
Modelling the Dynami
s of Craniofa
ial GrowthJens Starke aa University of Heidelberg, Interdis
iplinary Center for S
ienti�
 Computing & Institute ofApplied Mathemati
s, Im Neuenheimer Feld 294,D-69120 Heidelberg, Germany,E-mail: Starke�iwr.uni-heidelberg.deJan R�ubel bb University of Heidelberg, Interdis
iplinary Center for S
ienti�
 Computing & Institute ofApplied Mathemati
s, Im Neuenheimer Feld 294,D-69120 Heidelberg, Germany,E-mail: Jan.Ruebel�iwr.uni-heidelberg.deChristopher J. Lux 

University of Heidelberg, Department of Orthodonti
s, Dental S
hool, Im Neuenheimer Feld400, D-69120 Heidelberg, Germany,E-mail: Christopher Lux�med.uni-heidelberg.deAn analysis, visualization and modelling of the dynami
s of 
raniofa
ial growthis presented, whi
h is based on a Karhunen-Lo�eve de
omposition of time-dis
retelandmark data des
ribing the 
raniofa
ial skeleton and its growth. This allows fora 
lear and suggestive depi
tion of 
raniofa
ial growth patterns and their dynam-i
al behaviour, whi
h is ne
essary for medi
al diagnosis as well as for orthodonti
treatment. For modelling the dynami
s, a medi
ally motivated approa
h based ona dynami
al system with general and individual parameters is used to obtain theunderlying general growth laws. The parameters are identi�ed by a least squaresmethod for �tting the model to the growth data whi
h 
onsist of a rat 
alvarial dataset and data of a human growth study. This allows for a quantitative des
ription ofthe dynami
s of size and shape 
hanges as well as a qualitative predi
tion of growthpro
esses.Keywords: 
raniofa
ial growth, modelling growth and shape dynami
s, Karhunen-Lo�eve de
omposition, numeri
al parameter identi�
ation in dynami
al systems, leastsquares te
hniques, de
omposition of the optimization problemAMS Subje
t 
lassi�
ation: 49M27, 90C90, 92C50, 92-08, 93B30, 65K05, 65K10



2 J. Starke, J. R�ubel, C. J. Lux / Modelling the Dynami
s of Craniofa
ial Growth1. Introdu
tionIn many medi
al or biologi
al dis
iplines it is essential to understand andin
uen
e the growth of organisms. Growth me
hanisms 
omprise both a major
hange in size and a minor one in shape. The 
hange in shape of the 
raniofa
ialskeletal stru
tures is of parti
ular 
lini
al interest in dentofa
ial orthopedi
s andsurgery.Many 
hildren show dental malo

lusions or malrelationships of the jawswhi
h may lead to severe fun
tional and estheti
 problems. A great number ofthem are indu
ed by pathologi
al 
raniofa
ial shape 
hanges. Thus, the 
lini
alaim is to diagnose and treat these developmental anomalies as early as possible toprovide a 
oordinated development also with respe
t to a redu
ed need for surgi
alpro
edures. From the medi
al point of view a 
lear and suggestive depi
tion of
raniofa
ial shape 
hanges and growth patterns together with their dynami
albehaviour is ne
essary for 
lini
al diagnosti
s and treatment planning and hasnot been a
hieved satisfyingly yet. Hen
e an analysis based on a Karhunen-Lo�evede
omposition (KLD) [22,26,12℄ of the time-dis
rete landmark data des
ribing the
raniofa
ial skeleton and its growth pattern is presented.The visualization and modelling is based on the analysis of homologouslandmarks, i.e. points whi
h 
an be identi�ed with suÆ
ient pre
ision on thex-rays. As the roentgenograms are rotated and translated to ea
h other in theproje
tion plane and do not have a 
ommon 
oordinate system, it is appropriateto use a data representation whi
h is invariant under translation and rotation.For the present study we use the ve
tor of all interpoint distan
es of landmarks.This representation is 
oordinate-free and does not have the disadvantage oftraditional superimposition methods where the �ndings depend on the respe
tivesuperimposition rule [29℄. Moreover, many traditional 
ephalometri
 methodsonly measure a few spe
i�
 angles for whi
h di�erent growth patterns may resultin similar angular 
hanges. In 
ontrast to that, as also pointed out in [24,25℄ inthe 
ontext of the Eu
lidean Distan
e Matrix Analysis (EDMA), the matrix ofthe Eu
lidean inter-landmark distan
es used here provides an appropriate database to analyse the relative positional 
hanges of 
ephalometri
 landmarks andto 
onsider the obje
t's entire geometry. The presented visualization te
hniqueuses 
oloured or patterned graphs to indi
ate shape 
hanges and assigns either
olours of a spe
trum ranging from blue to red or patterned gray shades to theinterpoint distan
es of the landmark 
on�gurations.
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ial Growth 3The Karhunen-Lo�eve de
omposition allows for a redu
tion of the dimensionof the time-dependent data to a few spatial modes and their time-dependent s
alarmode 
oeÆ
ients. This de
omposition is 
losely related to prin
ipal 
omponentsanalysis. The redu
tion is ne
essary for an analysis and visualization as well asfor a modelling of the growth pro
esses. The time-dependent mode 
oeÆ
ientsquantitatively des
ribe the dynami
s of size and shape 
omponents while theindividual shape is 
overed by the spatial modes.As the mi
ros
opi
 behaviour of the 
raniofa
ial skeletal growth is not knownin detail, a phenomenologi
al modelling is used for the growth dynami
s. Thisis a medi
ally motivated approa
h based on a dynami
al system for the mode
oeÆ
ients where general parameters are responsible for the qualitative propertiesof the 
ow and individual parameters a

ount for the individual size and times
ale. This is possible due to the property of the KLD to redu
e the dimensionof the time-dependent variables signi�
antly. Fitting the parameters to the datadetermines the underlying general growth laws. The nonlinear parameters of thedynami
al system are identi�ed by a least squares method. In order to �t themodel to the growth data, the error fun
tion is minimized by de
omposing theparameter spa
e into the subspa
es of 
ommon linear and individual nonlinearparameters.The determined ODE model of the mode 
oeÆ
ients allows for a qualita-tive predi
tion of growth pro
esses by numeri
al integration of the initial valueproblem to enhan
e 
onventional subje
tive predi
tion approa
hes in dentofa
ialorthopedi
s. In order to 
apture individual growth laws, it is ne
essary to use alongitudinal study design, i.e. roentgenograms of the same individual at di�erentages. In the present paper 
raniofa
ial growth was analyzed for two data sets,namely rat 
alvarial data and human 
raniofa
ial data. They 
omplement ea
hother, be
ause the rat data set 
omprises the re
ords of a 
omplete development,while the human data set fo
uses on a relatively short 
lini
ally relevant periodof fa
ial development.1.1. Rat Calvarial DataFirst, the rat 
alvarial data set of H. Vilman and M. L. Moss [28,5℄ is used,whi
h 
omprises the longitudinal 
raniofa
ial growth of 18 rats, measured onlateral roentgenograms of the skull. In morphometri
 literature (for instan
e[5℄) this data set turned out to be highly useful for the analysis of 
raniofa
ial
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s of Craniofa
ial Growthgrowth laws be
ause it 
omprises all developmental stages beginning from birthto the adult state with �nal size and 
ontains more time steps than most of thehuman growth studies. Thus, this rat 
alvarial data set was used in additionto the human data to develop the te
hnique presented here. It 
omprises thelandmark 
oordinates of 18 male rats measured on lateral 
ephalograms taken at8 di�erent stages from 7 to 150 days of age. The rat 
alvarial data set 
onsistsof the 
oordinates of 8 landmarks shown in Fig. 1, so that the resulting time-dependent ve
tor of all interpoint distan
es has the dimension 8 � 7=2 = 28.
Opi IPP Lam Brg

SESISSSOSBas
Figure 1. Midsaggital se
tion of a rat skull showing the 8 landmarks used: Basion (Bas),Opisthion (Opi), Interparietal suture (IPP), Lambda (Lam), Bregma (Brg), Spheno-ethmoidalsyn
hondrosis (SES), Intersphenoidal suture (ISS), Spheno-o

ipital syn
hondrosis (SOS) (after[5℄). The graph represents the interpoint distan
es of the landmarks.1.2. Belfast Growth StudyTo get insight into the medi
ally relevant growth pro
esses of 
hildren, thelaws and the developmental dynami
 
hanges during human 
raniofa
ial growthwere analysed on the basis of a longitudinal data set from the Belfast GrowthStudy. This large longitudinal European growth study started in 1960 and was
arried out by C. P. Adams, University of Belfast [1℄. It 
omprises X-rays from300 
hildren aged 5 in 1960 who were examined over a 10-year-period. Lateral
ephalograms were obtained annually. As some of the 5 and 6 year old 
hildrendid not have the teeth in o

lusion during the x-ray, whi
h impedes the analysisof the whole fa
ial growth, the time interval 7 to 15 years was used in the presentstudy. From the 
lini
al point of view, this interval is highly useful be
ause during
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ial Growth 5that period most medi
al growth-modifying pro
edures, su
h as orthodonti
 andorthopedi
 treatment, are 
arried out.In the present study, 10 male subje
ts with suitable 
ephalometri
 re
ordswere in
luded into the study. They exhibited after the eruption of all permanentteeth, ex
ept the third molars, a good o

lusion of the teeth, i.e. no major or-thodonti
ally relevant anomalies. The 9 lateral 
ephalograms of ea
h 
hild, takenannually between 7 and 15 years of age, provide the data basis for the presentstudy. First, the lateral 
ephalograms were s
anned (600 dpi), and subsequentlythe 
oordinates of 7 
ephalometri
 landmarks were determined.The 7 landmarks sella (S), nasion (N), anterior and posterior nasal spines(ANS, PNS), gonion (Go), arti
ulare (Ar) and gnathion (Gn), shown in Figure 2,were identi�ed to assess the skeletal 
hanges of maxilla, mandible and 
ranial baseand their relative positional 
hanges. It should be mentioned that arti
ulare is not

Go t
Ar t

St Nt
PNSt ANSt

GntFigure 2. X-ray of a proband with age 13 years. The graph represents the interpoint distan
esof the used landmarks.a real anatomi
al point. It is the (radiologi
al) interse
tion of the ramus as
endens
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s of Craniofa
ial Growthof the mandible with the 
ranial base. These 7 landmarks are 
ommon in medi
al
raniofa
ial analysis espe
ially to assess skeletal 
hanges, not 
hanges of the teeth.The 
oordinates of the landmarks were used to 
al
ulate the 7�6=2 = 21 Eu
lideaninterpoint distan
es.2. Analysis of Growth Data and VisualizationTo analyse and visualize the growth patterns of the high-dimensional andtime-dependent growth data, a redu
tion of the dimension and de
omposition intosyn
hronous growth patterns is desirable. This is obtained by a Karhunen-Lo�evede
omposition (KLD) whi
h allows for a de
omposition of the high-dimensionaltime-dependent data into a few time-dependent mode 
oeÆ
ients and 
orrespond-ing spatial modes.2.1. The Karhunen-Lo�eve De
ompositionThe Karhunen-Lo�eve de
omposition [22,26,12℄ is well known in data analysisand often used to redu
e the degrees of freedom [38,39,21℄. This property ofredu
ing the dimension [12℄ is essential in the 
ontext of modelling to avoidhaving too many parameters in the model.The KLD yields a separation of the data ve
tor q(t) 2 Rn , given here as ve
-tor of the Eu
lidean interpoint distan
es, into time-dependent s
alar 
oeÆ
ients�i(t) 2 R and pairwise orthogonal ve
tors, so-
alled modes v(i) 2 Rn whi
h areindependent of time. The modes are obtained by minimizing the error fun
tionalFk = 1N Xt 



q(t)� kXi=1 �i(t)v(i)



2 ! min 8k (1)with N = Pt kq(t)k2 and the Eu
lidean norm k � k. Variation of (1) with re-spe
t to �i(t) and v(i) leads to the eigenproblem Cv(i) = �iv(i) where Clm =1N Pt ql(t)qm(t) is the 
orrelation matrix and �i = v(i)TCv(i). To obtain themodes, this eigenproblem is solved numeri
ally by a singular value de
ompostion[10,31℄ of the positive semi-de�nite symmetri
 matrix C representing the data.The 
oeÆ
ients are obtained by proje
ting the data ve
tor onto the 
orrespond-ing mode, i.e. �i(t) = qT (t)v(i). Using these modes, the relative error has the
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s of Craniofa
ial Growth 7form Fk = 1N Xt 0�kq(t)k2 � 2 kXi=1 q(t)T (�i(t)v(i)) + kXi;j=1 �i�jv(i)T v(j)1A= 1N Xt kq(t)k2 � 1N Xt kXi=1 �q(t)T v(i)�2 = 1� kXi=1 v(i)TCv(i)=1� kXi=1 �i: (2)Thus, sorting the modes by the size of their eigenvalues yields the smallest errorFk for ea
h number k of modes used for approximating the data. The present datasets show, like many others [20℄, that these ordered eigenvalues de
rease stronglyfor the higher modes so that already a few modes yield a good approximation.2.2. VisualizationTo enhan
e 
omprehensibility for 
lini
al pra
ti
e, the modes of the KLDand the produ
t of the mode 
oeÆ
ient and its 
orresponding mode are visualizedby means of patterned and gray shaded graphs.A

ording to the value of the ve
tor 
omponents to be visualized, di�erentgray shades are assigned to the edges of the graph, representing the interpointdistan
es of the landmarks. These shades depi
t the 
omponents of the modesor the mode 
oeÆ
ients multiplied with their modes relative to the size of the
orresponding data value, i.e. v(i)j =�qj and �i(t)v(i)j =�qj respe
tively with the mean�q over the time. In addition, di�erent patterns are used for negative and positivevalues. Dashed lines are used for negative values while solid lines are used forpositive ones. For ea
h pattern, the shades range from white for zero to bla
kfor the extrema. The 
omplete range of values and their visualization are shownin Fig. 3. The extrema of the values are �maxi;j;kfj(bij(tk))jg where bij standse.g. for v(i)j =�qj or �i(tk)v(i)j =�qj so that for ea
h subje
t all modes i and dis
retetimes tk 
an be 
ompared with ea
h other. Nevertheless, it should be mentionedthat 
oloured graphs, e.g. ranging from blue for negative values over white forzero to red for positive values are even more suggestive than the patterned grayshades whi
h have been used here for te
hni
al reasons. The original positions ofthe landmarks are used as verti
es of the graph for depi
tion. However, only thegray shaded edges of ea
h graph are relevant for the analysis.
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�r 0 rFigure 3. Patterned gray shades for the visualization of the results obtained by the KLD withr = maxi;j;k fj(bij(tk))jg where bij stands e.g. for v(i)j =�qj or �i(t)v(i)j =�qj .2.3. Analysis and Visualization of the Rat Calvarial DataThe KLD was 
arried out for ea
h single subje
t of the rat 
alvarial data set.The rats show a major size 
hange and a minor shape 
hange. The �rst mode
overs mainly 
hanges in size while the se
ond mode and, in �ner approximations,also the remaining modes are responsible for the shape 
hanges. The data setshows for ea
h rat a 
hara
teristi
 dynami
 behaviour of the �rst and se
ondmode 
oeÆ
ient while the third one is already 
lose to the measurement error.This hints to the existan
e of general growth laws for the �rst two modes andmotivates the subsequent modelling of the 
orresponding dynami
s.Figure 4 shows the three KLD modes v(1) to v(3) with the largest eigenval-ues (upper row) along with their time-dependent mode 
oeÆ
ients �1(t) to �3(t)(lower row) for rat no. 2. The modes de
ompose the growth pro
esses into syn-
hronous growth patterns whi
h are linearly 
ombined with the time-dependentmode 
oeÆ
ients. The uniform gray shades of the graph in the upper left pi
turein Figure 4 suggest that the �rst mode v(1) does not des
ribe 
hanges in shape,but a mere s
aling of a kind of mean shape. This �nding is also supported bythe fa
t that for the present data the �rst mode 
oeÆ
ient shows a proportion-ality with an a

ura
y of �9:0 � 10�3 to the so-
alled 
entroid size, a 
ommonlyused size measure in statisti
al shape analysis [5,11℄. Thus, the shape 
ompo-nents are represented by the remaining KLD modes, whose dynami
 behaviouris given by the 
orresponding 
oeÆ
ients �i(t). The results of this de
ompositionallow for a better medi
al interpretation and simplify the analysis of the a
tualgrowth pro
ess. As already mentioned, this separation into spatial modes andtime-dependent 
oeÆ
ients yields an appropriate basis for modelling the presentgrowth behaviour with only a few parameters, whi
h is shown in se
tion 3.For a better understanding of the syn
hronous anatomi
al pro
esses de-s
ribed by the modes, the produ
t �i(t)v(i) of a mode and its amplitude has tobe 
onsidered. Fig. 5 shows for rat no. 2 the produ
t �2(tk)v(2) of the se
ond



J. Starke, J. R�ubel, C. J. Lux / Modelling the Dynami
s of Craniofa
ial Growth 9
v(1) v(2) v(3)

714213040 60 90 15022002700320037004200�1(t)
t in days 714213040 60 90 150-300-1500150300�2(t)

t in days 714213040 60 90 150-60-30050100�3(t)
t in daysFigure 4. Modes v1; v2; v3 of rat no. 2 of the rat 
alvarial data with the 
orresponding eigenvalues�1 = 0:997532, �2 = 0:002139, �3 = 0:000180 (upper row) and time-dependent mode 
oeÆ
ients�1(t) to �3(t) (lower row).KLD mode and its amplitude on the left, whi
h des
ribes the major part of theshape 
omponent of the growth over time. This is 
ompared to the entire shape
omponent on the right of the �gure. The gray shades indi
ate the 
ontributionof this mode to the total length of the distan
e j, i.e. they are 
omputed by�2(tk)v(2)j =qj(tk). The negative 
ontributions depi
ted in dashed lines do not in-di
ate a shrinking of the distan
es but less growth in 
omparison to the s
aling ofthe size represented by the �rst mode. For rat no. 2 in Fig. 5 the relative approx-imation error (2), 
omputed by the eigenvalues of the 
orrelation matrix, showsthat the �rst mode 
overs 99.75% of the real pro
ess, the �rst and the se
ondmode 99.97% and the �rst three ones 
over 99.99%. Sin
e the �rst mode des
ribesthe size, the 
omplete shape 
omponent is represented by the sum Pni=2 �i(t)v(i)of the remaining modes, as visualized in Fig. 5 on the right. Comparing �2(tk)v(2)with Pni=2 �i(t)v(i) in the left and right 
olumns in Fig. 5 it 
an be seen 
learlythat the se
ond mode and its 
oeÆ
ient provide a good approximation of theentire shape 
omponent. This holds for all subje
ts of the rat 
alvarial data setwhere the approximation of the �rst two modes range from 99.961% to 99.981%with the mean 99.972%.



10 J. Starke, J. R�ubel, C. J. Lux / Modelling the Dynami
s of Craniofa
ial Growth2.4. Analysis and Visualization of the Human Growth DataThe data of the Belfast Growth Study were investigated analogously to therat 
alvarial data where the KLD was done separately for ea
h subje
t. Althoughin the human data set a smaller developmental se
tion is 
onsidered with a highervariability in shape, the results obtained for the analysis of the rat 
alvarial dataalso hold similarly for the data of the Belfast Growth study.The �rst three KLD modes v(1) to v(3) with the largest eigenvalues togetherwith their time-dependent mode 
oeÆ
ients �1(t) to �3(t) are given in Fig. 6 forproband no. 4. The di�erent me
hanisms of growth, espe
ially with respe
t tothe identi�
ation of regions with in
reased or de
reased growth, 
an be 
learlydetermined. Similarly to the rat 
alvarial data, the se
ond mode together withits mode 
oeÆ
ient provides a good approximation of the real growth state alsoin the 
ase of the Belfast Growth Study. Hen
e, a modelling of the growthdynami
s 
an be restri
ted to the �rst two modes whi
h 
over for proband no.4 for example 99.9952% of the real pro
ess and ranges over all probands from99.9917% to 99.9953% with mean 99.9935%.3. Modelling the Growth Dynami
sThe property of the KLD to redu
e the dynami
s to a few time-dependentmode 
oeÆ
ients provides an appropriate basis for the modelling. It is importantto �t a model with only a few parameters, i.e. the number of parameters has tobe small 
ompared to the amount of data to 
apture the 
ommon 
hara
teristi
behaviour and prevent overdetermination.3.1. Time Dependent Mode CoeÆ
ients for Modelling the Dynami
sAs des
ribed above, the �rst two modes 
over most of the real pro
ess andthus provide a suÆ
ient approximation to model the dynami
 growth behaviour.Their 
oeÆ
ients �p1(t) and �p2(t) are shown in Fig. 7 for ea
h rat p. The similarityof the 
oeÆ
ient dynami
s of ea
h mode points to the existen
e of 
ommon growthlaws for all subje
ts in the data set. The same observation 
an be made forthe human growth study material in Fig. 8 with respe
t to the time-dependent
oeÆ
ients of the �rst two modes. Although the human subje
ts show a largerrelative variation in shifts of the subje
ts' graphs to ea
h other, they seem to be
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ial Growth 11di�erent segments of a general growth 
urve, whi
h are s
aled and translated toea
h other.Previous approa
hes des
ribe the �tting of 
ertain growth 
urves, e.g. thegrowth 
urve of Jenss and Bayley [18℄ or of Gompertz [14℄ to nonlinear data ofstanding height or supine length in 
hildren [7,8℄. For a detailed review of biolog-i
al growth analysis the reader is referred to [40℄. Besides traditional approa
hesmeasuring the dynami
s of 
raniofa
ial variables, e.g. linear variables in lateral
ephalograms [30℄, studies have been 
ondu
ted to investigate the relationshipsbetween 
ertain 
raniofa
ial variables, e.g. mandibular or maxillary dimensions,and skeletal growth in general as represented by total body size [2,6℄.The dynami
s of the nonlinear behaviour of human skeletal growth has beeninvestigated in detail by Tanner [35,36,27℄ for standing height. Changes in hu-man skeletal growth show after an initial strong growth a period of prepubertalde
reased development and an in
reased growth during puberty, the so-
alledpubertal growth spurt. After this period the 
hange in size tends to zero. Thepresent data sets show a similar growth behaviour, whi
h is pronoun
ed for thehuman 
raniofa
ial data.As already pointed out, the �rst mode v(1) represents a measure of size.Therefore, the dynami
s of its mode 
oeÆ
ient �1(t) is assumed to show thegrowth behaviour des
ribed above. In mathemati
al terms, this is expressed bylarge (absolute) values of ddt�1 at the beginning, a subsequent lo
al minimumwhi
h is followed by a lo
al maximum and is zero at a �nal stationary state. Thistype of behaviour 
an be modelled by a gradient des
ent 
ow with polynomialpotential of order four. Su
h a potential � with suitable 
oeÆ
ients, supplyingthe desired behaviour of the 
orresponding gradient 
ow, is depi
ted in Fig. 9.The gradient 
ow dynami
s with potential of order four, representing a gen-eral growth law, 
an be adapted to the individual by introdu
ing the parameter�p1 for ea
h individual p to 
onsider its individual time s
ale and parameters �p1and 
p1 to 
onsider the individual size at the initial and �nal state. This leads tothe following equation of motion with ~�p1 for modelling the data �p1 :ddt ~�p1 = fp1 (~�1)=�p1�k10 + k11(�p1 ~�p1 � 
p1) + k12(�p1 ~�p1 � 
p1)2 + k13(�p1 ~�p1 � 
p1)3� (3)with general parameters k10; k11; k12, k13 determining the qualitative propertieslike basins of attra
tion and stability and individual parameters �p1, �p1 , 
p1 . As-
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s of Craniofa
ial Growthsuming su
h a general growth law whi
h is adapted to the individual by the threeintrodu
ed parameters allows for a mu
h better �t of the general behaviour thanby using more general and no individual parameters. Moreover, the assumption ofa general growth law whi
h 
ombines general and individual parameters redu
esthe total number of parameters 
ompared to the 
ase of an individual parameter�t for every subje
t.For the modelling of the se
ond mode we assume that in growth pro
essesany 
hange in shape is a

ompanied by an in
rease in size, whi
h is usuallyjusti�ed by the nature of 
raniofa
ial growth. To model the dynami
s of the
oeÆ
ient �p2 of the se
ond mode v(2);p representing the major 
omponent ofshape, the following formulation with ~�p2 is used:ddt ~�p2 = fp2 (~�1; ~�2)=� ddt ~�p1� � g(~�p2) (4)with the quadrati
 fun
tiong(~�p2) = �p2�k20 + k21(�p2 ~�p2 � 
p2) + k22(�p2 ~�p2 � 
p2)2�: (5)Here �p2, �p2 , 
p2 are as in eq. (3) parameters to adapt the 
olle
tive law to the indi-vidual. The parameter �p2 adapts the shape 
hanges 
overed by the se
ond modeto the individual time s
ale while �p2 and 
p2 des
ribe the individual markednessof shape 
omprised in the total growth. The spe
i�
 form of (5) 
an be explainedas follows: Due to the approximation of the growth data by a s
aling of the �rstmode as a kind of mean shape with the s
aling fa
tor �p1(t), and under the as-sumption of monotonous growth, the 
oeÆ
ient �p2(t) 
hanges its sign over time.It des
ribes along with the se
ond mode the deviations of the data from the�rst mode. Furthermore, it is 
lini
ally known that many shape 
hara
teristi
sdevelop during the pubertal growth spurt, and that in 
on
lusion those 
hara
ter-isti
s are weakly expressed before puberty during the prepubertal minimum [3℄.In addition, the fa
ial skeleton tends to its �nal shape after puberty. This approx-imately sigmoidal and monotonous growth behaviour of �p2 over time (
f. Figs. 7and 8) is re
e
ted in the quadrati
 dependen
e of g(~�p2(t)) from ~�p2(t). Within therange between the zeros of g(~�p2(t)), the des
ribed behaviour is a
hieved underthe stability 
onditions dis
ussed in se
tion 3.5.
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ial Growth 133.2. Parameter Identi�
ation in the ODE ModelTo 
omplete the modelling of the growth dynami
s for the rats and humans,the parameters in (3) and (4) have to be determined from the two data sets. Onepossible approa
h for a parameter identi�
ation in ordinary di�erential equationsis to determine the parameters by minimizing the error between the solution ofthe di�erential equation and the data. Examples are the initial value approa
h[34℄ or multiple shooting [9,4,19℄. The initial value approa
h starts from aninitial guess for the parameters and the dynami
 variable. It minimizes the errorby iterating the determination of the parameters and initial value respe
tivelyand the numeri
al solution of the di�erential equation. In opposite to that,the method of multiple shooting not only uses the information of the 
ow forthe initial value but on the whole �tting interval by dividing this interval inmany subintervals and solving an initial value problem on ea
h subinterval. Theinitially obtained dis
ontinous solutions whi
h are nevertheless 
lose to the realdata, are iteratively smoothed by adding equality 
onstraints for the 
ontinuity
onditions to the original optimization problem. An appli
ation example formultiple shooting for the parameter identi�
ation in an ODE model of a 
haoti

ir
uit 
an be found in [37℄.In the following, another approa
h is used for the parameter identi�
ation,where the 
ow of the dynami
al system is dire
tly �tted to the data. This allowsto utilize the spe
i�
 stru
ture of the parameters in the proposed model (3) and(4). Furthermore, it should be kept in mind, that this model is essentially basedon a gradient des
ent 
ow whi
h has a good-natured dynami
s where perturba-tions in the parameters do not e�e
t the traje
tories too mu
h. Both, the generaland individual parameters are determined by �tting the 
ow of this ODE modelto the data ��pi (tk)=�t, while the general parameters are linear parameters andthe individual parameters are nonlinear. As in the present x-rays the time mea-surement error is negligible 
ompared to the error in identi�
ation of landmarks,the standard least squares method 
an be used instead of the total least squaresmethod. This leads to minimizing the residualsRi(kij ; �pi ; �pi ; 
pi ) =Xp Xk  ��pi (tk)�t � fpi (�pi (tk))!2 (6)for ea
h mode 
oeÆ
ient �pi given from the data with i 2 f1; 2g, i.e.,Ri(kij ; �pi ; �pi ; 
pi )! min : (7)
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s of Craniofa
ial GrowthDue to the large number of lo
al minima it is quite diÆ
ult to �nd the globalminimum of (6).By using a de
omposition method (see e.g. [13℄) for minimizing (6), advan-tage is taken of the spe
ial stru
ture of the optimization problem (6) with (7)where the general parameters kij are linear in the model (3) and (4) while theindividual parameters �pi , �pi and 
pi appear nonlinearly. The residuals of the twode
omposition steps are �rstR(a)i (kij) =Xp Xk  ��pi (tk)�t � fpi (�pi (tk); kij)!2 (8)while all �pi ; �pi ; 
pi are 
onstantfor ea
h mode 
oeÆ
ient �pi given from the data with i 2 f1; 2g for optimizingthe linear general parameters kij and se
ondR(b)i;p(�pi ; �pi ; 
pi ) =Xk  ��pi (tk)�t � fpi (�pi (tk);�pi ; �pi ; 
pi )!2 (9)while all kij are 
onstantfor ea
h mode 
oeÆ
ient �pi for optimizing the individual parameters �pi ; �pi ; 
pifor ea
h proband p.Minimizing (8) to determine the general parameters kij yields the globaloptimum due to the fa
t that they appear linearly in the model whi
h has tobe �tted to the data, i.e., they are quadrati
ally in (8), with �pi , �pi and 
pibeing �xed. Therefore, it is not 
ru
ial whi
h optimization method is used forthis step. In 
ontrast to that, the individual parameters �pi , �pi and 
pi appearnonlinear in the model whi
h has to be �tted to the data. To �nd subsequentlysuboptimal values for these individual parameters, a 
onjugate gradient methodwas 
arried out on
e with the parameter values of the previous step and nr = 128times with randomly 
hosen initial values. This was done independently for ea
hproband with the general parameters kij being �xed. The best solution is usedfor the following iteration steps. Due to the low dimension of this sear
h spa
e
ompared to the original non-de
omposed problem (6) there is a mu
h higher
han
e to obtain the global minima of the residuals (9) for ea
h subje
t p. Theoptimization of these two residuals (8) and (9) are iterated using the methodsdes
ribed above. As ea
h of the steps de
reases or at least does not in
rease theresidual (6), the total pro
edure monotonously de
reases the residual (6).
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ial Growth 153.3. Fitting the Parameters for the Rat Calvarial DataTo further redu
e the number of free parameters, in (3) and (4) the individ-ual parameter 
pi with i = 1; 2 was 
hosen �xed as the mean amplitude 
p = ��iof the ith mode over all rats and times. This is possible be
ause all subje
tsof the rat 
alvarial data 
over the whole growth period starting from birth [33℄.Besides the mentioned advantage of the proposed model (3) to 
over the 
har-a
teristi
 behaviour better by using general and individual parameters, anotherbene�t 
on
erning the number of parameters should be mentioned: In the rat
alvarial data set only 4+18 �2 parameters have to be determined instead of 18 �4parameters for �tting the growth law individually to ea
h subje
t. The timederivatives of the mode 
oeÆ
ients des
ribing the growth data are 
al
ulated asdi�eren
e quotients ��i(tk+1)�t = �i(tk+1)� �i(tk)tk+1 � tk (10)from the growth data.The �t for the rat 
alvarial data set yields the results for the parametersshown in Table 1 by using the des
ribed de
omposition approa
h for minimizing(6). Fig. 10 shows the �t of the model (3) and (4) for rat no. 2.Parameters for the �rst mode 
oeÆ
ient �1(t)k10 = 1:73 k11 = �2:76 k12 = 3:44 k13 = �5:58�p1 2 [0:0057; 0:011℄ �p1 2 [0:98; 1:01℄ 
p1 = ��1 = 3:082Parameters for the se
ond mode 
oeÆ
ient �2(t)k20 = �0:41 k21 = 0:17 k22 = 7:29�p2 2 [0:81; 1:37℄ �p2 2 [0:81; 1:57℄ 
p2 = ��2 = 0:021Table 1Results of the parameter �t for the rat 
alvarial data.3.4. Fitting the Parameters for the Belfast Growth StudyIn 
ontrast to the pre
eding se
tion, in the model for the Belfast GrowthStudy 
pi was 
hosen as free parameter for the parameter �t. It des
ribes theindividual size for i = 1 and shape markedness for i = 2. The time derivatives of
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ial Growththe mode 
oeÆ
ients des
ribing the given growth data are 
al
ulated as smootheddi�eren
e quotients��i(tk)�t = 12 ��i(tk+1)� �i(tk)tk+1 � tk + �i(tk)� �i(tk�1)tk � tk�1 � (11)from the growth data. This diminishes the number of sign 
hanges in ��i(tk)=�twhi
h are based on 
u
tuations of the measurements. The obtained parametersare given in Table 2 while Fig. 11 shows the �t of the model (3) and (4) to theParameters for the �rst mode 
oeÆ
ient �1(t)k10 = 0:306 k11 = 0:563 k12 = 0:415 k13 = �1:146�p1 2 [0:138; 0:306℄ �p1 2 [1:335; 3:215℄ 
p1 2 [4:184; 11:194℄Parameters for the se
ond mode 
oeÆ
ient �2(t)k20 = �0:581 k21 = 4:092 k22 = 96:431�p2 2 [0:317; 16:700℄ �p2 2 [�1:100; 1:292℄ 
p2 2 [�0:054; 0:101℄Table 2Results of the parameter �t of the Belfast Growth Study.Belfast growth data of proband no. 4.3.5. Qualitative Properties of the Obtained Growth Dynami
sAs the proposed model is essentially based on a gradient des
ent 
ow, or atleast 
an be transformed to one in the region of interest, the qualitative propertiesof the dynami
s are simple. Most important are the stability properties whi
hhave to be ful�lled to ensure that only medi
ally possible solutions appear.The ve
tor �eldv(�p1 ; �p2) = fp1fp2 ! (12)=0BB��p1�k10 + k11(�p1�p1 � 
p1) + k12(�p1�p1 � 
p1)2 + k13(�p1�p1 � 
p1)3�fp1�p2�k20 + k21(�p2�p2 � 
p2) + k22(�p2�p2 � 
p2)2� 1CCAde�nes the dynami
al system ( _�p1 ; _�p2)T = v(�p1 ; �p2) with (3), (4) and the param-eters given in Tables 1 and 2. Its 
ow is qualitativly shown in Fig. 12. The
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ial Growth 17individual parameters �pi , �pi and 
pi do not 
hange the 
ow of (13) if �pi > 0for i = 1; 2 and �p1 > 0. The regions A and D in the phase portrait representmedi
ally impossible states while the region C is avoided by sign 
onvention.More pre
isely, traje
tories in D would 
orrespond to shrinking. Traje
tories inA would diverge whi
h makes no sense with respe
t to the nature of growth. Thisarea is avoided by the assumption of non-monotonous behaviour of the shape.4. Qualitative Predi
tion of Craniofa
ial GrowthMany treatment de
isions depend on the predi
tion of the 
raniofa
ialgrowth pattern, espe
ially the growth dire
tion of the mandible. In 
lini
al pra
-ti
e a rough predi
tion is based on some stru
tural signs [3℄ su
h as the morphol-ogy of the symphysis or some angular measurements des
ribing the position ofthe jaws relative to the skull. However, so far the existing approa
hes are of lim-ited 
lini
al use [16,23℄. Nevertheless, predi
tion is of great importan
e in 
lini
altreatment planning. If x-rays at several developmental stages are available, e.g.in 
ases with severe syndroms where patients are x-rayed over a larger periodof 
raniofa
ial development, the available data might 
over the relevant growthtenden
ies ne
essary for predi
tion. Thus, the predi
tion as follows may to alimited extent assist the 
lini
ian to determine and at least qualitatively predi
tthe e�e
ts of the existing growth trends on 
raniofa
ial morphology.An estimation of the future growth 
an be performed by numeri
al inte-gration of the extra
ted growth laws, using for the dynami
al system the generalparameters and the mean of the individual parameters obtained above. While thegeneral parameters des
ribe the 
hara
teristi
 shape of the growth 
urve whi
h
ontains the medi
ally relevant information, the individual parameters adapt theindividual time s
ale and absolute size. The predi
tion by numeri
al integra-tion is performed by applying the determined growth laws to new individualKarhunen-Lo�eve modes. These modes are obtained from those time steps whi
hare available for predi
tion. To be pre
ise, the �nal values of the �rst two mode
oeÆ
ients determined by the available data are used as initial values for theintegration of the dynami
al system.The predi
tion state is~q(t) = ~�1(t)~v(1) + ~�2(t)~v(2) (13)where ~v(1); ~v(2) are the KLD modes of the available data and ~�1(t); ~�2(t) the 
or-
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s of Craniofa
ial Growthresponding 
oeÆ
ients obtained by the numeri
al integration of the ODE model
apturing the growth law.4.1. Predi
tion for the Rat Calvarial DataThe 
apability of this predi
tion approa
h is �rst shown for the rodent data.To evaluate the predi
tion result, only two states at times t4 and t5 of the originaldata set with the times t1 to t8 were used as basis for the predi
tion. The predi
tedsubsequent states ~q were 
ompared with the states q after real growth. The KLDmodes of the subset approximate the modes of the original data set in
luding thestates to be predi
ted.To integrate the model (3) and (4) for predi
tion, the mode 
oeÆ
ients �1(t5)and �2(t5) whi
h 
orrespond to the modes of the subset are used as initial values.Using Euler's method for numeri
al integration, good results are obtained for the�rst mode and satisfying qualitative results for the se
ond mode. Fig. 13 showsthat the main shape e�e
ts 
aptured by the se
ond mode are qualitatively wellpredi
ted by the proposed model. In the �gure one 
an see that the relativeelongation (dark solid lines) of the distan
es Bas{SES, Bas{SOS and SOS{ISSand the relative 
ompression (dark dashed lines) of the verti
al distan
es (Bas{Opi and SOS{Lam) are predi
ted 
orre
tly. Therefore, a qualitative estimation ofthe future tenden
ies of growth seems possible. The predi
tion error in the right
olumn shows for t5 the initial di�eren
e between the se
ond mode 
omputedover all time steps t1 to t8 and the se
ond mode 
omputed over t4 and t5. Thepredi
tion error of the other times is therefore a 
ombination of a propagationof this error and the approximation error of the model. Due to the individualtime and length s
ales, the de
isive point here is to 
apture the dire
tions of the
hanges of 
ertain growth regions qualitatively, regardless the exa
t quantitativevalues.4.2. Predi
tion of Human Craniofa
ial GrowthTo test the predi
tive 
apabilities in a 
lini
al setting, the x-rays at 7 to 13,9 to 11 and 11 to 13 years have been used to predi
t the interlandmark distan
esin the respe
tive two subsequent years. Additionally one of the 10 subje
ts wasex
luded from the parameter estimation pro
edure to test the 
apability of thispredi
tion on subje
ts not in the data base.
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ial Growth 19For all time intervals whi
h were used for predi
tion, most of the qualitativeshape 
hanges were predi
ted 
orre
tly for the 10 subje
ts. The predi
tion resultsof the distan
e ve
tors were of a quality (see Table 3) that seems to make theseresults useful for medi
al predi
tion. Nevertheless, the predi
tion error of thepred. basis 7{13 9{11 11{13pred. age 14 15 12 13 14 15rel. total error 1.8% 3.6% 2.0% 1.9% 2.2% 2.3%stand. dev. of total error 0.0045 0.0087 0.0089 0.0051 0.0050 0.0049Table 3Mean of relative errors of the predi
tion ~�1(t)~v(1) + ~�2(t)~v(2), for the basis of ages 7{13, 9{11and 11{13, over all subje
ts and 
orresponding standard deviations.se
ond mode is relatively high whi
h makes possible only a qualitative predi
tionof the shape 
hange.In Fig. 14 �2(t)v(2) of the real growth has been opposed to ~�2(t)~v(2) of thepredi
tion result. The data for ages 11{13 were used as basis for the predi
tion.As in the pre
eding se
tion the predi
tion error is a 
ombination of an initial errordue to the approximation of the data base over the times t5 to t9 by the redu
eddata base over the times t5 to t7 and an error 
oming from the model assumptions.Although the predi
tion error seems to be large, the growth behaviour of mostregions is predi
ted qualitatively 
orre
t. Indeed, the relatively long posteriorfa
ial height S{Go and distan
e Ar{Go and the relatively shortened anteriorfa
ial height (N{Gn), distan
es whi
h are essential for the 
raniofa
ial growthpattern, are predi
ted qualitatively 
orre
t. The relative 
hanges of the realgrowth and the predi
tion, together with the predi
tion error as their di�eren
e,are visualized in Fig. 15. This predi
tion error is small 
ompared with the relative
hanges of the real growth.In a se
ond step, the growth of a proband, who has not been in
ludedin the data set whi
h was used to determine the parameters of the model, ispredi
ted in Fig. 16. The means determined over the 9 remaining subje
ts wereused as individual parameters. Predi
tion results were shown for the age 15on a basis of the ages 7 to 14. For the predi
tion, di�erent individual times
ales �2 = f��=16; ��=4; ��=2; ��g with mean �� = 3:180 were used be
ause the
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s of Craniofa
ial Growthindividual time s
ale is not known and also not of major medi
al relevan
e. Forbetter visualization, the gray s
ale was determined over ea
h row of Fig. 16separately. It has to be mentioned that the mean �� is relatively high due to avery large parameter value of one proband. The growth pattern of the se
ondmode is qualitatively well predi
ted. The quantitatively best predi
tion is givenfor �2 = ��=16.On the other hand it should be mentioned that the fundamental limits ofany approa
h of 
raniofa
ial growth predi
tion have to be seen 
learly. If thepredi
tion is based solely on 
ephalometri
 measurements of a single state it isprin
ipally not possible to predi
t sudden 
hanges of the growth dire
tion withoutfurther geneti
 information [15,17℄. For a quantitatively 
orre
t predi
tion at leastsome tenden
ies have to be present for several time steps in the data set on whi
hthe predi
tion is based. Over and above that, it has to be emphasized that thenumber of x-rays usually available for an estimation of the future growth is verylimited in 
lini
al pra
ti
e. Most treatment de
isions have to be made when thepatient 
omes for the �rst time into pra
ti
e, i.e. growth has to be predi
ted onthe basis of only one x-ray in lateral view.The need of a 
ertain number of 
ephalometri
 x-rays ne
essary for predi
-tion with high a

ura
y 
ontrasts to the in
reasing sensitivity towards ionizingradiation and this dis
repan
y may perhaps be solved in future by the furtherdevelopment and adaption of existing diagnosti
 te
hniques su
h as ultrasoundor magneti
 resonan
e tomography to 
raniofa
ial diagnosti
s.5. Con
lusions and OutlookA te
hnique based on a Karhunen-Lo�eve de
omposition is presented to in-vestigate and visualize landmark-based data of time-dependent pro
esses. Thisapproa
h turned out to be a suitable tool for analysing, visualizing and mod-elling 
omplex growth me
hanisms and has been exemplarily demonstrated inthe 
ontext of 
raniofa
ial growth.The growth pro
esses, represented by time-dependent interpoint distan
es oflandmark data, are de
omposed into time-dependent s
alar mode 
oeÆ
ients andspatial modes whi
h are 
onstant over time. The investigated data sets 
omprise�rst, the rat 
alvarial data set of Vilman [28,5℄ and se
ond, a group of malesubje
ts from the Belfast Growth Study [1℄. They show that already the �rsttwo modes approximate the growth pro
ess with high a

ura
y and represent the
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s of size and shape 
omponents during growth. Thereby, the �rst mode
overs mainly the in
rease in size while the se
ond one des
ribes the main shape
omponent.The presented te
hnique allows for a visualization of the growth pro
esseswhi
h is suggestive and self-evident for medi
al use due to 
olouring or gray shad-ing of the time-dependent interpoint distan
es of the landmark data. The usedpatterned gray shades depi
t the e�e
ts of the modes on the di�erent 
raniofa
ialregions. For example, the se
ond mode shows in 
ertain regions a de
rease or in-
rease 
ompared to the mean growth 
overed by the �rst mode, whi
h is depi
tedwith dashed or solid lines.In 
ontrast to approa
hes 
ommon in medi
al 
ephalometri
 analyses whi
honly use some angular measurements to des
ribe shape 
hange, the obje
t's wholegeometry is under 
onsideration, whi
h is mainly the neuro
ranium for the ratsand the fa
ial skull for the Belfast Growth Study. This is a 
lear advantage over
onventional 
ephalometri
 analyses, where the geometri
 relationships among
ertain measurements, e.g. the fa
t that they share a 
ommon landmark, isnot taken into a

ount [32℄. In the de
omposition into spatial modes and time-dependent 
oeÆ
ients as des
ribed above, the mode 
oeÆ
ients give insight intothe individual dynami
 behaviour during the observed growth period, i.e. theentire development in the 
ase of the rats and the period of starting pubertyand adoles
en
e for the Belfast subje
ts. Furthermore, the redu
tion of the dy-nami
s to a few time-dependent s
alar mode 
oeÆ
ients allows for an extra
tionof general growth laws. A medi
ally motivated dynami
al system with generaland individual parameters was used to model and predi
t the 
omplex growthpro
esses qualitatively. For the parameter identi�
ation in the dynami
al sys-tem, a least squares te
hnique with a de
omposition method for minimizing theresidual error was used. Besides the existing traditional approa
hes [30℄, [2℄, [6℄for modelling the dynami
s of size measures like linear 
raniofa
ial distan
es, thepresented model in
ludes the dynami
s of shape 
hara
teristi
s as well.In future, the adaptation to three-dimensional data, ne
essary for the anal-ysis of 
omputer tomographies, is also possible be
ause the KLD is not limited totwo dimensions. The development of new diagnosti
 te
hniques without or withat least strongly redu
ed ionizing radiation would allow to take a distin
tly largernumber of 
ephalometri
 pi
tures during development or treatment. This wouldfa
ilitate modelling and predi
tion with higher a

ura
y and might also allow fora better quantitative predi
tion of growth pro
esses in medi
al diagnosti
s.
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t1
t2
t3
t4
t5
t6
t7
t8

t1
t2
t3
t4
t5
t6
t7
t8Figure 5. Visualization of the se
ond mode with mode 
oeÆ
ient �2(tk)v(2) (left) and the entireshape 
omponent, i.e., the sum of all but the �rst mode with mode 
oeÆ
ients Pni=2 �i(tk)v(i)jof the KLD for rat no. 2 of the Vilman rat data set. The gray shades of the interlandmarkdistan
es, 
omputed by �2(tk)v(2)j =qj(tk) and Pni=2 �i(tk)v(i)j =qj(tk) respe
tively for t1; : : : ; t8,show the degree of deviation from the mean form, where dashed lines stand for a negative
ontribution of the modes and mode 
oeÆ
ients and solid lines for positive ones.
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t in yearsFigure 6. Modes v1; v2; v3 of proband no. 4 of the Belfast Growth Study with the 
orrespondingeigenvalues �1 = 0:999823728, �2 = 0:000125172, �3 = 0:000019319.
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oeÆ
ients �p1 (left) and �p2 (right) of the �rst and se
ond KLD-mode for all ratsp from the Vilman data set plotted over time.
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oeÆ
ients �p1 (left) and �p2 (right) of the �rst and se
ond KLD-mode for allprobands p sele
ted from the Belfast Growth Study plotted over the time. Compared with therat 
alvarial data in Fig. 7 the human probands show a larger relative variation in shifts of theprobands' graphs to ea
h other.�(�1)
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BBN XXz SSwFigure 9. Potential �(�1) of order 4 to model the size-growth by a gradient des
ent 
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s of the mode 
oeÆ
ients �p1(left) and �p2 (right) of the �rst and se
ond KLD mode for the example of rat no. 17 from theVilman data set.



28 J. Starke, J. R�ubel, C. J. Lux / Modelling the Dynami
s of Craniofa
ial Growthf(�p1)
�p10.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

3.2 3.3 3.4 3.5 3.6 3.7 3.8 3.9

g(�p2)
�p2-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

-0.06-0.05-0.04-0.03-0.02-0.01 0 0.010.020.030.040.05Figure 11. The �t of the model (3) and (4) to the growth dynami
s of the mode 
oeÆ
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ond KLD mode for proband no. 4 of the Belfast GrowthStudy.
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Figure 12. Flow of the ve
tor �eld (13) with parameters given in tables 1 and 2. The upper andright hat
hed area marked with \A" and \D" 
ontain medi
ally impossible states and are notrea
hed if the initial values are 
hosen outside. The states in the lower hat
hed area markedwith \C" are avoided by sign 
onvention of �2 and v(2) in the produ
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t5
t6
t7
t8

Real Growth Predi
tion
t5
t6
t7
t8

Predi
tion Error
t5
t6
t7
t8Figure 13. Comparison of �2(t)v(2) of the real growth of rat no. 17 shown on the left with thepredi
tion results ~�2(t)~v(2) in the middle and the predi
tion error on the right for times t5 to t8.The data of the times t4 and t5 was used as basis for the predi
tion.
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t6

t7

t8

Real Growth Predi
tion

t6

t7

t8

Predi
tion Error

t6

t7

t8Figure 14. Comparison of �2(t)v(2) of the real growth of proband no. 4 of the Belfast GrowthStudy shown on the left, with the predi
tion results ~�2(t)~v(2) in the middle and the predi
tionerror on the right. The data of ages 11{13 years was used as basis for the predi
tion of the ages14 and 15 (times t7 to t8).
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Real Growth

t7 ! t8

t8 ! t9

Predi
tion

t7 ! t8

t8 ! t9

Predi
tion Error

t7 ! t8

t8 ! t9Figure 15. Relative 
hanges of the real growth of proband no. 4 from ages 13 to 14 and 14 to15, 
ompared with the predi
ition result whi
h is based on the ages 11{13 years. The predi
tionerror as di�eren
e of both relative 
hanges is shown on the right. The 
orresponding states areshown in Fig. 14.
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t8
t8
t8
t8

Predi
tion
t8
t8
t8
t8

Predi
tion Error
t8
t8
t8
t8Figure 16. Comparison of �2v2 of the Real growth (left) 
ompared with the predi
tion (middle)for a proband who has not been in
luded into the data set for determination of the modelparameters. The predi
tion error is depi
ted on the right. The means over the 9 subje
ts wereused as individual parameters. The ages 7{14 years were used as basis for the predi
tion. The
olumn in the middle shows predi
tion results for the age 15 with di�erent individual times
ales �2 = f��=16; ��=4; ��=2; ��g with mean �� = 3:180. The growth pattern of the se
ond modeis qualitatively well predi
ted. The quantitatively best predi
tion is given for �2 = ��=16 (�rstrow).


