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tWe prove a lo
alisation theorem for 
ontinuous ergodi
 S
hr�odinger op-erators H! := H0 + V!, where the random potential V! is a nonnegativeAnderson-type random perturbation of the periodi
 operator H0. We 
on-sider a lower spe
tral band edge of �(H0), say E = 0, at a gap whi
h ispreserved by the perturbation V!. Assuming that all Floquet eigenvalues ofH0, whi
h rea
h the spe
tral edge 0 as a minimum, have there a positivede�nite Hessian, we 
on
lude that there exists an interval I 
ontaining 0su
h that H! has only pure point spe
trum in I for almost all !.1 Introdu
tion and resultsLo
alisationAlready in the �fties Anderson [1℄ 
on
luded by physi
al reasoning that somerandom quantum Hamiltonians on a latti
e should exhibit lo
alisation in 
ertainenergy regions. That is to say that the 
orresponding self-adjoint operator haspure point spe
trum in these energy intervals.Sin
e then mathemati
al physi
ists developed a ma
hinery to prove rigor-ously this phenomenon from solid state physi
s. Most of them used the so-
alled�Up to some minor modi�
ations this is preprint no. 98-569 (August 21,1998) ofhttp://www.ma.utexas.edu/mp ar
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multis
ale analysis (MSA) introdu
ed in a paper by Fr�ohli
h and Spen
er [14℄ toprove a weaker form of lo
alisation at low energies for the dis
rete analogue of theS
hr�odinger operator. This quite 
ompli
ated reasoning was streamlined by vonDreifus and Klein [41℄. The underlying latti
e stru
ture made the MSA easier toapply to dis
rete Hamiltonians but soon adaptations for 
ontinuous S
hr�odingeroperators followed [28, 22, 6, 24℄. We prove in Theorem 1.1 a lo
alisation result forenergies near internal spe
tral edges of a periodi
 S
hr�odinger operator H0 whi
his perturbed by an Anderson-type potential V!. Unlike [2, 20℄ our results are notrestri
ted to a spe
ial disorder regime of the random 
oupling 
onstants in V!.Instead we assume that the periodi
 operator H0 has regular Floquet eigenval-ues. This behaviour is 
ommonly assumed among physi
ists. Re
ently Klopp andRalston proved that it is generi
 [26℄.In the remainder of this se
tion we introdu
e our model, state the main The-orem 1.1 and the te
hni
al Proposition 1.2 on whi
h it is based. Se
tion 2 explainshow to dedu
e Theorem 1.1 from Proposition 1.2, in Se
tion 3 we des
ribe thefun
tional 
al
ulus with almost analyti
 fun
tions, Se
tion 4 
ontains a 
ompari-son lemma for the integrated density of states on �nite 
ubes and on the whole ofRd and the last Se
tion 5 
ompletes the proof of Proposition 1.2.The modelOn the Hilbert spa
e L2(Rd ) we 
onsider a self-adjoint operator H := H! madeup of a periodi
 S
hr�odinger operator H0 and a random perturbation V!H! := H0 + V! : (1)Here H0 := �� + V0 is the sum of the negative Lapla
ian and a Zd-periodi
potential V0 2 Lplo
(Rd ) with p = 2 if d � 3, p > 2 if d = 4 and p � d=2 if d � 5.Su
h a potential is an in�nitesimal perturbation of �� so the sum is self-adjointwith domain D(��) = W 22 (Rd), the Sobolev spa
e of L2-fun
tions whose se
ondderivative is also in L2 (
f. [33, 34℄). The random perturbation is of Anderson typeV!(x) := Xk2Zd!k u(x� k) ; (2)where (!k)k2Zd is a 
olle
tion of independent identi
ally distributed (i.i.d.) randomvariables, 
alled 
oupling 
onstants. Their distribution has a bounded density withsupport [0; !max℄ for some !max > 0. The non-negative single site potential u hasto de
ay exponentially and have an uniform lower bound on some open subset ofRd , more pre
iselyu � Æ1��; Æ1 > 0 where � := �s := fx 2 Rd j kxk1 < s=2g; s > 0and k��1u(� � l)kLp � Æ2 e�Æ3l; Æ2; Æ3 > 0 : (3)2



H! is an ergodi
 operator and we infer from [18, 4℄ or [32℄ that there exists a set� � R su
h that � = �(H!) for almost all ! 2 
, i.e. the spe
trum of H! is almostsurely non-random. In the same sense �a
; �s
 and �pp are !-independent subsetsof the real line.Under some mild assumptions the periodi
 ba
kground operator H0 has aspe
trum with band stru
ture, i.e. �(H0) = Sn2N[E�n ; E+n ℄ ; E�1 � E+1 � E�2 � : : :,where for some n we have open spe
tral gaps, i.e. E+n < E�n+1 (
f. [9, 38, 34℄). Weassume that there exist positive numbers a; b and b0 with[0; a℄ � �(H0); [�b; 0[� �(H0) and [�b0; 0[� �(H!) :Sin
e 0 is in the support of the density of !0 it follows that 0 2 �(H!). In this 
asewe say that 0 is a lower band edge of the periodi
 operator, whi
h is preserved bythe positive random perturbation V!.H0 
an be de
omposed into a dire
t integral via an unitary transformation U(
f. [38, 34℄) UH0 U� = LZ[��;�℄d H0j��1 d� :Here H0j��1 is the same formal di�erential expression as H0 a
ting on fun
tionsf 2 W 22 (�1) with �-boundary 
onditions, i.e. for all j = 1; : : : ; d we have a phaseshift in the 
orresponding dire
tion: f(x+ej) = ei�jf(x) where xj = �1=2. It is anoperator with dis
rete spe
trum, whi
h 
onsists of the so-
alled Floquet eigenvaluesE1(�) � : : : � En(�) � : : : n 2 N :These are Lipshitz-
ontinuous on [��; �℄d. In fa
t they "generate" the bands ofthe spe
trum of H0 �(H0) = [n2N [�2[��;�℄dEn(�) :There is a �nite set of indi
es N � N (
f. [38℄) su
h thatEn(�) = 0 for some � 2 [��; �℄d =) n 2 N :Sin
e 0 is a lower band edge of �(H!), En(�) = 0 has to be a minimum of En(�).If for all n 2 N , En(�) has only quadrati
 minima at 0 (i.e. the Hessian of En(�) atany minimum with value 0 is positive de�nite) we say that H0 has regular Floqueteigenvalues at 0.ResultsOur result on lo
alisation at an upper internal spe
tral band edge is the following3



Theorem 1.1 If H0 has regular Floquet eigenvalues at 0 and H! is 
onstru
tedas above, then there exists a number E0 > 0 su
h that�(H!) \ [0; E0℄ � �pp(H!) :The proof of the theorem is based on the following proposition.Proposition 1.2 If H0 has regular Floquet eigenvalues at 0 and H! is 
onstru
tedas above, we have for all q > 0:There exists a l0 := l0(q) 2 N and an � 2℄0; 1=4[ su
h that for all l � l0Pf!j �(H! j��l) \ [0; l��[6= ; g � l�qThe proof of Proposition 1.2 is given in se
tions 3 to 5. It uses the existen
e ofLifshitz-tails of the integrated density of states (IDS) of the ergodi
 operator H! ifH0 has regular Floquet eigenvalues, whi
h was proved by Klopp in [25℄, who alsonoted that his result 
ould be used for a lo
alisation proof.Theorem 1.1 is proved using the MSA. Sin
e this te
hnique is well understoodby now [2, 20℄ we only sket
h it to show how Proposition 1.2, whi
h is the mainte
hni
al novelty of this paper, enters. This is done in Se
tion 2, where also adis
ussion of previous results 
an be found.Remark 1.3 At any lower band edge one 
an prove lo
alisation under the anal-ogous assumptions. Here E = 0 was 
hosen only for notational simpli
ity. If theAnderson-type perturbation V! is negative our theorem 
an be used to establishlo
alisation on any upper band edge with regular Floquet eigenvalues.If the underlying Zd is repla
ed by some other Eu
lidean latti
e� := f
 2 Rd j 
 = dXj=1 �jaj ; � 2 Zdg ;where fajgdj=1 is a basis of Rd , the same theorem and proposition are valid by asimple modi�
ation of the proofs.In any 
ase we will use the maximum norm when 
onsidering latti
e points kor 
 in Zd or �, i.e. j
j := k
k1 := maxfj
j j; j = 1; : : : ; dg, where (
1; : : : ; 
d) 2 Rdare the 
omponents of 
.An inspe
tion of our proofs and the papers [25, 21℄ and [20℄ shows thatProposition 1.2 and Theorem 1.1 extend to single site potentials u with suÆ
ientlyfast polynomial de
ay (in Lp-sense).Example 1.4 Finally we give an example of a periodi
 operator whi
h has onlyregular Floquet eigenvalues at all band edges. Thus we know that our 
onditionin the above theorem is ful�lled and we 
an prove lo
alisation at any lower bandedge. Let V0 satisfy the 
onditions posed above on the periodi
 potential and let4



it be a sum of potentials Vj whi
h are periodi
 in the jth 
oordinate dire
tion and
onstant in all the others; more pre
iselyV0(x) := dXj=1 Vj(xj)where Vj : R ! R is a periodi
 fun
tion and x = (x1; : : : ; xd) 2 Rd . Then both H0and H0j��1 
an be de
omposed into a dire
t sum of one-dimensional operators. Forthese it is known that all Floquet eigenvalues are regular [9, 25℄. As the eigenvaluesof the dire
t sum are just sums of the eigenvalues of the one-dimensional operatorsit is 
lear that the former also have to be regular.Corollary 1.5 Let the ergodi
 operator H! := �� + V0 + V! be 
onstru
ted asabove and the periodi
 potential be de
omposable, i.e.V0(x) := dXj=1 Vj(xj) :Let E be a lower spe
tral band edge of the periodi
 operator H0 := �� + V0 ata spe
tral gap whi
h is not 
losed by the perturbation V!. Then there exists aninterval I 3 E su
h that �(H!) \ I � �pp(H!) :A
knowledgementsThe author would like to thank F. Klopp for his hospitality at Universit�e Paris 13,for stimulating dis
ussions, as well as for many detailed explanations 
on
erninghis paper [25℄, W. Kirs
h, under whose guidan
e this resear
h was undertaken andH. Najar, K. Veseli�
 and R. Muno for valuable 
omments.2 Multis
ale analysis and asso
iated ideasIn this se
tion we explain how Theorem 1.1 is dedu
ed from Proposition 1.2 anddis
uss previous lo
alisation results.An intermediary step in the proof of lo
alisation is the establishing of theexponential de
ay of the resolventsup�6=0 k�xR(�)�ykL(L2(Rd)) � C exp(�
jx� yj) for almost all ! ; (4)where R := R(�) := (H! �E � i�)�1 is the resolvent of H! near an energy valueE in the energy interval I 2 R for whi
h we want to prove lo
alisation. The �xand �y are 
hara
teristi
 fun
tions of unit 
ubes 
entered at x, respe
tively at y.This bound 
an be used to rule out absolutely 
ontinuous spe
trum [29℄ and is5



interpreted as absen
e of di�usion [14, 28℄ in the energy region I if (4) holds forall E 2 I .It turns out that the �nite size resolvent R�(�) := (H!j� � E � i�)�1 iseasier approa
hable than R(�) on the whole spa
e. Here H!j� is the restri
tionof H! to L2(�) with some appropriate boundary 
onditions (b.
.); the use ofDiri
hlet or periodi
 b.
. is most 
ommon. However the operator H!j� is notergodi
 and for its resolvent an estimate like (4) 
an be expe
ted to hold only witha probability stri
tly smaller than one. This is the pla
e where MSA enters. It is anindu
tion argument over in
reasing length s
ales lj . They are de�ned re
ursivelyby lj+1 := [l�j ℄3, where [l�j ℄3 is the greatest multiple of 3 smaller than l�j . The s
alingexponent � has to be from the interval ℄1; 2[. On ea
h s
ale one 
onsiders the boxresolvent Rj(�) := R�j (�) and proves its exponential de
ay with a probabilitywhi
h tends to 1 as j !1. We outline brie
y the ingredients of the MSA as it isgiven in [6, 20℄ or [4℄.First we explain some notation whi
h is used afterwards. Let Æ > 0 be a small
onstant independent of the length s
ale lj and �j(x) 2 C2 a fun
tion whi
h isidenti
ally equal to 0 for x with kxk1 > lj � Æ and identi
ally equal to one for xwith kxk1 < lj � 2Æ. The 
ommutator W (�j) := [��; �j ℄ := �(��j)� 2(r�j)ris a lo
al operator a
ting on fun
tions whi
h live on a ring of width Æ near theboundary of �j := �lj . We say that a pair (!;�j) 2 
�B(Rd) is m-regular, ifsup�6=0 kW (�j)Rj(�)�lj=3kL � e�mlj : (5)Here k � kL is the operator norm on L2(�j) and �lj=3 the 
hara
teristi
 fun
tionof �lj=3 := fyj kyk1 � lj=6g. Thus the distan
e of the supports of r�j and �l=3is at least lj=3� 2Æ � lj=4.Let q0 > 0. The starting point of the MSA is the estimate(H1)(l0;m0; q0) Pf!j (!;�0) is m0-regularg � 1� lq00whi
h serves as the base 
lause of the indu
tion. The indu
tion step 
onsists inproving (H1)(lj ;mj ; qj) =) (H1)(lj+1;mj+1; qj+1) (6)For the mass of de
ay mj+1 and the probability exponent qj+1 on the s
ale lj+1the following estimates are valid8� > 0 9
1; 
2; 
3 independent of j su
h thatmj+1 � mj �1� 4ljlj+1�� 
1lj � 
2 log lj+1lj+1 (7)lqj+1j+1 � 
3� lj+1lj �2d l2qjj + 12 l��j+1 : (8)For the re
ursion 
lause (6) a Wegner estimate [42℄ is needed:(H2) Pf!j d(�(H!j�); E) � �g � CW �j�j26



for all boxes � � Rd and all � > 0, su
h that [E��; E+�℄ is 
ontained in a suitablesmall energy interval near the spe
tral band edge (
f. Theorem 3.1 in [20℄). Herej�j stands for the Lebesgue measure of the 
ube �.The deterministi
 part of the indu
tion step uses the geometri
 resolventformula [6, 16℄��(H�0 � z)�1 = (H� � z)�1�� + (H� � z)�1W (��)(H�0 � z)�1 (9)for z 2 �(H�0)\ �(H�) and �� 2 C2 with support in � � �0. It gives the estimatek�l=3(� � x)R3l0 (�)�l=3(� � y)kL � (3de�ml)3jx�yjl�1�4kR3l0(�)kL (10)if no two disjoint non-regular boxes �l � �l0 with 
enter in l3Zd \ �3l0 exist for!. In our 
ase l := lj is the length s
ale on whi
h the exponential de
ay of theresolvent is already known and l0 := lj+1 the s
ale on whi
h we want to proveit. By the estimates (H1),(H2) we have with probability 1 � lqj+1j+1 (bounded bythe inequality (8)) exponential de
ay on the length s
ale lj+1 with mass mj+1(bounded as in (7)).We stated above the ingredients of the MSA as they are valid if u is supportedin �1. If the single site potential is of long range type as in (3) one has to use theadapted MSA from the paper [20℄.On
e the estimate (H1) is established on all length s
ales lj ; j 2 N, one infersan exponential de
ay estimate for the resolvent on the whole of Rd . Afterwardsone uses a spe
tral averaging te
hnique (
f.[6℄) based on ideas of Kotani, Simon,Wolf and Howland to 
on
lude lo
alisation [27, 37, 17℄.Re
ent papers 
on
entrate on proofs for the Wegner estimate and the initiallength s
ale de
ay of the resolvent. At the same time adaptations of the MSAfor various random S
hr�odinger operators, as well as Hamiltonians governing themotion in 
lassi
al physi
s appeared [10, 11, 7, 39℄. Re
ently Najar [31℄ obtainedanalog results to [25℄ and the present paper 
on
erning Lifshitz tails and lo
alisa-tion for a
ousti
 operators.We dis
uss brie
y some results for quantum me
hani
al Hamiltonians.In [24℄ Klopp proved a Wegner lemma for energies at the in�mum of the spe
-trum whi
h applies to an Anderson perturbation V! with single site potentials uthat are allowed to 
hange sign. For V! a Gaussian random �eld a Wegner esti-mate was shown in [12℄. Its main feature is that no underlying latti
e stru
ture ofV! is needed. This result allows one to 
on
lude lo
alisation for the 
orrespondingS
hr�odinger operator at low energies [13℄. Kirs
h, Stollmann and Stolz proved in[20℄ a Wegner estimate with minimal de
ay 
onditions on the single site potentialu and dedu
ed a lo
alisation result for Hamiltonians with long range intera
tions.They require ju(x)j � C(jxj+ 1)�m for some m > 4d : (11)The resolvent de
ay estimate (H1) for some initial length s
ale 
an be provedwith semi
lassi
al te
hniques. Using the Agmon metri
 one 
an a
hieve rigorously7



de
ay bounds with what is 
alled among physi
ists WKB-method [6, 16℄. Howeverthis reasoning is only appli
able for energies near the bottom of the spe
trum.The so-
alled Combes-Thomas argument [5℄ allows one to infer the followinginequality k�x(H � z)�1�ykL � C d(�(H); z)�1 e�
 d(�(H);z)jx�yj (12)where H is a self-adjoint S
hr�odinger operator on L2(Rd ) and z 2 �(H). It was�rst applied to multiparti
le Hamiltonians [5℄, but it is also useful in our 
ase, assoon as we get a lower bound on d(�(H! j�); z). Thus it is suÆ
ient to prove anestimate like Pf!j d(�(H! j�l ; I) < 12 l�� g � l�q (13)for some � 2℄0; 1=4℄. Su
h a bound follows immediately from Proposition 1.2 withI := [0; 12 l��[, for l > (2b0)�1=�. Now Inequality (12) implies the initial s
aleestimate (H1) with m0 � 
 l�1=4 for l large and E 2 I , 
f. [20, Lemma 5.5℄. The
onstant 
 depends on the energy and the potential, but not on l and m0.Two possibilities were used to dedu
e (13). The �rst is to assume a spe
ialdisorder regime, more pre
isely to demand a suÆ
iently fast de
ay of the densityg of the distribution of ! near the endpoints 0 and !max of supp g:9� > d=2 : 8 small � > 0Z �0 g(s)ds � �� ; respe
tively Z !max!max�� g(s)ds � ��depending on whether one wants to 
onsider a lower or upper band edge. Thisapproa
h was used in [6, 20℄. Its short
oming is that it ex
ludes quite a few dis-tributions, e.g. the uniform distribution on [0; !max℄.The other way to prove (13), whi
h we pursue, is to use the existen
e ofLifshitz tails of the integrated density of states at the edges of the spe
trum. Onede�nes the IDS usually as follows:N(E) := lim�%RdN(H!jD� ; E) (14):= lim�%Rd j�j�1#f eigenvalues of H!jD� below Eg ; (15)i.e. as the limit of the normed 
ounting fun
tion of eigenvalues of a box Hamil-tonian. Here H!jD� is the restri
tion of H! to L2(�) with Diri
hlet b.
. As H!jD�has 
ompa
t resolvent and hen
e dis
rete spe
trum, de�nition (14) makes sense.N(E) is almost surely !-independent and the use of Diri
hlet b.
. in its de�nitionimplies [19℄ N(E) := sup�%RdN(H!jD� ; E) : (16)One says that N(�) exhibits Lifshitz tails at some spe
tral edge E iflimE!E log j log jN(E)�N(E)jjlog jE � Ej = �d2 : (17)8



At the in�mum of the spe
trum, i.e. for E = inf �(H!), (16) and (17) imply#feigenvalues of H!jD� in [E ; E℄g � j�jN(E) � j�j exp(�
E�d=4)sin
e N(E) = 0. This estimate was used in [24℄ together with a �Cebi�sev inequalityto prove (H1) at the bottom of the spe
trum.If one 
onsiders an internal band edge E , Lifshitz asymptoti
s are not so easyto exploit sin
e (16) 
annot be dire
tly used to boundjN(H! j�; E)�N(H!j�; E)j :Therefore a 
omparison te
hnique between N(�) and N(H!j�; �) is needed. In theone-dimensional 
ase Mezin
es
u [30℄ proved Lifshitz tails at internal band edgesas well as a 
omparison lemma for the IDS (Lemma 2, in Se
tion 4). This proofrelies on the deli
ate analysis of Diri
hlet eigenfun
tions of H!j� and their roots.The results in [30℄ make a lo
alisation proof in the one-dimensional 
ase possible[40℄. We prove in Se
tion 4 an approximation lemma for the IDS of the multi-dimensional operator H!, whi
h enables us to prove Proposition 1.2. In our 
asehowever periodi
 b.
. seem to be more eÆ
ient than Diri
hlet b.
. sin
e H! is aperturbation of a periodi
 operator.In [25℄ it was proved that the IDS of H! exhibits Lifshitz asymptoti
s ata lower band edge E if before the perturbation V! the Floquet eigenvalues ofthe periodi
 ba
kground operator H0 at E were regular. Thus our approximationlemma 
an be applied to 
on
lude lo
alisation.3 Fun
tional 
al
ulus with almost analyti
fun
tionsIn this se
tion we introdu
e the Hel�er-Sj�ostrand formula (18) whi
h is exploitedin Se
tion 4 to prove the IDS approximation lemma.For an self-adjoint operator on L2(Rd ) and a 
omplex-valued measurablefun
tion f : R ! C one 
an de�ne the operatorf(A) with domain D(f(A)) := f 2 L2(Rd)j f(A) 2 L2(Rd )gvia the spe
tral theorem. The latter is normally proved using Riesz' representationtheorem for C(K)�, where K is a 
ompa
t metri
 spa
e, and the Cayley-transformif A is unbounded. Hel�er and Sj�ostrand [15℄ proved the following representationformula f(A) := 12�i ZC � ~f��z (z)(z �A)�1dz ^ d~z (18)if f is smooth and 
ompa
tly supported. Here ~f : C ! C denotes an almostanalyti
 extension of f : R ! C . Davies [8℄ uses equation (18) as a starting point9



to develop systemati
ally a fun
tional 
al
ulus equivalent to the standard one. Forfurther details on the material of this se
tion see his book.De�nition 3.1 For n 2 N and f 2 Cn0 (R; C ) de�ne the almost analyti
 extension(of order n) ~f : C ! C by~f(x; y) := ~fn(x; y) :=  nXr=0 f (r)(x) (iy)rr! ! s(x; y) ; (19)where we used the 
onvention z := x + iy := (x; y) 2 C . The 
uto� fun
tion s isde�ned with the abbreviation hxi := px2 + 1 by the formulas(x; y) := t� yhxi� ; t 2 C10 (R)with t(x) = 0 for jxj > 2, t(x) = 1 for jxj < 1 and kt0k1 � 2.With this 
hoi
e of the almost analyti
 extension formula (18) holds true. Ifthe support of f is 
ontained in [�R;R℄, ~f vanishes outside the set fz 2 C j x 2supp f; jyj < 2R+ 2g. A 
al
ulation of the derivatives shows� ~fn��z (z) = 12  � ~fn�x + i� ~fn�y ! (z) (20)= 12f (n+1)(x) (iy)nn! s(x; y) + 12(sx(x; y) + isy(x; y)) nXr=0 f (r)(x) (iy)rr! :By 
al
ulating the partial derivatives of s we seejsx + isyj � 6hxi�fhxi<jyj<2hxig ; (21)whi
h shows that they vanish for jyj � 1 sin
e always hxi = px2 + 1 � 1. Puttingthe bounds together we get������ ~fn��z (x; y)����� � 12n! jf (n+1)sj jyjn + 3hxi�fhxi<jyj<2hxig nXr=0 jf (r)j jyjrr! : (22)Later on f will be an approximation of the 
hara
teristi
 fun
tion �[0;E℄. It is goingto have support inside [�E=2; 2E℄ and be equal to 1 on [0; E℄. One 
an 
hoose fin su
h a way that kf (n)k1 � CE�n andjkfkjn := nXi=1 kf (n)k1 � ~CE�n (23)for suÆ
iently small E. The 
onstants C; ~C are independent of E.10



4 IDS approximation lemmaIn this se
tion we bound the di�eren
e of the IDS of the ergodi
 operator H! andits periodi
 approximation H!;l de�ned byH!;l(x) := H0(x) + Xk2Zd!~k u(x� k) (24)where ~k := k (mod(2l + 1)Zd). For any l 2 N and ! 2 
 it is a (2l+1)Zd-periodi
operator. Our assumptions on u and ! ensure that it is an in�nitesimally smallperturbation of H0, uniformly in l and !. Hen
e it is a lower bounded symmetri
operator whi
h is self-adjoint on the domain W 22 (Rd ). Its IDS is de�ned by (
f.[34, 35, 38℄) N!;l(E) := N(H!;l; E) := (2�)�dXn2NZBl �fEn(�)<Eg d� : (25)Here E 2 R is an energy value, En(�) is the n-th eigenvalue of H!;lj��2l+1 andBl := � ��2l+ 1 ; �2l + 1�dif H! is Zd-ergodi
. For some other Eu
lidean latti
e it has to be repla
ed by thebasi
 
ell of the 
orresponding dual latti
e �� := f
� 2 (Rd )� = Rd j 8
 2 � :
� � 
 2 2�Zg. We prove the following approximation result:Theorem 4.1 Let H! be de�ned as in Se
tion 1 and H!;l as above. Denote by Nrespe
tively N!;l the 
orresponding IDS'. For a real valued fun
tion g 2 Cn+10 withsupport in [�1=2; 1=2℄ we have���� E �ZR g(x)dN!;l(x)� � ZR g(x)dN(x)���� � 
onst: j supp gj jkgkjn+1 ld2+1�nfor suÆ
iently large l 2 N.The proof is split into several lemmata. Remark 4.2 and Lemma 4.3 are taken fromSe
tion 5.2 of [25℄. We denote with �l the 
hara
teristi
 fun
tion of the periodi
ity
ell �2l+1 := fx 2 Rd j kxk1 � l + 1=2g of H!;l and by �l;
(x) := �l(x � 
) itstranslation by 
 2 Zd.Remark 4.2 Note that one 
an infer from [3, 4℄,[32℄ and [25℄ the following equal-ities ZR g(x) dN(x) = E (Tr �0 g(H!)�0) (26)11



respe
tively ZR g(x) dN!;l(x) = (2l + 1)�d(Tr�l g(H!;l)�l) : (27)Using the de
omposition � l = Xk2Zd;jkj<2l+1� 0; k ;the (2l+ 1)Zd-periodi
ity of H!;l and the i.i.d. property of (!k)k2Zd one getsE �ZR g(x) dN!;l(x)� = E (Tr�0 g(H!;l)�0) : (28)Sin
e H!;l is uniformly lower bounded there exists a � � 0 su
h that Id �� + H!;l and Id � � + H! for all l; !. From [36℄ we know that the operator�l(�+H!;l)�q(z �H!;l)�1 is tra
e 
lass for all q > d=2. Using results from theappendix of [23℄ we inferk�0;�(z �H!)�1(� +H!)�q�0kTr � ~C1jyj exp(�jyj j�j= ~C1) (29)for some ~C1 � 1 independent of !. This estimate is in fa
t a sophisti
ated versionof the Combes-Thomas argument whi
h we en
ountered already in Se
tion 2. Asimple resolvent estimate givesk�0(z �H!;l)�1T
 u�0;�+
kL(L2(Rd)) � ~C1jyj k�0;�+
ukLp ; (30)where T
 is the translation by 
 2 Zd. As the single site potential u de
ays ex-ponentially, inequality (30) gives a exponential bound in �j
 + �j. If one assumesthat u de
ays polynomially with a suÆ
iently negative exponent, one still 
an
arry trough the proof of Theorem 4.1.Lemma 4.3 If g 2 Cn+10 and ~f is an almost analyti
 extension of f(x) := (� +x)qg(x), one has���� E �ZR g(x) dN!;l(x)�� ZR g(x) dN(x)����� C12� ZC jyj�2 ������ ~f��z (x; y)����� X�2Zd
2Zd;j
j>l k�0;
+�ukLp exp(�jyj j�j=C1)!dx dy
12



Proof:We use without expli
it referen
e the equations 
olle
ted in the above Remark4.2 and the Hel�er-Sj�ostrand formula (18). Let N 3 q > d=2. If we multiplyg(H!;l) = i2� ZC � ~f��z (z)(z �H!;l)�1(�+H!;l)�q dz ^ d�z (31)by the 
hara
teristi
 fun
tion �0 of �1 we get a tra
e-
lass operator and 
onse-quentlyTr(�0 g(H!;l)�0) = i2� ZC � ~f��z (z) Tr(�0 (z�H!;l)�1(�+H!;l)�q�0) dz^d�z : (32)The same formula holds with H! substituted for H!;l. To bound the tra
e of�0 (H!;l �H!)�0 in mean we estimatek�0 (z �H!;l)�1(�+H!;l)�q�0 � �0 (z �H!)�1(�+H!)�q�0kTr � �1 +�2by the two summands�1 = k�0 �(z �H!;l)�1 � (z �H!)�1� (�+H!)�q�0kTr= 



�00�(z �H!;l)�10� X
2Zd;j
j>l(!~
 � !
)u(x� 
)1A (z �H!)�11A� (�+H!)�q�0



Trand�2 = k�0(z �H!;l)�1 �(�+H!;l)�q � (�+H!)�q��0kTr= 



�0(z �H!;l)�1 qXm=1(�+H!;l)m�q�10� X
2Zd;j
j>l(!~
 � !
)u(x� 
)1A� (�+H!)�m�0



Tr ;where in the last equality we used an iterated resolvent formula. Sin
e j!~
�!
 j �!max and by standard bounds for the tra
e norm k � kTr we have�1 � !max X�2Zd X
2Zd;j
j>l

�0(z �H!;l)�1u(x� 
)�0;�

L(L2(Rd))� k�0;�(z �H!)�1(�+H!)�q�0kTr� C1jyj2 X�2Zd X
2Zd;j
j>l k�0;
+�ukLp exp(�jyj j�j=C1)13



As �2 
an be bounded in the same way, our lemma is proved. q.e.d.Up to now we followed the proof of Theorem 5.1 of [25℄ almost literally. From nowon we need sharper and more expli
it estimates be
ause later we will have to takethe limit l!1 simultaneously with an approximation g ! �[0;E℄. Spe
ial 
are isneeded be
ause the parameters E and l are fun
tions of ea
h other.Lemma 4.4 If we 
hoose the 
onstant C suÆ
iently large and 
 suÆ
iently small,there exists a l1 := l1(d; Æ3) <1 su
h that:X�2Zd X
2Zdj
j>l k�0;
+�ukLp exp(�jyj j�j=C1) � C e�
jyjl jyj�d2for all y with jyj � 3 and l � l1.Proof:Sin
e the single site potential u de
ays exponentially in Lp sense, we knowX�2Zd X
2Zd;j
j>l k�0;�+
ukLp exp(�jyj j�j=C1) (33)� Æ2 X�2Zd;j�j�l=4 X
2Zd;j
j>l exp (�Æ3j� + 
j) exp(�jyj j�j=C1)+ Æ2 X�2Zd;j�j<l=4 X
2Zd;j
j>l exp (�Æ3j� + 
j) exp(�jyj j�j=C1) :Using j�j = 1=2j�j+ 1=2j�j, we haveexp(�jyj j�j=C1) = exp(�jyj j�j=2C1) exp(�jyj j�j=2C1)� exp(�jyj j�j=2C1) exp(�jyj l=8C1) ;for j�j � l=4. If j�j < l=4, we have the relation :j
 + �j � j
j � j�j = 1=2j
j+ (1=2j
j � j�j) � 1=2j
j+ l=4 ;whi
h implies exp(�j
 + �j) � exp(�1=2j
j) exp(�l=4). This inequalities allow usto bound the two double sums above byÆ2 X�2Zd;j�j�l=4 X
2Zd;j
j>l exp(�Æ3j� + 
j) exp(�jyj j�j=2C1) exp(�jyjl=8C1)+ Æ2 X�2Zd;j�j<l=4 X
2Zd;j
j�l exp(�Æ3j
j=2) exp(�Æ3l=4) exp(�jyj j�j=C1)| {z }�1=: Æ2S1 + Æ2S2 14



We �rst look for a bound of the sum S1S1 � exp(�jyjl=8C1) X�2Zd;j�j�l=4 exp(�jyj j�j=2C1) X
2Zd;j
j�l exp(�Æ3j� + 
j)| {z }=P
2Zd exp(�Æ3j
j)� exp(�jyjl=8C1) 0�X
2Zd exp(�Æ3j
j) 1A Xn�l=4 e�jyjn=2C12d(2n+ 1)d�1 ;where we used polar 
oordinates for �. We have to bound the last fa
tor as afun
tion of jyj and l.Xn�l=4 exp(�jyjn=2C1)2d(2n+ 1)d�1 � n0Xn�l=4 exp(�jyjn=2C1)2d(2n+ 1)d�1+ Xn>n0 exp(�jyjn=4C1) ;where we have to 
hoose n0 in su
h a way, that for all n � n0 := n0(jyj; d; C1) therelation exp(�jyjn=2C1)2d(2n+ 1)d�1 � exp(�jyjn=4C1), 2d(2n+ 1)d�1 � exp(jyjn=4C1)be
omes valid. To this end we take n0 := [2d3d�1d!� jyj4C1��d + 1℄Gauss � C2jyj�d(sin
e jyj � 3), whi
h yields2d(2n+ 1)d�1 � 2d3d�1nd�1 � � jyj4C1�d ndd!� 1Xl=0 1l! �jyj n4C1�l = exp(jyjn=4C1) 8n � n0as we wanted. Herewith we are able to 
al
ulate the sum in polar 
oordinates.n0Xn�l=4 exp(�jyjn=2C1)2d(2n+ 1)d�1 � C2jyj�de�jyjl=8C1 2d(2C2jyj�d + 1)d�1� C3jyj�d2For the other part of the sum we use the inequalityXn>n0 exp(�jyjn=4C1) � Xn�0 exp(�jyjn=4C1) = 11� exp(�jyj=4C1)� 4C1jyj exp� jyj4C1� :15



Consequently we getS1 � exp(�jyjl=8C1) �X
2Zd exp(�Æ3j
j) ��C3jyj�d2 + 4C1jyj exp� jyj4C1��| {z }�C4jyj�d2 ;sin
e jyj � 3. This �nally gives for the �rst sum the boundS1 � C5 exp�� jyjl8C1� jyj�d2 : (34)Now we turn to the se
ond sum S2.S2 � exp(�Æ3l=4)(1 + l=2)d X
2Zd;j
j�l exp(�Æ3j
j=2)� exp(�Æ3l=4)(1 + l=2)d X
2Zd exp(�Æ3j
j=2)� exp(�Æ3l=8) ;if we 
hoose l � l1 := l1(d; Æ3) suÆ
iently large. Putting the two sums together wearrive at the following estimateÆ2(S1 + S2) � Æ2�C5 exp�� jyjl8C1� jyj�d2 + exp(�Æ3l=8)� 8l � l0 : (35)As the se
ond summand is tame, we subsume it into the �rst one. We set C6 :=min(Æ3=24; 1=8C1) < 1, C7 := C5 + 3d2 and use jyj � 3 to 
al
ulateC5 exp(�jyjl=8C1)jyj�d2 � C5jyj�d2 exp(�C6jyjl)exp(�Æ3l=8) � 3d2 jyj�d2 exp(�C6jyjl)=) C5 exp(�jyjl=8C1)jyj�d2 + exp(�Æ3l=8) � C7jyj�d2 exp(�C6jyjl) :The �nal estimate Æ2(S1 + S2) � Æ2 C7jyj�d2e�C6jyjlproves the lemma with C = C(d; Æ2; Æ3; C1) := Æ2C7 and 
 = 
(Æ3; C1) := C6.q.e.d.Lemma 4.5 Let f be in Cn+1([�1=2; 1=2℄) and ~f its almost analyti
 extension oforder n. There exists a l2 := l2(n; d; 
) <1 su
h that we have for all l � l2:ZC ������ ~f��z (x; y)����� jyj�d2�2e�
jyjl dx dy � 2
�n+d2+2jkfkjn+1 j supp f j l�n+d2+1 :16



Proof:The 
onstant 
 in the statement of the lemma 
orresponds to C6 in the proofof Lemma 4.4. Sin
e (
f. equation (22))������ ~fn��z (x; y)����� � 12n! jf (n+1)sj jyjn + 3hxi�fhxi<jyj<2hxig nXr=0 jf (r)j jyjrr!we have to bound the sum of two integrals. The se
ond one is:ZC dxdyjyj�d2�2 exp(�C6jyjl) 3hxi�fhxi<jyj<2hxig nXr=0 jf (r)j jyjrr! :The properties of hxi, s and f ensure hxi � 1; 1 < jyj < 3, thus we estimate theabove line by:6 Zx2suppf Zy>0 dxdy e�C6l nXr=0 jf (r)j3rr! �[1;3℄(y) � 60 j supp f j jkfkjn e�C6lsin
e 3r � 5r! and jkfkjn :=Pnr=0 kf (r)k1. Now we turn our attention to:12n! Zsupp f dx Z dy jyjn�d2�2 exp(�C6jyjl) jf (n+1)(x)j� jkfkjn+1n! Zsupp f dx Zy>0 dy yn�d2�2 exp(�C6jyjl)= jkfkjn+1ln! l�n+d2+2 Zsupp f dx Zt>0 dt exp(�C6t) tn�d2�2= jkfkjn+1n! l�n+d2+1j supp f j C�n+d2+26 (n� d2 � 2)!� C�n+d2+26 jkfkjn+1 j supp f j l�n+d2+1 :Sin
e 60 exp(�C6l) � C�n+d2+26 l�n+d2+1 for suÆ
iently large l, i.e. l � l2(d; C6; n),we haveZC ������ ~f��z (x; y)����� jyj�d2�2e�C6jyjl dx dy � 2C�n+d2+26 jkfkjn+1 j supp f j l�n+d2+1 ;whi
h ends the proof of the lemma. q.e.d.We have to bound the derivatives of f := (�+ �)qg in terms of the derivatives of gitself. A simple 
al
ulation using Leibniz' formula shows jkfkjn+1 � C8 jkgkjn+1,where C8 depends only on n; q and �. 17



By now we 
an write down the needed inequalities for our di�eren
e of inte-grals with respe
t to N and N!;l.���� E �Z g(x)dN!;l(x)�� Z g(x)dN(x)����= j E (Tr �0 g(H!;l)�0))� E (Tr �0 g(H!)�0))j� E  12� ZC dxdy ������ ~f��z (x; y)������ k�0(H!;l + �)�q(H!;l � z)�1�0 � �0(H! + �)�q(H! � z)�1�0kTr!� 12� ZC dxdy C1jyj2 ������ ~f��z (x; y)����� �X�2� X
2�;j
j>l k��+
V kLp(C0) exp(�jyj j�j=C1)�� 12� ZC dxdy C1jyj2 ������ ~f��z (x; y)����� Æ2(S1 + S2)� 12� ZC dxdy Æ2C1 ������ ~f��z (x; y)�����C7jyj�d2�2 exp(�C6jyjl)� Æ2C1C72�� �60 j supp f j jkfkjn exp(�C6l) + C�n+d2+26 jkfkjn+1 j supp f j l�n+d2+1�� Æ2C1C7�Cn�d2�26 j supp f j jkfkjn+1l�n+d2+1� C9 j supp f j jkgkjn+1l�n+d2+1if we 
hoose l � l3 := max(l1; l2) = l3(d; n; Æ3; C1) and set C9 := Æ2C1C7C8�Cn�d2�26 . Thisproves Theorem 4.1 with C9 as the 
onstant on the rightern side. q.e.d.Now we want to 
ompare the "number" of states of H! and H!;l in the energyinterval [0; E℄. To this end take g 2 Cn+10 (R; [0; 1℄) with g(x) = 1 for all x 2 [0; E℄and support in [�E=2; 2E℄. Moreover let g have minimal derivative in the sense ofinequality (23). We estimateE [N!;l (E)�N!;l(0)℄� [N(E)�N(0)℄ � E �Z E0 g dN!;l�� ���� E �Z E0 g dN!;l�� Z E0 g dN ����+ Z E0 g dN : (36)18



As 0 � g � 1 one has for l � l3E [N!;l(E)�N!;l(0)℄ � 2(N(E)�N(0)) + C10 E�n l�n+d2+1 ; (37)where we used Theorem 4.1 and equation (23). If N has Lifshitz asymptoti
s atthe lower band edge 0, as de�ned in equation (17), there exists an energy valueE1 su
h that N(E)�N(0) � exp(�E�d=4) 8E 2 [0; E1℄ : (38)Together with (37) this givesE [N!;l (E)�N!;l(0)℄ � 2 exp(�E�d=4) + C10E�n l�n+d2+1 8E 2 [0; E1℄ : (39)For � 2℄0; 1[ we set E := l�� . This impliesE [N!;l (E)�N!;l(0)℄ � 2 exp(�(l��)�d=4) + C10 (l��)�n l�n+d2+1= 2 exp(�l�d=4) + C10 l�n(1��)+d2+1� 2C10 l�n(1��)+d2+1 (40)if l � ~l4 := ~l4(d; n; �; C10). Now we 
an formulate the IDS approximation theorem.Theorem 4.6 Let N and N!;l be the IDS of H! and H!;l respe
tively and � 2℄0; 1[. If N has a Lifshitz tail at the lower band edge 0, the boundE [N!;l(l��)�N!;l(0)℄ � 2C10 l�n(1��)+d2+1 (41)is valid for suÆ
iently large l.In fa
t we have to 
hoose l � l5 and l5 := max(~l4; E�1=�1 ) (
f. (40) and (38)).5 Sparsity of states near the lower band edgeWe want to estimate the probability of �nding an eigenvalue of H!;l(�) in a smallenergy interval I 3 0. Here H!;l(�) := H!;lj��2l+1 = H!j��2l+1 is the operator H!;lrestri
ted to L2(�2l+1) with �-boundary 
onditions. The following lemma allowsto bound this probability using the IDS of H!;l.Lemma 5.1Z�2Bld� P(f!j �(H!;l(�)) \ [0; E[ 6= ;g) � (2�)d E (N!;l (E)�N!;l(0)) :
19



Proof: R�2Bl d� P(f!j �(H!;l(�)) \ [0; E[ 6= ;g)� j�2l+1j R�2Bl d� E (N(H!;l (�); E) �N(H!;l(�); 0)) �Ceby�sev inequality= j�2l+1j E (R�2Bl d� (N(H!;l(�); E) �N(H!;l(�); 0)) Fubini's theorem= (2�)d E (N!;l (E)�N!;l(0)) equations (14,25)q.e.d.Sin
e the MSA works with spe
i�
 boundary 
onditions, e.g. periodi
 ones,we haveto get rid of the average over � 2 Bl in the last bound. This is possible using theLipshitz-
ontinuity in � of the eigenvalues of H!;l(�).Lemma 5.2 For any �xed �0 2 Bl, E < 1 and some � > 0 we haveP(f!j�(H!;l(�0)) \ [0; E[ 6= ;g) � (2�)djBlj E (N!;l (E + C12l��)�N!;l(0)) : (42)Proof:The eigenvalues of H!;l(�) are Lipshitz 
ontinuous in �, so we have :jEj(H!;l(�))�Ej(H!;l(�0))j � �j;lj� � �0jfor some �j;l > 0. One 
an 
hoose the �j;l independent of j and l only as a fun
tionof Ej(H!;l(�)). As we 
onsider only eigenvalues in the energy interval [0; E[� [0; 1[even this dependen
e 
an be eliminated. Thus we 
an �nd � > 0 su
h that� � �j;l 8l; j :Now we 
an estimate :P(f!j �(H!;l(�0)) \ [0; E[ 6= ;g) = P(f!j 9j 2 N : Ej(H!;l(�0)) 2 [0; E[ g)= Z�2Bl d�jBlj P(f!j 9j 2 N : Ej(H!;l(�0)) 2 [0; E[ g) (43)Ej(H!;l(�0)) 2 [0; E[ =) Ej(H!;l(�)) 2 [0; E +�diam(Bl)[ 8� 2 Bland diam(Bl) � C11 l�120



::: � Z�2Bl d�jBlj P(f!j 9j 2 N : Ej(H!;l(�)) 2 [0; E + C12l�1[ g)= Z�2Bl d�jBlj P(f!j �(H!;l(�)) \ [0; E + C12l�1[6= ; g)� (2�)d jBlj�1 E (N!;l(E + C12l�1)�N!;l(0)) q.e.d.We 
hoose now 0 < � < 1 and E := l�� as before. Thus for l � l6 the boundE + C12 l�1 � 2l�� is valid, with l6 depending on � and C12. As the IDS ismonotone in
reasing in the energy, this impliesN!;l(E + C12 l�1) � N!;l(2l��) :If N has Lifshitz tails, we estimate as in (40):E (N!;l(2l��)�N!;l(0)) � 2C10 l�n(1��)+d2+1for l � l4(d; n; �; C10). In this way we obtain from Lemma 5.2P(f!j �(H!;l(�0)) \ [0; l��[ 6= ;g) � C13l�n(1��)+d2+d+1 (44)sin
e jBlj�1 � ~C13ld where ~C13 depends only on the dimension. We sat C13 :=2C10 ~C13 (2�)d. The probability in (44) 
an be bounded by l�q for arbitrary q > 0if only l � l7 is suÆ
iently large and�n(1� �) + d2 + d+ 1 < �q() �n(1� �) < �q � d2 � d� 1 : (45)It is obvious that for any 0 < � < 1 we 
an 
hoose n in su
h a way that therelation (45) is valid. Similarly, for any �xed n > q + d2 + d + 1 it is possible to
hoose � suÆ
iently small, so that (45) holds. Parti
ularly we 
an 
hoose � from℄0; 1=4[.Re
all that if H0 has regular Floquet eigenvalues at the lower spe
tral bandedge 0, the IDS N of H! := H0 + V! exhibits Lifshitz asymptoti
s at 0. Thus weproved Proposition 1.2 with l0 := max7i=1 li.Referen
es[1℄ P. Anderson. Absen
e of di�usion in 
ertain random latti
es. Phys. Rev.,109:1492, 1958.[2℄ J. M. Barbaroux, J. M. Combes, and P. D. Hislop. Lo
alization near bandedges for random S
hr�odinger operators. Helv. Phys. A
ta, 70(1-2):16{43,1997. Papers honouring the 60th birthday of Klaus Hepp and of WalterHunziker, Part II (Z�uri
h, 1995). 21



[3℄ R. Carmona. Random S
hr�odinger operators. In P. L. Hennequin, editor,E
ole d'Et�e de Probabilit�es de Saint-Flour, volume 1180 of Le
ture Notes inMathemati
s. Springer, Berlin, 84.[4℄ R. Carmona and J. La
roix. Spe
tral Theory of Random S
hr�odinger Opera-tors. Birkh�auser, Boston, 1990.[5℄ J. Combes and L. Thomas. Asymptoti
 behaviour of eigenfun
tions for mul-tiparti
le S
hr�odinger operators. Commun. Math. Phys., 34:251{270, 1973.[6℄ J.-M. Combes and P. Hislop. Lo
alization for some 
ontinuous, random Hamil-tionians in d-dimensions. J. Fun
t. Anal., 124:149{180, 1994.[7℄ J.-M. Combes, P. Hislop, C. Shubin, and A. Tip. Lo
alization for the a
ousti
wave equation and Maxwell's equations in random media. preprint, universityof Lexington, Kentu
ky, 1994.[8℄ E. B. Davies. Spe
tral Theory and Di�erential Operators. Cambridge Univer-sity Press, Cambridge, 1995.[9℄ M. Eastham. The spe
tral theory of periodi
 di�erential operators. S
otishA
ademi
 Press, Edinburgh, 1973.[10℄ A. Figotin and A. Klein. Lo
alization of 
lassi
al waves. I. A
ousti
 waves.Comm. Math. Phys., 180(2):439{482, 1996.[11℄ A. Figotin and A. Klein. Lo
alization of 
lassi
al waves. II. Ele
tromagneti
waves. Comm. Math. Phys., 184(2):411{441, 1997.[12℄ W. Fis
her, T. Hupfer, H. Les
hke, and P. M�uller. Existen
e of the density ofstates for multi-dimensional 
ontinuum S
hr�odinger operators with Gaussianrandom potentials. Comm. Math. Phys., 190(1):133{141, 1997.[13℄ W. Fis
her, H. Les
hke, and P. M�uller. Aspe
ts of a lo
alization proof for
ontinuum S
hr�odinger operators with Gaussian random potentials. Talkgiven in Prague, at the 
onferen
e QMath7, June 1998.[14℄ J. Fr�ohli
h and T. Spen
er. Absen
e of di�usion in the Anderson tight bindingmodel for large disorder or low energy. Commun. Math. Phys., 88:151{184,1983.[15℄ J. Hel�er and J. Sj�ostrand. Equation de S
hr�odinger ave
 
hamp magn�etiqueet equation de Harper. In H. Holden and A. Jensen, editors, S
hr�odingerOperators, Le
ture Notes in Physi
s,345, Berlin, 1989. Springer.[16℄ P. D. Hislop and I. Sigal. Introdu
tion to spe
tral theory: with Appli
ations toS
hr�odinger Operators. Springer, New York, 1996.22



[17℄ J. S. Howland. Perturbation theory of dense point spe
tra. J. Fun
. Anal.,74:52{80, 1987.[18℄ W. Kirs
h. Random S
hr�odinger operators. In H. Holden and A. Jensen,editors, S
hr�odinger Operators, Le
ture Notes in Physi
s, 345, Berlin, 1989.Springer.[19℄ W. Kirs
h and F. Martinelli. On the density of states of S
hr�odinger operatorswith a random potential. J. Phys. A: Math. Gen., 15:2139{2156, 1982.[20℄ W. Kirs
h, P. Stollmann, and G. Stolz. Lo
alization for random perturba-tions of periodi
 S
hr�odinger operators. Random Oper. Sto
hasti
 Equations,6(3):241{268, 1998.[21℄ F. Klopp. Erratum to the paper "Internal Lifshits tails forrandom perturbations of periodi
 S
hr�odinger operators" DukeMath. Jour. 98(2):335-396,1999. preprint at site http://zeus.math.univ-paris13.fr/ klopp/publi.html.[22℄ F. Klopp. Lo
alisation pour des op�erateurs de S
hr�odinger al�eatoires dansL2(Rd): Un mod�ele semi-
lassique. preprint, Mittag-Le�er institut, reportNo. 1, 1992.[23℄ F. Klopp. An asymptoti
 expansion for the density of states of a randomS
hr�odinger operator with Bernoulli disorder. Random Oper. and Sto
h. Equ.,3:315{331, 1995.[24℄ F. Klopp. Lo
alization for some 
ontinuous random S
hr�odinger operators.Commun. Math. Phys., 167:553{569, 1995.[25℄ F. Klopp. Internal Lifshits tails for random perturbations of periodi
S
hr�odinger operators. Duke Math. J., 98(2):335{396, 1999.[26℄ F. Klopp and J. Ralston. Endpoints of the spe
trum of periodi
 op-erators are generi
ally simple. preprint at site http://zeus.math.univ-paris13.fr/ klopp/publi.html.[27℄ S. Kotani and B. Simon. Lo
alization in general one-dimensional random sys-tems. II: 
ontinuum S
hr�odinger operators. Commun. Math. Phys., 112:103{119, 1987.[28℄ F. Martinelli and H. Holden. On absen
e of di�usion near the bottom of thespe
trum for a random S
hr�odinger operator on L2(R�). Commun. Math.Phys., 93:197{217, 1984.[29℄ F. Martinelli and E. S
oppola. Remark on the absen
e of the absolutely
ontinuous spe
trum for d-dimensional S
hr�odinger operator with randompotential for large disorder or low energy. Commun. Math. Phys., 97:465{471, 85. 23



[30℄ G. A. Mezin
es
u. Internal Lifshitz singularities for one dimensional S
hr�o-dinger operators. Commun. Math. Phys., 158:315{325, 1993.[31℄ H. Najar. Asymptotique de la densit�e d'�etats int�egre�e des mod�eles al�eatoires
ontinus. thesis Universit�e Paris 13, in preparation, 2000.[32℄ L. A. Pastur and A. L. Figotin. Spe
tra of Random and Almost-Periodi
Operators. Springer Verlag, Berlin, 1992.[33℄ M. Reed and B. Simon. Methods of Modern Mathemati
al Physi
s II, FourierAnalysis, Self-Adjointness. A
ademi
 Press, San Diego, 1975.[34℄ M. Reed and B. Simon. Methods of Modern Mathemati
al Physi
s IV, Anal-ysis of Operators. A
ademi
 Press, San Diego, 1978.[35℄ M. A. Shubin. Spe
tral theory and index of ellipti
 operators with almost-periodi
 
oeÆ
ients. Russ. Math. Surveys, 34:109{157, 79.[36℄ B. Simon. S
hr�odinger semigroups. Bull. Am. Math. So
., 7:447{526, 1982.[37℄ B. Simon and T. Wol�. Singular 
ontinuous spe
trum under rank one pertur-bations and lo
alization for random Hamiltonians. Comm. Pure Appl. Math.,39:75{90, 1986.[38℄ J. Sj�ostrand. Mi
rolo
al analysis for the periodi
 magneti
 S
hr�odinger equa-tion and related questions. In Mi
rolo
al analysis and appli
ations, vol-ume 1495 of Le
ture Notes in Mathemati
s. Springer Verlag, Berlin, 1991.[39℄ P. Stollmann. Lo
alization for random perturbations of anisotropi
 periodi
media. Israel J. Math., 107:125{139, 1998.[40℄ I. Veseli�
. Lokalisierung bei zuf�allig gest�orten periodis
hen S
hr�odingeropera-toren in Dimension Eins. Diplomarbeit, Ruhr-Universit�at Bo
hum, 1996.[41℄ H. von Dreifus and A. Klein. A new proof of lo
alization in the Andersontight binding model. Commun. Math. Phys., 124:285{299, 1989.[42℄ F. Wegner. Bounds on the DOS in disordered systems. Z. Phys. B, 44:9{15,1981.
24


