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landmark data describing the craniofacial skeleton and its growth. This allows for
a clear and suggestive depiction of craniofacial growth patterns and their dynam-
ical behaviour, which is necessary for medical diagnosis as well as for orthodontic
treatment. For modelling the dynamics, a medically motivated approach based on
a dynamical system with general and individual parameters is used to obtain the
underlying general growth laws. The parameters are identified by a least squares
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the dynamics of size and shape changes as well as a qualitative prediction of growth
processes.
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1. Introduction

In many medical or biological disciplines it is essential to understand and
influence the growth of organisms. Growth mechanisms comprise both a major
change in size and a minor one in shape. The change in shape of the craniofacial
skeletal structures is of particular clinical interest in dentofacial orthopedics and
surgery.

Many children show dental malocclusions or malrelationships of the jaws
which may lead to severe functional and esthetic problems. A great number of
them are induced by pathological craniofacial shape changes. Thus, the clinical
aim is to diagnose and treat these developmental anomalies as early as possible to
provide a coordinated development also with respect to a reduced need for surgical
procedures. From the medical point of view a clear and suggestive depiction of
craniofacial shape changes and growth patterns together with their dynamical
behaviour is necessary for clinical diagnostics and treatment planning and has
not been achieved satisfyingly yet. Hence an analysis based on a Karhunen-Loeve
decomposition (KLD) [22,26,12] of the time-discrete landmark data describing the
craniofacial skeleton and its growth pattern is presented.

The visualization and modelling is based on the analysis of homologous
landmarks, i.e. points which can be identified with sufficient precision on the
x-rays. As the roentgenograms are rotated and translated to each other in the
projection plane and do not have a common coordinate system, it is appropriate
to use a data representation which is invariant under translation and rotation.
For the present study we use the vector of all interpoint distances of landmarks.
This representation is coordinate-free and does not have the disadvantage of
traditional superimposition methods where the findings depend on the respective
superimposition rule [29]. Moreover, many traditional cephalometric methods
only measure a few specific angles for which different growth patterns may result
in similar angular changes. In contrast to that, as also pointed out in [24,25] in
the context of the Euclidean Distance Matrix Analysis (EDMA), the matrix of
the Euclidean inter-landmark distances used here provides an appropriate data
base to analyse the relative positional changes of cephalometric landmarks and
to consider the object’s entire geometry. The presented visualization technique
uses coloured or patterned graphs to indicate shape changes and assigns either
colours of a spectrum ranging from blue to red or patterned gray shades to the
interpoint distances of the landmark configurations.
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The Karhunen-Loéve decomposition allows for a reduction of the dimension
of the time-dependent data to a few spatial modes and their time-dependent scalar
mode coefficients. This decomposition is closely related to principal components
analysis. The reduction is necessary for an analysis and visualization as well as
for a modelling of the growth processes. The time-dependent mode coefficients
quantitatively describe the dynamics of size and shape components while the
individual shape is covered by the spatial modes.

As the microscopic behaviour of the craniofacial skeletal growth is not known
in detail, a phenomenological modelling is used for the growth dynamics. This
is a medically motivated approach based on a dynamical system for the mode
coefficients where general parameters are responsible for the qualitative properties
of the flow and individual parameters account for the individual size and time
scale. This is possible due to the property of the KLLD to reduce the dimension
of the time-dependent variables significantly. Fitting the parameters to the data
determines the underlying general growth laws. The nonlinear parameters of the
dynamical system are identified by a least squares method. In order to fit the
model to the growth data, the error function is minimized by decomposing the
parameter space into the subspaces of common linear and individual nonlinear
parameters.

The determined ODE model of the mode coefficients allows for a qualita-
tive prediction of growth processes by numerical integration of the initial value
problem to enhance conventional subjective prediction approaches in dentofacial
orthopedics. In order to capture individual growth laws, it is necessary to use a
longitudinal study design, i.e. roentgenograms of the same individual at different
ages. In the present paper craniofacial growth was analyzed for two data sets,
namely rat calvarial data and human craniofacial data. They complement each
other, because the rat data set comprises the records of a complete development,
while the human data set focuses on a relatively short clinically relevant period
of facial development.

1.1. Rat Calvarial Data

First, the rat calvarial data set of H. Vilman and M. L. Moss [28,5] is used,
which comprises the longitudinal craniofacial growth of 18 rats, measured on
lateral roentgenograms of the skull. In morphometric literature (for instance
[5]) this data set turned out to be highly useful for the analysis of craniofacial
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growth laws because it comprises all developmental stages beginning from birth
to the adult state with final size and contains more time steps than most of the
human growth studies. Thus, this rat calvarial data set was used in addition
to the human data to develop the technique presented here. It comprises the
landmark coordinates of 18 male rats measured on lateral cephalograms taken at
8 different stages from 7 to 150 days of age. The rat calvarial data set consists
of the coordinates of 8 landmarks shown in Fig. 1, so that the resulting time-
dependent vector of all interpoint distances has the dimension 8 - 7/2 = 28.

Figure 1. Midsaggital section of a rat skull showing the 8 landmarks used: Basion (Bas),

Opisthion (Opi), Interparietal suture (IPP), Lambda (Lam), Bregma (Brg), Spheno-ethmoidal

synchondrosis (SES), Intersphenoidal suture (ISS), Spheno-occipital synchondrosis (SOS) (after
[5]). The graph represents the interpoint distances of the landmarks.

1.2. Belfast Growth Study

To get insight into the medically relevant growth processes of children, the
laws and the developmental dynamic changes during human craniofacial growth
were analysed on the basis of a longitudinal data set from the Belfast Growth
Study. This large longitudinal European growth study started in 1960 and was
carried out by C. P. Adams, University of Belfast [1]. It comprises X-rays from
300 children aged 5 in 1960 who were examined over a 10-year-period. Lateral
cephalograms were obtained annually. As some of the 5 and 6 year old children
did not have the teeth in occlusion during the x-ray, which impedes the analysis
of the whole facial growth, the time interval 7 to 15 years was used in the present
study. From the clinical point of view, this interval is highly useful because during
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that period most medical growth-modifying procedures, such as orthodontic and
orthopedic treatment, are carried out.

In the present study, 10 male subjects with suitable cephalometric records
were included into the study. They exhibited after the eruption of all permanent
teeth, except the third molars, a good occlusion of the teeth, i.e. no major or-
thodontically relevant anomalies. The 9 lateral cephalograms of each child, taken
annually between 7 and 15 years of age, provide the data basis for the present
study. First, the lateral cephalograms were scanned (600 dpi), and subsequently
the coordinates of 7 cephalometric landmarks were determined.

The 7 landmarks sella (S), nasion (N), anterior and posterior nasal spines
(ANS, PNS), gonion (Go), articulare (Ar) and gnathion (Gn), shown in Figure 2,
were identified to assess the skeletal changes of maxilla, mandible and cranial base
and their relative positional changes. It should be mentioned that articulare is not

Figure 2. X-ray of a proband with age 13 years. The graph represents the interpoint distances

of the used landmarks.

a real anatomical point. It is the (radiological) intersection of the ramus ascendens
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of the mandible with the cranial base. These 7 landmarks are common in medical
craniofacial analysis especially to assess skeletal changes, not changes of the teeth.
The coordinates of the landmarks were used to calculate the 7:6/2 = 21 Euclidean
interpoint distances.

2. Analysis of Growth Data and Visualization

To analyse and visualize the growth patterns of the high-dimensional and
time-dependent growth data, a reduction of the dimension and decomposition into
synchronous growth patterns is desirable. This is obtained by a Karhunen-Loeve
decomposition (KLD) which allows for a decomposition of the high-dimensional
time-dependent data into a few time-dependent mode coefficients and correspond-

ing spatial modes.

2.1. The Karhunen-Loéve Decomposition

The Karhunen-Loéve decomposition [22,26,12] is well known in data analysis
and often used to reduce the degrees of freedom [38,39,21]. This property of
reducing the dimension [12] is essential in the context of modelling to avoid
having too many parameters in the model.

The KLD yields a separation of the data vector ¢(t) € R", given here as vec-
tor of the Euclidean interpoint distances, into time-dependent scalar coefficients
¢i(t) € R and pairwise orthogonal vectors, so-called modes v e R which are

independent of time. The modes are obtained by minimizing the error functional

1 k 2
Fy= > Hq(t) -3 4P| — min Vk (1)
t i=1
with N = 3, [l¢(#)|[? and the Euclidean norm || - ||. Variation of (1) with re-

spect to &(t) and v leads to the eigenproblem Cv(Y = \v(® where Cy,, =
+ 5, @(t)gm(t) is the correlation matrix and \; = vWTCv(). To obtain the
modes, this eigenproblem is solved numerically by a singular value decompostion
[10,31] of the positive semi-definite symmetric matrix C' representing the data.
The coefficients are obtained by projecting the data vector onto the correspond-
ing mode, i.e. &(t) = ¢7(t)v(). Using these modes, the relative error has the
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Thus, sorting the modes by the size of their eigenvalues yields the smallest error
Fy, for each number k& of modes used for approximating the data. The present data
sets show, like many others [20], that these ordered eigenvalues decrease strongly
for the higher modes so that already a few modes yield a good approximation.

2.2. Visualization

To enhance comprehensibility for clinical practice, the modes of the KLD
and the product of the mode coefficient and its corresponding mode are visualized
by means of patterned and gray shaded graphs.

According to the value of the vector components to be visualized, different
gray shades are assigned to the edges of the graph, representing the interpoint
distances of the landmarks. These shades depict the components of the modes
or the mode coefficients multiplied with their modes relative to the size of the
corresponding data value, i.e. vgi)/q_j and fi(t)vgi)/q_j respectively with the mean
G over the time. In addition, different patterns are used for negative and positive
values. Dashed lines are used for negative values while solid lines are used for
positive ones. For each pattern, the shades range from white for zero to black
for the extrema. The complete range of values and their visualization are shown
in Fig. 3. The extrema of the values are £ max; ;,{|(b;j(tx))|} where b;; stands
e.g. for v;i)/q’j or @(tk)v;i)/cjj so that for each subject all modes i and discrete
times %5 can be compared with each other. Nevertheless, it should be mentioned
that coloured graphs, e.g. ranging from blue for negative values over white for
zero to red for positive values are even more suggestive than the patterned gray
shades which have been used here for technical reasons. The original positions of
the landmarks are used as vertices of the graph for depiction. However, only the
gray shaded edges of each graph are relevant for the analysis.
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Figure 3. Patterned gray shades for the visualization of the results obtained by the KLD with
r= Izn]ali(ﬂ(b” (tx))|} where b;; stands e.g. for 1).7(41)/(?]‘ or Ei(t)’l)](l)/qj‘.

2.8. Analysis and Visualization of the Rat Calvarial Data

The KLD was carried out for each single subject of the rat calvarial data set.
The rats show a major size change and a minor shape change. The first mode
covers mainly changes in size while the second mode and, in finer approximations,
also the remaining modes are responsible for the shape changes. The data set
shows for each rat a characteristic dynamic behaviour of the first and second
mode coefficient while the third one is already close to the measurement error.
This hints to the existance of general growth laws for the first two modes and
motivates the subsequent modelling of the corresponding dynamics.

Figure 4 shows the three KLD modes v(!) to v(3) with the largest eigenval-
ues (upper row) along with their time-dependent mode coefficients &;(t) to &3(t)
(lower row) for rat no. 2. The modes decompose the growth processes into syn-
chronous growth patterns which are linearly combined with the time-dependent
mode coefficients. The uniform gray shades of the graph in the upper left picture
in Figure 4 suggest that the first mode v(!) does not describe changes in shape,
but a mere scaling of a kind of mean shape. This finding is also supported by
the fact that for the present data the first mode coefficient shows a proportion-
ality with an accuracy of +9.0 - 102 to the so-called centroid size, a commonly
used size measure in statistical shape analysis [5,11]. Thus, the shape compo-
nents are represented by the remaining KLLD modes, whose dynamic behaviour
is given by the corresponding coefficients &;(¢). The results of this decomposition
allow for a better medical interpretation and simplify the analysis of the actual
growth process. As already mentioned, this separation into spatial modes and
time-dependent coefficients yields an appropriate basis for modelling the present
growth behaviour with only a few parameters, which is shown in section 3.

For a better understanding of the synchronous anatomical processes de-
scribed by the modes, the product & (t)v() of a mode and its amplitude has to
be considered. Fig. 5 shows for rat no. 2 the product & (t;)v®) of the second
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Figure 4. Modes v, v2, vs of rat no. 2 of the rat calvarial data with the corresponding eigenvalues
A1 =0.997532, A2 = 0.002139, A3 = 0.000180 (upper row) and time-dependent mode coefficients
&1(t) to &s(t) (lower Tow).

KLD mode and its amplitude on the left, which describes the major part of the
shape component of the growth over time. This is compared to the entire shape
component on the right of the figure. The gray shades indicate the contribution
of this mode to the total length of the distance 7, i.e. they are computed by
£g(tk)v](-2)/qj(tk). The negative contributions depicted in dashed lines do not in-
dicate a shrinking of the distances but less growth in comparison to the scaling of
the size represented by the first mode. For rat no. 2 in Fig. 5 the relative approx-
imation error (2), computed by the eigenvalues of the correlation matrix, shows
that the first mode covers 99.75% of the real process, the first and the second
mode 99.97% and the first three ones cover 99.99%. Since the first mode describes
the size, the complete shape component is represented by the sum >/, &i(t)o
of the remaining modes, as visualized in Fig. 5 on the right. Comparing & (t)v(?
with 3%, & (t)v() in the left and right columns in Fig. 5 it can be seen clearly
that the second mode and its coefficient provide a good approximation of the
entire shape component. This holds for all subjects of the rat calvarial data set
where the approximation of the first two modes range from 99.961% to 99.981%
with the mean 99.972%.
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2.4. Analysis and Visualization of the Human Growth Data

The data of the Belfast Growth Study were investigated analogously to the
rat calvarial data where the KLD was done separately for each subject. Although
in the human data set a smaller developmental section is considered with a higher
variability in shape, the results obtained for the analysis of the rat calvarial data
also hold similarly for the data of the Belfast Growth study.

The first three KLD modes v(") to v(® with the largest eigenvalues together
with their time-dependent mode coefficients & (¢) to &3(¢) are given in Fig. 6 for
proband no. 4. The different mechanisms of growth, especially with respect to
the identification of regions with increased or decreased growth, can be clearly
determined. Similarly to the rat calvarial data, the second mode together with
its mode coefficient provides a good approximation of the real growth state also
in the case of the Belfast Growth Study. Hence, a modelling of the growth
dynamics can be restricted to the first two modes which cover for proband no.
4 for example 99.9952% of the real process and ranges over all probands from
99.9917% to 99.9953% with mean 99.9935%.

3. Modelling the Growth Dynamics

The property of the KLD to reduce the dynamics to a few time-dependent
mode coefficients provides an appropriate basis for the modelling. It is important
to fit a model with only a few parameters, i.e. the number of parameters has to
be small compared to the amount of data to capture the common characteristic

behaviour and prevent overdetermination.

3.1. Time Dependent Mode Coefficients for Modelling the Dynamics

As described above, the first two modes cover most of the real process and
thus provide a sufficient approximation to model the dynamic growth behaviour.
Their coefficients &7 (¢) and £5(¢) are shown in Fig. 7 for each rat p. The similarity
of the coefficient dynamics of each mode points to the existence of common growth
laws for all subjects in the data set. The same observation can be made for
the human growth study material in Fig. 8 with respect to the time-dependent
coefficients of the first two modes. Although the human subjects show a larger
relative variation in shifts of the subjects’ graphs to each other, they seem to be
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different segments of a general growth curve, which are scaled and translated to
each other.

Previous approaches describe the fitting of certain growth curves, e.g. the
growth curve of Jenss and Bayley [18] or of Gompertz [14] to nonlinear data of
standing height or supine length in children [7,8]. For a detailed review of biolog-
ical growth analysis the reader is referred to [40]. Besides traditional approaches
measuring the dynamics of craniofacial variables, e.g. linear variables in lateral
cephalograms [30], studies have been conducted to investigate the relationships
between certain craniofacial variables, e.g. mandibular or maxillary dimensions,
and skeletal growth in general as represented by total body size [2,6].

The dynamics of the nonlinear behaviour of human skeletal growth has been
investigated in detail by Tanner [35,36,27] for standing height. Changes in hu-
man skeletal growth show after an initial strong growth a period of prepubertal
decreased development and an increased growth during puberty, the so-called
pubertal growth spurt. After this period the change in size tends to zero. The
present data sets show a similar growth behaviour, which is pronounced for the
human craniofacial data.

As already pointed out, the first mode v(!) represents a measure of size.
Therefore, the dynamics of its mode coefficient &;(¢) is assumed to show the
growth behaviour described above. In mathematical terms, this is expressed by
large (absolute) values of %51 at the beginning, a subsequent local minimum
which is followed by a local maximum and is zero at a final stationary state. This
type of behaviour can be modelled by a gradient descent flow with polynomial
potential of order four. Such a potential ® with suitable coefficients, supplying
the desired behaviour of the corresponding gradient flow, is depicted in Fig. 9.

The gradient low dynamics with potential of order four, representing a gen-
eral growth law, can be adapted to the individual by introducing the parameter
ol for each individual p to consider its individual time scale and parameters 3}
and 4} to consider the individual size at the initial and final state. This leads to
the following equation of motion with £” for modelling the data ¢:

S& =)
= (o + k(18 = 70) + hualBHEE — 2 + kua (BUEE —1)°) (3

with general parameters kg, k11, k12, k13 determining the qualitative properties
like basins of attraction and stability and individual parameters of, 87, 7. As-
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suming such a general growth law which is adapted to the individual by the three
introduced parameters allows for a much better fit of the general behaviour than
by using more general and no individual parameters. Moreover, the assumption of
a general growth law which combines general and individual parameters reduces
the total number of parameters compared to the case of an individual parameter
fit for every subject.

For the modelling of the second mode we assume that in growth processes
any change in shape is accompanied by an increase in size, which is usually
justified by the nature of craniofacial growth. To model the dynamics of the
coefficient ¢} of the second mode v(2)p representing the major component of
shape, the following formulation with ég is used:

d ~ “ o~
L8 =161, 6)
d -~
—(5&) 9@ @
with the quadratic function
() = o (kan + ks (28 — ) + kaa(BBEE — 28)°). (5)

Here ob, 85, v are as in eq. (3) parameters to adapt the collective law to the indi-
vidual. The parameter o adapts the shape changes covered by the second mode
to the individual time scale while 85 and 45 describe the individual markedness
of shape comprised in the total growth. The specific form of (5) can be explained
as follows: Due to the approximation of the growth data by a scaling of the first
mode as a kind of mean shape with the scaling factor ¢7(¢), and under the as-
sumption of monotonous growth, the coefficient ¢5(#) changes its sign over time.
It describes along with the second mode the deviations of the data from the
first mode. Furthermore, it is clinically known that many shape characteristics
develop during the pubertal growth spurt, and that in conclusion those character-
istics are weakly expressed before puberty during the prepubertal minimum [3].
In addition, the facial skeleton tends to its final shape after puberty. This approx-
imately sigmoidal and monotonous growth behaviour of ¢) over time (cf. Figs. 7
and 8) is reflected in the quadratic dependence of g(£5(t)) from &5(t). Within the
range between the zeros of g(€5(t)), the described behaviour is achieved under
the stability conditions discussed in section 3.5.
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3.2. Parameter Identification in the ODE Model

To complete the modelling of the growth dynamics for the rats and humans,
the parameters in (3) and (4) have to be determined from the two data sets. One
possible approach for a parameter identification in ordinary differential equations
is to determine the parameters by minimizing the error between the solution of
the differential equation and the data. Examples are the initial value approach
[34] or multiple shooting [9,4,19]. The initial value approach starts from an
initial guess for the parameters and the dynamic variable. It minimizes the error
by iterating the determination of the parameters and initial value respectively
and the numerical solution of the differential equation. In opposite to that,
the method of multiple shooting not only uses the information of the flow for
the initial value but on the whole fitting interval by dividing this interval in
many subintervals and solving an initial value problem on each subinterval. The
initially obtained discontinous solutions which are nevertheless close to the real
data, are iteratively smoothed by adding equality constraints for the continuity
conditions to the original optimization problem. An application example for
multiple shooting for the parameter identification in an ODE model of a chaotic
circuit can be found in [37].

In the following, another approach is used for the parameter identification,
where the flow of the dynamical system is directly fitted to the data. This allows
to utilize the specific structure of the parameters in the proposed model (3) and
(4). Furthermore, it should be kept in mind, that this model is essentially based
on a gradient descent flow which has a good-natured dynamics where perturba-
tions in the parameters do not effect the trajectories too much. Both, the general
and individual parameters are determined by fitting the flow of this ODE model
to the data A¢P(ty)/At, while the general parameters are linear parameters and
the individual parameters are nonlinear. As in the present x-rays the time mea-
surement error is negligible compared to the error in identification of landmarks,
the standard least squares method can be used instead of the total least squares
method. This leads to minimizing the residuals

2
Ri(kij, o, B} 7) ZZ<A£ te) — fLE( ))> (6)

for each mode coefficient ¢¥ given from the data with 7 € {1,2}, i.e.,

Ri(kij, 045), /BZP,’)’ZP) — min. (7)
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Due to the large number of local minima it is quite difficult to find the global
minimum of (6).

By using a decomposition method (see e.g. [13]) for minimizing (6), advan-
tage is taken of the special structure of the optimization problem (6) with (7)
where the general parameters k;; are linear in the model (3) and (4) while the
individual parameters of, 8 and 4 appear nonlinearly. The residuals of the two
decomposition steps are first

AL (1) 2
R} Z Z ( S prier(ey): kij)) (8)
whlle all oy, 51 ,*yl are constant

for each mode coefficient ¢ given from the data with i € {1,2} for optimizing
the linear general parameters £;; and second

AEP(t ?
Ry ?m”>=2( e ! ,ﬁ,m)) 9)
k
while all k;; are constant

for each mode coefficient ¥ for optimizing the individual parameters of, g7, ~¥
for each proband p.

Minimizing (8) to determine the general parameters k;; yields the global
optimum due to the fact that they appear linearly in the model which has to
be fitted to the data, i.e., they are quadratically in (8), with of, g7 and +?
being fixed. Therefore, it is not crucial which optimization method is used for
this step. In contrast to that, the individual parameters a Bp and *yz appear
nonlinear in the model which has to be fitted to the data. To find subsequently
suboptimal values for these individual parameters, a conjugate gradient method
was carried out once with the parameter values of the previous step and n, = 128
times with randomly chosen initial values. This was done independently for each
proband with the general parameters k;; being fixed. The best solution is used
for the following iteration steps. Due to the low dimension of this search space
compared to the original non-decomposed problem (6) there is a much higher
chance to obtain the global minima of the residuals (9) for each subject p. The
optimization of these two residuals (8) and (9) are iterated using the methods
described above. As each of the steps decreases or at least does not increase the
residual (6), the total procedure monotonously decreases the residual (6).
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3.3. Fitling the Parameters for the Rat Calvarial Data

To further reduce the number of free parameters, in (3) and (4) the individ-
ual parameter v with ¢ = 1,2 was chosen fixed as the mean amplitude v* = &
of the ith mode over all rats and times. This is possible because all subjects
of the rat calvarial data cover the whole growth period starting from birth [33].
Besides the mentioned advantage of the proposed model (3) to cover the char-
acteristic behaviour better by using general and individual parameters, another
benefit concerning the number of parameters should be mentioned: In the rat
calvarial data set only 4+ 182 parameters have to be determined instead of 18-4
parameters for fitting the growth law individually to each subject. The time
derivatives of the mode coefficients describing the growth data are calculated as

difference quotients

Ai(try1)  &iltryr) — &ilty)
At b — (10)

from the growth data.

The fit for the rat calvarial data set yields the results for the parameters
shown in Table 1 by using the described decomposition approach for minimizing
(6). Fig. 10 shows the fit of the model (3) and (4) for rat no. 2.

| Parameters for the first mode coefficient & (t)

| k1o =1.73 | k=276 | ko = 3.44 | iz = —5.58

| a? €10.0057,0.011] | B €[0.98,1.01] | 47 =& = 3.082 |

| Parameters for the second mode coefficient &2(t)

| k20 = —0.41 | k21 =017 | ka2 =17.29 |

| b €0.81,1.37] | 8% € [0.81,1.57] | 45 =& =0.021 |

Table 1
Results of the parameter fit for the rat calvarial data.

3.4. Fitlting the Parameters for the Belfast Growth Study

In contrast to the preceding section, in the model for the Belfast Growth
Study " was chosen as free parameter for the parameter fit. It describes the
individual size for ¢ = 1 and shape markedness for 1 = 2. The time derivatives of
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the mode coefficients describing the given growth data are calculated as smoothed

difference quotients

Adity) 1 <§i(tk+1) = &i(te) | &ilty) — &(tk—l)> (11)

_l’_
Te+1 — tk b — k-1

At 2

from the growth data. This diminishes the number of sign changes in A&;(#x)/ At
which are based on fluctuations of the measurements. The obtained parameters
are given in Table 2 while Fig. 11 shows the fit of the model (3) and (4) to the

| Parameters for the first mode coefficient & (¢)

| k10 = 0.306 | ki =0.563 | k12 =0.415 | kiz = —1.146

| a? € [0.138,0.306] | 87 € [1.335,3.215] | 47 €[4.184,11.194] |

| Parameters for the second mode coefficient &»(t)

| k20 = —0.581 | ka1 = 4.002 | k22 = 96.431 |

| o} €[0.317,16.700] | B5 €[~1.100,1.292] | 4 € [-0.054,0.101] |

Table 2
Results of the parameter fit of the Belfast Growth Study.

Belfast growth data of proband no. 4.

3.5. Qualitative Properties of the Obtained Growth Dynamics

As the proposed model is essentially based on a gradient descent flow, or at
least can be transformed to one in the region of interest, the qualitative properties
of the dynamics are simple. Most important are the stability properties which
have to be fulfilled to ensure that only medically possible solutions appear.

The vector field

w%¢&=(%) (12)

o (kno -+ b (B7€] = o) + bna (BLET = 2 + Eaa(B1EL — 1))
ol (o + kan (8565 = o8) + (B35 — 25

defines the dynamical system (£7,€8)7 = v(€P,¢b) with (3), (4) and the param-
eters given in Tables 1 and 2. TIts flow is qualitativly shown in Fig. 12. The
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individual parameters of, ¥ and 7¥ do not change the flow of (13) if o > 0
for i = 1,2 and 7 > 0. The regions A and D in the phase portrait represent
medically impossible states while the region C is avoided by sign convention.
More precisely, trajectories in D would correspond to shrinking. Trajectories in
A would diverge which makes no sense with respect to the nature of growth. This
area is avoided by the assumption of non-monotonous behaviour of the shape.

4. Qualitative Prediction of Craniofacial Growth

Many treatment decisions depend on the prediction of the craniofacial
growth pattern, especially the growth direction of the mandible. In clinical prac-
tice a rough prediction is based on some structural signs [3] such as the morphol-
ogy of the symphysis or some angular measurements describing the position of
the jaws relative to the skull. However, so far the existing approaches are of lim-
ited clinical use [16,23]. Nevertheless, prediction is of great importance in clinical
treatment planning. If x-rays at several developmental stages are available, e.g.
in cases with severe syndroms where patients are x-rayed over a larger period
of craniofacial development, the available data might cover the relevant growth
tendencies necessary for prediction. Thus, the prediction as follows may to a
limited extent assist the clinician to determine and at least qualitatively predict
the effects of the existing growth trends on craniofacial morphology.

An estimation of the future growth can be performed by numerical inte-
gration of the extracted growth laws, using for the dynamical system the general
parameters and the mean of the individual parameters obtained above. While the
general parameters describe the characteristic shape of the growth curve which
contains the medically relevant information, the individual parameters adapt the
individual time scale and absolute size. The prediction by numerical integra-
tion is performed by applying the determined growth laws to new individual
Karhunen-Loeve modes. These modes are obtained from those time steps which
are available for prediction. To be precise, the final values of the first two mode
coefficients determined by the available data are used as initial values for the
integration of the dynamical system.

The prediction state is

q(t) = & (1) + & (1) (13)
where 91, 52 are the KLD modes of the available data and & (t), & (t) the cor-
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responding coefficients obtained by the numerical integration of the ODE model

capturing the growth law.

4.1. Prediction for the Rat Calvarial Data

The capability of this prediction approach is first shown for the rodent data.
To evaluate the prediction result, only two states at times ¢4 and t5 of the original
data set with the times #; to tg were used as basis for the prediction. The predicted
subsequent states ¢ were compared with the states g after real growth. The KLD
modes of the subset approximate the modes of the original data set including the
states to be predicted.

To integrate the model (3) and (4) for prediction, the mode coefficients &; (¢5)
and &5(t5) which correspond to the modes of the subset are used as initial values.
Using Euler’s method for numerical integration, good results are obtained for the
first mode and satisfying qualitative results for the second mode. Fig. 13 shows
that the main shape effects captured by the second mode are qualitatively well
predicted by the proposed model. In the figure one can see that the relative
elongation (dark solid lines) of the distances Bas-SES, Bas-SOS and SOS-ISS
and the relative compression (dark dashed lines) of the vertical distances (Bas—
Opi and SOS-Lam) are predicted correctly. Therefore, a qualitative estimation of
the future tendencies of growth seems possible. The prediction error in the right
column shows for ¢5 the initial difference between the second mode computed
over all time steps t1 to g and the second mode computed over t4 and t5. The
prediction error of the other times is therefore a combination of a propagation
of this error and the approximation error of the model. Due to the individual
time and length scales, the decisive point here is to capture the directions of the
changes of certain growth regions qualitatively, regardless the exact quantitative

values.

4.2. Prediction of Human Craniofacial Growth

To test the predictive capabilities in a clinical setting, the x-rays at 7 to 13,
9 to 11 and 11 to 13 years have been used to predict the interlandmark distances
in the respective two subsequent years. Additionally one of the 10 subjects was
excluded from the parameter estimation procedure to test the capability of this
prediction on subjects not in the data base.
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For all time intervals which were used for prediction, most of the qualitative
shape changes were predicted correctly for the 10 subjects. The prediction results
of the distance vectors were of a quality (see Table 3) that seems to make these
results useful for medical prediction. Nevertheless, the prediction error of the

| pred. basis | 7-13 | 9-11 | 11-13 |
| pred. age |14 | s | 12 | 13| 14 | 15|
| rel. total error | 1.8% | 3.6% | 2.0% | 1.9% | 2.2% | 2.3% |

| stand. dev. of total error | 0.0045 | 0.0087 | 0.0089 | 0.0051 | 0.0050 | 0.0049 |

Table 3
Mean of relative errors of the prediction & (£)5") + £ (¢)5®, for the basis of ages 7-13, 9-11

and 11-13, over all subjects and corresponding standard deviations.

second mode is relatively high which makes possible only a qualitative prediction
of the shape change.

In Fig. 14 &(t)v? of the real growth has been opposed to & (¢)5?) of the
prediction result. The data for ages 11-13 were used as basis for the prediction.
As in the preceding section the prediction error is a combination of an initial error
due to the approximation of the data base over the times t5 to tg by the reduced
data base over the times 5 to t; and an error coming from the model assumptions.
Although the prediction error seems to be large, the growth behaviour of most
regions is predicted qualitatively correct. Indeed, the relatively long posterior
facial height S—-Go and distance Ar-Go and the relatively shortened anterior
facial height (N-Gn), distances which are essential for the craniofacial growth
pattern, are predicted qualitatively correct. The relative changes of the real
growth and the prediction, together with the prediction error as their difference,
are visualized in Fig. 15. This prediction error is small compared with the relative
changes of the real growth.

In a second step, the growth of a proband, who has not been included
in the data set which was used to determine the parameters of the model, is
predicted in Fig. 16. The means determined over the 9 remaining subjects were
used as individual parameters. Prediction results were shown for the age 15
on a basis of the ages 7 to 14. For the prediction, different individual time
scales g = {@/16,a/4,@/2,a} with mean @ = 3.180 were used because the
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individual time scale is not known and also not of major medical relevance. For
better visualization, the gray scale was determined over each row of Fig. 16
separately. It has to be mentioned that the mean & is relatively high due to a
very large parameter value of one proband. The growth pattern of the second
mode is qualitatively well predicted. The quantitatively best prediction is given
for ay = a/16.

On the other hand it should be mentioned that the fundamental limits of
any approach of craniofacial growth prediction have to be seen clearly. If the
prediction is based solely on cephalometric measurements of a single state it is
principally not possible to predict sudden changes of the growth direction without
further genetic information [15,17]. For a quantitatively correct prediction at least
some tendencies have to be present for several time steps in the data set on which
the prediction is based. Over and above that, it has to be emphasized that the
number of x-rays usually available for an estimation of the future growth is very
limited in clinical practice. Most treatment decisions have to be made when the
patient comes for the first time into practice, i.e. growth has to be predicted on
the basis of only one x-ray in lateral view.

The need of a certain number of cephalometric x-rays necessary for predic-
tion with high accuracy contrasts to the increasing sensitivity towards ionizing
radiation and this discrepancy may perhaps be solved in future by the further
development and adaption of existing diagnostic techniques such as ultrasound
or magnetic resonance tomography to craniofacial diagnostics.

5. Conclusions and Outlook

A technique based on a Karhunen-Loeve decomposition is presented to in-
vestigate and visualize landmark-based data of time-dependent processes. This
approach turned out to be a suitable tool for analysing, visualizing and mod-
elling complex growth mechanisms and has been exemplarily demonstrated in
the context of craniofacial growth.

The growth processes, represented by time-dependent interpoint distances of
landmark data, are decomposed into time-dependent scalar mode coefficients and
spatial modes which are constant over time. The investigated data sets comprise
first, the rat calvarial data set of Vilman [28,5] and second, a group of male
subjects from the Belfast Growth Study [1]. They show that already the first
two modes approximate the growth process with high accuracy and represent the
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dynamics of size and shape components during growth. Thereby, the first mode
covers mainly the increase in size while the second one describes the main shape
component.

The presented technique allows for a visualization of the growth processes
which is suggestive and self-evident for medical use due to colouring or gray shad-
ing of the time-dependent interpoint distances of the landmark data. The used
patterned gray shades depict the effects of the modes on the different craniofacial
regions. For example, the second mode shows in certain regions a decrease or in-
crease compared to the mean growth covered by the first mode, which is depicted
with dashed or solid lines.

In contrast to approaches common in medical cephalometric analyses which
only use some angular measurements to describe shape change, the object’s whole
geometry is under consideration, which is mainly the neurocranium for the rats
and the facial skull for the Belfast Growth Study. This is a clear advantage over
conventional cephalometric analyses, where the geometric relationships among
certain measurements, e.g. the fact that they share a common landmark, is
not taken into account [32]. In the decomposition into spatial modes and time-
dependent coefficients as described above, the mode coefficients give insight into
the individual dynamic behaviour during the observed growth period, i.e. the
entire development in the case of the rats and the period of starting puberty
and adolescence for the Belfast subjects. Furthermore, the reduction of the dy-
namics to a few time-dependent scalar mode coefficients allows for an extraction
of general growth laws. A medically motivated dynamical system with general
and individual parameters was used to model and predict the complex growth
processes qualitatively. For the parameter identification in the dynamical sys-
tem, a least squares technique with a decomposition method for minimizing the
residual error was used. Besides the existing traditional approaches [30], [2], [6]
for modelling the dynamics of size measures like linear craniofacial distances, the
presented model includes the dynamics of shape characteristics as well.

In future, the adaptation to three-dimensional data, necessary for the anal-
ysis of computer tomographies, is also possible because the KLD is not limited to
two dimensions. The development of new diagnostic techniques without or with
at least strongly reduced ionizing radiation would allow to take a distinctly larger
number of cephalometric pictures during development or treatment. This would
facilitate modelling and prediction with higher accuracy and might also allow for
a better quantitative prediction of growth processes in medical diagnostics.
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Figure 5. Visualization of the second mode with mode coefficient & (¢ )v® (left) and the entire
shape component, i.e., the sum of all but the first mode with mode coefficients Y7, §i(tk)v§i)
of the KLD for rat no. 2 of the Vilman rat data set. The gray shades of the interlandmark
distances, computed by £g(tk)v](.2)/qj (tx) and Y7, fi(tk)vj(.i)/qj (tr) respectively for t1,...,ts,
show the degree of deviation from the mean form, where dashed lines stand for a negative

contribution of the modes and mode coefficients and solid lines for positive ones.
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Figure 6. Modes v1,v2, v3 of proband no. 4 of the Belfast Growth Study with the corresponding
eigenvalues A1 = 0.999823728, X> = 0.000125172, A3 = 0.000019319.
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Figure 7. The coefficients £7 (left) and €2 (right) of the first and second KLD-mode for all rats

p from the Vilman data set plotted over time.
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Figure 8. The coefficients ¢} (left) and &5 (right) of the first and second KLD-mode for all
probands p selected from the Belfast Growth Study plotted over the time. Compared with the

rat calvarial data in Fig. 7 the human probands show a larger relative variation in shifts of the

probands’ graphs to each other.
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Figure 9. Potential ®(&1) of order 4 to model the size-growth by a gradient descent flow.
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Figure 10. The fit of the model (3) and (4) to the growth dynamics of the mode coefficients &7
(left) and &5 (right) of the first and second KLD mode for the example of rat no. 17 from the
Vilman data set.
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Figure 11. The fit of the model (3) and (4) to the growth dynamics of the mode coefficients &7
(left) and &5 (right) of the first and second KLD mode for proband no. 4 of the Belfast Growth
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Figure 12. Flow of the vector field (13) with parameters given in tables 1 and 2. The upper and

right hatched area marked with “A” and “D” contain medically impossible states and are not

reached if the initial values are chosen outside.

The states in the lower hatched area marked

with “C” are avoided by sign convention of > and v®) in the product fzv@).
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Real Growth Prediction

Prediction Error

Figure 13. Comparison of &» (t)v(Z) of the real growth of rat no. 17 shown on the left with the

prediction results € (¢)5® in the middle and the prediction error on the right for times ¢5 to ts.

The data of the times t4 and ¢5 was used as basis for the prediction.




30 J. Starke, J. Ribel, C. J. Luz / Modelling the Dynamics of Craniofacial Growth

Real Growth

Prediction

Prediction Error

Figure 14. Comparison of §g(t)v(2) of the real growth of proband no. 4 of the Belfast Growth
Study shown on the left, with the prediction results ég(t)f)(g) in the middle and the prediction
error on the right. The data of ages 11-13 years was used as basis for the prediction of the ages

14 and 15 (times t7 to ts).
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Real Growth

Prediction

Prediction Error

ty — ts

ts — tg

ts — tg

Figure 15. Relative changes of the real growth of proband no. 4 from ages 13 to 14 and 14 to

15, compared with the predicition result which is based on the ages 11-13 years. The prediction

error as difference of both relative changes is shown on the right. The corresponding states are

shown in Fig. 14.
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Real Growth Prediction Prediction Error

Figure 16. Comparison of »vs of the Real growth (left) compared with the prediction (middle)
for a proband who has not been included into the data set for determination of the model
parameters. The prediction error is depicted on the right. The means over the 9 subjects were
used as individual parameters. The ages 7-14 years were used as basis for the prediction. The
column in the middle shows prediction results for the age 15 with different individual time
scales ap = {@/16,a/4,a/2,a} with mean & = 3.180. The growth pattern of the second mode
is qualitatively well predicted. The quantitatively best prediction is given for as = @/16 (first

row).



