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Abstract

Consider the random graph model of Barabási and Albert, where we add a new vertex in
every step and connect it to some old vertices with probabilities proportional to their degrees.
If we connect it to only one of the old vertices the graph will be a tree. These graphs have been
shown to have power law degree distributions, the same as observed in some large real-world
networks. We show that the degree distribution is the same on every sufficiently high level of the
tree.
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1 Introduction

Consider the following random graph model of Barabási and Albert [1].

”Starting with a small number (m0) of vertices, at every time step we add a new vertex with

m(≤ m0) edges that link the new vertex to m different vertices already present in the system. To

incorporate preferential attachment, we assume that the probability P that a new vertex will be

connected to vertex i depends on the degree of that vertex.”

They pointed out that many complex real world networks cannot be adequately described by the

classical Erdős-Rényi random graph model, where the possible edges are included independently,

with the same probability p. In this model the degree distribution is approximately Poisson with

parameter np, while in real networks (for example the WWW) power law degree distributions have

been observed, with a parameter independent of n. These are called scale-free degree distributions

(or scale-free graphs).

In the case of m = 1, the resulting graph is a tree. These scale-free trees have been known

since the 1980s as nonuniform random recursive trees. Two nearly identical classes of these trees
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are random recursive trees with attraction of vertices proportional to the degrees and random plane-

oriented recursive trees (see [8] and [9]). In this model, starting with a single edge, at every step

we add a new vertex and connect it to one of the old vertices by an edge. This old vertex is chosen

randomly with probability proportional to its degree. This leads to the same model as if we chose

an edge randomly, each with equal probability, then one of the end points of that edge, both with

equal probability.

A possible generalization of this model is where the probability of choosing an old vertex is

(k + β)/Sn, instead of k/2n, with a given β > −1, where k is the degree of the vertex and Sn =

2n + β(n + 1) = (2 + β)n + β is the sum of all weights in the n-th step. It was shown by Móri in

[10] that the proportion of vertices of degree k converges almost surely to a limit ck, which, as a

function of k, decreases at the rate k−(3+β). In the original case (β = 0), the formula of the expected

proportion of vertices of degree k was determined by Szymański [12] and strong convergence of this

proportion was shown by Lu and Feng [7]. Similar a.s. results were proved in a paper of Bollobás,

Riordan, Spencer and Tusnády [4] for the general model (m ≥ 1).

The following examples show the importance of these results and the sense of the generalization.

Several graphs have been found with degree distributions P (k) ∼ c · k−γ with some constant c [1].

One of these is the collaboration graph of movie actors where γ = 2.3 ± 0.1. Another example is

the WWW, which is a directed graph, so it has a distinct in- and out-degree distribution. The

Hungarain Web was studied by the Websearch and Data Mining Group of the Hungarian Computer

and Automation Research Institute in [2]; and they found that both for the in- and out-degrees the

distribution is P (k) ∼ c · k−γ with γin = 2.29 and γout = 2.78.

In [6], I studied the shape of the tree. Starting from the root (0th level), cut the tree into levels.

The neighbours of the root will be on level 1, the neighbours of these will be on level 2, etc. Let

X[n, k] denote the size of the k-th level after the n-th step (the first step is when we take the first

edge). These random variables determine the shape of the tree. Let Wn := max{X[n, k] : 1 ≤ k} be

its width and Hn := max{k ≥ 1 : X[n, k] 6= 0} its height.

Set α = 1+β
2+β . In [6] the following result gives the sizes of the largest levels. With probability 1,

X[n, k] =
n√

2απ log n
· exp

(
−(k − α log n)2

2α log n

)
+O

(
n

log n

)
, (1)

as n → ∞, where the error term is uniform for all k ≥ 0. Of course this also yields that the width

is Wn ∼ n√
2απ log n

and it is reached at about level α log n.

Knowing the degree distribution and the shape of the tree, Tamás Móri posed the problem

whether the degree distribution is the same on all levels or not. He noticed that on lower levels it is

different from that of the whole tree, for example on the first level the ratio of vertices with degree j
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a.s. goes to (1+β)
(

1
j+β −

1
j++β+1

)
. Hence the degree distribution on the lower level is still a power

law distribution, but the exponent is −2, independently of the parameter β and the fixed level k. In

this paper we show that the answer for Móri’s question is yes for the middle levels (around α log n),

that contain almost all vertices, hence determine the degree distribution of the whole tree.

Theorem 1 Suppose β = 0. With any constants 0 < k1 < k2, for k1
√

log n < k− 1
2 log n < k2

√
log n

the ratio of vertices with degree j converges a.s. to a limit cj on level k and cj is equal to the limit

of the ratio of j-degree vertices in the whole graph.

Remark 1 The theorem holds for any β > −1, that is, the limit of vertices with degree j on levels

around α log n a.s. converges to the same limit as in the whole tree.

We will only prove the theorem. One can see that the proof of this generalization goes on the

same lines, but needs longer and more complicated calculations.

2 Generating functions

The proof goes on similar lines as in [6] and [5], however, some of the recursive formulas had been

known long before. The main idea is to consider the generating function

Gn(z) = G(≥1)
n (z) =

∞∑
k=0

X[n, k + 1]zk.

for any complex z. The sum is finite for a fixed n, hence Gn(z) is holomorphic. To study degree

distributions, we have to count the vertices with given degree. Instead of that let X(≥j)[n, k] be the

number of vertices with degree at least j on level k after step n. Let

G(≥j)
n (z) =

∞∑
k=0

X(≥j)[n, k + 1]zk

be the corresponding generating function.

Obviously, G
(≥j)
n (1) is the number of vertices in the tree with degree at least j excluding the

root. As shown in [12], the limit of the expected ratio of vertices with degree j is 4
j(j+1)(j+2) . One

can see that summing this quantity gives the ratio of vertices with degree at least j as 2
j(j+1) .

To calculate EG
(≥j)
n (z) we use conditional expectations. Let Fn denote the σ-field generated by

the first n steps. The number of vertices with degree at least j on a given level either increases by

one or does not change. For j = 1, the probability of an increase is

P (X[n + 1, k] = X[n, k] + 1|Fn) =

{
X[n,k]+X[n,k−1]

2n , for k > 1,
X[n,1]

2n , for k = 1,
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since the new vertex is connected to level k− 1 with probability equal to the sum of the degrees on

level k−1 over 2n. Obviously, the sum of the degrees on level k−1 is X[n, k]+X[n, k−1] for k > 1

and X[n, 1] for k = 1. For j ≥ 2, probability of an increase is

P (X(≥j)[n + 1, k] = X(≥j)[n, k] + 1|Fn) = (j − 1)
X(≥j−1)[n, k]−X(≥j)[n, k]

2n
,

since this event is equivalent to the event that the new vertex is connected to a vertex on level k

with degree j − 1. Thus, for j = k = 1

E(X[n + 1, 1]|Fn) = (X[n, 1] + 1)
X[n, 1]

2n
+ X[n, 1]

(
1− X[n, 1]

2n

)
=

=
X[n, 1]

2n
+ X[n, 1] =

2n + 1
2n

X[n, 1].

For j = 1, k > 1 we have

E(X[n + 1, k]|Fn) = (X[n, k] + 1)
X[n, k] + X[n, k − 1]

2n
+ X[n, k]

(
1− X[n, k] + X[n, k − 1]

2n

)
=

=
2n + 1

2n
X[n, k] +

1
2n

X[n, k − 1],

and finally, for j > 1

E(X(≥j)[n + 1, k]|Fn) = (X(≥j)[n, k] + 1)
(j − 1)(X(≥j−1)[n, k]−X(≥j)[n, k])

2n
+

+ X(≥j)[n, k]

(
1− (j − 1)(X(≥j−1)[n, k]−X(≥j)[n, k])

2n

)
=

=
2n− j + 1

2n
X(≥j)[n, k] +

j − 1
2n

X(≥j−1)[n, k].

This gives the following recursive formula for the generating functions. For j = 1,

E(Gn+1(z)|Fn) =
2n + 1

2n
Gn(z) +

z

2n
Gn(z) =

2n + 1 + z

2n
Gn(z), (2)

and for j ≥ 1

E(G(≥j+1)
n+1 (z)|Fn) =

2n− j

2n
G(≥j+1)

n (z) +
j

2n
G(≥j)

n (z). (3)

In our calculations, just as in [6], we will use the fact that
n∏

i=1

i + v

i + w
= n<(v−w)

(
Γ(1 + w)
Γ (1 + v)

+ O(1/n)
)

,

for any complex v and w 6= −1.

Since G1(z) = 1,

EGn(z) = EG(≥1)
n (z) =

n−1∏
j=1

2j + 1 + z

2j
= n(1+z)/2

(
1/Γ

(
3 + z

2

)
+O(1/n)

)
. (4)
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Remark 2 For any fixed z ∈ C the sequence

Mn(z) :=
Gn(z)
EGn(z)

is a martingale with respect to the filtration Fn.

Proof: It follows from (4) and (2) that

E(Mn+1(z)|Fn) =
E(Gn+1(z)|Fn)

EGn+1(z)
=

2n + 1 + z

2n
Gn(z) · 1

EGn+1(z)
=

Gn(z)
EGn+1(z)

= Mn(z).

In general, the following holds for the expectation of the generating functions.

Lemma 1 For any fixed j ≥ 2

EG(≥j)
n (z) = n

1+z
2

(
cj(z)/Γ

(
3 + z

2

)
+O

(
1
n

))
,

where

cj(z) =
(j − 1)!

(z + 2)(z + 3) . . . (z + j)
.

Proof: We proceed by induction on j. For j = 1 the equation is true with c1(z) = 1. Suppose

that it is true for j = l ≥ 1. By (3) we have

EG
(≥l+1)
n+1 (z) =

2n− l

2n
EG(≥l+1)

n (z) +
l

2n
EG(≥l)

n (z).

Since G
(≥l+1)
1 (z) = 0, this recursive formula gives

EG
(≥l+1)
n+1 (z) =

n∑
i=1

l

2i
EG(≥i)

n (z)
n∏

m=i+1

2m− l

2m
=

n∑
i=1

cl(z)l
2iΓ(3+z

2 )
i
1+z
2 (n/i)−l/2

(
1 +O

(
1
i

))
=

=
cl(z)l

2Γ(3+z
2 )

n−l/2 n
1+z+l

2

(1 + z + l)/2

(
1 +O

(
1
n

))
=

cl+1(z)
Γ(3+z

2 )
n

1+z
2

(
1 +O

(
1
n

))
.

From now on, we will study the functions

U (j)
n (z) := G(≥j)

n (z)− cj(z)Gn(z).

We will show that U
(j)
n (z) is a.s. not far from 0. In order to be able to use martingales, we have to

consider the following linear combination. For j ≥ 2 let

W (j)
n (z) :=

j∑
i=2

(−1)j−i

(
j − 1
i− 1

)
U (i)

n (z). (5)



Zs. Katona: Levels of a scale-free tree 6

The idea is based on a similar combination used in [10]. This combination will cancel out the different

coefficients in the proof of Remark 4, originating from the recursive formulas for the generating

functions in (3). Easy calculation shows that

W (j)
n (z) =

j∑
i=1

b
(j)
i (z)G(≥i)

n (z), (6)

where

b
(j)
1 (z) = (−1)j−1 j − 1

j + z
,

and for 2 ≤ i ≤ j

b
(j)
i (z) = (−1)j−i

(
j − 1
i− 1

)
.

Remark 3 For j ≥ 2,

U (j)
n (z) =

j∑
i=2

(
j − 1
i− 1

)
W (i)

n (z),

Proof: W
(j)
n (z) is defined in (5). Plugging this definition into the right hand side of the equation

yields
j∑

i=2

(
j − 1
i− 1

)
W (i)

n (z) =
j∑

i=2

i∑
k=2

(−1)i−k

(
j − 1
i− 1

)(
i− 1
k − 1

)
U (k)

n (z).

By changing the order of the sums, this is equal to

j∑
k=2

j∑
i=k

(−1)i−k

(
j − 1
i− 1

)(
i− 1
k − 1

)
U (k)

n (z) = U (j)
n (z) +

j−1∑
k=2

U (k)
n (z)

j∑
i=k

(−1)i−k

(
j − 1
i− 1

)(
i− 1
k − 1

)
.

We only have to show that the last sum is equal to zero for any 2 ≤ k ≤ j − 1. By manipulating

the binomial formulas, we have

j∑
i=k

(−1)i−k

(
j − 1
i− 1

)(
i− 1
k − 1

)
= k

(
j

k

) j∑
i=k

(−1)k−i

(
j − k

j − i

)
= 0.

Remark 4 For every fixed complex z and fixed j ≥ 2,

M (j)
n (z) := W (j)

n (z)
n∏

i=1

2i

2i + 1− j

is a martingale with respect to Fn.
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Proof: In order to prove that M
(j)
n (z) is a martingale with respect to Fn, we have to show

that E(M (j)
n+1(z)|Fn) = M

(j)
n (z), or equivalently, that E(W (j)

n+1(z)|Fn) = 2n+1−j
2n W

(j)
n (z). Using the

recursive formulas (2) and (3), we have

E(W (j)
n+1(z)|Fn) =

j∑
i=1

b
(j)
i (z)E(G(≥i)

n+1(z)|Fn) =

= b
(j)
1 (z)

2n + 1 + z

2n
Gn(z) +

j∑
i=2

b
(j)
i (z)

(
2n− j + 1

2n
G(≥i)

n (z) +
i− 1
2n

G(≥i−1)
n (z)

)
The coefficient of Gn(z) here is

(−1)j−1

(
j − 1
j + z

2n + 1 + z

2n
− j − 1

2n

)
= (−1)j−1 j − 1

j + z

2n + 1− j

2n
= b

(j)
1 (z)

2n + 1− j

2n
.

For j ≥ i ≥ 2, we have
b
(j)
i+1(z)

b
(j)
i (z)

= j−i
i , thus the coefficient of G

(≥i)
n (z) is

b
(j)
i (z)

(
2n− i + 1

2n
− i

2n
· j − i

i

)
= b

(j)
i (z)

2n− j + 1
2n

.

Thus, E(W (j)
n+1(z)|Fn) = 2n+1−j

2n W
(j)
n (z), completing the proof.

The key to the approximation of U
(j)
n (z) is to find an upper bound for its variance. The following

lemma gives an upper bound for this variance for an arbitrary z, however, it will only be needed for

|z| = 1 in the proof of the theorem.

Lemma 2 For any complex z and fixed k ≥ 2,

E|W (k)
n (z)|2 = O

(
n

1+|z|2
2

)
,

which yields

E|U (k)
n (z)|2 = O

(
n

1+|z|2
2

)
.

Proof: Let

C(i,j)
n (z1, z2) := E(G(≥i)

n (z1)G(≥j)
n (z2)),

D(k)
n (z1, z2) := E(W (k)

n (z1)W (k)
n (z2)).

Using equation (6), this can be rewritten as

D(k)
n (z1, z2) =

k∑
l=1

k∑
m=1

bk
l (z1)bk

m(z2)C(l,m)
n (z1, z2). (7)
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The objective is to give a recursive formula for D
(k)
n (z1, z2). Note that G

(≥j)
n+1 (z) = G

(≥j)
n (z)+K

(j)
n (z)

where the distribution of K(j) is given by

P (K(1)
n (z) = zk−1|Fn) =

{
X[n,k]+X[n,k−1]

2n , for k > 1,
X[n,1]

2n , for k = 1,
,

and for j ≥ 2

P (K(j)
n (z) = zk−1|Fn) = (j − 1)

X(≥j−1)[n, k]−X(≥j)[n, k]
2n

These yield

E(K(1)
n (z)|Fn) =

1 + z

2n
Gn(z) and E(K(j)

n (z)|Fn) =
j − 1
2n

(G(≥j−1)
n (z)−G(≥j)

n (z)).

Also we have

E(K(1)
n (z1)K(1)

n (z2)|Fn) =
1 + z1z2

2n
Gn(z),

E(K(j)
n (z1)K(1)

n (z2)|Fn) = z2
j − 1
2n

(G(≥j−1)
n (z1z2)−G(≥j)

n (z1z2)) for j ≥ 2,

and for i ≥ j ≥ 2,

E(K(i)
n (z1)K(j)

n (z2)|Fn) =
i− 1
2n

(G(≥i−1)
n (z1z2)−G(≥i)

n (z1z2)).

It follows for i ≥ j ≥ 2 that

C
(i,j)
n+1(z1, z2) = E

[
E
(
(G(≥i)

n (z1) + K(i)
n (z1))(G(≥j)

n (z2) + K(j)
n (z))|Fn

)]
=

= E
[
G(≥i)

n (z1)G(≥j)
n (z2) + G(≥i)

n (z1)
j − 1
2n

(
G(≥j−1)

n (z2)−G(≥j)
n (z2)

)
+

+
i− 1
2n

(
G(≥i−1)

n (z1)−G(≥i)
n (z1)

)
G(≥j)

n (z2) +
i− 1
2n

(
G(≥i−1)

n (z1z2)−G(≥i)
n (z1z2)

)]
=

=
2n + 2− i− j

2n
E(G(≥i)

n (z1)G(≥j)
n (z2)) +

i− 1
2n

E(G(≥i−1)
n (z1)G(≥j)

n (z2))+

+
j − 1
2n

E(G(≥i)
n (z1)G(≥j−1)

n (z2)) +
i− 1
2n

E
(
G(≥i−1)

n (z1z2)−G(≥i)
n (z1z2)

)
.

This gives the formula

C
(i,j)
n+1(z1, z2) =

2n + 2− i− j

2n
C(i,j)

n (z1, z2) +
i− 1
2n

C(i−1,j)
n (z1, z2) +

j − 1
2n

C(i,j−1)
n (z1, z2)+

+
i− 1
2n

E
(
G(≥i−1)

n (z1z2)−G(≥i)
n (z1z2)

)
.

For j ≥ 2, similar calculations lead to

C
(j,1)
n+1 (z1, z2) =

2n + 2− j + z2

2n
C(j,1)

n (z1, z2) +
j − 1
2n

C(j−1,1)
n (z1, z2)+

+ z2
j − 1
2n

E
(
G(≥j−1)

n (z1z2)−G(≥j)
n (z1z2)

)
,
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and

C
(1,1)
n+1 (z1, z2) =

2n + 2 + z1 + z2

2n
C(1,1)

n (z1, z2) +
1 + z1z2

2n
EGn(z1z2).

Notice, that in these recursive formulas, all the EG
(≥.)
n (z1z2) type expressions are O

(
n

1+z1z2
2

)
,

according to (4) and Lemma 1. Since all of them are divided by n, all those terms are O
(
n

z1z2−1
2

)
.

If we plug the above recursive formulas into (7), easy but tedious calculation gives that

D
(k)
n+1(z1, z2) =

n− k + 1
n

[
D(k)

n (z1, z2) +O
(
n

z1z2−1
2

)]
.

Since after the first step there is no vertex with degree at least two, D
(k)
1 (z1, z2) = 0. Thus, the

recursive formula for D
(k)
n yields

D
(k)
n+1(z1, z2) =

n∑
i=1

O
(
i

z1z2−1
2

) n∏
m=i+1

m− k + 1
m

=
n∑

i=1

O
(
i

z1z2−1
2

)
O
((n

i

) 1−k
2

)
= O

(
n

1+z1z2
2

)
.

Obviously, |W (k)
n (z)|2 = W

(k)
n (z)W (k)

n (z) = W
(k)
n (z)W (k)

n (z), hence

E|W (k)
n (z)|2 = D(k)

n (z, z) = O
(
n

1+zz
2

)
= O

(
n

1+|z|2
2

)
.

For the second part, recall that according to Remark 3,

U (k)
n (z) =

k∑
i=2

(
k − 1
i− 1

)
W (i)

n (z),

hence,

E|U (k)
n (z)|2 ≤ c ·E|W (k)

n (z)|2 = O
(

n
1+|z|2

2

)
with some constant c.

Now we approximate (U (j)
n )′(z). Denote by A � B if there is a c constant such that A ≤ cB.

Lemma 3 For every z 6= 0, and fixed j ≥ 2 we have a.s.

|(U (j)
n )′(z)| � log n

|z|
U (j)

n (|z|).

Proof: Trivially, |(U (j)
n )′(z)| ≤ (U (j)

n )′(|z|). In [11] it was shown that the height of the tree

Hn ∼ c log n a.s., where c ≈ 4.31 is the (greater than 2) solution of c log(2e/c) = 1. Hence, a.s.
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there exists n0 such that for n ≥ n0, we have X(≥j)[n, k] = X[n, k] = 0 if k > (c + 1) log n. Thus,

a.s.

(U (j)
n )′(|z|) =

∞∑
k=0

k
(
X(≥j)[n, k]− cj(|z|)X[n, k]

)
|z|k−1 �

� log n

∞∑
k=0

(
X(≥j)[n, k]− cj(|z|)X[n, k]

)
|z|k−1 =

log n

|z|
U (j)

n (|z|).

3 Proof of the Theorem

Before directly entering the proof we study U
(j)
n (z) for |z| = 1.

Lemma 4 For every ε > 0 we have a.s.

sup
z=1

|U (j)
n (z)| = O

(
n3/4+ε

)
as n →∞.

Proof: By Markov’s inequality and Lemma 2, we have

P (|U (j)
n (z)| ≥ n3/4+ε) ≤ E|U (j)

n (z)|2

n3/2+2ε
� n−1/2−2ε

Let z(n, l) = exp(i2πl
K ) for l = 1, . . . ,K, where K = blog nc. These points split the circle |z| = 1

into K equal arcs. We have

P (|U (j)
n (z(n, l))| ≥ n3/4+ε for any l) � n−1/2−2εK � n−1/2−ε

Since
∞∑

n=1

(n2)−1/2−ε < ∞,

we can apply the Borel-Cantelli Lemma. Hence for all but finitely many n we have a.s.

sup
l
|U (j)

n2 (z(n2, l))| ≤ (n2)3/4+ε.

Between the points z(n2, l) we can use Lemma 3. Suppose that |z| = 1 and 2πl
K < arg z < 2π(l+1)

K .

Then we have uniformly

|U (j)
n2 (z)| = |U (j)

n2 (z(n2, l)) +O(U ′
n2(z(n2, l))(1/K))| ≤ (n2)3/4+ε +O

(
(n2)3/4+ε

)
� (n2)3/4+ε
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Hence for all but finitely many n we have a.s.

sup
|z|=1

|U (j)
n2 (z)| ≤ (n2)3/4+ε.

Finally, recall that for |z| = 1 we have |G(≥j)
n+1 (z) − G

(≥j)
n (z)| = |K(j)

n (z)| ≤ 1, and |Gn+1(z) −
Gn(z)| = |K(1)

n (z)| ≤ 1. Hence |U (j)
n+1(z) − U

(j)
n (z)| ≤ |G(≥j)

n+1 (z) − G
(≥j)
n (z)| − |cj(z)| · |(Gn+1(z) −

Gn(z))| ≤ 2. For 1 ≤ k ≤ 2n, we have uniformly

|U (j)
n2+k

(z)| = |U (j)
n2 (z) +O(k)| � (n2)3/4+ε +O(n) � (n2 + k)3/4+ε.

This completes the proof, as it yields for all but finitely many n a.s.

sup
|z|=1

|U (j)
n (z)| ≤ (n)3/4+ε.

Now we directly start the proof of the Theorem.

Proof: We can extract X[n, k] from the generating function by using Cauchy’s formula.

X(≥j)[n, k + 1]− cj(1)X[n, k] =
1
2π

∫ π

−π

G
(≥j)
n (eit)− cj(1)Gn(eit)

ekit
dt =

=
1
2π

∫ π

−π

G
(≥j)
n (eit)− cj(eit)Gn(eit)

ekit
dt +

1
2π

∫ π

−π

(cj(eit)− cj(1))Gn(eit)
ekit

dt = J + I.

First, we can approximate J with Lemma 4. We have a.s.

|J | � n3/4+ε.

The second integral can be approximated just as in [6], we will use two Lemmas to do so.

Lemma 5 The martingale Mn(z) = Gn(z)
EGn(z) and all its derivatives converge uniformly over the

compact subsets of H := {z ∈ C ||z − 1| <
√

2}.

Proof: In Remark 2 we have already seen that Mn(z) is a martingale. Corollary 3 of [6] with

β = 0 says that (1 + z)Mn(z) and all its derivatives converge uniformly over the compact subsets of

H := {z ∈ C ||z − 1| <
√

2}. Since −1 6∈ H, this proves the lemma.
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Lemma 6 Let

γ(δ) := {z | |z| = 1, |z − 1| ≥
√

2− δ, <z > −0.9} ∪ {z | <z = −0.9, |z| ≤ 1}.

For any L > 0 there exists a δ > 0 such that

sup
γ(δ)

|Gn(z)| = O
(

n

(log n)L

)
,

a.s., as n →∞.

Proof: The function Gn(z)
1+z of Remark 1 in [6] is equal to the Gn(z) of the present paper.

Return to the proof of the Theorem. Since (cj(eit)− cj(1))Gn(eit) is regular for |z| < 2,

I =
1
2π

∫ π

−π

(cj(eit)− cj(1))Gn(eit)
ekit

dt =
1

2πi

∫
γ

(cj(ξ)− cj(1))Gn(ξ)
ξk+1

dξ

where γ = {ξ | |ξ| = 1,<ξ > −0.9} ∪ {ξ | <ξ = −0.9, |ξ| ≤ 1}.

We split the integral I into two parts.

I1 :=
1
2π

∫
|t|≤π/2−δ

(cj(eit)− cj(1))Gn(eit)e−kitdt,

I2 :=
1

2πi

∫
γ(δ)

(cj(ξ)− cj(1))Gn(ξ)
ξk+1

dξ,

with the δ we get from Lemma 6. By the lemma, for any L > 0 we can approximate the second

integral as follows.

|I2| ≤ sup
γ(δ)

|cj(z)− cj(1)| 1
2π

∫
γ(δ)

|Gn(eit)|dt � n

(log n)L
. (8)

For |t| ≤ π/2− δ

Mn(eit) =
Gn(eit)
EGn(eit)

is a.s. uniformly bounded by Lemma 5. On the other hand, (4) provides us the asymptotics of the

denominator, hence

|Gn(eit)| � n(1+<eit)/2 = n · n(<eit−1)/2 = n · n(cos t−1)/2 = ne(cos t−1)(log n)/2 � ne−c′t2(log n)

for some constant c′ > 0. By fixing a sufficiently small positive ϑ we have

1
2π

∫
(log n)−(1−ϑ)/2≤|t|≤π/2−δ

|Gn(eit)|dt � n

∫ ∞

(log n)−(1−ϑ)/2

e−c′t2 log ndt � ne−c′(logn)ϑ � n

(log n)L
.

(9)
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The remaining part of the integral is

I0 :=
1
2π

∫
|t|≤(log n)−(1−ϑ)/2

(cj(eit)− cj(1))Gn(eit)e−kitdt.

Again, we are going to use

Gn(z) = EGn(z)Mn(z) (10)

and (4), which can be written in the form

EGn(z) =
n(1+z)/2

Γ(3+z
2 )

+O
(
n(<z−1)/2

)
= n · n(z−1)/2

(
1

Γ(3+z
2 )

+O
(

1
n

))
uniformly. If t → 0 in such a way that |t| ≤ (log n)−(1−ϑ)/2, then

EGn(eit) = ne
1
2
(eit−1)(log n)

(
1

Γ(3+eit

2 )
+O

(
1
n

))
=

= ne−(t2/4) log n+(it/2) log n

(
1− it

2
Γ′(2)− t3

12
i log n +O(t4 log n)

)
. (11)

On the other hand, Mn(1) = 1, hence

Mn(eit) = 1 + itM ′
n(1) +O(t2). (12)

and trivially

cj(eit)− cj(1) = ct +O(t)

with c = c′j(e
it)|t=0. Then, by (10), (11) and (12) we conclude that, with probability 1,

Gn(eit)e−kit = neit((log n)/2−k)−(t2/4) log n · (ct +O(t2 + t4 log n)).

uniformly with respect to k. Partial integration gives∫ ∞

−∞
e−(t2/4) log n(t2 + t4 log n)dt = 72

√
π(log n)−3/2.

For the same reason as in (9), here we also have∫
|t|≥(log n)−(1−ϑ)/2

te−t2 log n << e−(log n)ϑ
.

Hence
I0

n
=

1
2π

∫ ∞

−∞
cteit((1/2) log n−k)−(t2/4) log ndt +O((log n)−3/2).

Integration gives
I0

n
= O

(
1

log n

)
.

We can summarize the results in

X(≥j)[n, k + 1]− cj(1)X[n, k] = O
(

n

log n

)
.

Comparing this with (1) (the result of [6]) completes the proof.
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