMO > 4) < Cp e A, (3.7)
Now, to pass from M? to M*, we use the following implications:

sup [Y; + 2| < sup [Yi] + [z
= (sup|Yi+2z/>A4 = suplVy|+|z[ > A)
= QMP >A) < QM > A~ |z[)
< Crae @Az by (3.7)

Combining the last inequality with (3.5) gives the desired result. O

11



Remark 1. In the case of a put option |||/ = 1, and the proposition applies.
In other examples h may be unbounded; in this case it is still possible to obtain
an exponentially decreasing localisation error under additional restrictions on
v. Note that for the call option, although the payoff grows exponentially, one
can transform the problem into pricing a put using put-call parity in order to
obtain a smaller localization error.

Remark 2. An exponential bound on localization error in Ly-norm is given in
[20] using analytical methods. The advantage of the probabilistic approach is to
provide a local (pointwise) estimate. For instance, our estimate (3.4) reflects the
intuitive fact that the localization error is more pronounced near the boundary.

The above result implies that the localization error decreases uniformly on
each closed subinterval of (— A, A):

(T, ) —ua(r,x)| < ke 04, for |z| < (1-9)A

where 0 < § < 1.

The hypothesis (3.3) means that the tails of v have to decrease exponentially,
which is true in all examples considered in the option pricing literature (except
Carr & Wu’s log-stable model [9]). Note that in an exponential Lévy model
we already have f]+°° e**y(dz) < oo for all @ < 1, because of the martingale
condition, so (3.3) is a condition on the negative jumps.

3.2 Truncation of the integral

To compute numerically the integral term, we need to reduce the region of inte-
gration to a bounded interval. In terms of the jump process, this amounts to the
truncation of large jumps. We will now give an estimate for the error resulting
from this approximation. Recall that the solution of the Cauchy problem (3.1)
(in the European case where O = R) is

u(r,z) = B[H(Spe® "™, (3.8)

where X, is a Lévy process with the triplet (v, o,v). Let us define a new process

X, characterized by the Lévy triplet (¥,0,v1,¢(5,,8,]), Where 7 is determined
by the martingale condition:

o2 B,
=% [ @ -1- .
1
We define now:
i(r, z) = B[H (Spe* T +Xn)), (3.9)

and we estimate the difference between @ and the true solution w.

12



Proposition 4. Let H be Lipschitz: |H(S1)—H(S2)| < ¢|S1—Sa|. Assume that
Jay,oq >0, such that [ e(lton)vy(dy) < oo, and f:olo lyle®Wly(dy) < co.
If u and @ are defined by (3.8) and (3.9) respectively, then

lu(r,z) — a(r,z)| < 2eSpe® T Tr(Cre~ Bl 4 ChemarIBrly  (3.10)
Proof. Let us denote R, 2 X, - X,, R, I X,. We have
Ju(r, ) —ii(r,x) = [E[H(Soe" " ™+ — BH(Sp et 0|
< (:Sgeer”]E[eXT lefr —1]] = ¢ Spe TRl — 1.

By construction, E[eftr —1] = 0. Since |efir — 1| = (ef — 1) +2(1 —ef*)T, and
(1 — efir)* < |R,|, we obtain

lu(r,z) —a(r,z)] < 2¢Spe” TRl (3.11)

The Lévy triplet of R, is (v —%,0,v1,¢(p,,B,]) With
voi= [ e ety
Jy¢[B1,B]

One can write R, = P, + N,, where P, and N, are characterized by (f?;o(l —
e¥)v(dy),0,vl,sp,) and (— fg:(ey — Dv(dy),0,v1,<p,) respectively. We as-
sume without loss of generality that B; < —1, B, > 1'. Since P, has non-
negative drift, no Brownian component, and only positive jumps bounded from
below by B, > 0, we have P, > 0 (recall that P, = 0). Conversely, N; has
only negative jumps (bounded from above by B; < 0) and non-positive drift. In
consequence, N, < 0. Therefore,

E|R.| < EP.|+EN,| = EP, - EN,

[ a-er—ywtan+ [ Tty y)u(dy)]

< T [2/ l lylv(dy) + 2 /}:o eyl/(dy)] . (3.12)

Using the hypotheses on v we obtain

Bl oo
ER,| < T(Qe(”Bl/ \y|e“l‘y‘l/(dy)+267“”‘3’”‘/ e(1+“*)yy(dy)>

J—o0 J B,

S T(C]eial‘Bl‘ + Ogeiar‘Br‘)

that we substitute into (3.11). O

L Clearly, if (3.10) is true for such values, it is true for all B;, B, up to change of the
constants. On the other hand, this estimate is not useful if ¥ has a bounded support. For
example, if there are only negative jumps, we will take B, = 0, but in this case v1,<p, = v,
and there is no truncation error due to B;.
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Remark 3. The hypotheses on v in Proposition 4 are a little stronger than
(3.3). We require them to obtain an exponential decay of the truncation error.
However, we can use directly estimate (3.12). In other words, existence of the
integrals in (3.12) suffices to obtain a convergence of @ to u as | B;| and | B, | grow
to infinity, but this convergence does not necessarily occur at an exponential
rate.

Remark 4. The requirements are different for the left tail of v and the right
one. For example, in the Variance Gamma model with v(z) = aexp(—n+|z|)/|z|
one needs 774 to be greater than 1, and 7_ only positive. Proposition 3.10 then
applies with ay <n— and a, <n4 — 1.

Using Propositions 3 and 4 we can fix in advance [—-A, 4] and [By, B,] to
have a given bound on the respective errors. Therefore we will assume this
has been done and concentrate ourselves on numerical solving of the localized
problem.

3.3 Explicit-implicit scheme: finite activity case

We suppose here that v(R) = A < +00. Then the integro-differential operator
can be written as

2 52 2 B,
Lu= U—Q - (U— r+a> %f)\u+ / v(dy)u(t,z +y), (3.13)
oz J B,

where o = f:lr (e¥ — 1)v(dy).

We introduce a uniform grid on [0,7] x R: 7, = nAt, n =0...M, z; =
—A+iAx, i € {0,.,N}, with At = T/M, Az = 2A/N. Let {ul} be the
solution of the numerical scheme, to be defined below.

To approximate the integral terms we use the trapezoidal quadrature rule
with the same step Az. Let K, K, be such that [B;, B,] C [(K;—1/2)Az, (K, +
1/2)Az]. Then:

B, K., R K,
[ vt = Y v, AxA= Y
B i=Ki i=Ki
K, (j+1/2)Ax
ad= Z (e¥ — 1)y, where vj = / v(dy). (3.14)
=K, J(j—1/2)Ax

The space derivatives are discretized using finite differences:

0%u Ui — 2u; + Ui

— = 3.15
<5m2>i (Ax)? ’ ( )

ou et 02)2—r+a <0

— ~ Az . 3.16
<8m>i { Hl o if o?/2—r4+a > 0. (3-16)
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The choice of approximation for the first-order derivative is determined by stabil-

ity requirement and will be discussed later (Section 4.2). Since the two cases are

treated similarly, let us suppose without loss of generality that o2/2 —r+d& < 0.
Using (3.14) (3.16) we obtain Lu =~ Du + Ju, where

2 bi — 2 Li Li— 2 2 - U4 1
(Du); = O Ui~ At b Ui (U— —r+ (i) Yirl — Wi Aui,  (3.17)

2 (Az)? 2 Az
K,
(Ju); = Z Viliyj. (3.18)
j=Ki

Finally, we replace the problem (3.2) with the following time-stepping scheme:

Initialization :

w = h(z;), i€{0,...,N}, (3.19)

ul = g(0, z;), otherwise. (3.20)
(S) For n=0,... M- 1:

u;”+1 — Ui n+1 n e

T = (Du""); + (Ju");, if ie{0,...,N} (3.21)

ult = g(nAt, z;) if i¢{0,...,N} (3.22)

3.4 Explicit-implicit scheme: infinite activity case

If v(R) = +oc this method cannot be applied directly. The idea is to come down
to a non-singular case by approximating the process X by an appropriate finite
activity process with a modified diffusion coefficient.

The procedure is similar to the one described in Section 3.2, but this time
we deal with small jumps. Given € > 0 let us define a process X: characterized

by the Lévy triplet (y(g),\/0? + 02%(¢),v1|y|>:), where
o*(e) = / y*v(dy),

and ~y(g) is determined by the martingale condition:

)= =TG- [ eyt

This means that we replace the jumps of size smaller than € by a Brownian
motion o(e)W,. Therefore, X2 has jumps of finite activity.
The function u® defined as

u®(1,z) = E[h(z + r7 + X5)] = Elh(x + Y7)] (3.23)
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satisfies the following Cauchy problem:

M pew, (0,T]xR (3.24)
or
u(0,2) = h(x), rzeR
where
2 2 62 2 2 o
pi=T 00 (T vae) e

+ /,1/26 v(dy)f(z +y), (3.25)

and a(e) = f‘y‘zg(ey - Dv(dy), Ae) = f\y\zs v(dy).

The next proposition gives an estimate of the approximation error.
Proposition 5. Let h be Lipschitz: |h(z) — h(y)| < c|lz —y|. Let u and u® be
defined by (3.8) and (3.23) respectively. Then

E I lyPr(dy)
lu(r, ) —u(r,z)] < 0702 @

Proof. We essentially use [11, Proposition 6.2] with the only difference that we
also adjust the drift parameter v to preserve the martingale property. Let us
define Z, =Y; — (y — v(¢))7. Then,

(3.26)

u(r, @) — i (7,2)] = [E[h(z + ;)] — Blh(x + ;)]
< [E[a(z + Z;)] = Elh(z + Y7)]|+
+[Elh(z + Zr + (v = v(e))7)] = E[h(z + Z)]].  (3.27)
Since h is Lipschitz, it is almost everywhere differentiable with |h'| < ¢. By [11,
Proposition 6.2] we have
JZ. lyPv(dy)
a%(e)

with K < 16.5. The second term may be estimated as follows:

Eh(z + Z,)] — Blh(z + V7)) < Ke (3.28)

[Elh(z + Zr + (v = v(E)n)] = Eb(z + Z)][ < cly = A7

where

@l =152 - [ @1y

T,'

—E&

=5 v [Cew-ara < [ wtvan. @)

Since 02(e) — 0 as € — 0, (3.29) converges faster than (3.28), and therefore
may be neglected. O
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Remark 5. If lim, o v(2)|2|'*® = a > 0, with 0 < 3 < 2, then (3.26) gives
|“‘(T7'7:) o U,E(T,.’I,‘)| < C(B)‘S:

so the approximation error is proportional to €. This case includes all practical
examples as variance gamma, stable tempered processes and others.

4 Consistency, stability and convergence

We study in this section some properties of the finite difference scheme presented
above. First, we show that the scheme is locally consistent, unconditionally
stable and monotone. Using these properties, we show that the solution of the
scheme converges to the viscosity solution of the PIDE i.e. the option price as
Az, At — 0.

4.1 Consistency

Proposition 6 (Consistency). The finite difference scheme (3.21) is locally
consistent with equation (3.2): for all v € C§([0,T] x R) and for all (1,,2;) €
[0,7] x R we have

n+1 _an
Y U (Do)t - (o) - (a—” - Lv) (1n, zi)| = 1P (AL, Az) = 0,(4.1)

At or

when (At, Az) — 0. Moreover:
de > 0, |t (At, Az)| < c(At + Ax)

Proof. Using a second order Taylor expansion we obtain:

ot~ O At 8*v At || 8%v
G Z0% D) = = ()| < 2 4.2
Al g (T 74) ‘2 gz (1) < 5 Haﬂ . (42)
Consider now the terms in Duv.
B, K,
aal=| [ e Duy) - 3 @1,
J B, =
j=Ki
Koo r(i+1/2)A Koo r(i+1/2)A
= Z/ (1 —e¥% ¥eVu(dy)| < Az Z/ ev(dy)
j=kK, 7 (i—1/2)Az j=K,; ' (i—1/2)Az

~ Az /: Vu(dy) < Az / Vu(dy). (4.3)
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We have used that |1 —e¥% Y| < Az as Az < 1, because |y; — y| < Az/2. So,

(D)™ — (Dv) (T, 24 \

V)M — (D) (Thgr, i) + At(Dv)(%,xi)| =

84 o
AHDFx) + T o [6 €0+ 55 ()| +

o2 R 93v 83v L Ov
<7 —-r+ a) 3 [8 = (Tnt1,82) — 023 (Tnt1,m2) | + (@ — a)%(m“ 1 T5)
S C1 At + CQA:U. (44)

The integral part can be estimated as follows:

K B,

|(Ju)] — (Tv)(Tn, )| = Z VigjVj — / 0(Tn, ;i + y)v(dy)
J=Ki T B
K (j+1/2)Az
-1>/ (07,3 4+ 35) — 0(7, 5 + y)w(dy)
SRl Gas
Koo lH1/2) o Ov
=15 [ i S v ovan| < B3] s
S i-1maa x
Therefore, r*(At,Az) < C1At + CyAz — 0. O

Remark 6. (Global error estimation) The precision of the numerical solu-
tion is influenced by several parameters: the discretization steps Az and At but
also the localization parameters A, B;, B, and, in the infinite activity case, €.
Some of the parameteres cannot be chosen independently if we want to minimize
the global error.

Indeed, by the Proposition 5, the impact of the truncation of the small jumps
vanishes as ¢ — 0; at the same time, for a fixed Az, the discretization error
goes to infinity since the constant in (4.5) is of order A(¢). So, there would be
an optimal choice of ¢ for a given Ax.

Note that the Proposition 6 gives the discretization error for the operator and
not for the solution itself. In the classical framework, the Lax theorem states
that the solution approximation is of the same order that the discretization
error. In the case of viscosity solutions, we have no estimate on the convergence
rate. So, properly speaking, the reasoning below does not apply to the non-
smooth solutions. However, it highlights the fact that the global convergence
rate may be smaller in the infinite activity case, even for smooth solutions.

Let us consider an example. In the variance gamma model, A(e) ~ —log(e),
and the small jumps truncation error is proportional to ¢ (see Remark 5). Con-
sider the sum of the discretization and truncation errors:

E = —Cilog(e)Azx + Cae. (4.6)
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To estimate an optimal ¢ for a fixed Az, let us minimize this expression with
respect to e:

F A
O _ _ A% L ¢, —y,
Oe €

which implies
Eopt = CAz. (4.7)
Substituting this value into (4.6) gives
E = CiAzlog(1/Az) + C3Az = O(Axlog(1l/Ax)). (4.8)

In other examples, where v(z) ~ 1/|z|'*? near the origin, with 0 < 3 < 2,
we obtain in a similar way that

Eopt = C(Az) ™45, E = O((Az)™7).

So, in all cases, the convergence is slower than O(Az).

4.2 Monotonicity and Stability

Two properties which are important for showing convergence to viscosity solu-
tions are the monotonicity and stability of the scheme. There are various notions
of stability for a numerical scheme; we will use here stability in sup norm, which
controls the errors on prices of options at all values of the underlying. As we
will see below, this is the relevant notion of stability for showing convergence to
a viscosity solution.

Definition 2 (Stability). The scheme (S) is stable iff for a bounded initial
condition the solution does exist and is bounded independently in At, Az,
uniformly on [0,7T] x R:

AC>0,VAt>0, Az >0,i€Z,ne{0,...,.M}: |u}| <C. (4.9)

We will say that vector v (or matrix M) is positive if all its elements are
positive. We write u > v if u — v > 0.

Proposition 7 (Stability and discrete comparison principle). Scheme
(S) is unconditionally stable and monotone (verifies the discrete comparison
principle): if u®, v° are two bounded initial conditions then

u’ >0 = vn>1, u" >0

Proof. We start with rewriting the equation (3.21) in the following form:

— cAtu + (1 + aAt)uT — bAtS = ul + AtZVju?Jr_77 (4.10)

J
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where?

0.2 2 1 R
= - = - ) —+A>0
. (Az)? <2 r+a> A:U+ -
o2 o2 1
b = — = - v — >
2(Az)? < g T ”) 220
2
o
= > 4.11
¢ 2(Ax)? — 0, (4.11)
Notice that a = b+ ¢ + .
Stability. We have a tri-diagonal linear system for {ul ™", ... ,7/1'\’,4'1 . It has

a unique solution because the main diagonal is dominant: 1+ aAt > cAt + bA¢L.
We will show that, if h is a bounded initial condition, ||hl|s < 00, then V n,

[t loo < [P]]oo- (4.12)

Let us proceed by induction. By definition of u® we have ||u°||oo < ||h]|ls0. Let

(4.12) hold for n. Suppose that ||[u"™!||« > [|h]|ec. This means that iy €

{0,..., N}, such that [ul ™ = |[u"*!||ls, and ¥V i € Z, [ul "] < JulH!).
Therefore, we have

lu™ | oo = \U,ZJH = cht|uZJ+1| +(1+ aAt)|u:»'[’]+1\ - bAt|u:»'[’]+1| - S\At|u:»'[’]+1|
< cht|u:»'[’]t1]\ +(1+ aAt)|u:»'[’]+1| - bAt|uZ’;1]| — M Al
< |- (:Atu,zjt]] +(1+ aAt)uz-OH - bAtuZ)ﬂl\ — M| A|so.

Together with (4.10) this gives

[0 Moo < fup + ALY vjul | — Al
J
< (@421 oo — AA Al < IIlloo, (4.13)

which contradicts our assumption. Thus, |[u""'||o < ||h]|ec, and the proof is
completed.

Monotonicity. Let u™ and v™ be two solutions of (S) corresponding to the
initial conditions h(x) and f(z) respectively, and h(z) > f(z), V& € R Let us
define w™ = u™ — v™. We have to show that w™ > 0, Vn > 0.

We proceed similarly as in the previous proof. By construction, we have
wd = h(x;) — f(x;) > 0,Vi € Z. Let w™ > 0, and suppose that inf;cz wf“ <0.
Since Vi € Z\{0,...,N}, w*" = h(z;) — f(z;) > 0, this implies that Jio €

2We recall that the case 02/2 —r 4+ @& < 0 is considered. If 02/2 — 7+ & > 0 we change the
approximation of the first-order derivative (see (3.16)) to have a,b,c > 0, which is needed for
stability and monotonicity.
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{0,..., N}, such that w;:’]“ = inf;ez w]™'. Using (4.10) we obtain that

;g wit! = wZJH = —cAthfl +(1+ aAt)wZ’J+1 - bAth’J+1 - S\Atw;ffl
> chth)tll +(1+ aAt)wZ)“ — bAth)i]]
wi + At Z viwg ;> 0, (4.14)

J

which contradicts the assumption. Therefore, inf;cz w?“ > 0, and, in conse-
quence, w" T > 0. O

The discrete comparison principle has an important financial interpretation:
it is equivalent to saying that the option values computed using the scheme verify
arbitrage inequalities: inequalities between payoffs lead to inequalities between
values of options. Thus, the discrete comparison principle is a desirable property
for our numerical scheme.

Remark 7 (Other notions of stability). Various definitions for the sta-
bility of numerical schemes can be found in the literature: for example, the
“von-Neumann stability” studied for a similar scheme in [2] represents u” as
a discrete Fourier transform and requires the corresponding Fourier coefficients
to be stable. This is essentially equivalent to stability in L? norm with peri-
odic boundary conditions and simply controls a global error in the least square
sense but does not control the error on the value of a given option. Moreover
it does not allow to capture the effect of boundary conditions when they are
non-periodic, which is the case here.

4.3 Convergence

In the usual approach to the convergence of finite difference schemes for PDEs,
consistency and stability ensure convergence under regularity assumptions on
the solution. This approach is not feasible here because, as discussed in sec.
2.1, solutions may be non-smooth and higher order derivatives may not exist.
For example, in the Variance Gamma model the value of a call option is C'' in
the price variable but not C2.

This is where viscosity solutions come to the rescue: in the case of second-
order parabolic PDEs verifying a strong uniqueness principle as in proposition
(1), Barles & Souganidis [5] show that, for elliptic/parabolic PDEs, any locally
consistent, stable and monotone finite difference scheme converges uniformly on
each compact subset of [0,7] x R to the unique continuous viscosity solution,
even when solutions are not smooth. We will now show the convergence of the
solution of the scheme considered above to a viscosity solution of (3.2). To make
shorter the notations and show the connection with [5] let us rewrite (3.21) in
an equivalent form:

1
ES(At7A:¢,n+17z’,uf+],a):0, n>0,i€{0,...,N} (4.15)
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where @ = {ul"', u{]',u"}, and

S(At, Az, n + Lz',u?“,ﬂ) =1+ aAt)u?“ — cAtu?ff — bAtu?jll -

n n
—ui — At E 210
J

Coefficients a,b,c > 0 depend on Az and are given by (4.11).
We have the following monotonicity property:

o If u?“ = 1)?“, and @ < 0, then

S(At, Az,n + 1,i,u?+l,ﬂ) > S(At,Ax,n + Lz',vf”'lﬂ?). (4.16)

2

The consistency (4.1) reads as:
oV pE COO([OIT] X ]R)/ v (T,.’E) € [OaT] X [7A5A]a

1
—S(At,Aaj7n+17i7Lpn+17¢) - 8_90 —L(p (T=$)= (417)
At ¢ or

as At, Ax — 0, and (741,%;) = (7, 2).

e Notice also that if £ is a constant function on the grid, we have

S(At,Am,n-{—l,i,u?+1+£,ﬂ+£) = S(At,Am,n+1,i,u?+l ). (4.18)

3

In fact, one can see from the definition that the scheme is linear and a
constant function is always a solution.

Let us define a piecewise interpolation of the solution to the scheme (S):

At,Az)(

n

U( T, 37) = Uj, if 7€ [Tn,Tn+])7 T € [ﬂfj,l/g,ﬁ]q_l/g). (419)
Proposition 8 (Convergence of the finite difference scheme). Consider
a bounded continuous initial condition h. Then the solution u(AH27) of the
numerical scheme converges uniformly on each compact subset of [0,T] x R to
the unique viscosity solution of the problem (3.2).

Proof. Define

(r,z) = lim inf [(AtAT) (¢ 4.2
H(T7 T) (At,Az)i)I{]l }gy)—)(rw) " ( ’ U) ( 0)
u(r,z) = lim sup uBEAT) (¢ ) (4.21)

(At,Az)—0 (t,y)—(7,z)

By construction, u < u. We will show that w and u are respectively viscos-
ity subsolution and supersolution to the problem (3.2). If it is true, then the
comparison principle for semi-continuous solutions (Proposition 1) implies that
u > u. We conclude that u =@ = wu is a viscosity solution of (3.2).
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We will now show that @ is a viscosity subsolution of (3.2). First, we remark
that @ is uniformly bounded. In fact, by Proposition 7, [u(2t22) (7, 2)| < ||h||so
for all positive At, Az, and all (,z) € [0,7] x R. Therefore, by construction,
w is bounded by the same constant.

We formulate the next property as a lemma.

Lemma 1. @ is upper semi-continuous:

V(r,z), limsup u(t,y) < 7u(r, xz).
(t.y)—(72)

The proofs of lemmas used in this proposition are given in the Appendix.
Finally, we will show that V¥(r,z) € [0,T] x R,
(i) if = ¢ [~ A, A], we have
u(r,z) = g(r,z), (4.22)

(ii) if z € [-4, 4], ¢ € C?*([0,T] x R) such that

u(r,z) = p(1,1) (4.23)
and @ < p on [0,T] x R — {(7, )} then
g—f(r, x) — Lp(r,z) <0, if(r,z) € (0,T] x (—A4,A), (4.24)

min{g—f(r, x) — Lp(t,z), u(r,z) — h(z)} <0, ifr=0, z€[-A,A](4.25)

u(r,x) —g(r,2)} <0, ifr#0, z==A4, (4.26)

3

min{ 9 (r. )  Lip(r, )
T

which clearly implies (2.10)—(2.11).

Property (i) is an immediate consequence of (3.20) and (3.22). Indeed, if
x ¢ [—A, A] then, by construction, 3¢ > 0, such that for A¢t, Az < ¢ and
(T, ) — (7, 7)| < & we have u(A8A2) (1, 1) = g(1,, ;) s0 (4.22) follows from
the definition of the upper limit.

Let us take (7, ) and p asin (ii). Let Q C R be a bounded interval containing
[-A+ B;,A+ B,].3

Lemma 2. There exist Aty, Axy — 0, and ny, iy, such that

(Tnk7wik) — (T= $)= (427)
U(Atk’Awk) ("—’ruc ’ wm) - E(T= :U), as k — o, (428)
and for all k, (T,, , 3, ) is a global mazimum point of uAtA7k) () — o(-,-) on

the grid inside [0,T] x Q:

max {ulAteAze)(

(Tn,z3) €[0,T] xQ Tn:”’j)*ﬁp(rn,mj)}

Aty Az
= U( * TL)(anxik) - @(Tnmxik)' (429)

3By the definition of [~ A, A] and [By, B,], the values of any functions outside [0,7] x Q2
are not involved in our computations.
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We take a sequence from this lemma. Denoting by & the right-hand side of

(4.29), and u(AteA26) (1, 2;) = (™) we have

& — 0, ask — oo, (4.30)
(W) = gpt + &, (4.31)
(W) < e+ &, V(T ay) € [0,T] x Q. (4.32)

If (,2) € (0,T] x (—A, A), from (4.27) it follows that n, > 0, z,;, € (—A, A)

for all k greater than some kq. Therefore, from the definition of u(2t+2%%) as a
solution of the scheme, we have
1
0 = A—tkS(Atk, Az, ny, i, (U,A’“)Z’“,ﬁm’)
1
2 HS(Atk, A.’Ek, ng, ik, (p?: + fk, (,5 + fk) by (431) (432) and (416)
k

1
Atk 'k

0
— (8—<p - L(p) (r,z) by the definition of Aty, Az, ng,ir and (4.17)
T

which is the desired result.
If 7 = 0, there are three possibilities:

(1) there exists a subsequence of (4.27) such that Vk, (7,,,2;,) € (0,T] x
(_A7A);

(2) ko, such that Vk > ko, 7, =0, z;, € (A, A);
(3) ko, such that Vk > ko, x;, = £A.

In the first case we apply the same arguments and obtain g—f (r,2)—Lo(r,2) <0.
In the second case we have (u,A’“)Zfc = h(z;, ). Taking limits in (4.28) we obtain

u(r,z) = h(x).

Finally, in the last case, (u = g(Tny, iy ), sou(r,z) = ¢(0,z) (and w(r, z)—
h(z) < 0 because g equals 0 or h, and h is non-negative). Obviously, in the three
cases (4.25) is satisfied.

If 7 #£ 0, x = £A, the alternatives (1) or (3) are only possible, which gives
respectively g—f(r,m) — Lo(r,2) < 0 or u(r,z) = g(r,z). Hence, (4.26) is also
satisfied.

We have proven that u is a viscosity subsolution of (3.2). By exactly the
same type of arguments it can be shown that u is a viscosity supersolution of
this problem. By construction @ > u so using the comparison principle for semi-
continuous solutions [1] we conclude that @ = w = w is a continuous viscosity
solution. Using a variation on the proof of Dini’s theorem one can show, as in
[5], that the convergence is uniform on all compact subsets of [0,7] x R. O
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Readers used to convergence results for finite difference schemes should note
that the requirements on the scheme are quite weak: we have only used local
consistency whereas the usual conditions for convergence using the Lax theorem
require global consistency i.e. the convergence in (4.1) must not be pointwise
but with respect to some global norm, which requires knowing in advance in
what function space the solutions live. This shows the flexibility of the notion
of viscosity solution. The price to pay is the loss of information about the order
of convergence. Of course in cases where smoothness of the solution can be
shown by other means one can discuss the order of convergence using classical
methods and higher order schemes can be used. But in absence of information
on the smoothness of the solution, the justification of higher-order schemes is
not clear.

5 Numerical results

We now illustrate the performance of the scheme proposed above in two ex-
amples. The computations were done in variance Gamma models with Lévy
density

PR L)
’ 2]

and two sets of parameters: a = 6.25,7_ = 14.4, n; = 60.2 (VG1) and a =
0.5, n- =2.7, nx =5.9 (VG2), and a Merton model with Gaussian jumps in

log price with volatility o = 15% and Lévy density
—z2/2
V2w

for a put of maturity of T' = 1 year. Both of these models satisfy the hypotheses
of section 3.1 and 3.2: the Lévy densities have exponentially decreasing tails.
The Black-Scholes implied volatilities computed from prices of put options are
shown in figure 1: as expected, they display a “smile” (convex) feature as a
function of the strike of the option, which flattens out with increasing maturity.
These two models have been chosen since in each case there is an alternative
method for computing the solution of the PIDE: in the Merton model the solu-
tion can be expressed as a series expansion, and in the Variance Gamma model
a closed form expression for the characteristic function is available, so one can
use Carr & Madan’s Fast Fourier method [8]. Comparing our finite difference
solution to these alternative solutions (computed with high precision) allows to
study the behavior of various error terms in relation with the parameters of the
scheme.

The error metric which is relevant from the point of view of financial appli-
cations is the error in terms of Black-Scholes implied volatility:

e

v(z) =0.1

e(r,x) = |[SPIPE (7 2) — RFFT (7 o) in %.
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Figure 1: Black-Scholes implied volatilities for put options, as a function of strike

and maturity. Above: Variance Gamma model. Below: Merton jump-diffusion
model.
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Figure 2: Influence of domain size on localization error for the explicit-implicit
finite difference scheme. Left: smooth initial condition h(z) = sin(z) in Merton
jump-diffusion model. Right: put option in Merton jump-diffusion model.

where ¥ denotes the Black-Scholes implied volatility computed by inverting the
Black-Scholes formula with respect to the volatility parameter and applying it
to the computed option price. We have computed both pointwise errors at = 0
(i.e. forward at-the-money options) and uniform errors on the computational
range = € [log(2/3),log(2)]. This range contains all options prices quoted on
the market.

The localization error is shown in figure 2 for the Merton model: domain
size A is represented in terms of its ratio to the standard deviation of X7. An
acceptable level is obtained for values of order ~ 5. Notice that as soon as this
ratio is > 3, the uniform and pointwise errors are quite close to each other,
indicating that we are out of the zone of influence of the numerical boundary
conditions. Figure 3 shows the same analysis for the Variance Gamma model.

Figure 4 illustrates the decay of numerical error when At, Az — 0 i.e. when
the number of time / space steps is increased. The behavior is quite similar to
the case of the Black-Scholes model.

Figure 5 illustrates the behavior of the error (for a fixed grid size) as a
function of maturity for two initial conditions: a smooth one (forward contract)
and a non-smooth one (put option). We observe that a non-smooth initial
condition leads to a lack of precision for small T'. This phenomenon, which is not
specific to models with jumps, can be overcome using an irregular time-stepping
scheme which exploits the smoothness in time of the solution. Matache et al.
[20] have suggested to use irregularly (logarithmically) spaced time stepping,
more refined near maturity, in order to improve this convergence.

In the case of infinite activity models an additional parameter which influ-
ences the solution is the truncation parameter € for the small jumps. Choosing
this parameter as small as possible is not necessarily a good idea, as discussed
in the Remark 6. Figure 6 confirms that, for a given Az > 0, the minimal
error is obtained for a finite € which in this case is larger than Az. The optimal
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Figure 5: Decrease of error with maturity in the Merton model. Left: non-
smooth initial condition (put option) h(z) = (1 — e®)*. Right: smooth initial
condition h(z) = e*.

Model Put t Up-and-out call t Double-barrier put t
sec. H =120 sec. L =80, H=120 | sec.
VG1 6.72 | 0.5 2.73 0.2 2.42 0.1
VG2 8.38 | 0.9 3.34 0.5 1.68 0.1
Merton || 11.04 | 1.2 1.17 0.5 3.35 4

Table 1: Examples of numerical values for at-the-money option prices. S =

K =100,T =1, A=5,/0%+ [y?v(dy), dt = 0.02, dv = 0.01. Parameter ¢ is

chosen according to Figure 6.

choice of ¢ is not universal and depends on the growth of the Lévy density near
zero. In all cases, the numerical diffusion term o(e) significantly improves the
convergence by introducing a “numerical viscosity”, so even when the underly-
ing model is a pure jump Lévy process, this numerical diffusion term plays a
regularizing effect.

The last two figures illustrate the numerical tests for barrier options in the
Merton model. Figure 7 shows the price of an up-and-out call. Figure 8 illus-
trates the numerical convergence of a double-barrier put price as the number N
of space steps increases.

In Table 1, we give some examples of option values obtained with our nu-
merical scheme as well as the corresponding computation time in seconds.

6 Discussion and extensions

We have discussed in this work the computation of option prices in jump-
diffusion and exponential Lévy models via the solution of integro-differential
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Figure 7: An up-and-out call price in the Merton model. Barrier level: H = 1.2.
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At-the-money double-barrier Put price. Merton model.
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Figure 8: At-the-money double-barrier put price as a function of the number of
space steps. Barrier levels: L = 0.8, H = 1.2.

equations involving an integral term with a possibly singular kernel (Lévy den-
sity). After establishing a precise relation between the option prices and the
solutions of such equations, we have proposed an explicit-implicit finite dif-
ference scheme for solving them. Some difficulties arise due to the non-local
character of the integral operator, the non-smoothness of initial conditions, the
singularity at zero of the integral kernel and the possible degeneracy of the
diffusion coefficient. We have proposed approximation which resolve these dif-
ficulties and provided error estimates in each case, under hypotheses which are
easily verified on the Lévy density.

For European call options, the finite difference method proposed here re-
quired more operations than the Fast Fourier transform method of Carr &
Madan [8]; however, our method is applicable in a more general context: it
does not require a closed form expression for the characteristic function of the
log-price and can handle barrier options.

While other finite difference methods have been proposed in the literature
for such equations [2, 14, 26] a comparable analysis of consistency, stability
and convergence is absent from these studies. Moreover, by appealing to the
formalism of viscosity solutions, our analysis allows fairly general hypotheses
on the model. In particular it does not require the diffusion part to be non-
degenerate and thus includes models based on pure-jump Lévy processes such
as the Variance Gamma model, hyperbolic models, NIG models etc.

Another approach is based on the variational formulation of the PIDE [6]:
studied by Zhang [27] for the Merton model, this approach has been recently ex-
tended by Matache et al [20] to the infinite activity case using a wavelet Galerkin
method. This method requires to know the analytical form of the Lévy density
v, whereas our finite difference method also accomodates a numerical represen-
tation of the Lévy measure; for example, v can be the result of a calibration to
option prices as in [10]. The finite difference scheme is also simpler to implement
while retaining the flexibility of separating the local and the non-local part of

31



the operator.

The finite difference method described here is also applicable when the local
characteristics o(t), v; of the process are time-dependent, as is the case in time-
inhomogeneous jump-diffusion models [11]; it also applies in the case where the
diffusion coefficient depends on the price as in [2], without any non-degeneracy
requirement on the diffusion coefficient. However empirical studies on perfor-
mance of risk neutral jump-diffusion models [10] seem to indicate that this fea-
ture is redundant with jumps and leads to highly ill-posed calibration problems
so the usefulness of combining local volatility models with jumps is far from
being clear.

It may be interesting to investigate generalizations of this method to cases
where non-linearities are present in the equation such as the valuation of Amer-
ican options or problems with transaction costs.
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A Appendix

Proof of Lemma 1.

Proof. We need to show that Ve > 0, 3 U(7, z) a neighbourhood of (7, z), such
that V(t,y) € U(r,z), u(t,y) <u(r,z)+ €. Suppose this is not true, that is

de >0, I(tr,yr) = (7,2) : Yk, ulty,yr) > u(r,z) + €. (A1)

For a fixed k we have by construction:

At,Am)(

u(ty,yr) = lim sup ul s, 2).

(At,Az)—0 (s,2)—=(tr,yr)

Therefore, we can find Aty, Axy, sg, 2 in the 1/k-neighborhood of (0,0, ¢, yx)
such that

3

1
u( A AT) (g1 2 > ﬁ(tk,l/k)*%- (A.2)

Combining (A.2) with (A.1) we obtain

1
AteAn) (5 20) > T(T,T) +E— - (A.3)

(
Y %

By counstruction, we have (Aty, Azy, sk, zx) — (0,0, 7, z), therefore

At,Aw)(

lim sup u(At’“’A“)(sk,zk) < lim sup ul t,y) =u(r, z).

k—s 00 (At,Az)—0 (t,y)—(7,z)
Taking the upper limit in (A.3) as k — oo gives
u(r,x) > u(r,x)+e,
which is impossible. This contradiction implies that (A.1) is not verified and

ueUSC. O
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Proof of Lemma 2.

Proof. The existence of Aty, Az, ng, i) satisfying (4.27)—(4.28) follows from
the definition of the upper limit. Let us take such a sequence and consider for
each k the function u(A%27x) — »_ Since there is a finite number of grid points
on [0,7T] x 2, the maximum in (4.29) is reached at a point (Tpm,, Zj, )-

Sequence {(Tm,,%j, )}y 18 bounded, therefore one can extract a converg-
ing subsequence (for simplicity we will take the same notation): (7, ,%;, ) —
(t*,2*) as k — oo. Let us show that (7*,z*) = (, ). Suppose this is not true.
Then, using the definition of @, the continuity of ¢ and the fact that @ < ¢ on
on [0,T] x R — {(r,z)} we obtain

lim sup (u(At’“’A“’)(ka7w7’k) - @(Tmmwik)) <
k— oo ' '

< limsup wBABAY (4 y) — Hm (T, , 25, ) =
(At,Az)—0 k— oo ) )
(t) = (r* &)

=a(r*,z*) —p(r*,z*) < 0. (A4)

On the other hand, from the definition of (7, ,2;,) as a maximum point, and
properties (4.28) and (4.23) it follows that

lim sup ('U‘(Atk’Amk)(kaamjk) - @(ka,-fjk)) >
k— oo

> lim sup (U(Atk7Azk)(Tnk ! xik) - @(anwik)) = E(T, :U) - 90(7—733) =0,

k—o0

which contradicts (A.4). Therefore, (7*,2*) = (1, ).
From the last inequality we obtain, in particular, that

lim sup u Tme,> Tjy) > (1, 2) =U(T, T).

k—o0

From the definition of © we have

(Atk ,A’I‘k) (

lim sup u Trmg, Tjr ) < U(T, T).

k—o0

Therefore, this upper limit is equal to @(7, z), and there exists a subsequence
u,(At’“’A”)(Tm;C ,jr ) — u(r,z), which satisfies by construction the desired prop-

erties (4.27) (4.29). O
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