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Abstract

Consider the random graph model of Barabasi and Albert, where we add a new vertex in
every step and connect it to some old vertices with probabilities proportional to their degrees.
If we connect it to only one of the old vertices the graph will be a tree. These graphs have been
shown to have power law degree distributions, the same as observed in some large real-world
networks. We show that the degree distribution is the same on every sufficiently high level of the
tree.
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1 Introduction

Consider the following random graph model of Barabési and Albert [1].

”Starting with a small number (mg) of vertices, at every time step we add a new vertex with
m(< myp) edges that link the new vertex to m different vertices already present in the system. To
incorporate preferential attachment, we assume that the probability P that a new vertex will be

connected to vertex ¢ depends on the degree of that vertex.”

They pointed out that many complex real world networks cannot be adequately described by the
classical Erdés-Rényi random graph model, where the possible edges are included independently,
with the same probability p. In this model the degree distribution is approximately Poisson with
parameter np, while in real networks (for example the WWW) power law degree distributions have
been observed, with a parameter independent of n. These are called scale-free degree distributions

(or scale-free graphs).

In the case of m = 1, the resulting graph is a tree. These scale-free trees have been known

since the 1980s as monuniform random recursive trees. Two nearly identical classes of these trees
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are random recursive trees with attraction of vertices proportional to the degrees and random plane-
oriented recursive trees (see [8] and [9]). In this model, starting with a single edge, at every step
we add a new vertex and connect it to one of the old vertices by an edge. This old vertex is chosen
randomly with probability proportional to its degree. This leads to the same model as if we chose
an edge randomly, each with equal probability, then one of the end points of that edge, both with
equal probability.

A possible generalization of this model is where the probability of choosing an old vertex is
(k + 8)/Sp, instead of k/2n, with a given > —1, where k is the degree of the vertex and S,, =
2n+ B(n+1) = (2+ B)n + B is the sum of all weights in the n-th step. It was shown by Méri in
[10] that the proportion of vertices of degree k converges almost surely to a limit ¢, which, as a
function of k, decreases at the rate £~ (7). In the original case (6 = 0), the formula of the expected
proportion of vertices of degree k was determined by Szymanski [12] and strong convergence of this
proportion was shown by Lu and Feng [7]. Similar a.s. results were proved in a paper of Bollobés,

Riordan, Spencer and Tusnady [4] for the general model (m > 1).

The following examples show the importance of these results and the sense of the generalization.
Several graphs have been found with degree distributions P(k) ~ ¢+ k™7 with some constant ¢ [1].
One of these is the collaboration graph of movie actors where v = 2.3 + 0.1. Another example is
the WWW, which is a directed graph, so it has a distinct in- and out-degree distribution. The
Hungarain Web was studied by the Websearch and Data Mining Group of the Hungarian Computer
and Automation Research Institute in [2]; and they found that both for the in- and out-degrees the
distribution is P(k) ~ ¢ - k=7 with i, = 2.29 and 7o, = 2.78.

In [6], I studied the shape of the tree. Starting from the root (Oth level), cut the tree into levels.
The neighbours of the root will be on level 1, the neighbours of these will be on level 2, etc. Let
X|[n, k] denote the size of the k-th level after the n-th step (the first step is when we take the first
edge). These random variables determine the shape of the tree. Let W,, := max{X[n, k] : 1 <k} be
its width and H,, := max{k > 1: X[n, k| # 0} its height.

Set o = 5 In [6] the following result gives the sizes of the largest levels. With probability 1,

2+8"
n (k — alogn)? n
Xnkl = — - _— 1
[, K] Vv2amlogn exp< 2alogn +0O logn )’ (1)

as n — 00, where the error term is uniform for all £ > 0. Of course this also yields that the width
is Wy, ~

#logn and it is reached at about level alogn.

Knowing the degree distribution and the shape of the tree, Tamas Mori posed the problem
whether the degree distribution is the same on all levels or not. He noticed that on lower levels it is

different from that of the whole tree, for example on the first level the ratio of vertices with degree j
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a.s. goes to (1+ /) (ﬁ — ﬁ) Hence the degree distribution on the lower level is still a power
law distribution, but the exponent is —2, independently of the parameter 8 and the fixed level k. In
this paper we show that the answer for Méri’s question is yes for the middle levels (around alogn),

that contain almost all vertices, hence determine the degree distribution of the whole tree.

Theorem 1 Suppose B = 0. With any constants 0 < k1 < ko, for k1y/logn < k—% logn < kay/logn
the ratio of vertices with degree j converges a.s. to a limit c; on level k and c; is equal to the limit

of the ratio of j-degree vertices in the whole graph.

Remark 1 The theorem holds for any 8 > —1, that is, the limit of vertices with degree j on levels

around alogn a.s. converges to the same limit as in the whole tree.

We will only prove the theorem. One can see that the proof of this generalization goes on the

same lines, but needs longer and more complicated calculations.

2 Generating functions

The proof goes on similar lines as in [6] and [5], however, some of the recursive formulas had been

known long before. The main idea is to consider the generating function
oo
Gn(z) = GV (2) = > X[n.k+ 1]~
k=0

for any complex z. The sum is finite for a fixed n, hence G, (z) is holomorphic. To study degree
distributions, we have to count the vertices with given degree. Instead of that let X(Z/)[n, k] be the

number of vertices with degree at least j on level k after step n. Let

G2 (z) = ZX(Zj) [n, k + 1]2"
k=0

be the corresponding generating function.

Obviously, Gq(;j )(1) is the number of vertices in the tree with degree at least j excluding the

root. As shown in [12], the limit of the expected ratio of vertices with degree j is . One

4
JG+D(G+2)

can see that summing this quantity gives the ratio of vertices with degree at least j as j(jil).

To calculate EG%Z]' )(z) we use conditional expectations. Let F,, denote the o-field generated by
the first n steps. The number of vertices with degree at least j on a given level either increases by
one or does not change. For j = 1, the probability of an increase is

X[kt X [nh=1] g g
P(X[n+1,k]:X[n,k]+1!fn)={ X[n1] *" fork=1

2n
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since the new vertex is connected to level kK — 1 with probability equal to the sum of the degrees on
level k—1 over 2n. Obviously, the sum of the degrees on level k —1is X[n, k] + X[n,k—1] for k > 1
and X|[n, 1] for k = 1. For j > 2, probability of an increase is

XEI=D{n, k] — XED[n, k]

2n ’

P(XEDn+ 1,k = XEDn, k] + 1|F,) = (- 1)

since this event is equivalent to the event that the new vertex is connected to a vertex on level k

with degree j — 1. Thus, for j =k =1

E(X[n+ 1,1)|F,) = (X[n, 1] + I)X[;”;l] X[ <1 ~ X[n, 1}) _

For j =1, k > 1 we have

n, k] + X[n,k — 1]
2n

E(X[n+1,K|F) = (X[n, K] + 1)) + X[n, k] (1— Xl _

_2n+1
o

n, k| + X[n, k — 1]
2n >

1
X[n,kl+ —X[n,k—1
n. K]+ 5 X[k~ 1],
and finally, for j > 1

(= DXE D, k] — XE [0, k)

E(XE) [n+1,k)|F) = (XED [n, k] + 1) o +
. P — (=5-1) _ x(=9)
 XCI (1 G =)D k] - X, k])) _
2n
I e | LI B S S TS
2n 2n
This gives the following recursive formula for the generating functions. For j =1,
2n+1 z 2n+1+42
E(Gn+1(z)|fn) ~ Ton Gn(z) + %Gn(fz) = TGn(Z), (2)
and for j > 1
B(GZH ()| F) = 2L a4 g, 3)
et " 2n " 2n "

In our calculations, just as in [6], we will use the fact that

T e (T +w)
wa—n%( )(F(1+v)+o(1/n)>’

for any complex v and w # —1.

Since G1(z) =1,

n—1 .
N EGCD () = TTE L2 e 342 "
BG, () =BG = [ 25 (vr(*37)roam). @
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Remark 2 For any fived z € C the sequence

Gn(2)
M, =
()= 6.0
is a martingale with respect to the filtration F,.
ProoF: It follows from (4) and (2) that
E(G,i1(2)|Fn 2n+1+=z 1 Gn(z
By (2)F) = Do EWa) Gal)- A}

EG,1(2) 2n EG,11(2)  EGp+1(2)

In general, the following holds for the expectation of the generating functions.

Lemma 1 For any fixed j > 2

BEGE () = n'$ < ()/F<3+z>+(9(i>>,

C'(Z): (]_1)'
J (z+2)(z+3)...(z+7)

where

PrROOF:  We proceed by induction on j. For j = 1 the equation is true with ¢;(z) = 1. Suppose
that it is true for j =1 > 1. By (3) we have
l

2 IRaE () + o BOEY(2).
n

EGEHD () =
2n "

n+1

Since nglﬂ)(z) = 0, this recursive formula gives
>l+1 Z - 2m — 1 " 142 N 1
G Z 5B ] 25 =3 s (1+0(3)) -

14241

“ari e (1 (1>> =g (o (0)

From now on, we will study the functions

3

U9 (2) == GED(2) = ¢j(2)Gn(2).

We will show that Ur(Lj )(z) is a.s. not far from 0. In order to be able to use martingales, we have to

consider the following linear combination. For j > 2 let

J - ‘
WO () = 3 (~1)i <”. 1) Ui (2). (5)

. 1 — 1
1=2
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The idea is based on a similar combination used in [10]. This combination will cancel out the different
coefficients in the proof of Remark 4, originating from the recursive formulas for the generating

functions in (3). Easy calculation shows that

J

Wi (z) =3 0P ()G (2), (6)

where

and for 2 <i<j

Remark 3 For j > 2,

PROOF: 9 (z) is defined in (5). Plugging this definition into the right hand side of the equation
yields

Zj: (‘Z B i) Wi (z) = ii(—l)” <”Z - i) (;_11) U®)(z).

=2 1=2 k=2

By changing the order of the sums, this is equal to

ji ok (DY (=Y g ) = 000 () 4 S 0 XJI k(I =1y (i1
i—1)\k—1) " T T n i—1)\k-1)

k=2 1= k=2 1

i=k
We only have to show that the last sum is equal to zero for any 2 < k < j — 1. By manipulating

the binomial formulas, we have

St () () =) e () -

1=

Remark 4 For every fized complex z and fized j > 2,

. . - 2i
MO (z) =W () [[ 55—
Pl 2i+1—3

1$ a martingale with respect to F,.
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Proor:  In order to prove that Mpy G )( ) is a martingale with respect to F,,, we have to show
that E(Mn+1( 2)|Fn) = (])( ), or equivalently, that E(Wn+1( 2)|Fn) = %Wéj)(z) Using the

recursive formulas (2) and (3), we have

J
(WL () F) = Db () EGE) ()| F) =
=1
J .
_ Gy a2ntltz (9) 2n—j+1 5y =1 i
=0 (2) Gn(z)+i§:;bi (2) 5, G (2) + 5 = GET ()

The coefficient of G,,(z) here is

AETRY IR SR o A SUPIPIVEE Lo ETS o SUNOPRE R
j+z 2n 2n j+z 2n ! 2n

bith (2)
bEJ)(Z)

) 2n—i+1_i_j—i Gy 2n—g+1
bi (Z>( 2n 2n i )_bi (2) 2n

For j > i > 2, we have = 72;1, thus the coefficient of G,(Fi)(z) is

Thus, E(W(ﬂrl( ) Fn) = %Wéj)(z), completing the proof. L]

The key to the approximation of Uy g )( ) is to find an upper bound for its variance. The following
lemma gives an upper bound for this variance for an arbitrary z, however, it will only be needed for

|z| =1 in the proof of the theorem.

Lemma 2 For any complex z and fived k > 2,

22
mm@w?=0@“J>,

which yields

z2
ElUW)2 =0 (nIHZ ‘ ) .

PROOF:  Let
ClD (21, 29) := B(GE) (21)GED (29)),

DV (21, 22) == B(WF) (21) WP (20)).

Using equation (6), this can be rewritten as

k
> b (21)bE, (22) O™ (21, 22). (7)
=1 m=1

Mw

317 22)



7Ss. KATONA: Levels of a scale-free tree 8

The objective is to give a recursive formula for Dk (21, z2). Note that Ggijl) (2) = G%Zj)(z) +K7(Lj)(z)
where the distribution of KU) is given by

B X[k X[nk=1]  f0 kS
P(EM(z) = 2571 Fy) = { X[ " ’ for k — 1

2n

Y

and for j > 2 A
XEID(n, k] — XE[n, k]

P () = &Y F) = (- 1) =

These yield

, i1 . .
BEP () = 15 2Galz) and B(KY(2)|F) = L H@E () - 6E(2))
Also we have
B(K (2) KD (2)|F) = “ T2, (),

2n
1 (G (2120) — GE) (2129)) for j > 2,

E(KD (21) KW (20)|Fn) = 22 5
n

and for i > j > 2,

B(KW (1) K9 (29)| Fy) = -

5 (GE ™V (2122) — GED(2120)).

It follows for ¢ > j > 2 that

n

C(ijrjl)(zh %) =E [E <(G$12i)(z1) + KD () (G (25) + KT(LJ')(Z))|Fn>} =

=BG )GED () + G ) ot (G e) - G () +

1—1

1—1 , . _
(=i-1) _ (=9 (=7)
+ 15— (G V) = GE()) G () +

(ngi_l)(zlzg) — G7(1>i)(2122)):| =

9 9 i
_ n -+ 7 ]E
2n

_l’_

) . , — 1 ; i
(GEN G () + 5 TBIGE D )G )+
71— 1

2n

B(GE) ()G (22)) +

n

E (G%Zi_l)(zle) — Gg’)(zle» .

This gives the formula

(i.9) 24 2—0i—j =1 i1, J—1 -1
Cn-i—l (21, ZQ) = TCSJ)(ZD 22) + %Cﬁf J)(Zl, 22) + WC,S” )(21, 22)+
1—1 . A
+ m E (G%ZZ_I)(zlzg) — G%ZZ)(zlzg)) .
For 57 > 2, similar calculations lead to
i nN+2—-754+=z , -1
Cﬁi’:l)(zhzz) = 2nj 20,23’1)(2'1,,22) + ]7271 CUED (21, z9)+

1 : )
E (G(Zj_l)(zlzg) _ G%ZJ)(2122)> ,

n

j_
+ 22 on
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and
2n+2+ 21 + 29

2n

14 2129
2n

C7(L1—i’-11) (21, 22) =

07(3’1)(21,22) + EGn(leg).

1427129
2

Notice, that in these recursive formulas, all the EG;Z')(zlzg) type expressions are O (n

)

according to (4) and Lemma 1. Since all of them are divided by n, all those terms are O (n g )

If we plug the above recursive formulas into (7), easy but tedious calculation gives that

—k+1 z129—1
D) (z1,20) = == | DW (21, 22) + O (” = )} '

n

Since after the first step there is no vertex with degree at least two, ng)(zl,zg) = (0. Thus, the

recursive formula for D,(Zk) yields

Dha ) =30 ()mH Y oo ((5) ) —o(nH),

Obviously, \Wék) (2)? = Wék)(z)Wék) (2) = W) (z)Wék) (%), hence

i y
EWH ()2 = DB(2,7) = O (n”T) _ 0 <n1+2) '

For the second part, recall that according to Remark 3,
Y k-1
k)(2) = T \wo
U(2) QKFJ)n<a

hence,

2
BT ()P < ¢ BWE P = 0 (w5
with some constant c. L]

Now we approximate (U,Sj ))’ (z). Denote by A < B if there is a ¢ constant such that A < ¢B.

Lemma 3 For every z # 0, and fized j > 2 we have a.s.

logn

(U ()] < U (|2)-

E

PrOOF:  Trivially, |( ,gj))’(z)| < ( T(Lj))’(|z|). In [11] it was shown that the height of the tree

H, ~ clogn a.s., where ¢ ~ 4.31 is the (greater than 2) solution of clog(2e/c) = 1. Hence, a.s.
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there exists ng such that for n > ng, we have XD [n, k] = X[n,k] = 0 if k > (¢ + 1)logn. Thus,

a.s.

) =3k (XEDn k) = (12 X n, ]) 2! <

k=0

log n

<<lognz< k] = e (1) X[, K] ) 1257 = D2

[

3 Proof of the Theorem

Before directly entering the proof we study Uy )(z) for |z| = 1.

Lemma 4 For every € > 0 we have a.s.
sultl) U (2)| = O <n3/4+5>
z=

as n — oQ.

ProOOF: By Markov’s inequality and Lemma 2, we have

E|UY (2)]”

—1/2-2¢
S oA S0

P(IUP(2)] = n*/*+) <

Let z(n,l) = exp(i 2”1) for i =1,...,K, where K = |[logn|. These points split the circle |z| = 1

into K equal arcs. We have
PUD (2(n,1))] > n*/**= for any 1) < 22 o -1/2-¢

Since
o

Z(nQ)—l/Q—s < o0,

n=1

we can apply the Borel-Cantelli Lemma. Hence for all but finitely many n we have a.s.
up U2 (2 (0, )] < (n)*/4+<.

Between the points z(n?,1) we can use Lemma 3. Suppose that |z| = 1 and 22 < argz < %

Then we have uniformly

UL ()] = U2 (02,0) + O (=0, D) (1/K)| < (0244 + 0 (042 < (n?)?/4+
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Hence for all but finitely many n we have a.s.

sup U ()] < (n?)¥/1+5.
J2=1

Finally, recall that for |z| = 1 we have \Gn_H( z) — G(>J)(z)| | Ky (z)] <1, and |Gpy1(2) —
> >
Gn(2)] = [KV(2)] < 1. Hence [UY),(2) — U (2)] < |G (2) - GF ”><z>| i (2)] - |(Grga (2) —
Gn(2))] < 2. For 1 < k < 2n, we have uniformly

|U(J

D @) = U (2) + 0k)| < (0244 + O(n) < (n? + k)*/1+e.

This completes the proof, as it yields for all but finitely many n a.s.

sup U (2)] < (n)P/4+=.

Now we directly start the proof of the Theorem.

PROOF:  We can extract X|[n, k] from the generating function by using Cauchy’s formula.

XEDn k4+1] - ¢;(1) X [n, k] =

1 /77 G%Zj)(eit) o Cj(l)Gn(eit)dt B

27T ekit
m ~(>5) it it it 7r it eit
1 & — ¢ n 1 (et!) — ¢;(1
o1t o ekzt 2ﬂ— ekzt

First, we can approximate J with Lemma 4. We have a.s.

’J| < n3/4te.

The second integral can be approximated just as in [6], we will use two Lemmas to do so.

Gn(2)
EG,(z)

compact subsets of H = {z € C||z — 1] < v/2}.

Lemma 5 The martingale M,(z) = and all its derivatives converge uniformly over the

PrOOF:  In Remark 2 we have already seen that M,(z) is a martingale. Corollary 3 of [6] with
B = 0 says that (1+ z)M,(z) and all its derivatives converge uniformly over the compact subsets of

H:={z€ Cl|z— 1| < +/2}. Since —1 ¢ H, this proves the lemma. L]
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Lemma 6 Let

v(8) :={z]]z| =1, |z =1 > V2 -5, Rz > -09} U {z|Rz = —0.9, |z| < 1}.

For any L > 0 there exists a § > 0 such that

n
sup |Gn(2)] = (’)( > )
7(5)\ (2)] (log )t

a.s., as n — oQ.

Grn(z)

PROOF: The function T
z

of Remark 1 in [6] is equal to the G, (z) of the present paper.

Return to the proof of the Theorem. Since (c;(e®) — ¢j(1))Gp(e) is regular for |z| < 2,
s L [T ) g (D)Gale) 1/ (¢ (€) = ¢;(1))Gn(E) ,
g

~or . kit Imi gkl 3

where v = {£|]¢] = 1,R¢ > —0.9} U {&|RE = 0.9, |¢] < 1}
We split the integral I into two parts.
1

T o [t|<m/2—6

1 (¢j(§) — ¢i(1))Gn(§)
2= 5 L T g “

with the § we get from Lemma 6. By the lemma, for any L > 0 we can approximate the second

I : (cj(eit) — cj(l))Gn(eit)e*kitdt,

integral as follows.

1 A
o] < suples ()~ ey (Dl [ |Gn(e) it <
v(6) T J~(6)

n
. 8

(log n)” ¥

For |[t| <7/2—§ '

B Gn( ezt)

~ EG,(eit)

is a.s. uniformly bounded by Lemma 5. On the other hand, (4) provides us the asymptotics of the

Mn (eit)

denominator, hence
’Gn(ezt)‘ < n(1+§]‘€eit)/2 =n- n(?Re”—l)/2 =-n- n(cost—l)/Q _ ne(cost—l)(logn)/Z < ne—c’tQ(logn)

for some constant ¢ > 0. By fixing a sufficiently small positive 9 we have

1

27 J(ogn)~(1=9)/2<|t|<r/2-5

(o]
G (e™)]dt < n / et hoen gy « pemlogm)” « T
(log n)—(1=9)/2 (IOg n)

(9)

n
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The remaining part of the integral is
1

IO =
27 Jjt1<(togm)~(1-9)/2

(cj(€") = ¢ (1) Gn(e)e ™M dt.

Again, we are going to use

Gn(z) = EGp(2) My(2) (10)
and (4), which can be written in the form
(142)/2 1 1
== (R2=1)/2) — . p(a=1)/2 1
EG,(z) RED +(9(n ) n-n F(3§Z)+O -

uniformly. If t — 0 in such a way that |t| < (logn)~(1=")/2 then

EGn(eit) _ ne%(eit_l)(logn) % Lo (1) _
rEgn) T
3

— ne_(t2/4) log n+(3t/2) logn <1 N %F/(Q) _ I—Qilogn + O(t4 logn)> ) (11>

On the other hand, M,(1) = 1, hence
My () =14+ itM], (1) + O(?). (12)
and trivially
cj(e") —c;(1) = ct + O(2)
with ¢ = c;-(eit)\t:(). Then, by (10), (11) and (12) we conclude that, with probability 1,
Gn(eit)e—kit _ neit((logn)/?—k)—(t2/4) logn | (Ct + O(t2 + A log n))
uniformly with respect to k. Partial integration gives

e¢]
/ e~ (/9 logn (42 4 4 1og n)dt = 72/m(logn) /2.

For the same reason as in (9), here we also have
/ te—tz logn << 6—(logn)19‘
[t|>(log ) ~(1=)/2
Iy 1

-0 > Cteit((l/Q)lognfk)f(t2/4)logndt+O((logn)f?)/Q).

n or ) .
n logn

XCn, k+1] — ¢;(1)X[n, k] = O (1ogn> .

Hence

Integration gives

We can summarize the results in

Comparing this with (1) (the result of [6]) completes the proof. L]
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