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Abstract

We prove a localisation theorem for continuous ergodic Schrédinger op-
= Hy + V,,, where the random potential V,, is a nonnegative
Anderson-type random perturbation of the periodic operator Hy. We con-
sider a lower spectral band edge of o(Hyp), say E = 0, at a gap which is
preserved by the perturbation V. Assuming that all Floquet eigenvalues of
Hy, which reach the spectral edge 0 as a minimum, have there a positive
definite Hessian, we conclude that there exists an interval I containing 0
such that H, has only pure point spectrum in I for almost all w.

Introduction and results

Localisation

Already in the fifties Anderson [1] concluded by physical reasoning that some
random quantum Hamiltonians on a lattice should exhibit localisation in certain
energy regions. That is to say that the corresponding self-adjoint operator has

pure point spectrum in these energy intervals.

Since then mathematical physicists developed a machinery to prove rigor-
ously this phenomenon from solid state physics. Most of them used the so-called
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multiscale analysis (MSA) introduced in a paper by Frohlich and Spencer [14] to
prove a weaker form of localisation at low energies for the discrete analogue of the
Schrédinger operator. This quite complicated reasoning was streamlined by von
Dreifus and Klein [41]. The underlying lattice structure made the MSA easier to
apply to discrete Hamiltonians but soon adaptations for continuous Schrodinger
operators followed [28, 22, 6, 24]. We prove in Theorem 1.1 a localisation result for
energies near internal spectral edges of a periodic Schrédinger operator Hy which
is perturbed by an Anderson-type potential V,,. Unlike [2, 20] our results are not
restricted to a special disorder regime of the random coupling constants in V.
Instead we assume that the periodic operator Hy has regular Floquet eigenval-
ues. This behaviour is commonly assumed among physicists. Recently Klopp and
Ralston proved that it is generic [26].

In the remainder of this section we introduce our model, state the main The-
orem 1.1 and the technical Proposition 1.2 on which it is based. Section 2 explains
how to deduce Theorem 1.1 from Proposition 1.2, in Section 3 we describe the
functional calculus with almost analytic functions, Section 4 contains a compari-
son lemma for the integrated density of states on finite cubes and on the whole of
R? and the last Section 5 completes the proof of Proposition 1.2.

The model

On the Hilbert space L?(R?) we consider a self-adjoint operator H := H,, made
up of a periodic Schrédinger operator Hy and a random perturbation V,,

H,:=Hy+V, . (1)

Here Hy := —A + Vj is the sum of the negative Laplacian and a Z%periodic
potential Vy € L (R?) withp=2ifd<3,p>2ifd=4and p>d/2ifd > 5.
Such a potential is an infinitesimal perturbation of —A so the sum is self-adjoint
with domain D(—A) = W2(R?), the Sobolev space of L2-functions whose second

derivative is also in L? (cf. [33, 34]). The random perturbation is of Anderson type

Vw(w) = Z "‘)ku(aj - k) 3 (2)

kez?

where (wg) ez 18 a collection of independent identically distributed (i.i.d.) random
variables, called coupling constants. Their distribution has a bounded density with
support [0, wmax| for some wmax > 0. The non-negative single site potential u has
to decay exponentially and have an uniform lower bound on some open subset of
R¢, more precisely

u > d1xa, 61 >0 where A := A, := {z € R ||z]|o < 5/2}, 5 >0

and
[Ixa,u(- = Dlpe < o e %l 8,0, > 0. (3)



H,, is an ergodic operator and we infer from [18, 4] or [32] that there exists a set
o C R such that 0 = o(H,,) for almost all w € Q, i.e. the spectrum of H,, is almost
surely non-random. In the same sense o,., 0, and o, are w-independent subsets
of the real line.

Under some mild assumptions the periodic background operator Hy has a
spectrum with band structure, i.e. o(Ho) = U, en[En . B, By <Ef <Ey <...,
where for some n we have open spectral gaps, i.e. Ef < E_ ., (cf. [9, 38, 34]). We
assume that there exist positive numbers a, b and b’ with

[0,a] C o(Hy), [—b,0[C p(Hp) and [-b",0[C p(H.,,) .
Since 0 is in the support of the density of wy it follows that 0 € o(H, ). In this case
we say that 0 is a lower band edge of the periodic operator, which is preserved by
the positive random perturbation V.
Hj can be decomposed into a direct integral via an unitary transformation U

(cf. [38, 34])
®

UH,U* = / Hyl, db .
[—,m]

Here Hg\f\l is the same formal differential expression as Hy acting on functions
f € WZ(Ay) with 8-boundary conditions, i.e. for all j = 1,...,d we have a phase
shift in the corresponding direction: f(z+e;) = €' f(z) where z; = —1/2. It is an
operator with discrete spectrum, which consists of the so-called Floquet eigenvalues

E()<...<E,0)<... neN.

These are Lipshitz-continuous on [—7,7]?. In fact they ”generate” the bands of
the spectrum of Hg

oH) =] |J Ex0).

neNfe[—m, x|
There is a finite set of indices NV C N (cf. [38]) such that
E,(#) =0 for some f € [-m, 7] = neN .

Since 0 is a lower band edge of o(H,,), E,(6) = 0 has to be a minimum of E,(+).
If for all n € N, E,(-) has only quadratic minima at 0 (i.e. the Hessian of E,(-) at
any minimum with value 0 is positive definite) we say that Hy has regular Floquet
eigenvalues at Q.

Results

Our result on localisation at an upper internal spectral band edge is the following



Theorem 1.1 If Hy has regular Floquet eigenvalues at 0 and H,, is constructed
as above, then there exists a number Eg > 0 such that

o(Hy,) N[0, E] C opp(Hy) -
The proof of the theorem is based on the following proposition.

Proposition 1.2 If Hy has reqular Floquet eigenvalues at 0 and H,, is constructed
as above, we have for all ¢ > 0:
There exists a lg := lg(q) € N and an a €]0,1/4[ such that for all | > Iy

Plw| o(Hu|3,) N0, [£ B} <17

The proof of Proposition 1.2 is given in sections 3 to 5. It uses the existence of
Lifshitz-tails of the integrated density of states (IDS) of the ergodic operator H,, if
Hj has regular Floquet eigenvalues, which was proved by Klopp in [25], who also
noted that his result could be used for a localisation proof.

Theorem 1.1 is proved using the MSA. Since this technique is well understood
by now [2, 20] we only sketch it to show how Proposition 1.2, which is the main
technical novelty of this paper, enters. This is done in Section 2, where also a
discussion of previous results can be found.

Remark 1.3 At any lower band edge one can prove localisation under the anal-
ogous assumptions. Here £ = 0 was chosen only for notational simplicity. If the
Anderson-type perturbation V,, is negative our theorem can be used to establish
localisation on any upper band edge with regular Floquet eigenvalues.

If the underlying Z is replaced by some other Euclidean lattice

d
r:= {’}/G ]Rd| Y= ZB7G7,/8 € Zd} )

J=1

where {aj};i:l is a basis of R?, the same theorem and proposition are valid by a
simple modification of the proofs.

In any case we will use the maximum norm when considering lattice points k
oryinZorT,ie. |y| := ||V]loo := max{|y;|, j = 1,...,d}, where (v1,...,74) € R?
are the components of ~.

An inspection of our proofs and the papers [25, 21] and [20] shows that
Proposition 1.2 and Theorem 1.1 extend to single site potentials u with sufficiently
fast polynomial decay (in LP-sense).

Example 1.4 Finally we give an example of a periodic operator which has only
regular Floquet eigenvalues at all band edges. Thus we know that our condition
in the above theorem is fulfilled and we can prove localisation at any lower band
edge. Let Vj satisfy the conditions posed above on the periodic potential and let



it be a sum of potentials V; which are periodic in the jth coordinate direction and
constant in all the others; more precisely

d
Vola) = 3" Vilay)
j=1
where V; : R — R is a periodic function and z = (z1,...,24) € R?. Then both Hy

and H0|%1 can be decomposed into a direct sum of one-dimensional operators. For
these it is known that all Floquet eigenvalues are regular [9, 25]. As the eigenvalues
of the direct sum are just sums of the eigenvalues of the one-dimensional operators
it is clear that the former also have to be regular.

Corollary 1.5 Let the ergodic operator H, := —A + Vo + V,, be constructed as
above and the periodic potential be decomposable, i.e.
d
Vola) == 3 Vi(ay) -
j=1
Let E be a lower spectral band edge of the periodic operator Ho := —A + Vg at

a spectral gap which is not closed by the perturbation V,,. Then there exists an
interval I 5 E such that
o(Hy) NI Copp(H,y,) .
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2 Multiscale analysis and associated ideas

In this section we explain how Theorem 1.1 is deduced from Proposition 1.2 and
discuss previous localisation results.

An intermediary step in the proof of localisation is the establishing of the
exponential decay of the resolvent

sup ||xz B(€) Xyl £(r2ray) < C exp(—clz —y|) for almost all w (4)
e#0

where R := R(e) := (H,, — F —ie)~" is the resolvent of H, near an energy value
FE in the energy interval I € R for which we want to prove localisation. The x,
and x, are characteristic functions of unit cubes centered at x, respectively at y.
This bound can be used to rule out absolutely continuous spectrum [29] and is



interpreted as absence of diffusion [14, 28] in the energy region I if (4) holds for
all £ e I.

It turns out that the finite size resolvent Ra(e) := (H,|a — E — ie)" ! is
easier approachable than R(e) on the whole space. Here H, | is the restriction
of H, to L?*(A) with some appropriate boundary conditions (b.c.); the use of
Dirichlet or periodic b.c. is most common. However the operator H,|s is not
ergodic and for its resolvent an estimate like (4) can be expected to hold only with
a probability strictly smaller than one. This is the place where MSA enters. It is an
induction argument over increasing length scales I;. They are defined recursively
by ljy1 = [ljc]q, where [ljc]r; is the greatest multiple of 3 smaller than ljC The scaling
exponent ¢ has to be from the interval |1, 2[. On each scale one considers the box
resolvent Rj(e) := Ra,(€) and proves its exponential decay with a probability
which tends to 1 as j — co. We outline briefly the ingredients of the MSA as it is
given in [6, 20] or [4].

First we explain some notation which is used afterwards. Let § > 0 be a small
constant independent of the length scale I; and ¢;(z) € C? a function which is
identically equal to 0 for = with ||z||s > I; — 0 and identically equal to one for =
with ||z]| < I; —2d. The commutator W(¢;) := [-A, ¢;] := —(A¢;) —2(V¢;)V
is a local operator acting on functions which live on a ring of width § near the
boundary of A; := A;,. We say that a pair (w,A;) € Q x B(R?) is m-regular, if

sup W (@) Rj(e)xi, allc <e ™5 . (5)
Here || - || is the operator norm on L*(A;) and x;, /3 the characteristic function

of Ay, /3 = {ylllyllec <1;/6}. Thus the distance of the supports of Vé; and x;/3
is at least 1;/3 — 2§ > 1;/4.
Let go > 0. The starting point of the MSA is the estimate

(H1)(lg, mq, qo) P{w| (w, Ag) is mo-regular} > 1 —[3°

which serves as the base clause of the induction. The induction step consists in
proving

(HD) (i, my,q5) = (HD) (1, Mg, gja) (6)
For the mass of decay m; ;1 and the probability exponent g;;1 on the scale [,
the following estimates are valid

V¢ > 0 dey, ¢o, c3 independent of j such that

4l; log;
SR A 7 e .
livi) L
aj+1 Litr . 20 1 ¢
lj+1 S C3 I— lj +§lj+1 . (8)
'j
For the recursion clause (6) a Wegner estimate [42] is needed:
(H2) P{w| d(o(Hu|r), B) < n} < Cw n]A]”



for all boxes A C R? and all > 0, such that [E—n, E+1n] is contained in a suitable
small energy interval near the spectral band edge (cf. Theorem 3.1 in [20]). Here
|A| stands for the Lebesgue measure of the cube A.

The deterministic part of the induction step uses the geometric resolvent
formula [6, 16]

Ga(Hy —2) ' = (Hy —2) "oa + (Ha — 2) "W (pn)(Hr —2)""  (9)

for z € p(Ha )N p(Hyp) and ¢ € C? with support in A C A'. Tt gives the estimate

Ix1/(- = @) Rav (€)x1y3(- = 9)lle < 3™V Ran(e)lc - (10)

if no two disjoint non-regular boxes A; C Ay with center in lZd N Asp exist for

. In our case | := [; is the length scale on which the exponentlal decay of the
reqolven‘r is already known and I’ := I;;1 the scale on which we want to prove
it. By the estimates (H1),(H2) we have with probability 1 — 157" (bounded by
the inequality (8)) exponential decay on the length scale I;11 with mass m; i,
(bounded as in (7)).

We stated above the ingredients of the MSA as they are valid if u is supported
in A;. If the single site potential is of long range type as in (3) one has to use the
adapted MSA from the paper [20].

Once the estimate (H1) is established on all length scales ;, j € N, one infers
an exponential decay estimate for the resolvent on the whole of R?. Afterwards
one uses a spectral averaging technique (cf.[6]) based on ideas of Kotani, Simon,
Wolf and Howland to conclude localisation [27, 37, 17].

Recent papers concentrate on proofs for the Wegner estimate and the initial
length scale decay of the resolvent. At the same time adaptations of the MSA
for various random Schrédinger operators, as well as Hamiltonians governing the
motion in classical physics appeared [10, 11, 7, 39]. Recently Najar [31] obtained
analog results to [25] and the present paper concerning Lifshitz tails and localisa-
tion for acoustic operators.

We discuss briefly some results for quantum mechanical Hamiltonians.

In [24] Klopp proved a Wegner lemma, for energies at the infimum of the spec-
trum which applies to an Anderson perturbation V,, with single site potentials u
that are allowed to change sign. For V,, a Gaussian random field a Wegner esti-
mate was shown in [12]. Its main feature is that no underlying lattice structure of
V., is needed. This result allows one to conclude localisation for the corresponding
Schrodinger operator at low energies [13]. Kirsch, Stollmann and Stolz proved in
[20] a Wegner estimate with minimal decay conditions on the single site potential
u and deduced a localisation result for Hamiltonians with long range interactions.
They require

lu(z)| < C(|z| +1)~™ for some m > 4d . (11)

The resolvent decay estimate (H1) for some initial length scale can be proved
with semiclassical techniques. Using the Agmon metric one can achieve rigorously



decay bounds with what is called among physicists WKB-method [6, 16]. However
this reasoning is only applicable for energies near the bottom of the spectrum.

The so-called Combes-Thomas argument [5] allows one to infer the following
inequality

IXe(H = 2) "Xyl < C d(o(H),z)~" ec ot =)lel (12)

where H is a self-adjoint Schrédinger operator on L?(RY) and z € p(H). It was
first applied to multiparticle Hamiltonians [5], but it is also useful in our case, as
soon as we get a lower bound on d(o(H,|a), 2z). Thus it is sufficient to prove an
estimate like

P{w| d(o(Hy |, I) < %rﬂ y< i (13)

for some a €]0,1/4]. Such a bound follows immediately from Proposition 1.2 with
I:=1[0,417° for I > (20')~%/*. Now Inequality (12) implies the initial scale
estimate (H1) with mg > c1~'/* for [ large and E € I, cf. [20, Lemma 5.5]. The
constant ¢ depends on the energy and the potential, but not on [ and my.

Two possibilities were used to deduce (13). The first is to assume a special
disorder regime, more precisely to demand a sufficiently fast decay of the density
g of the distribution of w near the endpoints 0 and wmax of supp g:

Ir>d/2 : Vsmalle>0

€ Wmax

/ g(s)ds < €7, respectively / g(s)ds < €

J0 J Wmax—€
depending on whether one wants to consider a lower or upper band edge. This
approach was used in [6, 20]. Its shortcoming is that it excludes quite a few dis-
tributions, e.g. the uniform distribution on [0, Wmax]-

The other way to prove (13), which we pursue, is to use the existence of

Lifshitz tails of the integrated density of states at the edges of the spectrum. One
defines the IDS usually as follows:

N(E) := Aliff%dN(HwW:E) (14)
= lim [A]7'#{ e lues of H, |} below E} 15
A;r%d\ |7 #{ eigenvalues o |x below E} | (15)

i.e. as the limit of the normed counting function of eigenvalues of a box Hamil-
tonian. Here H,|¥ is the restriction of H, to L*(A) with Dirichlet b.c. As H,|?
has compact resolvent and hence discrete spectrum, definition (14) makes sense.
N(E) is almost surely w-independent and the use of Dirichlet b.c. in its definition
implies [19]

N(E):= sup N(H,|},E) . (16)
A RE
One says that N(-) exhibits Lifshitz tails at some spectral edge £ if
. log|log|N(E) - NIl _ d
o log|E — &| 2 (17)



At the infimum of the spectrum, i.e. for £ = inf o(H,), (16) and (17) imply

#{eigenvalues of H,|Y in [€, E]} < |[AIN(E) < |A|exp(—cE~%%)

since N(£) = 0. This estimate was used in [24] together with a Cebisev inequality
to prove (H1) at the bottom of the spectrum.

If one considers an internal band edge £, Lifshitz asymptotics are not so easy
to exploit since (16) cannot be directly used to bound

IN(Ho|x.€) = N(Hu|a, B)] .

Therefore a comparison technique between N (-) and N(H,|a, ) is needed. In the
one-dimensional case Mezincescu [30] proved Lifshitz tails at internal band edges
as well as a comparison lemma for the IDS (Lemma 2, in Section 4). This proof
relies on the delicate analysis of Dirichlet eigenfunctions of H,|s and their roots.
The results in [30] make a localisation proof in the one-dimensional case possible
[40].

We prove in Section 4 an approximation lemma, for the IDS of the multi-
dimensional operator H,, which enables us to prove Proposition 1.2. In our case
however periodic b.c. seem to be more efficient than Dirichlet b.c. since H,, is a
perturbation of a periodic operator.

In [25] it was proved that the IDS of H, exhibits Lifshitz asymptotics at
a lower band edge & if before the perturbation V, the Floquet eigenvalues of
the periodic background operator Hy at £ were regular. Thus our approximation
lemma can be applied to conclude localisation.

3 Functional calculus with almost analytic
functions

In this section we introduce the Helffer-Sjostrand formula (18) which is exploited
in Section 4 to prove the IDS approximation lemma.

For an self-adjoint operator on L?(R?) and a complex-valued measurable
function f : R — C one can define the operator

f(A) with domain D(f(A4)) := {y € L*(R")| f(4)p € L*(R")}

via the spectral theorem. The latter is normally proved using Riesz’ representation
theorem for C(K)*, where K is a compact metric space, and the Cayley-transform
if A is unbounded. Helffer and Sjéstrand [15] proved the following representation
formula

1 [of
f(A) = — —"f(z)(z—A)*ldz/\dz (18)

2mi Jo 0z
if f is smooth and compactly supported. Here f : C — C denotes an  almost
analytic extension of f: R — C. Davies [8] uses equation (18) as a starting point



to develop systematically a functional calculus equivalent to the standard one. For
further details on the material of this section see his book.

Definition 3.1 Forn € N and f € Cg (R, C) define the almost analytic extension
(of order n) f: C — C by

Fa.) = (zf

where we used the convention z := x + iy := (x,y) € C. The cutoff function s is
defined with the abbreviation (x) := x2 + 1 by the formula

> s(z,y) (19)

s(z,y) =t (é—>> ,teCP(R)

with t(z) = 0 for |z| > 2, t(z) =1 for |z| <1 and ||t']|e < 2.

With this choice of the almost analytic extension formula (18) holds true. If
the support of f is contained in [—R, R], f vanishes outside the set {z € C| z €
supp f, |y| < 2R + 2}. A calculation of the derivatives shows

Ofn, \ _ 1 (0fn  .0fn
7 = 3 (%*%) ) .
= %f(n+])(m) (723" s(z,y) + ;(qT(r y) +isy(z,y)) Zf

By calculating the partial derivatives of s we see
Sy + 18 . DY s
' yl = (x)X{< )<ly|<2(z)}

which shows that they vanish for |y| < 1 since always (z) = vz2 + 1 > 1. Putting
the bounds together we get

Afn

(n n, 3 e
ool s y" + X (@) <lyl<2(e }Z\f T (22

(z) =

Later on f will be an approximation of the characteristic function x|o . It is going
to have support inside [ E/2,2E] and be equal to 1 on [0, E]. One can choose f
in such a way that || f(")||,c < CE~" and

0z

A1l =Y N Moo < CET" (23)

for sufficiently small E. The constants C,C are independent of E.

10



4 IDS approximation lemma

In this section we bound the difference of the IDS of the ergodic operator H, and
its periodic approximation H,,; defined by

H,(x) = Ho(x) + Y _ wju(z— k) (24)
kez?

where k := k (mod(2] + 1)Z%). For any | € N and w € Q it is a (21+1)Z%periodic
operator. Our assumptions on u and w ensure that it is an infinitesimally small
perturbation of Hg, uniformly in I and w. Hence it is a lower bounded symmetric
operator which is self-adjoint on the domain W2(R?). Its IDS is defined by (cf.
[34, 35, 38])

Nus(E) = N(Hop, F) = (2m) 4 S / X0y <my d - (25)
neN B

Here E € R is an energy value, F, () is the n-th eigenvalue of Hw7l|%21+1 and

d
- ™
Bii= |\ ——
: {21+1'21+1}

if H,, is Z%ergodic. For some other Euclidean lattice it has to be replaced by the
basic cell of the corresponding dual lattice T'* := {y* € (R))* = RY|Vy € T :
~v* -y € 2nZ}. We prove the following approximation result:

Theorem 4.1 Let H,, be defined as in Section 1 and H,; as above. Denote by N

respectively N, ; the corresponding IDS’. For a real valued function g € CSLH with
support in [—1/2,1/2] we have

‘E ([s@av,w) - [ s@ave)

for sufficiently large | € N.

< const. |supp g |[|gllns1 141"

The proof is split into several lemmata. Remark 4.2 and Lemma 4.3 are taken from
Section 5.2 of [25]. We denote with x; the characteristic function of the periodicity
cell Agyyy := {z € RY| ||z||o <+ 1/2} of H,,; and by x1,(z) := xi(z — ) its
translation by v € 7Z%.

Remark 4.2 Note that one can infer from [3, 4],[32] and [25] the following equal-
ities

/R 9(z) AN (z) = E(Tr xo 9(H..)x0) (26)

11



respectively
/ 9() AN,y () = (20 + 1)~ (Tr x1 g(Ho ) x1) - (27)
JR

Using the decomposition

Xt = Z X0,k »

kEZ, | k| <2041

the (21 + 1)Z%periodicity of H,; and the i.i.d. property of (wg),cz« one gets

B ([ a0 aVeat)) = B (Trxo gt - (28)

Since H,; is uniformly lower bounded there exists a A > 0 such that Id <
A+ H,; and Id < A+ H, for all /,w. From [36] we know that the operator
xt(A+ H, ;)" 9(z — H,, )" is trace class for all ¢ > d/2. Using results from the
appendix of [23] we infer

%exp(—m B (29)

for some C; > 1 independent of w. This estimate is in fact a sophisticated version
of the Combes-Thomas argument which we encountered already in Section 2. A
simple resolvent estimate gives

||X07B(Z_Hw)il(/\*'Hw)inOHTr S

_ C1
Ix0(z = Hut) Tyt X054l c(12(Re)) < m”XO,lHW“HLP ) (30)

where T, is the translation by v € Z%. As the single site potential u decays ex-
ponentially, inequality (30) gives a exponential bound in —|y + §|. If one assumes
that u decays polynomially with a sufficiently negative exponent, one still can
carry trough the proof of Theorem 4.1.

Lemma 4.3 If g € CJ*' and f is an almost analytic extension of f(z) := (A +
x)?g(x), one has

)
e

/I =2 y) ( > ||X0,W+B“||LFQXP(_ZJ|B/Cl)>dwdy

pend
yezd |y >1

12



Proof:
We use without explicit reference the equations collected in the above Remark
4.2 and the Helffer-Sjostrand formula (18). Let N 3 ¢ > d/2. If we multiply

L ) - Ha) MO+ Ha) T dz A dz (31)

Hy,) = —
g( 7l) 271' C 62 z

by the characteristic function yo of A; we get a trace-class operator and conse-
quently

i [ Of
Tr(xo0 9(Hw.1)X0) = 27—” 8_,;(2) Tr(xo (Z*Hw’l)il()\'i'Hw’l)in(])dZ/\dg . (32)
Jc

The same formula holds with H, substituted for H, ;. To bound the trace of
Xo (Hy 1 — Hy)xo in mean we estimate

lIxo (z = Huy) ™ (A4 Hut) " "x0 — Xo (2 — Huo) ' (A + Hy) “x0llme < 51 + 5o

by the two summands

21 = ||X0 ((z_HwJ)i] _(Z_Hw)il) (/\+Hw)7qX0||Tr
=\m<zﬂmw S (W wule ) | (2 H)!
YEZL, || >1

X ()\ + Hm)in(]

Tr

and

Yo

lIxo(z — Hog) ™' (A + Hot) ™ — (A + Hy) ™) xolle

X (A + Hw)imXO

q
Xo(z _Hw7l)7] Z(/\'FHw,l)miqi] Z (w5 — wy)u(z —7)
m=1 YEZL,|v|>1

;
Tr

where in the last equality we used an iterated resolvent formula. Since |wsy — w4 | <
wmax and by standard bounds for the trace norm || - ||, we have

¥ < Wmax Z Z ||X0(Z - HwJ)i]u(w - ’Y)X07B||E(L2(Rd))
BEZAI~NEZL |y|>1

% [Ix0.6(z = Ho) ™' (A + Ho) ™ol
c
< =3 Y Ixosssulleexp(- Iyl 181/C1)

112
vl BEZIyEZL, |y >1

13



As ¥y can be bounded in the same way, our lemma is proved.
q.e.d.

Up to now we followed the proof of Theorem 5.1 of [25] almost literally. From now
on we need sharper and more explicit estimates because later we will have to take
the limit | — oo simultaneously with an approximation g — x[o, - Special care is
needed because the parameters E and [ are functions of each other.

Lemma 4.4 If we choose the constant C' sufficiently large and ¢ sufficiently small,
there exists a 1y :=11(d, d3) < 0o such that:

Y D Ixosssulles exp(—lyl 1B]/C1) < CemWltjy|~

Bezd ~E7 d
[v[>1

for all y with |y| <3 andl > 1.

Proof:
Since the single site potential u decays exponentially in L sense, we know
> D Ixosqullie exp(=ly|B]/Ch) (33)
BEZ ez,
[yI>1

< & Y Y exp (8847 exp(—lyl[8/Ch)
B 155

+ 6y > e (=88 +9) exp(=lyl[B]/C1) .

pezd, ~ezd,
1BI<t/4 |7]>1

Using 8| = 1/2|8] + 1/2|3], we have

exp(—[y[|8]/Ch) exp(—[y|[B1/2Ch) exp(=[y|[B]/2C1)
exp(—[y|[B1/2C1) exp(—|y[1/8Ch)

for || > 1/4. If |8] < 1/4, we have the relation :

Iy + 81> W =18l = 1727+ (1/2]7 = [B]) = 1/2]y| + 1/4,

which implies exp(—|y + |) < exp(—1/2]y|) exp(—1/4). This inequalities allow us
to bound the two double sums above by

85 Y > exp(—ds|B + 7)) exp(—|y||B1/2C1) exp(—|y|l/8Ch)

gezd, ~ezd,
181>1/4 |yI>1

+ 0 YD exp(—dslv1/2) exp(—dsl/4) exp(—y||Bl/C)

pgezd, ~yezd,
[BI<l/a |~[2>1

=: 051 + 625,

IN

<1

14



We first look for a bound of the sum S;

Si < exp(—[yli/8Ct) Y exp(—lyl|B]/2C1) Y exp(—ds|B + 1)
\g\ezilc;!; A\”*/E\szl
- zveZdeXp(fégm)
< exp(—|y|l/8Ch) Z exp(—ds|v|) Z e*\y\n/chgd(Qn-i-l)dil ,

~EZ n>1/4

where we used polar coordinates for 5. We have to bound the last factor as a
function of |y| and .

D exp(—ly[n/2C1)2'2n+ 1)1 < > exp(—|y[n/2C1)2(2n + 1)}
n>1/4 n>1/4
+ Y exp(—ly|n/4Ch)
n>no

where we have to choose ng in such a way, that for all n > ng := ng(ly|,d, C1) the
relation

exp(—|y| n/2C’1)2d(2n + 1)‘1’]
o 292n +1)77!

exp(—|y[n/4Ch)

<
< exp(ly|n/4Cy)

—d
becomes valid. To this end we take ng := [2¢3¢71d! (%) + gauss < Coly|~?
(since |y| < 3), which yields

2d(2 + 1)d7] < 2d3d7] d—1 < ‘y| ! nd
n n — —
- — \4C, d!

%] 1 n 1
< 3oq (i) =ewlsln/ioy vaz

as we wanted. Herewith we are able to calculate the sum in polar coordinates.

no
Y exp(=lyln/2C)22n + 1) < Coly| e VI 2420yt + 1)
n>l/4

IN

2
Csly|~*

For the other part of the sum we use the inequality

> exp(—|y|n/4Cy) > exp(=ly[n/4Ch) =

n>ng n>0
€0y (21)
|y 4Cy

15
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— exp(—y[/4Ch)
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Consequently we get

1 < exp(-lylt/sCr) (X exn(=aaal) ) (Call ™+ 5 e (1))

YEZ?

<Caly|—*

since |y| < 3. This finally gives for the first sum the bound

l 2
5o exp (~24) bl (3)

Now we turn to the second sum Ss.

Sa < exp(—03l/4)(1+1/2)" Y exp(~dalv1/2)

yezd,
[v[>1

< exp(—d31/4)(1+1/2)" Y exp(—0s/7|/2)
v€Z?
< exp(—05l/8) ,

if we choose I > Iy := l1(d, 3) sufficiently large. Putting the two sums together we
arrive at the following estimate

l 2
(52(5] + Sg) S 62 <C5 exp <—%> ‘y|7d —|—exp(—63l/8)> Vl 2 lo . (35)
1

As the second summand is tame, we 2§ubsume it into the first one. We set Cg :=
min(ds/24,1/8C,) < 1, Cy7 := Cs5 + 3% and use |y| < 3 to calculate

Cs exp(—|yll/8C)y|~" < Csly|~* exp(—=Ciy|l)
exp(—851/8) < 3T |y| " exp(—Celyl)

— Csexp(—|yll/8C)|y| ™" + exp(—631/8) < Caly|™* exp(—Cylyll) .
The final estimate
52(S1 + S2) < 8, Cly|~ T e Colull

proves the lemma with C' = C(d, 62,03, C1) := §2Cr and ¢ = ¢(d3,Cy) := Cg.
q.e.d.

Lemma 4.5 Let f be in C""1([—1/2,1/2]) and f its almost analytic extension of
order n. There exists a la :=la(n,d, ¢) < oo such that we have for all l > ly:

A\g—f<w,y>

2 B 2 B 2
y| e Wldzdy < 272 f]l] g [supp fl 1T

16



Proof:

The constant ¢ in the statement of the lemma corresponds to C in the proof
of Lemma 4.4. Since (cf. equation (22))
dfn

1 3 |1/\’"
. < n+1 n
5; @Y < _Qn!‘f V| y|” + WM @<i<e }Z|f

we have to bound the sum of two integrals. The second one is:
Y
[ =2 expl Cula) Sy <ieniny D15
h r=0

The properties of (), s and f ensure (z) > 1,1 < |y| < 3, thus we estimate the
above line by:

6 [ / ddy e=O! Z O s () < 60 [supp f] [[1fl]ln e <!

z€Esupp f

since 3" < 57! and ||| f]|[n := 31— 11 F]|oc- Now we turn our attention to:

1 —d?_ n
o [ e [y 2 esp(=ColylD) 11 @)
1 Jsupp f
< M / dm/ dy y™ "2 exp(— Coly|l)
n. Jsupp f Jy>0
- Mr"”"“/ dm/ dt exp(—Cgt) t" " 2
In! supp f >0
_ H|f|||'n+1 jnd? 41 | supp f| C(;n+d2+2(n —d?—2)!
n!
< G|l |supp f] L

Since 60 exp(—Cgl) < C’g"erQ“l”H"i2+1 for sufficiently large [, i.e. | > I2(d, Cg,n),
we have

of _ i e
/ lyl =" e W dr dy < 20| £ |supp £17EE

f
8_(T Y)

which ends the proof of the lemma.
q.e.d.

We have to bound the derivatives of f := (A + )%g in terms of the derivatives of g
itself. A simple calculation using Leibniz’ formula shows ||| f||[n+1 < Cs|||9l/|n+1:
where Cs depends only on n,q and A.

17



By now we can write down the needed inequalities for our difference of inte-

grals with respect to N and N, ;.

B ([a@an.,@) - [ i)

IN

IN

IN

IN

IN

<

<

| E(Tr xo0 g(Hw,1)X0)) — E(Tr xo 9(Hu)x0))|
1
E(E/cdxdy

X |Ixo(Huy 4+ A) " 9(Hyy — 2)"'xo — Xo(Hy + A)"9(Hy, — Z)]XOHTr)

2 ww)

1 C, |0f
o [dstr S P an) (X I Vil expl-lol 8/
2m Je yl Z BEr ~er,
[v1>1
1 C, |of
%'/(Cd??dl/ WP E(TU) 82(S1 + Sa)
1 of 2
o= [ dedy 0200 | ) Colyl 2 exp(—Calyl
T Jc 0z
0:C1Cx7
2m

Cnaed®ae Cnad?
x (60 [supp | [1fllln exp(=Col) + Cg "2 || flllns1 [ supp f| 17"F1+1)

—ntd?+1
W (supp f| || flllns1l™"

_ 2
Co |supp f| [[|glllnsal "+

if we choose I > I3 := max(ly,ls) = l3(d,n,d3,C1) and set Cy := %. This

76

proves Theorem 4.1 with Cg as the constant on the rightern side.

q.e.d.

Now we want to compare the "number” of states of H,, and H,; in the energy

interval [0, E]. To this end take g € Cq™ (R, [0,1]) with g(x) = 1 for all z € [0, E]
and support in [—E/2,2E]. Moreover let g have minimal derivative in the sense of
inequality (23). We estimate

E
E[N.(E) — Noy(0)] — [N(E) — N(0)] < E( [ o dsz,,)

E E E
<‘E</ ngu),l>/ ng+/ g dN . (36)
Jo J0 J0

18



As 0 < g <1onehasforl >l
E[Nut(E) = Noa(0)] < 2(N(E) = N(0) + Cio BT 17T (37)

where we used Theorem 4.1 and equation (23). If N has Lifshitz asymptotics at
the lower band edge 0, as defined in equation (17), there exists an energy value
FE; such that

N(E) — N(0) < exp(—E~%*) VE € [0,E,] . (38)

Together with (37) this gives
E[N, i (E) — N,(0)] < 2exp(—E ") + Clo E"1 " VE € [0,Ey] . (39)

For a €]0,1[ we set £ :=1[~* . This implies

E[Noa(B) = Noa(0)] < 2exp(=(1") ") + Crp (1) "1+
— QQXp(*lad/Al) + Cho lfn(lfa)+d2+l
< QClolfn(]*o‘HdzH (40)

if 1 > Iy := I4(d,n,a,C1g). Now we can formulate the IDS approximation theorem.

Theorem 4.6 Let N and N, ; be the IDS of H,, and H, ; respectively and o €
10,1[. If N has a Lifshitz tail at the lower band edge 0, the bound

E[N, (") = N,y,(0)] < 2Cyo1 " —o)td*+1 (41)

is valid for sufficiently large 1.

In fact we have to choose I > I5 and I5 := max(ly, E;l/“) (cf. (40) and (38)).

5 Sparsity of states near the lower band edge

We want to estimate the probability of finding an eigenvalue of H, ;(f) in a small
energy interval I 5 0. Here H,, ;(f) := Hw’l‘?\2l+1 = Hu,|%21+1 is the operator H,
restricted to L2(Ag41) with #-boundary conditions. The following lemma allows
to bound this probability using the IDS of H,, ;.

Lemma 5.1

/0 N O P({w] o(H,1(9)) N[0, E[# 0}) < (2m)¢ E(Nu 1 (E) = Ny (0)) -

19



Proof:

Joen, dOP{w| o(Ho i (0)) N[0, E[# 0})

IN

‘A21+1| fﬂEBz df ]E(N(val (9) E) — N(Hw’l(f)), 0)) éebyéev inequality

= Aot B(fyp, 0 (N(H,1(8), E) — N(H,(6),0)) Fubini's theorem

= (27T)d ]E(val (E) — val(O)) equations (14,25)

q.e.d.

Since the MSA works with specific boundary conditions, e.g. periodic ones,we have
to get rid of the average over # € B; in the last bound. This is possible using the
Lipshitz-continuity in 6 of the eigenvalues of H,, ;(6).

Lemma 5.2 For any fized 6y € B;, E <1 and some £ > 0 we have

(2m)*
B

P({w|o(Hy,1(00)) N[0, E[# 0}) < E(Ny (B + Cial %) = N, (0) . (42)

Proof:
The eigenvalues of H,, ;(6) are Lipshitz continuous in 6, so we have :

| Ej(Hou(6)) — Ej(Hou(6")] < Ejul6 — 0|

for some Z;; > 0. One can choose the Z;; independent of j and [ only as a function
of E;(H, (f)). As we consider only eigenvalues in the energy interval [0, E[C [0, 1]
even this dependence can be eliminated. Thus we can find Z > 0 such that

= >V,
Now we can estimate :
P({w| 0(Hu,1(60)) N[0, E[# 0}) = P({w| 3j € N: Ej(Hu,(60)) € [0, E[ })

_ / B Pl 35 € N: By(Hoa(B) € 0,B(}) (43)
0EB,; ‘Bl|

E;(Hou(8)) € [0, E] = E,;(H.(9)) € [0, E +Ediam(B,)[ V4 € B,
and dlam(Bl) S Cll l71
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/ B () 3j € N: By (Hos(60)) € [0, +Cral ' })
Joen, |Bil

_ / D (o] o(Houa(6)) N[0, E + Coal~ [£0 )
PeB, ‘Bl|

27)? |By|™" E(N,(E+ Ci2l™') — N, ,(0))

IN

q.e.d.

We choose now 0 < @ < 1 and E := [7% as before. Thus for I > Ilg the bound
E + Cip17!' < 2172 is valid, with lg depending on a and Cis. As the IDS is
monotone increasing in the energy, this implies

Noi(E+Cipl™') < N, (207%) .
If N has Lifshitz tails, we estimate as in (40):
E(Nuy (207%) = Ny y(0)) < 2001 "-a)+d
for 1 > 14(d,n,a,C1g). In this way we obtain from Lemma 5.2
P({w| o(Hos1(60)) N [0,17°[# B}) < Crgl "(me)+d it (44)

since \NBl\’] < é]gld where 6’13 depends only on the dimension. We sat Ci3 :=
2 C1o C13 (27)®. The probability in (44) can be bounded by I~9 for arbitrary ¢ > 0
if only I > I7 is sufficiently large and

—n(l—a)+d*+d+1 < —q
<~ n(l-a) < —q-d*—-d-1. (45)

It is obvious that for any 0 < a < 1 we can choose n in such a way that the
relation (45) is valid. Similarly, for any fixed n > q + d* + d + 1 it is possible to
choose « sufficiently small, so that (45) holds. Particularly we can choose a from
10, 1/4].

Recall that if Hy has regular Floquet eigenvalues at the lower spectral band
edge 0, the IDS N of H, := Hy + V,, exhibits Lifshitz asymptotics at 0. Thus we
proved Proposition 1.2 with Iy := max/_, [;.
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