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The short
omings of di�usion models in representing the risk related to largemarket movements have led to the development of various option pri
ing modelswith jumps, where large returns are represented as dis
ontinuities in pri
es asa fun
tion of time. Models with jumps allow for a more realisti
 representationof pri
e dynami
s and a greater 
exibility in modelling and have been the fo
usof mu
h re
ent work [11℄.Exponential L�evy models, where the market pri
e of an asset is representedas the exponential St = exp(rt + Xt) of a L�evy pro
ess Xt, o�er analyti
allytra
table examples of positive jump pro
esses whi
h are simple enough to allowa detailed study both in terms of statisti
al properties and as models for risk-neutral dynami
s i.e. option pri
ing models. Option pri
ing with exponentialL�evy models is dis
ussed in [11, 15, 17, 19, 24℄. The 
exibility of 
hoi
e of theL�evy pro
ess X allows to 
alibrate the model to market pri
es of options andreprodu
e a wide variety of implied volatility skews/smiles [10℄. The Markovproperty of the pri
e allows us to express pri
es of European and barrier optionsin terms of solutions of partial integro-di�erential equations (PIDEs) whi
h in-volve, in addition to a (possibly degenerate) se
ond-order di�erential operator, anon-lo
al integral term whi
h requires spe
i�
 treatment both at the theoreti
aland numeri
al level [12℄.In this paper, we propose a �nite di�eren
e s
heme for solving su
h PIDEs.Our numeri
al solution is based on splitting the operator into a lo
al and a non-lo
al part: we treat the lo
al term using an impli
it step and the non-lo
al termusing an expli
it step. This idea, previously used for non-linear PDEs [3℄, allowsfor an eÆ
ient implementation in terms of speed and stability restri
tions. Ours
heme extends to in�nite a
tivity L�evy pro
esses with singular kernels and doesnot require the di�usion part to be non-degenerate. We study the 
onsisten
yand stability of this s
heme, show its 
onvergen
e to a vis
osity solution ofthe partial integro-di�erential equation and study its numeri
al performan
e ontwo examples, the Merton model with Gaussian jumps and the in�nite a
tivityVarian
e Gamma model. Our s
heme 
an be used for European and barrieroptions and 
an also be extended to the 
ase of non-
onstant 
oeÆ
ients.In se
tion 2 we brie
y dis
uss, following [12℄, the derivation of integro-di�erential equations for European and barrier options, �rst giving 
onditionsunder whi
h option values 
an be des
ribed in terms of 
lassi
al solutions fol-lowed by a more general result using the notion of vis
osity solution, .Solving su
h PIDEs by �nite di�eren
e methods involves several approxi-mations: lo
alization of the equation to a bounded domain, treatment of thesingularity due to small jumps, dis
retization of the equation in spa
e and it-eration in time. We dis
uss lo
alization errors in se
tion 3.1 and provide anestimate for the lo
alization error under an integrability 
ondition on the L�evymeasure. In se
tion 3 we propose an expli
it-impli
it �nite di�eren
e s
hemeand study 
onsisten
y, stability and 
onvergen
e of the s
heme proposed. Tostudy the 
onvergen
e of the s
heme, we use the notion of vis
osity solution,whi
h allows to show uniform 
onvergen
e to the solution without requiring apriori smoothness of the solution or non-degenera
y of 
oeÆ
ients.In se
tion 5, numeri
al tests are performed for smooth and non-smooth initial3




onditions to assess the e�e
t of various numeri
al parameters on the a

ura
yof the s
heme.Various numeri
al methods for solving su
h paraboli
 integro-di�erentialequations have been proposed in the re
ent literature [2, 20, 14, 27℄. In the
ase where the 
hara
teristi
 fun
tion of the log-pri
e is known, Carr & Madan[8℄ propose a method using the Fast Fourier transform for pri
ing European op-tions. Our s
heme extends this approa
h to 
ases where an analyti
al expressionfor the 
hara
teristi
 fun
tion may not be available and where barriers / bound-ary 
onditions may be present. In the 
ase of jump-di�usion models with �nitejump intensity, Andersen & Andreasen [2℄ propose an operator splitting methodwhere the di�erential part is treated using a Crank-Ni
holson step and the jumpintegral is 
omputed using an expli
it time step. Our method applies more gen-erally to models with in�nite a
tivity i.e. singular integral kernels; in addition,we propose an analysis of the 
onvergen
e of our algorithm, whi
h is absent in[2℄. Using a variational formulation of the integro-di�erential equation, Zhang[27, 28℄ studied a �nite di�eren
e s
heme in the 
ase of jump-di�usion modelswith �nite intensity and possessing all exponential moments. These 
onditionsrule out all models in the literature ex
ept the Merton model: our analysis doesnot require su
h restri
tive 
onditions. Variations on this s
heme are given in[14℄. The variational formulation has been re
ently extended by Mata
he et al[20℄ to the in�nite a
tivity 
ase using a wavelet Galerkin method. Relation withthese methods is further dis
ussed in se
tions 3{5.1 Exponential L�evy modelsWe 
onsider here the 
lass of models where the risk neutral dynami
s of theunderlying asset is given by St = exp(rt+Xt) where Xt is a time-homogeneousjump-di�usion ( L�evy ) pro
ess.1.1 L�evy pro
esses: de�nitionsA L�evy pro
ess is a sto
hasti
 pro
ess Xt with stationary independent in
re-ments whi
h is 
ontinuous in probability. Without loss of generality we assumethat X0 = 0. The 
hara
teristi
 fun
tion of Xt has the following form, 
alledthe L�evy-Khin
hine representation [22℄:E[eizXt ℄ = exp t�(z) == expft(��2z22 + i
z + Z 1�1(eizx � 1� izx1jxj�1)�(dx))g;where � > 0 and 
 are real 
onstants and � is a positive measure verifyingZ +1�1 x2�(dx) <1; Zjxj>1 �(dx) <1: (1.1)4



The random pro
ess X 
an be interpreted as the superposition of a Brownianmotion with drift and an in�nite superposition of independent (
ompensated)Poisson pro
esses with various jump sizes x, �(dx) being the intensity of jumpsof size x.In general � is not a �nite measure: R �(dx) need not be �nite. In the
ase where � = R �(dx) < +1, the measure � 
an be normalized to de�ne aprobability measure � whi
h 
an now be interpreted as the distribution of jumpsizes: �(dx) = �(dx)� :The jumps of X are then des
ribed by a 
ompound Poisson pro
ess with � asjump intensity (average number of jumps per unit time) and �(:) as jump sizedistribution. In this 
ase the trun
ation of small jumps is not needed and theL�evy-Khin
hin representation redu
es to:E[eizXt ℄ = expft(��2z22 + i
0(�)z + Z 1�1(eizx � 1)�(dx))g:A L�evy pro
ess is a Markov pro
ess; its in�nitesimal generator LX : f !LXf is an integro-di�erential operator de�ned by the expression :LXf(x) = limt!0 E[f(x+Xt)℄� f(x)t == �22 �2f�x2 + 
 �f�x + Z �(dy)[f(x + y)� f(x)� y1fjyj�1g�f�x (x)℄ (1.2)whi
h is well de�ned for f 2 C20 (R).1.2 Exponential L�evy modelsLet (St)t2[0;T ℄ be the pri
e of a �nan
ial asset modelled as a sto
hasti
 pro
esson a �ltered probability spa
e (
;F ;Ft;Q). Under the hypothesis of absen
e ofarbitrage there exists a measure equivalent to Q under whi
h (St) is a martin-gale. We will assume in the sequel that Q is already a martingale measure.In exponential L�evy models, the (risk-neutral) dynami
s of St under Q isrepresented as the exponential of a L�evy pro
ess:St = S0ert+Xt : (1.3)HereXt is a L�evy pro
ess with 
hara
teristi
 triplet (�,
,�), and the interest rater is in
luded for ease of notation. Di�erent exponential L�evy models proposedin the �nan
ial modelling literature simply 
orrespond to di�erent 
hoi
es forthe L�evy measure �, see [11, Chap. 3℄ for a review. The absen
e of arbitragethen imposes that Ŝt = Ste�rt = expXt is a martingale, whi
h is equivalent to5



the following 
onditions on the triplet (�,
,�):Zjyj>1 �(dy)ey <1; (1.4)
 = 
(�; �) = ��22 � Z (ey � 1� y1jyj�1)�(dy): (1.5)We will assume this relation holds in the sequel. The in�nitesimal generatorLX then be
omes:LXf(x) = �22 [�2f�x2 � �f�x ℄ + Z 1�1 �(dy) [f(x + y)� f(x) � (ey � 1)�f�x (x)℄:(1.6)We will also use the notation Yt = rt + Xt. The in�nitesimal generator ofYt is Lf = LXf + r�f�x : (1.7)2 Partial integro-di�erential equation for optionpri
esThe value of an option is de�ned as a dis
ounted 
onditional expe
tation of itsterminal payo� HT under a risk-adjusted martingale measure (sometimes 
alledrisk-neutral probability) Q:Ct = E[e�r(T�t)HT jFt℄:For a European 
all or put, HT = H(ST ). From the Markov property,Ct = C(t; S) where C(t; S) = E[e�r(T�t)H(ST )jSt = S℄: (2.1)Introdu
ing the 
hange of variable � = T � t, x = ln(S=S0), and de�ning:h(x) = H(S0ex) and u(�; x) = er�C(T � �; S0ex), thenu(�; x) = E[h(x+ Y� )℄: (2.2)If u is suÆ
iently smooth {for example, u 2 C1;2 with bounded derivatives{then by applying Ito's formula to u(t;Xt) between 0 and T one 
an show [6, 12℄that it is a 
lassi
al solution of the Cau
hy problem:�u�� = Lu; on (0; T ℄� R; u(0; x) = h(x); x 2 R: (2.3)Barrier options lead to initial-boundary value problems. Consider for in-stan
e an up-and-out 
all option with maturity T , strike K, and (upper) barrierU > S0. The terminal payo� is given byHT = (ST �K)+1T<�;6



where � = infft � 0 j St � Ug, the �rst moment when the barrier is 
rossed.Due to the strong Markov property of L�evy pro
esses, it is possible to expressthe value of the option Ct = e�r(T�t)E[HT jFt℄ as a deterministi
 fun
tion oftime t and 
urrent sto
k value St before the barrier is 
rossed. Namely, for any(t; S) 2 [0; T ℄� (0;1) we 
an de�neCb(t; S) = e�r(T�t) E[H(SeYT�t)1T<�t ℄; (2.4)where H(S) = (S �K)+, fYs�t; s � tg is a L�evy pro
ess, and �t = inffs �t j SeYs�t � Ug, the �rst exit time after t. Then,Ct = Cb(t; St)1t�� (2.5)for all t � T . Note that outside of the set ft � �g the obje
ts Ct and Cb(t; St)are di�erent: if the barrier has already been 
rossed, Ct will always be zero,but Cb(t; St) may be
ome positive if the sto
k returns to the region below thebarrier.As in the European 
ase, by going to the log variables we de�neub(�; x) = er�Cb(T � �; S0ex): (2.6)Again, if ub is smooth the Itô formula 
an be used to show that ub is a solutionof the following initial-boundary-value problem:�u�� = Lu; on (0; T ℄� (�1; log(U=S0));u(0; x) = h(x); x < log(U=S0); u(�; x) = 0; x � log(U=S0):Pri
es of down-and-out or double barrier options are de�ned similarly. Inthe 
ase of pure jump models where � = 0 the smoothness is not obvious: thebehavior of the option pri
e at the barrier depends on the lo
al behavior ofthe L�evy pro
ess at the barrier. More generally, if smoothness of C(:; :) is notknown it should be seen as a vis
osity solution of the PIDE, as dis
ussed below.2.1 Vis
osity solutions: de�nitionExisten
e and uniqueness of (
lassi
al) solutions for the PIDEs 
onsidered abovein Sobolev / H�older spa
es have been studied in [6, 16℄ in the 
ase where thedi�usion 
omponent is non-degenerate: for a L�evy pro
ess this simply means� > 0 but more generally these results apply to jump di�usion where the di�u-sion 
oeÆ
ient is bounded away from zero. However many of the models in the�nan
ial modelling literature are pure jump models with � = 0, for whi
h su
hresults are not available. A notion of solution whi
h yields both existen
e anduniqueness without requiring non-degenera
y of 
oeÆ
ients or a priori knowl-edge of smoothness of solutions is the notion of vis
osity solution, introdu
ed byCrandall & Lions for PDEs [13℄ and extended to integro-di�erential equationsof the type 
onsidered here in [1, 4, 21, 23, 25℄.7



Denote by USC (respe
tively LSC) the 
lass of upper semi
ontinuous (re-spe
tively lower semi
ontinuous) fun
tions u : [0; T )�R ! R and by C+p ([0; T ℄�R) the set of measurable fun
tions on [0; T ℄�R with polynomial growth of degreep at +1 and bounded on [0; T ℄� R� :' 2 C+p ([0; T ℄� R) () 9C > 0; j'(t; x)j � C(1 + jxjp 1x>0): (2.7)Let O = (l; u) � R be an open interval, �O = fl; ug its boundary, and g 2C+p ([0; T ℄� RnO) a 
ontinuous fun
tion. Consider the following initial-boundaryvalue problem on [0; T ℄� R:�u�� = Lu; on (0; T ℄�O; (2.8)u(0; x) = h(x); x 2 O; u(�; x) = g(�; x); x =2 O: (2.9)De�nition 1 (Vis
osity solution). A fun
tion u 2 USC is a vis
osity subso-lution of (2.8){(2.9) if for any test fun
tion ' 2 C2([0; T ℄�R)\C+p ([0; T ℄�R) andany global maximum point (�; x) 2 [0; T ℄�R of u�', the following propertiesare veri�ed:if (�; x) 2 (0; T ℄�O; ��'�� � L'� (�; x) � 0; (2.10)if � = 0; x 2 O; minf��'�� � L'� (�; x); u(�; x)� h(x)g � 0;if � 2 (0; T ℄; x 2 �O; minf��'�� � L'� (�; x); u(�; x)� g(�; x)g � 0;if x =2 O; u(�; x) � g(�; x): (2.11)A fun
tion u 2 LSC is a vis
osity supersolution of (2.8){(2.9) if for any testfun
tion ' 2 C2([0; T ℄ � R) \ C+p ([0; T ℄ � R) and any global minimum point(�; x) 2 [0; T ℄� R of u� ', we have:if (�; x) 2 (0; T ℄�O; ��'�� � L'� (�; x) � 0;if � = 0; x 2 O; maxf��'�� � L'� (�; x); u(�; x)� h(x)g � 0;if � 2 (0; T ℄; x 2 �O; maxf��'�� � L'� (�; x); u(�; x)� g(�; x)g � 0;if x =2 O; u(�; x) � g(�; x):A fun
tion u 2 C+p ([0; T ℄� R) is 
alled a vis
osity solution of (2.8){(2.9) ifit is both a subsolution and a supersolution. This fun
tion is then 
ontinuouson (0; T ℄� R.Note that the initial and boundary 
onditions are veri�ed in a vis
osity sense.The de�nition also in
ludes the 
ase of initial value problems: O = R.In the next se
tion, we show that European and barrier option pri
es are(unique) vis
osity solutions of the 
orresponding integro-di�erential problemsunder rather general 
onditions on the L�evy triplet and the payo� fun
tion.8



2.2 Option pri
es as vis
osity solutions of PIDEExisten
e and uniqueness of vis
osity solutions for su
h paraboli
 integro-di�erentialequations are dis
ussed in [1℄ in the 
ase where � is a �nite measure and in [4℄and [21℄ for general L�evy measures. Growth 
onditions other than u 2 C+p 
anbe 
onsidered (see e.g. [1, 4℄) with additional 
onditions on the L�evy measure�. The main tool for showing uniqueness is the 
omparison prin
iple: if u; v arevis
osity solutions and u(0; x) � v(0; x) then 8� 2 [0; T ℄; u(�; x) � v(�; x). Thisproperty 
an be extended to subsolutions and supersolutions in the followingsense [1, 18℄:Proposition 1 (Comparison prin
iple for semi-
ontinuous solutions[1,18℄). If u 2 USC is a subsolution and v 2 LSC is a supersolution then u � von (0; T ℄� R.Proofs and extensions 
an be found in [1℄ for the 
ase where � is a boundedmeasure; the 
ase of a general L�evy measure has been re
ently treated in [18℄.The following result, whose proof is given in [12℄, shows that values of Europeanand barrier options 
an be expressed as vis
osity solutions of (2.8){(2.9):Proposition 2 (Option pri
es as vis
osity solutions). Let the payo� fun
-tion H verify the Lips
hitz 
ondition on its domain of de�nition:jH(S1)�H(S2)j � CjS1 � S2j; 8S1; S2 2 (S0el; S0eu) (2.12)and let h(x) = H(S0ex) have polynomial growth at in�nity. Then:� The forward value of a European option u(�; x) de�ned by (2.2) is theunique vis
osity solution of the Cau
hy problem (2.3) (that is (2.8){(2.9)with O = R).� Let ub(�; x) be the forward value of a kno
kout (single or double) barrieroption de�ned by (2.6). If ub(�; x) is 
ontinuous then it is the uniquevis
osity solution of (2.8){(2.9) (with g � 0).The hypotheses above on the payo� fun
tion apply to put options, single-barrier kno
kout puts, double barrier kno
kout options and also to the log-
ontra
t. One 
an then retrieve 
all options by put-
all parity. For barrieroptions with rebate, the zero boundary 
ondition has to be repla
ed by thevalue of the rebate, as in the 
ase of di�usion models. A dis
ussion of suÆ
ient
onditions for 
ontinuity of value fun
tions for barrier options is given in [12℄.3 An expli
it-impli
it �nite di�eren
e s
hemeIn this se
tion we present a numeri
al pro
edure for solving the PIDE:�u�� = Lu; (0; T ℄�O (3.1)u(0; x) = h(x); x 2 Ou(�; x) = g(�; x); x =2 O9



where L is de�ned by (1.7), and g 2 C+p ([0; T ℄�RnO) is a 
ontinuous fun
tion.Our method is based on splitting the operator L into two parts:�u�� = Du+ J u;where D and J stand for the di�erential and integral parts of L respe
tively.We repla
e Du with a �nite di�eren
e approximation, J u with the trapezoidalquadrature approximation and use the following expli
it-impli
it time steppings
heme: un+1 � un�t = Dun+1 + Jun:We treat the integral part in an expli
it time stepping in order to avoid theinversion of the non-sparse matrix J . We show that this does not a�e
t thestability of the s
heme: it is un
onditionally stable like the fully impli
ite one.Before applying dis
retization, the equation must be lo
alized to a boundeddomain; we �rst dis
uss estimates for the lo
alization error using a probabilisti
approa
h. We then des
ribe the spa
e dis
retization and the time-steppings
heme in the 
ase of a jump-di�usion model where the jump intensity is �nite.Finally, we dis
uss how to deal with the singular 
ase �(R) = +1.3.1 Lo
alization to a bounded domainTo solve numeri
ally the initial-boundary-value problem (3.1) in the 
ase of anunbounded domain O, we �rst trun
ate the domain to an interval x 2 (�A;A).Usually, this leads to de�ne some boundary 
onditions at x = �A and x = A.As noted above, be
ause of the integral term, the operator is non-lo
al. Thus, weneed to extend the fun
tion u(�; �) outside this interval: more pre
isely, to fx+y j x 2 (�A;A); y 2 supp �g whi
h in most examples is equal to the whole realline R. In the 
ase of kno
k-out barrier options, a natural boundary 
onditionis given by the zero extension (or the rebate). In other 
ases this extension isdone by imposing a numeri
al boundary 
ondition. Choosing u(�; x) = g(�; x)for some given 
ontinuous fun
tion g with polynomial growth will lead to aprobabilisti
 interpretation of the solution of the lo
alized problem.Although many 
hoi
es are possible for the boundary 
ondition g, we will
onsider here two 
ases. The simplest 
hoi
e is g = 0 i.e. extend the solutionby zero outside the domain. Another extension is given by the payo� fun
tion(the initial 
ondition) itself: g(�; x) = h(x) whi
h is asymptoti
ally 
lose to thesolution at in�nity. We will see that both 
hoi
es lead to a lo
alization errorwhi
h exponentially de
reases with the domain size. Let us de�ne uA(�; x) asthe solution of the lo
alized problem:�uA�� = LuA; (0; T ℄� (�A;A) (3.2)uA(0; x) = h(x); x 2 (�A;A); uA(�; x) = g(�; x); x =2 (�A;A)where g = 0 or g(�; x) = h(x). 10



Proposition 3. Assume that h is bounded (jjhjj1 <1), and9� > 0; Zjxj>1 e�jxj�(dx) <1: (3.3)Let u(�; x) be the solution of (3.1) and uA(�; x) be the (vis
osity) solution of(3.2) with boundary 
ondition g = 0 or g(�; x) = h(x). Then:ju(�; x)� uA(�; x)j � 2C�;�jjhjj1e��(A�jxj); 8x 2 (�A;A): (3.4)where the 
onstant C�;� does not depend on A.Proof. The proof is based on the probabilisti
 representation of the solutions of(3.1) and (3.2). Let us de�ne Mx� = supt2[0;� ℄ jYt + xj. Then,u(�; x) = E [h(Y� + x)℄;uA(�; x) = E [h(Y� + x)1fMx� <Ag℄; if g = 0or uA(�; x) = E [h(Y� + x)1fMx� <Ag + h(Y�(x) + x)1fMx� �Ag℄where �(x) = infft � 0; jYt + xj � Ag is the �rst exit time of Yt + x from[�A;A℄. Subtra
ting uA from u gives:ju(�; x)� uA(�; x)j = jEh(Y� + x)1fMx� �Agj� jjhjj1Q(Mx� � A) for g = 0and in the 
ase g(�; x) = h(x) we obtain:ju(�; x)� uA(�; x)j � E jh(Y� + x)1fMx� �Agj+ E jh(Y�(x) + x)1fMx� �Agj� 2jjhjj1Q(Mx� � A):So, in both 
ases ju(�; x)� uA(�; x)j � 2jjhjj1Q(Mx� � A): (3.5)Theorem 25.18 of [22℄ together with (3.3) impliesC�;� = Ee�M0� <1: (3.6)Therefore, Chebyshev's inequality applies and we obtainQ(M0� � A) � C�;�e��A: (3.7)Now, to pass from M0� to Mx� , we use the following impli
ations:sup jYt + xj � sup jYtj+ jxj) (sup jYt + xj � A ) sup jYtj+ jxj � A)) Q(Mx� � A) � Q(M0� � A� jxj)� C�;�e��(A�jxj) by (3.7)Combining the last inequality with (3.5) gives the desired result.11



Remark 1. In the 
ase of a put option khk1 = 1, and the proposition applies.In other examples h may be unbounded; in this 
ase it is still possible to obtainan exponentially de
reasing lo
alisation error under additional restri
tions on�. Note that for the 
all option, although the payo� grows exponentially, one
an transform the problem into pri
ing a put using put-
all parity in order toobtain a smaller lo
alization error.Remark 2. An exponential bound on lo
alization error in L2-norm is given in[20℄ using analyti
al methods. The advantage of the probabilisti
 approa
h is toprovide a lo
al (pointwise) estimate. For instan
e, our estimate (3.4) re
e
ts theintuitive fa
t that the lo
alization error is more pronoun
ed near the boundary.The above result implies that the lo
alization error de
reases uniformly onea
h 
losed subinterval of (�A;A):ju(�; x)� uA(�; x)j � ke��ÆA; for jxj � (1� Æ)Awhere 0 < Æ < 1.The hypothesis (3.3) means that the tails of � have to de
rease exponentially,whi
h is true in all examples 
onsidered in the option pri
ing literature (ex
eptCarr & Wu's log-stable model [9℄). Note that in an exponential L�evy modelwe already have R +11 e�x�(dx) < 1 for all � � 1, be
ause of the martingale
ondition, so (3.3) is a 
ondition on the negative jumps.3.2 Trun
ation of the integralTo 
ompute numeri
ally the integral term, we need to redu
e the region of inte-gration to a bounded interval. In terms of the jump pro
ess, this amounts to thetrun
ation of large jumps. We will now give an estimate for the error resultingfrom this approximation. Re
all that the solution of the Cau
hy problem (3.1)(in the European 
ase where O = R) isu(�; x) = E [H(S0ex+r�+X� )℄; (3.8)where X� is a L�evy pro
ess with the triplet (
; �; �). Let us de�ne a new pro
ess~X� 
hara
terized by the L�evy triplet (~
; �; �1x2[Bl;Br℄), where ~
 is determinedby the martingale 
ondition:~
 = ��22 � Z BrBl (ey � 1� y1jyj�1)�(dy):We de�ne now: ~u(�; x) = E [H(S0ex+r�+ ~X� )℄; (3.9)and we estimate the di�eren
e between ~u and the true solution u.12



Proposition 4. Let H be Lips
hitz: jH(S1)�H(S2)j � 
jS1�S2j. Assume that9 �r; �l > 0, su
h that R11 e(1+�r)y�(dy) <1, and R �1�1 jyje�ljyj�(dy) <1.If u and ~u are de�ned by (3.8) and (3.9) respe
tively, thenju(�; x)� ~u(�; x)j � 2
 S0ex+r��(C1e��ljBlj + C2e��rjBr j): (3.10)Proof. Let us denote R� d= X� � ~X� , R� ?? ~X� . We haveju(�; x)� ~u(�; x)j = jE [H(S0ex+r�+ ~X�+R� )℄� E [H(S0ex+r�+ ~X� )℄j� 
 S0ex+r�E [e ~X� jeR� � 1j℄ = 
 S0ex+r�E jeR� � 1j:By 
onstru
tion, E [eR� � 1℄ = 0. Sin
e jeR� � 1j = (eR� � 1)+ 2(1� eR� )+, and(1� eR� )+ � jR� j, we obtainju(�; x)� ~u(�; x)j � 2
 S0ex+r�E jeR� j: (3.11)The L�evy triplet of R� is (
 � ~
; 0; �1x=2[Bl;Br℄) with
 � ~
 = � Zy=2[Bl;Br℄(ey � 1)�(dy):One 
an write R� = P� +N� , where P� and N� are 
hara
terized by (R Bl�1(1�ey)�(dy); 0; �1x>Br) and (� R1Br(ey � 1)�(dy); 0; �1x<Bl) respe
tively. We as-sume without loss of generality that Bl < �1, Br > 11. Sin
e P� has non-negative drift, no Brownian 
omponent, and only positive jumps bounded frombelow by Br > 0, we have P� � 0 (re
all that P0 = 0). Conversely, N� hasonly negative jumps (bounded from above by Bl < 0) and non-positive drift. In
onsequen
e, N� � 0. Therefore,E jR� j � E jP� j+ E jN� j = EP� � EN�= � "Z Bl�1(1� ey � y)�(dy) + Z 1Br (ey � 1 + y)�(dy)#� � "2 Z Bl�1 jyj�(dy) + 2 Z 1Br ey�(dy)# : (3.12)Using the hypotheses on � we obtainE jR� j � �  2e��ljBlj Z Bl�1 jyje�ljyj�(dy) + 2e��rjBrj Z 1Br e(1+�r)y�(dy)!� �(C1e��ljBlj + C2e��r jBrj);that we substitute into (3.11).1Clearly, if (3.10) is true for su
h values, it is true for all Bl, Br, up to 
hange of the
onstants. On the other hand, this estimate is not useful if � has a bounded support. Forexample, if there are only negative jumps, we will take Br = 0, but in this 
ase �1x�Br = �,and there is no trun
ation error due to Br. 13



Remark 3. The hypotheses on � in Proposition 4 are a little stronger than(3.3). We require them to obtain an exponential de
ay of the trun
ation error.However, we 
an use dire
tly estimate (3.12). In other words, existen
e of theintegrals in (3.12) suÆ
es to obtain a 
onvergen
e of ~u to u as jBlj and jBrj growto in�nity, but this 
onvergen
e does not ne
essarily o

ur at an exponentialrate.Remark 4. The requirements are di�erent for the left tail of � and the rightone. For example, in the Varian
e Gamma model with �(x) = a exp(���jxj)=jxjone needs �+ to be greater than 1, and �� only positive. Proposition 3.10 thenapplies with �l < �� and �r < �+ � 1.Using Propositions 3 and 4 we 
an �x in advan
e [�A;A℄ and [Bl; Br℄ tohave a given bound on the respe
tive errors. Therefore we will assume thishas been done and 
on
entrate ourselves on numeri
al solving of the lo
alizedproblem.3.3 Expli
it-impli
it s
heme: �nite a
tivity 
aseWe suppose here that �(R) = � < +1. Then the integro-di�erential operator
an be written asLu = �22 �2u�x2 ���22 � r + �� �u�x � �u+ Z BrBl �(dy)u(�; x + y); (3.13)where � = R BrBl (ey � 1)�(dy).We introdu
e a uniform grid on [0; T ℄ � R: �n = n�t, n = 0 : : :M , xi =�A + i�x, i 2 f0; ::; Ng, with �t = T=M , �x = 2A=N . Let funi g be thesolution of the numeri
al s
heme, to be de�ned below.To approximate the integral terms we use the trapezoidal quadrature rulewith the same step �x. LetKl, Kr be su
h that [Bl; Br℄ � [(Kl�1=2)�x; (Kr+1=2)�x℄. Then:Z BrBl �(dy)u(�; xi + y) � KrXj=Kl �jui+j ; � � �̂ = KrXj=Kl �j ;� � �̂ = KrXj=Kl(eyj � 1)�j ; where �j = Z (j+1=2)�x(j�1=2)�x �(dy): (3.14)The spa
e derivatives are dis
retized using �nite di�eren
es:��2u�x2�i � ui+1 � 2ui + ui�1(�x)2 ; (3.15)��u�x�i � � ui+1�ui�x ; if �2=2� r + �̂ < 0ui�ui�1�x ; if �2=2� r + �̂ � 0: (3.16)14



The 
hoi
e of approximation for the �rst-order derivative is determined by stabil-ity requirement and will be dis
ussed later (Se
tion 4.2). Sin
e the two 
ases aretreated similarly, let us suppose without loss of generality that �2=2�r+ �̂ < 0.Using (3.14){(3.16) we obtain Lu � Du+ Ju, where(Du)i = �22 ui+1 � 2ui + ui�1(�x)2 ���22 � r + �̂� ui+1 � ui�x � �̂ui; (3.17)(Ju)i = KrXj=Kl �jui+j : (3.18)Finally, we repla
e the problem (3.2) with the following time-stepping s
heme:Initialization :u0i = h(xi); i 2 f0; : : : ; Ng; (3.19)u0i = g(0; xi); otherwise: (3.20)(S) For n = 0; : : : ;M� 1 :un+1i � uni�t = (Dun+1)i + (Jun)i; if i 2 f0; : : : ; Ng (3.21)un+1i = g(n�t; xi); if i =2 f0; : : : ; Ng: (3.22)3.4 Expli
it-impli
it s
heme: in�nite a
tivity 
aseIf �(R) = +1 this method 
annot be applied dire
tly. The idea is to 
ome downto a non-singular 
ase by approximating the pro
ess X� by an appropriate �nitea
tivity pro
ess with a modi�ed di�usion 
oeÆ
ient.The pro
edure is similar to the one des
ribed in Se
tion 3.2, but this timewe deal with small jumps. Given " > 0 let us de�ne a pro
ess X"� 
hara
terizedby the L�evy triplet (
(");p�2 + �2("); �1jxj�"), where�2(") = Z "�" y2�(dy);and 
(") is determined by the martingale 
ondition:
(") = ��2 + �2(")2 � Zjyj�"(ey � 1� y1jyj�1)�(dy):This means that we repla
e the jumps of size smaller than " by a Brownianmotion �(")W� . Therefore, X"� has jumps of �nite a
tivity.The fun
tion u" de�ned asu"(�; x) = E [h(x + r� +X"� )℄ � E [h(x + Y "� )℄ (3.23)15



satis�es the following Cau
hy problem:�u"�� = L"u"; (0; T ℄� R (3.24)u"(0; x) = h(x); x 2 RwhereL"f = �2 + �2(")2 �2f�x2 � ��2 + �2(")2 � r + �(")� �f�x � �(")f(x)+ Zjyj�" �(dy)f(x + y); (3.25)and �(") = Rjyj�"(ey � 1)�(dy), �(") = Rjyj�" �(dy).The next proposition gives an estimate of the approximation error.Proposition 5. Let h be Lips
hitz: jh(x) � h(y)j � 
 jx � yj. Let u and u" bede�ned by (3.8) and (3.23) respe
tively. Thenju(�; x)� u"(�; x)j � C R "�" jyj3�(dy)�2(") : (3.26)Proof. We essentially use [11, Proposition 6.2℄ with the only di�eren
e that wealso adjust the drift parameter 
 to preserve the martingale property. Let usde�ne Z� = Y� � (
 � 
("))� . Then,ju(�; x)� u"(�; x)j = jE [h(x + Y� )℄� E [h(x + Y "� )℄j� jE [h(x + Z� )℄� E [h(x + Y "� )℄j++ jE [h(x + Z� + (
 � 
("))�)℄ � E [h(x + Z� )℄j: (3.27)Sin
e h is Lips
hitz, it is almost everywhere di�erentiable with jh0j � 
. By [11,Proposition 6.2℄ we havejE [h(x + Z� )℄� E [h(x + Y "� )℄j � K 
 R "�" jyj3�(dy)�2(") (3.28)with K < 16:5. The se
ond term may be estimated as follows:jE [h(x + Z� + (
 � 
("))�)℄ � E [h(x + Z� )℄j � 
 j
 � 
(")j�wherej
 � 
(")j = j�2(")2 � Zjyj<"(ey � 1� y)�(dy)j= j12 Zjyj<" �(dy) Z y0 es(y � s)2dsj � e"6 Z "�" jyj3�(dy): (3.29)Sin
e �2(") ! 0 as " ! 0, (3.29) 
onverges faster than (3.28), and thereforemay be negle
ted. 16



Remark 5. If limx!0 �(x)jxj1+� = a > 0 , with 0 � � < 2, then (3.26) givesju(�; x)� u"(�; x)j � C(�)";so the approximation error is proportional to ". This 
ase in
ludes all pra
ti
alexamples as varian
e gamma, stable tempered pro
esses and others.4 Consisten
y, stability and 
onvergen
eWe study in this se
tion some properties of the �nite di�eren
e s
heme presentedabove. First, we show that the s
heme is lo
ally 
onsistent, un
onditionallystable and monotone. Using these properties, we show that the solution of thes
heme 
onverges to the vis
osity solution of the PIDE i.e. the option pri
e as�x; �t! 0.4.1 Consisten
yProposition 6 (Consisten
y). The �nite di�eren
e s
heme (3.21) is lo
ally
onsistent with equation (3.2): for all v 2 C10 ([0; T ℄� R) and for all (�n; xi) 2[0; T ℄� R we have����vn+1i � vni�t � (Dv)n+1i � (Jv)ni ���v�� � Lv� (�n; xi)���� = rni (�t;�x)! 0;(4.1)when (�t;�x)! 0. Moreover:9
 > 0; jrni (�t;�x)j � 
(�t+�x)Proof. Using a se
ond order Taylor expansion we obtain:����vn+1i � vni�t � �v�� (�n; xi)���� = �����t2 �2v��2 (~� ; xi)���� � �t2 
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1 (4.2)Consider now the terms in Dv.j�� �̂j = ������Z BrBl (ey � 1)�(dy)� KrXj=Kl(eyj � 1)�j������= ������ KrXj=Kl Z (j+1=2)�x(j�1=2)�x (1� eyj�y)ey�(dy)������ � �x ������ KrXj=Kl Z (j+1=2)�x(j�1=2)�x ey�(dy)������= �x Z BrBl ey�(dy) � �x Z ey�(dy): (4.3)
17



We have used that j1� eyj�yj � �x as �x � 1, be
ause jyj � yj � �x=2. So,��(Dv)n+1i � (Dv)(�n; xi)�� = ��(Dv)n+1i � (Dv)(�n+1; xi) + �t(Dv)(~� ; xi)�� =�����t(Dv)(~� ; xi) + �22 �x224 ��4v�x4 (�n+1; �1) + �4v�x4 (�n+1; �1)�+��22 � r + �̂� �x23 ��3v�x3 (�n+1; �2)� �3v�x3 (�n+1; �2)�+ (�� �̂)�v�x (�n+1; xi)����� 
1�t+ 
2�x: (4.4)The integral part 
an be estimated as follows:j(Jv)ni � (J v)(�n; xi)j = ������ KrXj=Kl vi+j�j � Z BrBl v(�n; xi + y)�(dy)������= ������ KrXj=Kl Z (j+1=2)�x(j�1=2)�x (v(�n; xi + yj)� v(�n; xi + y))�(dy)������= ������ KrXj=Kl Z (j+1=2)�x(j�1=2)�x (yj � y)�v�x (�n; xi + �)�(dy)������ � �x2 � 



�v�x



1 : (4.5)Therefore, rni (�t;�x) � C1�t+ C2�x! 0.Remark 6. (Global error estimation) The pre
ision of the numeri
al solu-tion is in
uen
ed by several parameters: the dis
retization steps �x and �t butalso the lo
alization parameters A, Bl, Br and, in the in�nite a
tivity 
ase, ".Some of the parameteres 
annot be 
hosen independently if we want to minimizethe global error.Indeed, by the Proposition 5, the impa
t of the trun
ation of the small jumpsvanishes as " ! 0; at the same time, for a �xed �x, the dis
retization errorgoes to in�nity sin
e the 
onstant in (4.5) is of order �("). So, there would bean optimal 
hoi
e of " for a given �x.Note that the Proposition 6 gives the dis
retization error for the operator andnot for the solution itself. In the 
lassi
al framework, the Lax theorem statesthat the solution approximation is of the same order that the dis
retizationerror. In the 
ase of vis
osity solutions, we have no estimate on the 
onvergen
erate. So, properly speaking, the reasoning below does not apply to the non-smooth solutions. However, it highlights the fa
t that the global 
onvergen
erate may be smaller in the in�nite a
tivity 
ase, even for smooth solutions.Let us 
onsider an example. In the varian
e gamma model, �(") � � log("),and the small jumps trun
ation error is proportional to " (see Remark 5). Con-sider the sum of the dis
retization and trun
ation errors:E = �C1 log(")�x + C2": (4.6)18



To estimate an optimal " for a �xed �x, let us minimize this expression withrespe
t to ": �E�" = �C1�x" + C2 = 0;whi
h implies "opt = C�x: (4.7)Substituting this value into (4.6) givesE = C1�x log(1=�x) + C3�x = O(�x log(1=�x)): (4.8)In other examples, where �(x) � 1=jxj1+� near the origin, with 0 < � < 2,we obtain in a similar way that"opt = C(�x) 11+� ; E = O((�x) 11+� ):So, in all 
ases, the 
onvergen
e is slower than O(�x).4.2 Monotoni
ity and StabilityTwo properties whi
h are important for showing 
onvergen
e to vis
osity solu-tions are the monotoni
ity and stability of the s
heme. There are various notionsof stability for a numeri
al s
heme; we will use here stability in sup norm, whi
h
ontrols the errors on pri
es of options at all values of the underlying. As wewill see below, this is the relevant notion of stability for showing 
onvergen
e toa vis
osity solution.De�nition 2 (Stability). The s
heme (S) is stable i� for a bounded initial
ondition the solution does exist and is bounded independently in �t, �x,uniformly on [0; T ℄� R:9C > 0; 8 �t > 0; �x > 0; i 2 Z; n 2 f0; : : : ;Mg : juni j � C: (4.9)We will say that ve
tor v (or matrix M) is positive if all its elements arepositive. We write u � v if u� v � 0.Proposition 7 (Stability and dis
rete 
omparison prin
iple). S
heme(S) is un
onditionally stable and monotone (veri�es the dis
rete 
omparisonprin
iple): if u0, v0 are two bounded initial 
onditions thenu0 � v0 ) 8n � 1; un � vn:Proof. We start with rewriting the equation (3.21) in the following form:� 
�tun+1i�1 + (1 + a�t)un+1i � b�tun+1i+1 = uni + �tXj �juni+j ; (4.10)19



where2 a = �2(�x)2 ���22 � r + �̂� 1�x + �̂ � 0;b = �22(�x)2 ���22 � r + �̂� 1�x � 0;
 = �22(�x)2 � 0; (4.11)Noti
e that a = b+ 
+ �̂.Stability. We have a tri-diagonal linear system for fun+10 ; : : : ; un+1N g. It hasa unique solution be
ause the main diagonal is dominant: 1+a�t � 
�t+ b�t.We will show that, if h is a bounded initial 
ondition, khk1 <1, then 8 n,kunk1 � khk1: (4.12)Let us pro
eed by indu
tion. By de�nition of u0 we have ku0k1 � khk1. Let(4.12) hold for n. Suppose that kun+1k1 > khk1. This means that 9 i0 2f0; : : : ; Ng, su
h that jun+1i0 j = kun+1k1, and 8 i 2 Z, jun+1i j � jun+1i0 j.Therefore, we havekun+1k1 = jun+1i0 j = �
�tjun+1i0 j+ (1 + a�t)jun+1i0 j � b�tjun+1i0 j � �̂�tjun+1i0 j� �
�tjun+1i0�1j+ (1 + a�t)jun+1i0 j � b�tjun+1i0+1j � �̂�tkhk1� j � 
�tun+1i0�1 + (1 + a�t)un+1i0 � b�tun+1i0+1j � �̂�tkhk1:Together with (4.10) this giveskun+1k1 � juni0 +�tXj �juni0+j j � �̂�tkhk1� (1 + �̂�t)kunk1 � �̂�tkhk1 � khk1; (4.13)whi
h 
ontradi
ts our assumption. Thus, kun+1k1 � khk1, and the proof is
ompleted.Monotoni
ity. Let un and vn be two solutions of (S) 
orresponding to theinitial 
onditions h(x) and f(x) respe
tively, and h(x) � f(x), 8x 2 R. Let usde�ne wn = un � vn. We have to show that wn � 0, 8n � 0.We pro
eed similarly as in the previous proof. By 
onstru
tion, we havew0i = h(xi)�f(xi) � 0, 8 i 2 Z. Let wn � 0, and suppose that inf i2Zwn+1i < 0.Sin
e 8 i 2 Znf0; : : : ; Ng, wn+1i = h(xi) � f(xi) � 0, this implies that 9 i0 22We re
all that the 
ase �2=2� r+ �̂ < 0 is 
onsidered. If �2=2� r+ �̂ � 0 we 
hange theapproximation of the �rst-order derivative (see (3.16)) to have a; b; 
 � 0, whi
h is needed forstability and monotoni
ity. 20



f0; : : : ; Ng, su
h that wn+1i0 = inf i2Zwn+1i . Using (4.10) we obtain thatinfi2Zwn+1i = wn+1i0 = �
�twn+1i0 + (1 + a�t)wn+1i0 � b�twn+1i0 � �̂�twn+1i0� �
�twn+1i0�1 + (1 + a�t)wn+1i0 � b�twn+1i0+1= wni0 +�tXj �jwni0+j � 0; (4.14)whi
h 
ontradi
ts the assumption. Therefore, inf i2Zwn+1i � 0, and, in 
onse-quen
e, wn+1 � 0.The dis
rete 
omparison prin
iple has an important �nan
ial interpretation:it is equivalent to saying that the option values 
omputed using the s
heme verifyarbitrage inequalities: inequalities between payo�s lead to inequalities betweenvalues of options. Thus, the dis
rete 
omparison prin
iple is a desirable propertyfor our numeri
al s
heme.Remark 7 (Other notions of stability). Various de�nitions for the sta-bility of numeri
al s
hemes 
an be found in the literature: for example, the\von-Neumann stability" studied for a similar s
heme in [2℄ represents un asa dis
rete Fourier transform and requires the 
orresponding Fourier 
oeÆ
ientsto be stable. This is essentially equivalent to stability in L2 norm with peri-odi
 boundary 
onditions and simply 
ontrols a global error in the least squaresense but does not 
ontrol the error on the value of a given option. Moreoverit does not allow to 
apture the e�e
t of boundary 
onditions when they arenon-periodi
, whi
h is the 
ase here.4.3 Convergen
eIn the usual approa
h to the 
onvergen
e of �nite di�eren
e s
hemes for PDEs,
onsisten
y and stability ensure 
onvergen
e under regularity assumptions onthe solution. This approa
h is not feasible here be
ause, as dis
ussed in se
.2.1, solutions may be non-smooth and higher order derivatives may not exist.For example, in the Varian
e Gamma model the value of a 
all option is C1 inthe pri
e variable but not C2.This is where vis
osity solutions 
ome to the res
ue: in the 
ase of se
ond-order paraboli
 PDEs verifying a strong uniqueness prin
iple as in proposition(1), Barles & Souganidis [5℄ show that, for ellipti
/paraboli
 PDEs, any lo
ally
onsistent, stable and monotone �nite di�eren
e s
heme 
onverges uniformly onea
h 
ompa
t subset of [0; T ℄ � R to the unique 
ontinuous vis
osity solution,even when solutions are not smooth. We will now show the 
onvergen
e of thesolution of the s
heme 
onsidered above to a vis
osity solution of (3.2). To makeshorter the notations and show the 
onne
tion with [5℄ let us rewrite (3.21) inan equivalent form:1�tS(�t;�x; n+ 1; i; un+1i ; ~u) = 0; n � 0; i 2 f0; : : : ; Ng (4.15)21



where ~u = fun+1i�1 ; un+1i+1 ; ung, andS(�t;�x; n+ 1; i; un+1i ; ~u) = (1 + a�t)un+1i � 
�tun+1i�1 � b�tun+1i+1 �� uni ��tXj �juni+j :CoeÆ
ients a; b; 
 � 0 depend on �x and are given by (4.11).We have the following monotoni
ity property:� If un+1i = vn+1i , and ~u � ~v, thenS(�t;�x; n+ 1; i; un+1i ; ~u) � S(�t;�x; n+ 1; i; vn+1i ; ~v): (4.16)The 
onsisten
y (4.1) reads as:� 8 ' 2 C1([0; T ℄� R), 8 (�; x) 2 [0; T ℄� [�A;A℄,1�tS(�t;�x; n+ 1; i; 'n+1i ; ~')! ��'�� � L'� (�; x); (4.17)as �t, �x! 0, and (�n+1; xi)! (�; x).� Noti
e also that if � is a 
onstant fun
tion on the grid, we haveS(�t;�x; n+1; i; un+1i +�; ~u+�) = S(�t;�x; n+1; i; un+1i ; ~u): (4.18)In fa
t, one 
an see from the de�nition that the s
heme is linear and a
onstant fun
tion is always a solution.Let us de�ne a pie
ewise interpolation of the solution to the s
heme (S):u(�t;�x)(�; x) = unj ; if � 2 [�n; �n+1); x 2 [xj�1=2; xj+1=2): (4.19)Proposition 8 (Convergen
e of the �nite di�eren
e s
heme). Considera bounded 
ontinuous initial 
ondition h. Then the solution u(�t;�x) of thenumeri
al s
heme 
onverges uniformly on ea
h 
ompa
t subset of [0; T ℄� R tothe unique vis
osity solution of the problem (3.2).Proof. De�ne u(�; x) = lim inf(�t;�x)!0 (t;y)!(�;x)u(�t;�x)(t; y) (4.20)u(�; x) = lim sup(�t;�x)!0 (t;y)!(�;x)u(�t;�x)(t; y) (4.21)By 
onstru
tion, u � u. We will show that u and u are respe
tively vis
os-ity subsolution and supersolution to the problem (3.2). If it is true, then the
omparison prin
iple for semi-
ontinuous solutions (Proposition 1) implies thatu � u. We 
on
lude that u = u = u is a vis
osity solution of (3.2).22



We will now show that u is a vis
osity subsolution of (3.2). First, we remarkthat u is uniformly bounded. In fa
t, by Proposition 7, ju(�t;�x)(�; x)j � khk1for all positive �t, �x, and all (�; x) 2 [0; T ℄� R. Therefore, by 
onstru
tion,u is bounded by the same 
onstant.We formulate the next property as a lemma.Lemma 1. u is upper semi-
ontinuous:8(�; x); lim sup(t;y)!(�;x)u(t; y) � u(�; x):The proofs of lemmas used in this proposition are given in the Appendix.Finally, we will show that 8(�; x) 2 [0; T ℄� R,(i) if x =2 [�A;A℄, we have u(�; x) = g(�; x); (4.22)(ii) if x 2 [�A;A℄ , ' 2 C2([0; T ℄� R) su
h thatu(�; x) = '(�; x) (4.23)and u < ' on [0; T ℄� R � f(�; x)g then�'�� (�; x) � L'(�; x) � 0; if (�; x) 2 (0; T ℄� (�A;A); (4.24)minf�'�� (�; x)� L'(�; x); u(�; x) � h(x)g � 0; if � = 0; x 2 [�A;A℄(4.25)minf�'�� (�; x)� L'(�; x); u(�; x) � g(�; x)g � 0; if � 6= 0; x = �A; (4.26)whi
h 
learly implies (2.10){(2.11).Property (i) is an immediate 
onsequen
e of (3.20) and (3.22). Indeed, ifx =2 [�A;A℄ then, by 
onstru
tion, 9" > 0, su
h that for �t; �x < " andj(�n; xi)� (�; x)j < " we have u(�t;�x)(�n; xi) = g(�n; xi), so (4.22) follows fromthe de�nition of the upper limit.Let us take (�; x) and ' as in (ii). Let 
 � R be a bounded interval 
ontaining[�A+Bl; A+Br℄.3Lemma 2. There exist �tk, �xk ! 0, and nk, ik, su
h that(�nk ; xik )! (�; x); (4.27)u(�tk;�xk)(�nk ; xik )! u(�; x); as k !1; (4.28)and for all k, (�nk ; xik ) is a global maximum point of u(�tk;�xk)(�; �)�'(�; �) onthe grid inside [0; T ℄�
:max(�n;xj)2[0;T ℄�
fu(�tk;�xk)(�n; xj)� '(�n; xj)g= u(�tk;�xk)(�nk ; xik )� '(�nk ; xik ): (4.29)3By the de�nition of [�A;A℄ and [Bl; Br℄, the values of any fun
tions outside [0; T ℄ � 
are not involved in our 
omputations. 23



We take a sequen
e from this lemma. Denoting by �k the right-hand side of(4.29), and u(�tk;�xk)(�n; xi) � (u�k)ni we have�k ! 0; as k !1; (4.30)(u�k)nkik = 'nkik + �k; (4.31)(u�k)ni � 'ni + �k; 8(�n; xj) 2 [0; T ℄�
: (4.32)If (�; x) 2 (0; T ℄� (�A;A), from (4.27) it follows that nk > 0, xik 2 (�A;A)for all k greater than some k0. Therefore, from the de�nition of u(�tk;�xk) as asolution of the s
heme, we have0 = 1�tk S(�tk;�xk; nk; ik; (u�k)nkik ; ~u�k)� 1�tk S(�tk;�xk; nk; ik; 'nkik + �k; ~'+ �k) by (4.31){(4.32) and (4.16)= 1�tk S(�tk;�xk; nk; ik; 'nkik ; ~') by (4.18)! ��'�� � L'� (�; x) by the de�nition of �tk;�xk; nk; ik and (4.17)whi
h is the desired result.If � = 0, there are three possibilities:(1) there exists a subsequen
e of (4.27) su
h that 8k, (�nk ; xik ) 2 (0; T ℄ �(�A;A);(2) 9k0, su
h that 8k > k0, �nk = 0, xik 2 (�A;A);(3) 9k0, su
h that 8k > k0, xik = �A.In the �rst 
ase we apply the same arguments and obtain �'�� (�; x)�L'(�; x) � 0.In the se
ond 
ase we have (u�k)nkik = h(xik ). Taking limits in (4.28) we obtainu(�; x) = h(x):Finally, in the last 
ase, (u�k)nkik = g(�nk ; xik ), so u(�; x) = g(0; x) (and u(�; x)�h(x) � 0 be
ause g equals 0 or h, and h is non-negative). Obviously, in the three
ases (4.25) is satis�ed.If � 6= 0, x = �A, the alternatives (1) or (3) are only possible, whi
h givesrespe
tively �'�� (�; x) � L'(�; x) � 0 or u(�; x) = g(�; x). Hen
e, (4.26) is alsosatis�ed.We have proven that u is a vis
osity subsolution of (3.2). By exa
tly thesame type of arguments it 
an be shown that u is a vis
osity supersolution ofthis problem. By 
onstru
tion u � u so using the 
omparison prin
iple for semi-
ontinuous solutions [1℄ we 
on
lude that u = u = u is a 
ontinuous vis
ositysolution. Using a variation on the proof of Dini's theorem one 
an show, as in[5℄, that the 
onvergen
e is uniform on all 
ompa
t subsets of [0; T ℄� R.24



Readers used to 
onvergen
e results for �nite di�eren
e s
hemes should notethat the requirements on the s
heme are quite weak: we have only used lo
al
onsisten
y whereas the usual 
onditions for 
onvergen
e using the Lax theoremrequire global 
onsisten
y i.e. the 
onvergen
e in (4.1) must not be pointwisebut with respe
t to some global norm, whi
h requires knowing in advan
e inwhat fun
tion spa
e the solutions live. This shows the 
exibility of the notionof vis
osity solution. The pri
e to pay is the loss of information about the orderof 
onvergen
e. Of 
ourse in 
ases where smoothness of the solution 
an beshown by other means one 
an dis
uss the order of 
onvergen
e using 
lassi
almethods and higher order s
hemes 
an be used. But in absen
e of informationon the smoothness of the solution, the justi�
ation of higher-order s
hemes isnot 
lear.5 Numeri
al resultsWe now illustrate the performan
e of the s
heme proposed above in two ex-amples. The 
omputations were done in varian
e Gamma models with L�evydensity �(x) = aexp(���jxj)jxjand two sets of parameters: a = 6:25; �� = 14:4; �+ = 60:2 (VG1) and a =0:5; �� = 2:7; �+ = 5:9 (VG2), and a Merton model with Gaussian jumps inlog pri
e with volatility � = 15% and L�evy density�(x) = 0:1e�x2=2p2�for a put of maturity of T = 1 year. Both of these models satisfy the hypothesesof se
tion 3.1 and 3.2: the L�evy densities have exponentially de
reasing tails.The Bla
k-S
holes implied volatilities 
omputed from pri
es of put options areshown in �gure 1: as expe
ted, they display a \smile" (
onvex) feature as afun
tion of the strike of the option, whi
h 
attens out with in
reasing maturity.These two models have been 
hosen sin
e in ea
h 
ase there is an alternativemethod for 
omputing the solution of the PIDE: in the Merton model the solu-tion 
an be expressed as a series expansion, and in the Varian
e Gamma modela 
losed form expression for the 
hara
teristi
 fun
tion is available, so one 
anuse Carr & Madan's Fast Fourier method [8℄. Comparing our �nite di�eren
esolution to these alternative solutions (
omputed with high pre
ision) allows tostudy the behavior of various error terms in relation with the parameters of thes
heme.The error metri
 whi
h is relevant from the point of view of �nan
ial appli-
ations is the error in terms of Bla
k-S
holes implied volatility:"(�; x) = j�PIDE(�; x)��FFT(�; x)j in %:25
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Figure 2: In
uen
e of domain size on lo
alization error for the expli
it-impli
it�nite di�eren
e s
heme. Left: smooth initial 
ondition h(x) = sin(x) in Mertonjump-di�usion model. Right: put option in Merton jump-di�usion model.where � denotes the Bla
k-S
holes implied volatility 
omputed by inverting theBla
k-S
holes formula with respe
t to the volatility parameter and applying itto the 
omputed option pri
e. We have 
omputed both pointwise errors at x = 0(i.e. forward at-the-money options) and uniform errors on the 
omputationalrange x 2 [log(2=3); log(2)℄. This range 
ontains all options pri
es quoted onthe market.The lo
alization error is shown in �gure 2 for the Merton model: domainsize A is represented in terms of its ratio to the standard deviation of XT . Ana

eptable level is obtained for values of order ' 5. Noti
e that as soon as thisratio is � 3, the uniform and pointwise errors are quite 
lose to ea
h other,indi
ating that we are out of the zone of in
uen
e of the numeri
al boundary
onditions. Figure 3 shows the same analysis for the Varian
e Gamma model.Figure 4 illustrates the de
ay of numeri
al error when �t;�x! 0 i.e. whenthe number of time / spa
e steps is in
reased. The behavior is quite similar tothe 
ase of the Bla
k-S
holes model.Figure 5 illustrates the behavior of the error (for a �xed grid size) as afun
tion of maturity for two initial 
onditions: a smooth one (forward 
ontra
t)and a non-smooth one (put option). We observe that a non-smooth initial
ondition leads to a la
k of pre
ision for small T . This phenomenon, whi
h is notspe
i�
 to models with jumps, 
an be over
ome using an irregular time-steppings
heme whi
h exploits the smoothness in time of the solution. Mata
he et al.[20℄ have suggested to use irregularly (logarithmi
ally) spa
ed time stepping,more re�ned near maturity, in order to improve this 
onvergen
e.In the 
ase of in�nite a
tivity models an additional parameter whi
h in
u-en
es the solution is the trun
ation parameter " for the small jumps. Choosingthis parameter as small as possible is not ne
essarily a good idea, as dis
ussedin the Remark 6. Figure 6 
on�rms that, for a given �x > 0, the minimalerror is obtained for a �nite " whi
h in this 
ase is larger than �x. The optimal27
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ondition h(x) = ex.Model Put t Up-and-out 
all t Double-barrier put tse
. H = 120 se
. L = 80, H = 120 se
.VG1 6.72 0.5 2.73 0.2 2.42 0.1VG2 8.38 0.9 3.34 0.5 1.68 0.1Merton 11.04 1.2 1.17 0.5 3.35 4Table 1: Examples of numeri
al values for at-the-money option pri
es. S =K = 100, T = 1, A = 5q�2 + R y2�(dy), dt = 0:02, dx = 0:01. Parameter " is
hosen a

ording to Figure 6.
hoi
e of " is not universal and depends on the growth of the L�evy density nearzero. In all 
ases, the numeri
al di�usion term �(") signi�
antly improves the
onvergen
e by introdu
ing a \numeri
al vis
osity", so even when the underly-ing model is a pure jump L�evy pro
ess, this numeri
al di�usion term plays aregularizing e�e
t.The last two �gures illustrate the numeri
al tests for barrier options in theMerton model. Figure 7 shows the pri
e of an up-and-out 
all. Figure 8 illus-trates the numeri
al 
onvergen
e of a double-barrier put pri
e as the number Nof spa
e steps in
reases.In Table 1, we give some examples of option values obtained with our nu-meri
al s
heme as well as the 
orresponding 
omputation time in se
onds.6 Dis
ussion and extensionsWe have dis
ussed in this work the 
omputation of option pri
es in jump-di�usion and exponential L�evy models via the solution of integro-di�erential29



1 2 3 4 5 6 7 8 9 10

0.5

1

1.5

2

2.5

3

x 10
−3

ε/∆ x

su
p 

of
 a

bs
ol

ut
e 

er
ro

r 
on

 {
2/

3 
≤ 

ex  ≤
 2

}

T = 1, VG1
T = .25, VG1 
T = .25, VG2 
T = 1, VG2

 ∆ x = 0.01Figure 6: In
uen
e of trun
ation of small jumps on numeri
al error in variousVarian
e Gamma models. Put option.

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
0

0.005

0.01

0.015

S

C
(0

,S
)

Up−and−out Call price.  Merton model: λ = 0.1, µ=0, γ=1.

T=1, K=1, H=1.2 

Figure 7: An up-and-out 
all pri
e in the Merton model. Barrier level: H = 1:2.
30



0 200 400 600 800 1000 1200 1400
0.032

0.034

0.036

0.038

0.04

0.042

0.044

T = 1, S
0
 = K = 1; L = 0.8, H = 1.2

N

P
(t

=
0,

 S
=

1)

At−the−money double−barrier Put price. Merton model.

Figure 8: At-the-money double-barrier put pri
e as a fun
tion of the number ofspa
e steps. Barrier levels: L = 0:8, H = 1:2.equations involving an integral term with a possibly singular kernel (L�evy den-sity). After establishing a pre
ise relation between the option pri
es and thesolutions of su
h equations, we have proposed an expli
it-impli
it �nite dif-feren
e s
heme for solving them. Some diÆ
ulties arise due to the non-lo
al
hara
ter of the integral operator, the non-smoothness of initial 
onditions, thesingularity at zero of the integral kernel and the possible degenera
y of thedi�usion 
oeÆ
ient. We have proposed approximation whi
h resolve these dif-�
ulties and provided error estimates in ea
h 
ase, under hypotheses whi
h areeasily veri�ed on the L�evy density.For European 
all options, the �nite di�eren
e method proposed here re-quired more operations than the Fast Fourier transform method of Carr &Madan [8℄; however, our method is appli
able in a more general 
ontext: itdoes not require a 
losed form expression for the 
hara
teristi
 fun
tion of thelog-pri
e and 
an handle barrier options.While other �nite di�eren
e methods have been proposed in the literaturefor su
h equations [2, 14, 26℄ a 
omparable analysis of 
onsisten
y, stabilityand 
onvergen
e is absent from these studies. Moreover, by appealing to theformalism of vis
osity solutions, our analysis allows fairly general hypotheseson the model. In parti
ular it does not require the di�usion part to be non-degenerate and thus in
ludes models based on pure-jump L�evy pro
esses su
has the Varian
e Gamma model, hyperboli
 models, NIG models et
.Another approa
h is based on the variational formulation of the PIDE [6℄:studied by Zhang [27℄ for the Merton model, this approa
h has been re
ently ex-tended by Mata
he et al [20℄ to the in�nite a
tivity 
ase using a wavelet Galerkinmethod. This method requires to know the analyti
al form of the L�evy density�, whereas our �nite di�eren
e method also a

omodates a numeri
al represen-tation of the L�evy measure; for example, � 
an be the result of a 
alibration tooption pri
es as in [10℄. The �nite di�eren
e s
heme is also simpler to implementwhile retaining the 
exibility of separating the lo
al and the non-lo
al part of31



the operator.The �nite di�eren
e method des
ribed here is also appli
able when the lo
al
hara
teristi
s �(t); �t of the pro
ess are time-dependent, as is the 
ase in time-inhomogeneous jump-di�usion models [11℄; it also applies in the 
ase where thedi�usion 
oeÆ
ient depends on the pri
e as in [2℄, without any non-degenera
yrequirement on the di�usion 
oeÆ
ient. However empiri
al studies on perfor-man
e of risk neutral jump-di�usion models [10℄ seem to indi
ate that this fea-ture is redundant with jumps and leads to highly ill-posed 
alibration problemsso the usefulness of 
ombining lo
al volatility models with jumps is far frombeing 
lear.It may be interesting to investigate generalizations of this method to 
aseswhere non-linearities are present in the equation su
h as the valuation of Amer-i
an options or problems with transa
tion 
osts.Referen
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e, Cambridge University Press, Cambridge, 1997,pp. 93{114.A AppendixProof of Lemma 1.Proof. We need to show that 8" > 0, 9 U(�; x) a neighbourhood of (�; x), su
hthat 8(t; y) 2 U(�; x), u(t; y) < u(�; x) + ". Suppose this is not true, that is9" > 0; 9(tk ; yk)! (�; x) : 8k; u(tk; yk) � u(�; x) + ": (A.1)For a �xed k we have by 
onstru
tion:u(tk; yk) = lim sup(�t;�x)!0 (s;z)!(tk;yk)u(�t;�x)(s; z):Therefore, we 
an �nd �tk, �xk , sk, zk in the 1=k-neighborhood of (0; 0; tk; yk),su
h that u(�tk;�xk)(sk; zk) > u(tk; yk)� 1k : (A.2)Combining (A.2) with (A.1) we obtainu(�tk;�xk)(sk; zk) > u(�; x) + "� 1k : (A.3)By 
onstru
tion, we have (�tk ;�xk; sk; zk)! (0; 0; �; x), thereforelim supk!1 u(�tk;�xk)(sk; zk) � lim sup(�t;�x)!0 (t;y)!(�;x)u(�t;�x)(t; y) = u(�; x):Taking the upper limit in (A.3) as k !1 givesu(�; x) � u(�; x) + ";whi
h is impossible. This 
ontradi
tion implies that (A.1) is not veri�ed andu 2 USC. 34



Proof of Lemma 2.Proof. The existen
e of �tk, �xk , nk, ik satisfying (4.27){(4.28) follows fromthe de�nition of the upper limit. Let us take su
h a sequen
e and 
onsider forea
h k the fun
tion u(�tk;�xk)�'. Sin
e there is a �nite number of grid pointson [0; T ℄�
, the maximum in (4.29) is rea
hed at a point (�mk ; xjk ).Sequen
e f(�mk ; xjk )gk2N is bounded, therefore one 
an extra
t a 
onverg-ing subsequen
e (for simpli
ity we will take the same notation): (�mk ; xjk ) !(��; x�) as k !1. Let us show that (��; x�) = (�; x). Suppose this is not true.Then, using the de�nition of u, the 
ontinuity of ' and the fa
t that u < ' onon [0; T ℄� R � f(�; x)g we obtainlim supk!1 �u(�tk;�xk)(�mk ; xjk )� '(�mk ; xjk )� �� lim sup(�t;�x)!0(t;y)!(�� ;x�) u(�t;�x)(t; y)� limk!1'(�mk ; xjk ) == u(��; x�)� '(��; x�) < 0: (A.4)On the other hand, from the de�nition of (�mk ; xjk ) as a maximum point, andproperties (4.28) and (4.23) it follows thatlim supk!1 �u(�tk;�xk)(�mk ; xjk )� '(�mk ; xjk )� �� lim supk!1 �u(�tk;�xk)(�nk ; xik )� '(�nk ; xik )� = u(�; x)� '(�; x) = 0;whi
h 
ontradi
ts (A.4). Therefore, (��; x�) = (�; x).From the last inequality we obtain, in parti
ular, thatlim supk!1 u(�tk;�xk)(�mk ; xjk ) � '(�; x) = u(�; x):From the de�nition of u we havelim supk!1 u(�tk;�xk)(�mk ; xjk ) � u(�; x):Therefore, this upper limit is equal to u(�; x), and there exists a subsequen
eu(�tk;�xk)(�m0k ; xj0k )! u(�; x), whi
h satis�es by 
onstru
tion the desired prop-erties (4.27){(4.29).
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