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1 INTRODUCTIONThis paper should be seen as a 
ompanion to the arti
le [F7℄ \WIENER AMALGAMS OVEREUCLIDEAN SPACES AND SOME OF THEIR APPLICATIONS" published in this issue.We are going to show how Wiener amalgam spa
es (and not just ordinary amalgam spa
es)
an be used to derive results of interest in sampling theory. In this sense it represents a
ontinuation of a series of papers [F8℄, [FG4{6℄ on the theoreti
al ba
kground of the irregularsampling problem for band-limited fun
tions.In view of the 
lose 
onne
tion between the two arti
les we will keep the same notationsand have de
ided to avoid dupli
ation in the list of referen
es. Thus referen
es whi
h arenot listed in the bibliography of the present note will be found in the previous note.2 VARIATIONS ON THE SAMPLING THEOREM, Lp-ERROR ANALYSISOne of the 
orner-stones of digital signal analysis is the so-
alled sampling theorem, a

ordingto whi
h a band-limited signal 
an be 
ompletely re
onstru
ted from the sampling valuestaken at any suÆ
ient �ne latti
e. In fa
t, the 
riti
al rate, also known as the Nyquist rate, isinversely proportional to the bandwidth of the signal ((2�maximal frequen
y)�1 in the usualengineering terminology). Usually this result is presented as a Hilbert spa
e result. UsingPlan
herel's theorem and Poisson's formula it 
an be veri�ed that the 
lassi
al Shannonsampling theorem is indeed equivalent to the Fourier series expansion of periodi
 fun
tions,a result whi
h is the prototype of the 
on
ept of general orthogonal expansion in a Hilbertspa
e (
f. [Br℄, [Pa2℄, [LO℄, and [Bu℄; [Je℄ or [Ma1℄ for surveys).We will des
ribe the setting in a fun
tion spa
e terminology and show how statementsabout the sampling series (and later results on irregular sampling) 
an be derived by argu-ments based on the use of Wiener amalgam spa
es. Most of the results in this se
tion are1



new and 
over limiting 
ases or variants of results given in a series of papers on the irregularsampling problem for band-limited fun
tions [FG4-6℄.De�nition 1. A tempered distribution � 2 S(IRm) is 
alled band-limited with spe
trum 
 ifthe (generalized) Fourier transform �̂ vanishes on the 
omplement of the 
losed, bounded set
 � IRm. For integrable fun
tions f the statement spe
(f) � 
 simply means that f̂(s) = 0for s =2 
.It is a standard result due to Paley and Wiener, and, in its most general version, toS
hwartz, that band-limited tempered distributions are represented by analyti
, hen
e 
on-tinuous and di�erentiable (ordinary) fun
tions. Therefore single fun
tion values are wellde�ned for band-limited fun
tions in Lp-spa
es, for 1 � p � 1. However, we shall not baseour arguments on this fa
t, but use the following result instead (this is a spe
ial 
ase ofThm.5 of [F1℄ and holds for l
a. groups).Lemma 1. Let a 
ompa
t subset 
 of IRm and � � 0 be given. Then there exists some
onstant C
 (only depending on 
 and �) su
h that for all p � 1kf jW (C0; Lpw)k � C
 � kfkLpw (1)for f 2 Lpw(IRm) with spe
(f) � 
, and all weights with L1� � Lpw � Lpw.Proof. We 
hoose an arbitrary h 2 S(IRm) � W (C0; L1�) satisfying ĥ(!) � 1 on 
. Thenf = h � f , and by the 
onvolution relations for amalgamskf jW (C0; Lpw)k � C1kh jW (C0; L1�)k � kf jW (L1; Lpw)k � C
 � kfkLpw : 2Although the following result is true (by almost the same argument) for l
a. groups, wepresent it for simpli
ity in the setting of IRm. The produ
t of multi-indi
es su
h as an is tobe understood as (a1n1; : : : ; amnm).Theorem 2 ((Weighted Lp-version of the Classi
al Sampling Theorem). Given a 
ompa
tset 
 � IRm and a band-limited fun
tion h 2 L1s(IR) satisfying ĥ(t) = 1 on 
 there exists
 = (
1; : : : 
m); 
i > 0 (depending only on h) su
h that for any a � 
 (
oordinatewise) onehas:Any band-limited fun
tion f 2 Lpw(IRm) with spe
(f) = supp(f̂) � 
 
an be re
onstru
tedfrom the sampling values over the latti
e (an)n2Zm by means of the 
ardinal seriesf = Xn2Zm a�1f(an)Tanh (2)Un
onditional 
onvergen
e of the series takes pla
e in the W (C0; Lpw)-norm, hen
e in Lpw aswell as uniformly over 
ompa
t subsets of IRm for 1 � p <1.Proof. We shall use the symbol III for the so-
alled `shah-distribution' III = III1, given byIIIa := Xn2Zm Æan :It is 
lear that IIIa 2 W (M;L1) for ea
h a, a
tually a � IIIa := Qmj=1 aj � IIIa is uniformlybounded in W (M;L1). Sin
e f is 
ontinuous by Lemma 1, f � IIIa is well de�ned asa dis
rete Radon measure, but the pointwise multiplier result for amalgams gives more:f � aIIIa 2 W (C0; Lpw) �W (M;L1) � W (M;Lpw), and even uniform bounded in W (M;Lpw)with respe
t to a .



Interpretation of (2) in the distribution theoreti
 sense shows that we have to verify(
f � III
) � h = f : (3)Given Poisson's formula in the form (aIIIa)^ = IIIb for b = a�1 we may rewrite (applyingthe usual rules for the Fourier transform on S 0(IRm)) that this 
onditions is equivalent to(f̂ �IIIb) � ĥ = f̂ . Drawing a pi
ture of the 
ompa
tly supported fun
tion f̂ and its �-periodi
extension f̂ � IIIb the reader will immediately verify that the given plateau-
ondition allowsto �nd 
 su
h that b = 
�1 is large enough for the formula to hold (
 has to �t into are
tangle of the form [
�11 ; : : : ; 
�1m ℄).In order to 
he
k 
onvergen
e let us observe that Lemma 1 implies 
onvergen
e of a �Pjnj�k f(an)Æan to af � IIIa for k !1 in the norm of W (M;Lpw) for any p <1.Applying W (M;Lpw) �W (C0; L1s) � W (C0; Lpw) we derive thata � Xjnj�k f(an) Æan � h = a � kXn=�k f(an)Tanhis 
onvergent in W (C0; Lpw), and therefore in Lpw as well as lo
ally uniform. 2Remark 1. Using invertible linear transformations of IRm the above results 
an be easilytransformed into a result on more general latti
es and no signi�
ant 
hange in the argumentsis required. That this is the most general approa
h to the sampling problem based on aPoisson-type formula 
an be seen from a re
ent result of Cordoba [Co℄.We want to show next how amalgams 
an be used to des
ribe the aliasing error in Lp-norms, i.e. the 
onsequen
es of applying the above formula to f 2 Lp whi
h are not band-limited. Obviously the part of f̂ ex
eeding 
 will be responsible for the error, but a simpleLp-estimate of that part is 
ertainly not suÆ
ient. After all, the sampling points are just aset of measure zero in IRm. A suÆ
ient extra 
ondition on f̂ is integrability, whi
h allowsone to obtain uniform estimates for the aliasing error (
f. [BSS℄, Theorem 3.8). We showthat W (C0; Lp0)-estimates 
an be obtained under a slightly stronger W (Lp; L1) assumptionon f̂ .Lemma 3. (aliasing error estimate using amalgams)Assume f̂ 2 W (Lp; L1) for some p 2 [1; 2℄. Then f 2 W (C0; Lp0), and the aliasing error
an be estimated as follows. For any ĥ(t) � 1 on 
 and 0 � ĥ(t) � 1 on IRm there existssome C2 > 0 su
h thatkf � (af � IIIa) � h jW (C0; Lp0)k � C2 kf̂ � f̂ � 1
 jW (Lp; L1)k : (4)In parti
ular, the aliasing error tends to zero for a! (0; : : : ; 0).Proof. The �rst statement is a simple 
onsequen
e of the generalized HY-theorem, bywhi
h F maps W (Lp; L1) � W (FLp0; L1) to W (FL1; Lp0) � W (C0; Lp0) (
f. [F2℄, see [F3℄for weighted versions). In order to estimate the aliasing error we split f into a good and abad part by setting f
 := F�1(f � 1
) and fr := f � f
. Then of 
ourse f
 = (af
IIIa) � h,and therefore the aliasing error 
an be estimated bykf � (af � IIIa) � h jW (C0; Lp0)k = kfr � (afrIIIa) � h jW (C0; Lp0)k �� kfr jW (C0; Lp0)k+ k(afrIIIa) � h jW (C0; Lp0)k �� kfrjW (C0; Lp0)k+ C � kaIIIa jW (M;L1)k kh jW (C0; L1)k � kfr jW (C0; Lp0)k :



Sin
e the family aIIIa is uniformly bounded in W (M;L1) we obtainkf � (af � IIIa) � h jW (C0; Lp0)k � C1 � kfr jW (C0; Lp0)k � C2 � kf̂ � f̂ � 1
 jW (Lp; L1)k :From this it is 
lear that the aliasing error tends to zero as 
 in
reases to IRm, and even thespeed of 
onvergen
e 
an be 
ontrolled by the de
ay of the norm of the high frequen
y tails,measured in the norm of W (Lp; L1). 2In Theorem 2 we have restri
ted ourselves to the use of band-limited fun
tions h 2 L1sin the re
onstru
tion pro
ess, be
ause we wanted to have the result for the full range ofvalues p � 1 and weights. In fa
t, the use of the traditional sin
-fun
tion, the inverseFourier transform of the re
tangular fun
tion, whi
h is not in L1, has to be ex
luded fromthe dis
ussion for this reason. On the other hand, the sin
-fun
tion (or its multidimensionalanalog, obtained by pointwise produ
ts), belongs to Lp, for any p > 1. Thus there issome hope that estimates involving the sin
-fun
tion 
an be obtained in this 
ase. It turnsout, however, that the 
onvolution estimate based on the fa
t that Pn2Zm f(an) Æan 2W (M;Lpw), and therefore 2 W (C0; Lr) for any r > 1, is too weak to ensure Lpw (or evenW (C0; Lpw) 
onvergen
e) of the sampling series, even for the trivial weight w. The problemeven gets worse if one wants to study jitter errors, be
ause then the usual argument forthe L2-
ase (it is based on orthogonal series expansions) breaks down too. We will showhow the generalized HY-theorem 
an be used to establish appropriate estimates. We writesin
(x) := sin
(x1) � � � sin
(xm); x 2 IRm.But �rst a very useful 
orollary to the generalized HY inequality.Lemma 4. The ideal low pass �lter, i.e. 
onvolution by sin
, de�nes a bounded multi-plier from W (M;Lp) into W (C0; Lp). In parti
ular, for any 
onvergent sequen
e (�n)n�1 inW (M;Lp), with limit �0, the sequen
e �n � sin
 is 
onvergent in W (C0; Lp).Proof. We will apply the generalized HY inequality twi
e. First we observe that � 2W (M;Lp) � W (FL1; Lp) implies that �̂ 2 W (FLp; L1). Sin
e re
t = F(sin
) is known tobe a bounded pointwise multiplier for FLp for 1 < p <1 (
f. [Pe℄, Chap.7 or [St℄, Chap.4),hen
e �̂ �re
t �W(FLp;L1), thus ��sin
 2 F�1(W (FLp; L1)) � W (FL1; Lp) � W (C0; Lp),and the required norm estimates hold as well. 2The following result is a partial extensions of Theorem 5 in [Go℄ to the irregular 
ase (
f.Thm.14 below).Corollary 5. Let X = ((xi)i2I) be a relatively separated family in IRm and 
 � IRm be
ompa
t.Then SXf :=Xi2I f(xi)Txisin
is un
onditionally 
onvergent in W (C0; Lp), and there exists C2 = C(X;
) > 0 su
h thatkSXf jW (C0; Lp)k � C2 � kfkp (5)for any p 2 (1;1) and any f 2 Lp(IRm) with spe
(f) � 
.Proof. If X is relatively separated then ÆX := Pi2I Æxi 2 W (M;L1), and by Lemma 1Xi2I f(xi)Æxi = f � ÆX 2 W (C0; Lp) �W (M;L1) � W (M;Lp); (6)for any band-limited f 2 Lp(IRm) and the previous Lemma applies. 2



In various situations, espe
ially in the dis
ussion of the irregular sampling problem withhighly irregular sampling sets (whi
h might have arbitrary high density at some pla
es), thefollowing modi�
ation is of interest.Lemma 6. Let 	 = ( i)i2I be a family of measurable fun
tions whi
h satisfy 0 �  i(x) � 1,supp( i) � BÆ(xi) for all i 2 I and Pi2I  i(x) � C	 < 1 for x 2 IRm. If 
i := k ik1 thenthe dis
rete measure �	 := Pi2I 
iÆxi belongs to W (M;L1), and k� jW (M;L1)k � CÆ �C	for some CÆ > 0.Proof. We shall make use of the duality W (M;L1) = W (C0; L1)0. Thus we only have toobtain an estimate for f 2 K(IRm) (using the positivity of 
i)j�	(f)j �Xi2I 
ijf(xi)j = kXi2I f(xi) ik1 (7)Fixing h 2 K(IRm) with h(x) � 1 on BÆ(0) we 
he
k that Pi2I f(xi) i(x) � kTxh � fk1, and
onsequently we 
omplete the proof byj�	(f)j � kTxh � fk1 = kFhk1 = kf jW (C0; L1)k : 2Corollary 7. For 	, Æ as above and any 
ompa
t set 
 � IRm there exists C = C(X; Æ;
) >0 su
h that SXf := Pi2I f(xi) 
i � Txisin
 is un
onditionally 
onvergent in W (C0; Lp), andsatis�es kSXf jW (C0; Lp)k � C � kfkp (8)for any p 2 (1;1) and any f 2 Lp(IRm) with spe
(f) � 
.Proof. This 
orollary follows from Lemma 6 by means of Lemma 4.In the dis
ussion of the sampling theorem various kinds of error analysis are of interest. Insome of the 
lassi
al papers (
f. [Pa1,2℄) uniform error estimates for L2-data were 
onsideredas suÆ
ient for pra
ti
al purposes). As we have seen, one may expe
t W (C0; Lp) estimatesin many 
ases. That these 
an be obtained has been shown for a variety of situations in[FG3℄. Some limiting 
ases and situations mostly not 
overed in [FG3℄ are dis
ussed in thesequel.Theorem 8 (Jitter error estimate for p-norms). Let X be relatively separated , 
 boundedin IRm and p; 1 < p < 1 be given. Then for every " > 0 there exists a Æ > 0 su
h that forany family ~X = (~xi)i2I satisfying jxi�~xij � Æ the jitter error is small in theW (C0; Lp)-sense,i.e. kXi2I(f(xi)� f(~xi))Txisin
 jW (C0; Lp)k � " � kfkp (9)Proof. Without loss of generality we may assume that f 2 ff 2 Lp(IRm); kfkp �1 and spe
(f) � 
g, a set whi
h is known to be equi
ontinuous in Lp(IRm). Next weobserve that jf(xi)� f(~xi)j � os
Æf(xi) for i 2 I : (10)By Theorem 3 of [F7℄ os
Æf 2 W (C0; Lp) (with arbitrary small norm for suÆ
iently smallÆ), thus it is possible to �nd to any given � > 0 some Æ > 0 su
h thatkXi2I(f(xi)� f(~xi))Æxi jW (M;Lpw)k � � :An appli
ation of Lemma 4 of [F7℄ 
on
ludes the proof. 2



Let et us look at a deli
ate point in the above argument: We did not go to absolute valuesof the sin
-fun
tion in the proof. However, we used the fa
t that smaller (by the absolutevalue) 
omplex 
oeÆ
ients in the series allow better norm estimates of the 
orrespondingdis
rete measures in W (M;Lp).The above result has an important 
orollary.Corollary 9. Let 
 be a bounded subset of IRm and 1 < p < 1 be given. Then for anysuÆ
iently small a > 0 there exists some Æ = Æ(a;
; p) su
h that the operator f 7! SXfis invertible over Lp;
(IRm) if jxn � anj � Æ for all n 2 Zm. In parti
ular, it is possible tore
over f from the irregular sampling values (f(xn))n2Zm by applying the inverse operatorS�1X to SXf (it 
an be obtained by Neumann's series).Remark 2. The above result 
an also be des
ribed alternatively as an iterative algorithm(involving iterative appli
ation of Id�SX), whi
h is 
onvergent in the sense of theW (C0; Lp)-norm. A
tually, we have just shown that the family fTxisin
g is a Bana
h frame in the senseof [Gr℄ in the Bana
h spa
eLp;
(IRm) := f f 2 Lp(IRm); spe
(f) � 
 g :This means that the mapping f 7! hf; Txisin
i = f(xi) is a mapping from Lp;
 to thesequen
e spa
e `p, that (Pi2I jf(xi)jp)1=p de�nes an equivalent norm on Lp;
, and that thereis a bounded operator U : `p ! Lp;
, with U Æ SX = Id on Lp;
.The jitter error dis
ussed above is the traditional one. Plotkin (
f. [PRS1,2℄) also men-tioned a jitter error of se
ond kind , arising in the synthesis pro
ess, i.e. from the 
onsider-ations of sums Pi2I �iT ~xih instead of sums Pi2I �iTxih. It is an open question whether itis possible to give a satisfa
tory estimate for this jitter error in the Lp-norm for the 
ase ofthe sin
-fun
tion (another argument for the use of better de
aying kernels), but we 
an atleast prove the following (whi
h at least guarantees uniform estimates).Proposition 10 (Jitter error of the se
ond kind). Let h 2 W (C0; L1), p 2 [1;1), and arelatively separated family X be given. Then for any " > 0 there exists Æ > 0 su
h thatkXi2I �iT ~xih�Xi2I �iTxih jW (C0; Lp)k � " � kXi2I �iÆxi jW (M;Lp)k (11)whenever jxi � ~xij � Æ for i 2 I :In the limiting 
ase of h = sin
 we 
an obtain an estimate inW (C0; Lr) for any r, p < r <1,and in parti
ular the uniform jitter error will be small.Note. The typi
al appli
ation of this result involves h 2 L1(IRm), whi
h is band-limited,e.g. a 
lassi
al de laVall�ee Poussin kernel (
f. Lemma4).Proof. In this 
ase we are for
ed to use absolute values involving h.The pointwise estimate jT ~xih� Txihj � Txi(os
Æh), gives via Lemma 4kXi2I �iT ~xih�Xi2I �iTxih jW (C0; Lp)k � C � kXi2I �iÆxi jW (M;Lp)k � kos
Æh jW (C0; L1)k :By Theorem 3 os
Æh will be small in W (C0; L1) for suÆ
iently small Æ. The 
hoi
e h = sin
is not 
overed by this statement, but sin
e the sin
-fun
tion belongs only to Ls(IRm) forany s > 1, hen
e to W (C0; Ls) by Lemma 4 (a
tually the norms tend to in�nity for s! 1).Therefore the following estimate is possible (but requires smaller and smaller Æ for " > 0, ass goes to 1): kXi2I �iT~xisin
�Xi2I �iTxisin
 jW (C0; Lr)k �



� C � kXi2I �iÆxi jW (M;Lp)k � kos
Æsin
 jW (C0; Ls)k for 1=r = 1� (1=p+ 1=s) :Uniform 
onvergen
e follows in ea
h 
ase, or by the 
hoi
e s = p0. 2Corollary 11 (uniform jitter estimate for sin
-fun
tions). For any 
ompa
t 
, relativelyseparated X, and p, with 1 < p <1, the uniform total jitter is small if ~X is 
lose to X, i.e.for any f 2 Lp(IRm) with spe
(f) � 
kXi2I f(xi)Txisin
� f(~xi)Tyisin
k1 � " � kfkp (12)as long as jxi � yij � 
 and j~xi � xij � 
 for some 
 � 
0 = 
0("). If sin
 is repla
ed aboveby some fun
tion h 2 W (C0; L1) the estimate even holds true in the sense of W (C0; Lp) andfor p � 1.There is, however, no hope to extend the jitter error estimate for the sin
-fun
tion to the
ase p =1, as 
an be shown by the following one-dimensional 
ounterexample. It also givesan answer to the following problem: Given an irregular sampling family X = (xn)1n=1, is itpossible that the series P1n=1 Txn sin
 
an have a zero, in other words, is it possible that forsome 
hoi
e of xn one has P1n=1 sin
(xn�x0) = 0 for some x0 ? This series may be 
onsideredas a low pass �ltered version of the dis
rete measure ÆX := P1n=1 Æxn (using the re
tangular�lter), and is proposed as a 
orre
tion term in the re
onstru
tion pro
edure suggested byPlotkin (
f.[PRS1℄ and [PRS2℄).Proposition 12. Given any latti
e 
onstant a > 0 and any Æ > 0 (the allowed jitter
onstant). Then for any r 2 IR (or r = 1) it is possible to �nd a jitter-sequen
e jn withjjnj � Æ, su
h that 1Xn=1 sin
(an� jn) = r ;i.e. the `jittered series' 
an take arbitrary values at zero, or may be divergent, even if thejitter error is uniformly small (it would be easy to use summation over Z as well).Proof. The argument is based on the fa
t that the sin
-fun
tion, de�ned by sin
(x) :=sin(�x)=(�x) for x 6= 0, de
ays only like 1=x, and that the harmoni
 series P1n=1 1=n isknown to be divergent. Without loss of generality we assume that a = (1; : : : ; 1), and thatr > 0. By means of dilations and 
hoosing some jn's negative, our argument 
overs theremaining 
ases.Setting M := f1 + 2k; k 2 INg we plan to keep jn = 0 for n 62M , and to 
hoose jn in asuitable way for n 2M . We will assume for simpli
ity that Æ � 1=8.The main estimate 
on
erns an estimate for the derivative of the sin
-fun
tion over theintervals Ik, de�ned by Ik := [2k + 3=8; 2k + 5=8℄, k � 2. One obtains (sin
e y > 4, hen
e�y > 6 for y 2 Ik; k � 2):sin
0(y) = 
os(�y)y � sin(�y)�y2 � (
os(�y) + 1=6)y : (13)Noting furthermore that 
os(z) � � 12y < �23 if j(2k + 1)� � zj < �4 we 
on
lude thatsin
0(y) < �2=3 + 1=6y = � 12y � � 14k for y 2 Ik :The mean value theorem implies that for any u 2 IRsin
(u� jn) = sin
(u)� jnsin
0(�n) for some �n 2 (n� jn; n) ; (14)



hen
e sin
(2k + 1� Æ) � Æ4k for k 2 IN : (15)Sin
e the partial sums of the harmoni
 series are unbounded there exists k1 2 IN su
h thats := k1�1Xk=0 sin
(2k + 1� Æ) � r ; but s+ sin
(2k1 + 1� Æ) > r :Using the fa
t that sin
 is stri
tly de
reasing and 
ontinuous on [2k1 + 1 � Æ; 2k1 + 1℄ we
an �nd some Æ1 with 0 � Æ1 � Æ su
h that sin
(2k1 + 1 � Æ1) = r � s. Setting jn = Æ forn = 2k + 1, 2 � k � k1, jk1 := Æ1 and jn = 0 otherwise, we �nd that P1n=1 sin
(n� jn) = r,i.e. the jittered sampling series 
an take any pres
ribed value. 2As an immediate 
orollary we obtain the 
ounterexample, showing that the low-pass�ltered version of an almost regular latti
e may have zeros.Sin
e sin
(0) = 1 it is suÆ
ient to 
hoose jn in su
h a way that P1n=1 sin
(n� jn) = �1(note that sin
(k) = 0 for any k 2 Z, k 6= 0). Note that it would be possible to ask for nojitter error for any term with n � n0 (some given number), and still having this disastrousphenomenon. It is also possible to show that there is a uniform error estimate if the sequen
eof jitter errors is itself square summable, i.e. if P1n=1 j2n < 1. Results in this dire
tion willbe dis
ussed elsewhere.Remark 2. The above arguments also 
an be used to obtain an Lp-error estimate for thejitter error for re
onstru
tion from sampling values together with derivates as des
ribed in[BDo℄. One has only to observe that the derivative of a band-limited fun
tion in Lp is itselfa band-limited fun
tion in Lp.In a dis
ussion of band-limited fun
tions on IR ([Cl℄,[CC℄) the following question 
ame up:Given a band-limited, square integrable fun
tion and a smooth deformation of the real line' : IR ! IR, what 
an be said about f Æ ' ? Sin
e band-limited fun
tions are di�erentiableit makes sense to dis
uss only di�erentiable fun
tions ' whi
h are stri
tly in
reasing, i.e.satisfying 0 < '0(t) < 1 for all t 2 IR. A

ording to the 
onje
ture stated in [Cl℄ the
omposition mapping f 7! f Æ ' should always produ
e some non-band-limited fun
tionsfrom band-limited ones, ex
ept the spe
ial 
ase where ' is an aÆne mapping of the form'(z) = �z+� for � > 0 and � 2 IR. Along with this question, however, it has to be 
he
kedunder whi
h 
ir
umstan
es the 
omposition mapping preserves square integrability. UsingWiener amalgam spa
es we 
an give a partial answer.Proposition 13 (Preservation of p-integrability under 
omposition). Assume that for somepositive a > 0 and K � 0 we have '(t) 2 [a(t � K); a(t + K)℄ for all t 2 IR (i.e. that thegraph of ' is 
ontained in a strip in IR2), then for some C = C(
; K; a) > 0kf Æ 'kp � C � kfkp 8f 2 Lp with spe
(f) � 
 : (16)Note that this statement is not valid without the hypothesis of band-limitedness onf . Let us demonstrate this by an L2-example. Assume that for some point tn 2 IR withj'0(tn)j � 12n2 , then j'0(t)j � 1=n2 for some interval [an; bn℄. Setting �n := '�1(an) and�n := '�1(nn) it follows from the mean value theorem, that jan � bnj � n2j�n � �nj, andthat the indi
ator fun
tion f := 1[�n;�n℄ satis�es kf Æ 'k2 � n � kfk2.Proof. Choosing some fun
tion k 2 K(IRm) su
h that k(x) � 1 on [�aK; aK℄ we havejf Æ '(t)j � supz2[a(t�K);a(t+K)℄ jf(z)j � kTatk � fk1 = Fk(at) :



Sin
e we know that band-limited fun
tions belong to W (C0; Lp), with kFkkp � C
kfkp, weend up with the estimate (using the dilation invarian
e of Lp)kf Æ 'kp � am(1�1=p) � kFkkp � C � kfkp : (17)2The above proposition gives a suÆ
ient 
ondition to preserve square integrability ofband-limited Lp-fun
tions. Improving on the ne
essary 
onditions on ' (in order to preserveband-limitedness) as given in [Cl℄ we mention the following result: Any fun
tion ', whi
hhas an unbounded derivative will produ
e fun
tions whi
h are not band-limited !In fa
t, band-limited fun
tions satisfy (what is usually 
alled Bernstein's inequality, 
f.[FG2℄, Prop.3.4 for an Lp-version)supt2IR jf 0(t)j � C supt2IR jf(t)j :Fun
tions ' with unbounded 
0(t) (arbitrary steep parts in the graph of ') apparentlydestroy this property, i.e. f Æ ' will not satisfy the last estimate for su
h fun
tions ' and
annot be band-limited for that reason.3 GEOMETRIC CONDITIONS ON THE SAMPLING SETSOne of the basi
 estimates in irregular sampling theory is the following (we state the Lp-version here), taking a dis
rete sampling family X = (xi)i2I .For any bounded set 
 and p, 1 � p <1, there is some C
 > 0 su
h that Xi2I jf(ti)jp!1=p � C
kfkp 8f 2 Lp(IRm) with spe
(f) � 
 : (18)This estimate has been �rst shown for f 2 L2(IRm) and regular latti
es by S.Nikolskij,and is known as Nikolskij's inequality. In a more 
lassi
al setting su
h estimates have beenproved by Plan
herel and Polya (
f. [PP℄). Re
ently an irregular version (for sets in the planewhi
h arise as produ
ts of irregular sets in ea
h 
oordinate) has been proposed by Butzerand Hinsen (
f. [BH1,2℄). For 
ertain irregular sets these results were proved by DuÆn andShae�er in [DS℄ in the one-dimensional 
ase (
f. [DS℄, or [Y℄).It is 
lear, that X must not be too dense that su
h an inequality holds, even if we havevery smooth and ni
e fun
tions f . Certainly there must be no a

umulation points to thefamily X. Sin
e the Lp-spa
es are translation invariant the 
orre
t ne
essary 
ondition isthe following one.De�nition 2. A dis
rete set X = (xi)i2I is 
alled relatively separated if there exists anupper bound on the lo
al density of X in IRm in the following sense: For some r0 > 0 thereis a uniform bound ond(y) := #fi j xi 2 Br0(y)g; i.e. dr(X) := supy2IRm d(y) <1 : (19)It is then 
lear (any ball 
an be 
overed by a �nite family of balls of any given size) that forany ball B � IRm the following is true.The number of elements in any translate x+B is uniformly bounded.



(I) For some CB > 0 we have #fi j ti 2 (x +B)g � CB 8x 2 IRm :(II) For any r > 0 the family (Br(xi)i2I) of balls of radius r is of bounded height h(r),i.e. there is a maximal number h(r) of balls Br(xi) 
overing any given point. A
tually,somewhat more holds.(II0) Given any 
ompa
t subset K � IRm there is a uniform bound on the balls interse
tingy +K, independently of y , i.e.supy2IRm#fi j (y +K) \ Br(xi) 6= ;g <1 : (20)Theorem 14. A dis
rete family X = ((xi)i2I) in IRm is relatively separated if one (hen
eall) of the following 
onditions are satis�ed: (I), (II) or(III) The measure Pi2I Æxi belongs to W (M;L1), i.e. is translation bounded in the sense of[AL℄.(IV) For some (any) 1 � p <1 there is a 
onstant C > 0 su
h that(Xi2I jf(xi)jp)1=p � C � kf jW (C0; Lp)k 8f 2 W (C0; Lp) (21)(or only for all fun
tions f = Txk, for some non-zero k 2 K(IRm)).(V) For any Æ > 0 the family is a �nite union of separated families Xk = (xki )i2I , ea
hsatisfying jxki � xkj j � Æ > 0 for i 6= j.(VI) X is a �nite union of sets whi
h are subsets of sequen
es ea
h of whi
h is uniformlydense in the sense of DuÆn and Shae�er:jxn � �nj � L 8n 2 Zm( for some � > 0 and L > 0) : (22)Proof. Taking for granted that the 
on
ept of relative separation does not depend on the
hoi
e of the radius r0 we obtain the stronger version of (II) by 
hoosing some r1 su
h thatK � Br1(x0), observing then that (y +K) \ Br(xi) 6= ; only if xi 2 Br2(y), for r2 = r1 + r,showing thus that (20) is equivalent with (19). In order to show the equivalen
e with (III)
hoose some k 2 K(IRm) su
h that 0 � k(y) � 1, k(x) � 1 on Bs(0) and supp(k) � Br(0).Then we have for � := Pi2I ÆxiMk(x) := k(Txk) � �kM =Xi2I jk(xi � x)j � #fijxi 2 Br(x)g ; (23)but on the other hand Mk(x) � #fijxi 2 Bs(x)g.To 
he
k that a relatively separated family X satis�es (IV) we use� � f 2 W (M;L1) �W (C0; Lp) � W (M;Lp) :Assume 
onversely, that X is not relatively separated. Then for ea
h r > 0 there are pointsxn in IRm su
h that #fijxi 2 Br(x)g � n. Let now k 2 K(IRm) be any fun
tion withminy2Br(0)(k(y)) � � > 0. Then the sequen
e Txnk is bounded in W (C0; Lp) for any p � 1,but (Pi2I jTxnk(xi)jp)1=p � � � n1=p for ea
h n � 1, in 
ontradi
tion to (IV).



(V): It is left as an exer
ise to the reader to verify that a relatively separated set satis�es(V). Conversely, let X be relatively separated. We 
over IRm by (almost) disjoint 
ubes ofside length � Æ > 0. Then in ea
h of these 
ubes together with all its 2m neighbors thereare a maximal number n1 of points available. This 
an be easily used to split X into atmost n1 Æ-separated subsequen
es (
f. [FGr℄). Conversely any separated set is obviouslyrelatively separated, and the same is true for �nite unions.(VI): We observe �rst that property (18) has the following features: If this property holdsfor any subset Y of set X satisfying (18), and it also holds for �nite unions of sets Xi, ea
h ofthem satisfying (18). Sin
e a set satisfying (22) is relatively separated, the sets des
ribed in(VI) are relatively separated by the argument just given. The 
onverse requires only slightmodi�
ations of arguments used for (V). 2The above result also sheds light on the so-
alled Parseval relationship for non-uniformsampling appearing in a note by Marvasti and Chuande [MC℄ whi
h has just appeared.Their proof makes impli
it use of the de�nition of a `sampling set' in the sense of DuÆnand S
hae�er [DS℄, whi
h implies that we have an estimate of the form (21) for p = 2,whi
h means that X is relatively separated by Theorem 6. A
tually, the argument used in[MC℄ is not valid without relative separation. In fa
t, for general frequen
ies (�n)1n=1 the
onvergen
e of P1n=1 ane�i��n for sequen
es (an)1n=1 in `2 is only guaranteed in the sense ofsome mean (
f. [Be℄ for details), and not lo
ally in L2 (it is not diÆ
ult to set up simple
ounter-examples whi
h are divergent over some interval). Given this restri
tion we 
an givea proof of Parseval's relationship for non-uniform sampling in several variables.Theorem 15. Let (xn)1n=1 be a relatively separated sampling sequen
e in IRm, and Mlpbe the Fourier transform of SXf := P1n=1 f(xn) � Txng, where g 2 L2 satis�es ĝ(t) � 1 on
. Then Mlp belongs lo
ally to L2, and the following relation holds for any f 2 L2 withspe
(f) � 
 1Xn=1 jf(xn)j2 = ZIRm f̂(s) �M lp(s) ds : (24)Proof. We have already dis
ussed 
onvergen
e of the series on the left side. On the otherhand Corollary 5 shows that SXf 2 W (M;L2) � W (FL1; L2) and thus by the generalizedHY inequality Mlp 2 W (L2; L1) � L2lo
(IRm). Sin
e f̂ is a 
ompa
tly supported L2-fun
tion
onveren
e of the right hand integral follows. These observations allows us to use the dualitypairing h�; �i (this time 
onsidered as the natural extension of the Hilbert spa
e duality inthe argument below) in varying pairs in order to obtain.1Xn=1 jf(xn)j2 = hjf j2; ÆXi = hf; ÆX � fi = hf � g�; ÆX � fi = (25)= hf; (ÆX � f) � gi = hf; SXfi = hf̂ ;Mlpi = ZIRm f̂(s)M lp(s) dsthe third step following from the fa
t that f has spe
trum in 
 and that 
onvolution byg� := F�1(ĝ�) a
ts therefore trivial. The last step uses Plan
herel's theorem. 2Remark 4. Observe that this result is not only true in several dimensions but is notrestri
ted to parti
ular sampling s
hemes arising as produ
t sets of one-dimensional irregularsampling sets, as in the two-dimensional result given in [MC℄.



4 PRODUCT CONVOLUTION OPERATORS AND SIGNAL RECOVERYEstimates for 
ertain produ
t-
onvolution operators are at the heart of a re
onstru
tionmethod suggested by Donoho and Stark [DS1,2℄. The situation dis
ussed there is the follow-ing one: A fun
tion f is given with several parts being missing. This missing informationis 
omplemented by some a priori information on its Fourier transform. The well knownPapoulis{Ger
hberg algorithm 
overs the 
ase where the spe
trum is known to be 
ontainedin some bounded spe
tral set, i.e. 
overs the 
ase of band-limited fun
tions. Given onlya small part of the fun
tion it is then possible to re
over the full fun
tion by an iterativepro
edure. However, the method may be very instable and sensitive to noise. It also doesnot 
over the 
ase of a possibly unbounded spe
trum. The results of Donoho and Stark[DS1,2℄ show that it is possible to solve the problem in 
ertain 
ases, e.g. if the spe
trumis unbounded, but has �nite measure. Of 
ourse, there has to be a trade-o� between thesize of the set T of missing values, and the set 
 on whi
h the Fourier transform f̂ of f is
on
entrated (or unknown). It turns out that one has stable re
onstru
tion by means of aniterative algorithm if jT j j
j < 1, i.e. if the produ
t of the (Lebesgue) measures of these setsis small enough. Although only the one-dimensional 
ase is treated expli
itly in [DS1,2℄ theirarguments extend to m dimensions, and even to lo
ally 
ompa
t abelian groups, as pointedout by Smith [Sm℄.The key estimate for the re
overy (
f. [DS1℄), 
on
erns the operatorf 7! PQf with Q : f 7! F�1(1
f̂); P : f 7! 1Tf ; (26)where 1
 denotes the indi
ator fun
tion of the set 
 � IRm and T � IRm is some subset ofIRm. Clearly, another way of 
onsidering this operator is to see it as a 
onvolution produ
t,with 
onvolution by F�1(1
), followed by pointwise multipli
ation with 1T . It is shown thatkP ÆQk � jW j jT j, the operator norm being for Lp, 1 � p � 2. It is easy to verify this result(due to K. Smith [Sm℄). By Hausdor�-Young kh
kp0 � k1
kp = j
j1=p, and by H�older'sinequality Lp � Lp0 � C0, thuskPQfkp � kP (Qf)kp � k1TkpkQfk1 � (jT j j
j)1=p kfkp 8f 2 Lp(IRm) : (27)It is 
lear that under the given 
ir
umstan
es QÆ (Id�P )ÆQ is invertible as an operator onLp;
. However, if f 2 Lp;
 is given over IRmnT , we exa
tly know (Id�P )ÆQ, and therefore,applying the inverse operator, we are able to re
over f . Of 
ourse, the inversion is 
arriedout by means of Neumann's series and 
an thus be formulated as an iterative pro
edure (
f.[DS1℄, se
tion 4).The other way of looking at their result was to de
ompose the mapping f 7! PQf into 4di�erent mappings, whi
h in prin
iple 
ould go through arbitrary Bana
h spa
es of fun
tionsor distributions (not only through Lp-spa
es).With B = Lp ( on any l
a. group) the following is natural (and gives the same result asmentioned above). Consider the sequen
e of mappingsf 7! Ff 7! 1
 � Ff 7! F�1(1
 � Ff) 7! 1T � F�1(1
Ff) (28)The 
omposed operator is treated as a 
omposition of operators ea
h of whi
h is either a(inverse) Fourier transform or a pointwise multiplier of some indi
ator fun
tion. Using thefa
t that Lp is (
ontra
tively) embedded into the pointwise multiplier algebra from Lp0 intoL1, we see that the optimal way of looking at the above sequen
e as operators between the



spa
es Lp, Lp0, L1, L1 and Lp (in this order), and in ea
h 
ase the norm of the multipli
ationoperator is just the j � j1=p ( a power of the volume of the underlying set).It is now evident, that the above 
hain (28) 
an run through various other spa
es. Thegeneral idea behind su
h an approa
h is of 
ourse to des
ribe situations, whi
h are not
overed by the above estimates, but still allow (maybe under some extra 
onditions on f) toapply the signal re
overy algorithm. As a typi
al result in this dire
tion obtained by usingamalgam spa
es we dis
uss a theorem 
on
erning L2-fun
tions. Furthermore we �x some rsu
h that r � 2. Then for 1=p := 1=2 + 1=rkf1
 jW (L2; `p)k � kf̂ jW (L2; `2)k � k1
 jW (L1; `r)k ; (29)and by the Hausdor�-Young theorem for Wiener amalgams an estimate for Qf :kQf jW (Lp0; `2)k � C � kf̂1
 jW (L2; `p)k � C � kfk2 k1
 jW (L1; `r)k : (30)Applying now the pointwise multiplier rule for amalgams one haskPQfk2 = kPQf jW (L2; `2)k � kQf jW (Lp0; `2)k � k1T jW (Lr; `1)k �� C � kfk2 k1
 jW (L1; `r)k � k1T jW (Lr; `1)k :We have shown that at the expense of a more sensitive measurement ofW (k1
 jW (L1; `2)kinstead of k1
k2 = jW j1=2) we 
an repla
e k1Tk2 = jT j1=2 by the mu
h less sensitive measurek1T jW (L2; `1)k = supx2IRm jT \ (x + Q)j, where Q is the unit 
ube in IRm (whi
h may be
onsidered as a lo
al density measure). This result 
an be used as follows.Assume we know that the set W 
onsists of few disjoint intervals (or 
ubes), far apartfrom ea
h other (so that the band-width or even the diameter of the spe
trum is large).Then, roughly speaking, the norm of 1
 2 W (L1; `r) 
orresponds to k1=r if k is the numberof intervals of unit length needed to 
over W .Theorem 16. For r > 0 and Q open in IRm, with 
ompa
t 
losure, there is some 
 > 0su
h that any f 2 L2(IRm), with spe
(f) 
ontained in at most n balls of radius r, 
an be
ompletely re
overed from f1M , if only infx2IRm jM \ (x + Q)j � jQj � 
, i.e. if the lo
aldensity of the set of missing values is not too large.Referen
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