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Abstract

The solution of binary classification problems is obtained by employ-
ing a new learning method, called Hamming Clustering (HC). It is
able to build in a constructive way a two-layer perceptron with binary
weights, which can be easily implemented by means of conventional
logical ports.

This technique generalizes the information contained in the given
training set by combining input patterns that are close each other
according to the Hamming distance. The output class is assigned in a
competitive way, thus allowing the treatment of ambiguous samples.

The application of HC to the signal prediction in genomic sequences
shows its ability to determine regularities in complex problems.

1 Introduction

Many real-world classification problems belonging to different application
fields can be described through Boolean variables. In these cases the employ-
ment of general methods, like the back-propagation algorithm [1], which are
expressly developed for the treatment of real inputs, increases the complexity
of the problem and leads to higher execution times that limit the applicability
range of the considered approach.

It is thus important to develop suitable training algorithms for binary
classification problems, which exploit their peculiar characteristics to make
easier the learning process and to improve the properties of the resulting
connectionist model [2, 3]. Particular attention must also be devoted to the
implementation on physical supports; the need of dealing with only two-state
variables can indeed reduce the complexity of the devices to be realized.

A new learning technique of this kind is the procedure of Hamming Clus-
tering (HC): it generates two-layer perceptrons which can be directly im-
plemented through a combinatorial logical network, containing only and, or
and not ports. The learning task proceeds by pattern: a sample of the train-
ing set is randomly chosen at each iteration and one or more clusters in the
input space are generated starting from that element. Since the method can
subsequently work on samples belonging to different classes, the construction
of the logical network is based on a particular kind of competitive learning.

During the training HC is able to determine redundant inputs, which
do not affect the behavior of the resulting configuration. A final pruning



phase allows a further reduction of the network complexity and can yield a
significant improvement in the corresponding generalization ability.

Some theoretical results [4] ensure that HC has a polynomial computa-
tional cost O(n2cs + nc2), where n is the dimension of the input space, s is
the size of the given training set, whereas c is the number of hidden units in
the resulting neural network. Also the amount of memory required is small
and shows an asymptotic behavior O(n(c + s)).

The application of HC to the prediction of relevant signals in genomic
sequences shows the good performances of the networks generated. Fur-
thermore, it is straightforward to extract from these two-layer perceptrons
a collection of templates that code the behavior of the underlying classifier.
This property suggests a possible application of HC as a method for extract-
ing understandable rules from a given set of samples. The analysis of this
aspect is the subject of a complementary publication [5].

2 The Hamming Clustering procedure

Consider a training set S containing s samples (xj , yj), j = 1, . . . , s, generated
by a Boolean function f : {−1,+1}n −→ {−1,+1}, eventually in the presence
of noise. The n components xji, i = 1, . . . , n, of the input patterns xj and
the corresponding output yj are binary-valued, coded by the integers −1 and
+1. Such a function f subdivides the vertices of the hypercube {−1,+1}n

into two subsets H+ and H−, according to the corresponding output:

H+ = {x ∈ {−1,+1}n | f(x) = +1}, H− = {−1, +1}n \H+ (1)

In the same way, S can be subdivided into two subsets S+ and S−:

S+ = {xj ∈ {−1,+1}n | (xj , yj) ∈ S, yj = +1}, S− = S \ S+

Note that H+ ∩ H− = ∅, but S+ ∩ S− = ∅ only if the training set S
is consistent, i.e. it does not contain ambiguous input patterns x, for which
both (x,+1) and (x,−1) belong to S.

The procedures of Hamming Clustering (HC) determine the unknown
function f or, equivalently, the sets H+ and H−, by combining the elements
of {−1,+1}n in a competitive way. The technique adopted by HC can be
better described by denoting with In the set {1, 2, . . . , n} of the first n positive
integers and by introducing the following definition.

Definition 1 The set Cl(x, L) = {z ∈ {−1, +1}n | zi = xi for every i 6∈ L},
where x ∈ {−1, +1}n and L ⊂ In has size l = |L|, will be called l-cube (or
simply cube) with vertex x and generator L.

The well known definition of Hamming distance between two binary vec-
tors can then be easily extended to the case of two cubes:

Definition 2 The Hamming distance dH between an l-cube Cl(x, L) and a
k-cube Ck(z,K), with 0 ≤ l, k ≤ n, is given by dH =

∑
i6∈L∪K |xi − zi|/2.



HAMMING CLUSTERING

1. Choose at random a sample (x, y) in the training set S.

2. Build one or more cubes having a vertex in x. Remove (x, y) from S.
If the construction is not complete, go to Step 1.

3. Prune the set(s) of cubes generated.

Figure 1: General procedure followed by Hamming Clustering.

The goal of HC is to obtain from the training set S two collection of
cubes C+ and C−, which approximate the sets H+ and H−. A two-layer
perceptron that provides output +1 for all the input patterns belonging to
C+ (C−) can be directly realized. It is sufficient to build a layer of hidden
threshold units performing and operations that provide output +1 only when
the input patterns contained in each cube Cl(x, L) ∈ C+ (C−) are presented.
The two-layer perceptron is completed by a final neuron performing a logical
or among the output of the hidden units. Such a configuration will be called
single-class HC network.

A different architecture can be employed to realize a classification similar
to that performed by the nearest-neighbor algorithm. This digital network
will be called majority HC network and is formed by two consequent blocks.
The first of them performs the computation of the Hamming distances be-
tween the input pattern and each of the elements belonging to C+ and C−,
while the second one chooses the class containing the cube having minimum
Hamming distance. Both the single-class HC and the majority HC network
contain only binary weights and can be directly implemented by using only
logical and, or and not ports [4].

The algorithm followed by HC is reported in Fig. 1; Steps 1 and 2 are
repeatedly executed and form the basic iteration of the method.

2.1 Cluster generation

The computational kernel of HC is given by the generation of cubes having a
vertex in the sample (x, y) previously selected (at Step 1 of Fig. 1). Suppose
without loss of generality that x ∈ S+: the separation of the sets C+ and C−

is ensured if each of the l-cubes Cl(x, L) generated in the current iteration
satisfies the following two conditions:

Cl(x, L) ∩ S− ⊂ S+ , Cl(x, L) ∩ C− = ∅ (2)

The procedure employed by HC for the generation of cubes having a vertex
in x ∈ S+ is reported in Fig. 2. Minor changes are necessary if the training
set S is not consistent. The wide freedom in the choice of the generator L



METHOD FOR THE GENERATION OF CUBES IN HC

1. Compute the s− Hamming distances dj between x and the patterns
xj ∈ S− by applying Def. 2. Let Dj be the subset of In containing the
dj indices of the components that differ in x and in xj :

Dj = {i ∈ In | xi 6= xji, xj ∈ S−} , for j = 1, . . . , s−.

2. Extract a subset L ⊂ In such that L ∩Dj 6= Dj for every j = 1, . . . , s−.
The l-cube Cl(x, L), where l = |L|, satisfies conditions (2).

3. For every cluster Ck(u,K) ∈ C−, if Cl(x, L) ∩ Ck(u,K) 6= ∅, remove
from L an index i 6∈ K such that xi 6= ui.

Figure 2: Procedure followed by HC for the generation of an l-cube.

allows us to define additional criteria that can influence the generalization
ability of the resulting logical network. Two of them are:

Largest cube criterion: it requires that the size of the generator L chosen
at Step 2 is maximum. To this end the index i ∈ L that is included
in the greatest number of sets Dj associated with the input patterns
xj ∈ S− is repeatedly removed from L until conditions (2) are satisfied.

Maximum covering cube criterion: it maximizes the number of samples
of S included in the current cluster and is mostly employed in the con-
struction of majority HC networks. This criterion needs the construc-
tion of the sets D+

j ⊂ In containing the indices of the components that
differ in x and in the elements xj ∈ S+. Then L is built by choosing
the indices which are contained in the greatest number of sets D+

j .

2.2 Pruning

In general the collection of cubes C+ and C− generated by Steps 1-2 of
HC contain redundant elements which can be removed without changing the
behavior of the resulting network. Thus, a pruning phase can be used to
optimize the complexity of the final configuration. To describe the main
pruning methods employed in HC we introduce the following definition:

Definition 3 The set Q = {x ∈ {−1, +1}n | (x, y) ∈ S, x ∈ Cl(u, L)} will
be called cover set of the l-cube Cl(u, L). The number q of input patterns
contained in Q will be named covering of Cl(u, L).

Minimal pruning: the easiest way to reduce the size of C+ and C− is
to find a minimum subset of cubes that correctly classify all the input
patterns in S. This can be realized by employing a near-optimal greedy
procedure that extracts the clusters with maximum covering one at a



time. In this way the resulting collections C+ and C− cannot contain
redundant clusters.

Threshold pruning: in some classification problems it can be advantageous
to maintain in C+ and C− only the cubes whose covering exceeds a fixed
threshold τ . Normally, the value of τ is proportional to the maximum
covering qmax found in the set of clusters to be pruned (e. g. τ =
0.1 · qmax).

3 Application of HC to the signal prediction
in genomic sequences

The properties of the two-layer perceptrons generated by HC have been tested
on the problem of locating regulatory signals in genomic sequences [6]. In
particular, HC has been applied to the identification of poly(A) signals on
an inhomogeneous set of human DNA sequences. It is known that a fixed six
base pattern such as AATAAA does not determine univocally the presence
of a poly(A) signal; consequently, it is interesting to establish if a greater
number of adjacent bases is sufficient to predict its precise position.

To this end we have considered a window containing a fixed number b
of locations that slides on the genomic sequence and captures corresponding
bases. Since HC works on binary input patterns, a four bit coding for the
DNA bases has been adopted. In this way it is possible to associate every
cube generated by HC with a template which can be used for the recognition
of poly(A) signals.

For each value of b = 6, 7, . . . , 12 about 1000 sequences containing poly(A)
signals have been extracted by the EMBL database [7]; half of them (S+)
have been employed by HC to perform the training of binary neural networks
together with a high number of base sequences corresponding to gene regions
that do not contain the target signal (S−). The resulting training sets S
contain more than 100,000 samples, thus preventing the application of time-
consuming classification methods. On the contrary, the low computational
cost of HC allows us to obtain within a reasonable time a complete set of
templates to be used for the analysis of new patterns.

Tab. 1 presents the results of the classification performed on ten genomic
sequences randomly extracted from the test set. For each of them it is re-
ported the accession number in the EMBL database, the total number of
bases, the number of poly(A) signals found experimentally and the number
of possible targets located by HC. An asterisk near this last value denotes
that one target has been missed by the resulting network.

As one can note, the number of presumed poly(A) signals decreases with
the window length b; this shows that the flanking region plays an important
role as supposed. In several test sequences the redundancy of the prediction
vanishes when b = 9 or b = 10; consequently, these are the optimal window
lengths to be used in the recognition of these signals.



Genomic sequence Window length
Accession n. N. bases N. poly(A) 6 7 8 9 10 11 12
d12676 2329 1 14 6 4 3 2 3 6
j00184 2685 1 1 1 1 1 1 1 1
j05582 4139 1 4 2 1 1 1 1 1
l11706 3250 1 2 2 1 1 1 1 2
m26679 3079 1 8 6 3 2 1 1 3
m33518 6349 1 6 3 2 2 2 2 2
m59040 1794 1 9 6 2 1 2 *2 3
m63154 1621 2 6 5 2 2 3 3 5
m69245 1503 1 8 6 1 2 1 *1 4
m91083 1539 1 1 1 1 1 1 1 1

Table 1: Number of presumed poly(A) signals obtained by HC.
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