
LINEAR CONTROL SYSTEMS OVER OREALGEBRAS: EFFECTIVE ALGORITHMS FORTHE COMPUTATION OF PARAMETRIZATIONSF. Chyzak � A. Quadrat �� D. Robertz ���;1� INRIA Ro
quen
ourt, ALGO proje
t, Domaine deVolu
eau BP 105, 78153 Le Chesnay 
edex, Fran
e.Frederi
.Chyzak�inria.fr.�� INRIA Sophia Antipolis, CAFE proje
t, 2004, Route desLu
ioles BP 93, 06902 Sophia Antipolis 
edex, Fran
e.Alban.Quadrat�sophia.inria.fr.��� Lehrstuhl B f�ur Mathematik RWTH - Aa
hen,Templergraben 64, 52056 Aa
hen, Germany.daniel�momo.math.rwth-aa
hen.de.Abstra
t: In this paper, we study linear 
ontrol systems over Ore algebras.Within this mathemati
al framework, we 
an simultaneously deal with di�erent
lasses of linear 
ontrol systems su
h as time-varying ordinary di�erential systems,di�erential time-delay systems, partial di�erential equations, multidimensionaldis
rete systems, et
. We give e�e
tive algorithms whi
h 
he
k whether or nota linear system over some Ore algebra is 
ontrollable, parametrizable or 
at.Keywords: Linear systems over Ore algebras, di�erential time-delay systems,
ontrollability, parametrization, 
atness, Gr�obner bases.
1. INTRODUCTIONOver the last thirty years, for pra
ti
al and the-oreti
al reasons, di�erent new 
lasses of linear
ontrol systems have been introdu
ed su
h asdi�erential time-delay systems, multidimensionalsystems, partial di�erential equations, hybrid sys-tems. . . All these 
lasses of systems are 
hara
ter-ized by the fa
t that they are governed by newtypes of mathemati
al equations and need newte
hniques in order to analyze their stru
turalproperties and to synthesize new 
ontrol laws.With this growth of new types of 
ontrol systems,we are led to generalize some previously knownresults and te
hniques so that they 
an be usedfor more general 
lasses of systems. Hen
e, we1 Finan
ially supported by the CTS grant HPMT-CT-2001-00278 during his stay at INRIA Sophia Antipolis.

get similar 
on
epts, te
hniques and algorithmsfor studying di�erent 
lasses of systems.In this paper, we study linear 
ontrol systemsover Ore algebras. An Ore algebra is an algebraof non-
ommutative polynomials in fun
tional op-erators whi
h satisfy 
ertain 
ommutation rules.For instan
e, di�erential/time-delay/dis
rete shiftoperators are examples of elements of some Orealgebras. Within this mathemati
al framework,we 
an simultaneously deal with di�erent 
lassesof linear 
ontrol systems su
h as time-varyingordinary di�erential systems (ODEs), di�erentialtime-delay systems (TDSs), partial di�erentialequations (PDEs), multidimensional dis
rete sys-tems. . .Moreover, the re
ent extension of Gr�obnerbases to some non-
ommutative polynomial ringsallows us to work e�e
tively in some Ore algebras(Chyzak and Salvy, 1998).



The purpose of this paper is to give e�e
tivealgorithms whi
h 
he
k whether or not a linear
ontrol system over some Ore algebras is 
ontrol-lable, parametrizable or 
at. These problems havebeen largely studied in (Fliess and Mounier, 1998)for linear di�erential time-delay systems and, in(Pommaret and Quadrat, 1999a; Pommaret andQuadrat, 1999b; Wood, 2000), for linear multidi-mensional systems. The main novelty of this paperis to present some algorithms whi
h work for both
lasses of systems as well as for new ones. Inparti
ular, this approa
h allows us to e�e
tivelyobtain some parametrizations of a 
ontrollableplant and the 
at outputs of a 
at system. Letus noti
e that su
h algorithms were missing forlinear di�erential time-delay systems and they
ould play important roles for the study of motionplanning. See (Fliess and Mounier, 1998) and thereferen
es therein for more details.All the presented algorithms have been imple-mented in the pa
kageOremodules of Maple basedon the library Mgfun (Chyzak, 1998). For a la
kof spa
e, we were not able to present the Maple-worksheets in the �nal version of this paper. Werefer the reader to (Chyzak et al., 2003) for moreresults, algorithms and illustrating examples ob-tained using Oremodules.2. ORE ALGEBRAS2.1 De�nitions and examplesMatri
es over Ore algebras provide a uni�edframework for di�erent 
lasses of linear systems(e.g. ODEs, PDEs, TDSs, multidimensional sys-tems).De�nition 1. (1) (M
Connell and Robson, 2000)Let A be an integral domain (i.e. a b =0; a 6= 0 ) b = 0). The skew polynomialring A[�;�; Æ℄ is the non-
ommutative ring
onsisting of all polynomials in � with 
oef-�
ients in A obeying the 
ommutation rule� a = �(a) � + Æ(a); a 2 A; (1)where � : A ! A is a k-algebra endomor-phism of A, namely8<: �(1) = 1;�(a+ b) = �(a) + �(b); a; b 2 A;�(a b) = �(a)�(b); a; b 2 A;and Æ : A! A is a �-derivation of A, namely� Æ(a+ b) = Æ(a) + Æ(b); a; b 2 A;Æ(a b) = �(a) Æ(b) + Æ(a) b; a; b 2 A:(2) (Chyzak and Salvy, 1998) LetA = k[x1; : : : ; xn℄be a 
ommutative polynomial ring over a �eldk. The skew polynomial ringD = A[�1;�1; Æ1℄ : : : [�m;�m; Æm℄

is 
alled Ore algebra if the �i's and Æj 's
ommute for 1 � i; j � m and satisfy:�i(�j) = �j ; Æi(�j) = 0; j < i:If D = A[�;�; Æ℄ is a skew polynomial ring, thenevery element P of D has a unique normal formP = Pni=1 ai �i for suitable ai 2 A and n 2 N.For every Ore algebra, we get a similar normalform of its elements by moving �1, . . . , �m on theright in ea
h summand.Example 2. The Weyl algebra A1 = k[t℄[�;�; Æ℄,where � = idk[t℄; Æ = ddt ; is a skew polynomialring. We interpret (1) as a rule of di�erentiation:� a = a � + dadt ; a 2 k[t℄:Similar to polynomial rings in 2n indeterminates,we 
an de�ne the Weyl algebraAn = k[x1; : : : ; xn℄[�1;�1; Æ1℄ : : : [�n;�n; Æn℄;where �i and Æi on k[x1; : : : ; xn℄ are the maps�i = idk[x1;:::;xn℄; Æi = �� xi ; i = 1; : : : ; n;and every other 
ommutation rule is pres
ribedby Def. 1. In parti
ular, we have:�i xj = xj �i + Æij ; 1 � i; j � n;where Æij = 1 if i = j and 0 else.Example 3. The algebra of shift operators withpolynomial 
oeÆ
ients Sh = k[t℄[Æh;�h; Æ℄, de�nedby �h(a)(t) = a(t � h); Æ(a) = 0; a 2 k[t℄and h 2 R, is a skew polynomial ring. Hen
e,the 
ommutation rule Æh t = (t � h) Æh a
tuallyrepresents the a
tion of the shift operator onpolynomials. �h is a time-delay operator if h > 0and an advan
e operator if h < 0.Example 4. In order to treat di�erential time-delay systems, we mix the 
onstru
tions of the twopre
eding examples. We de�ne the Ore algebraDh = k[t℄[�;�1; Æ1℄[Æh;�2; Æ2℄;�1 = idk[t℄; Æ1 = ddt ; �2(a)(t) = a(t� h); a 2 k[t℄;with Æ2 = 0, h 2 R+. If the system also involvesthe advan
e operator, then we may work withHh = k[t℄[�;�1; Æ1℄[Æh;�2; Æ2℄[�h;�3; Æ3℄;where �i, Æi, i = 1; 2, are as above and:�3(a)(t) = a(t+ h); Æ3 = 0; a 2 k[t℄:Ore algebras with other fun
tional operators 
analso be de�ned (e.g. divided di�eren
es, q-shift,Eulerian operators). We refer to (Chyzak andSalvy, 1998; M
Connell and Robson, 2000).



2.2 Properties & Gr�obner basesWe summarize the most important properties ofOre algebras that will enable us to 
omputation-ally deal with modules over Ore algebras.Proposition 5. (Chyzak and Salvy, 1998) If Ahas the left Ore property, namely, for ea
h pair(a1; a2) 2 A2, there is a pair (0; 0) 6= (b1; b2) 2 A2su
h that b1 a1 = b2 a2, then so is A[�;�; Æ℄.Proposition 6. (M
Connell and Robson, 2000) IfA is an integral domain and � is inje
tive, thenthe skew polynomial ring A[�; �; Æ℄ is an integraldomain.Proposition 7. (M
Connell and Robson, 2000) IfA is a left Noetherian ring and � is an auto-morphism (e.g. An, Sh, Dh, Hh), then the skewpolynomial ring A[�;�; Æ℄ is a left Noetherian ring.In order to study e�e
tively systems over (non-
ommutative) polynomial rings, we need to intro-du
e some algorithmi
 methods based on Gr�obnerbases. We �rst need term orders in order to 
om-pare (non-
ommutative) polynomials.De�nition 8. Let D be an Ore algebra. A termorder < on D is an order on the set of monomialsof Mon(D) whi
h is 
ompatible with the multipli-
ation in D, i.e. 8m1;m2; n 2 Mon(D), we have:m1 < m2 ) nm1 < nm2:The leading monomial lm(P ) of 0 6= P 2 D is thelargest (w.r.t. <) monomial in P with non-zero
oeÆ
ient.De�nition 9. (Adams and Loustaunau, 1994) LetA be a polynomial ring and I be an ideal of A.A set of non-zero polynomials G = fg1; : : : ; gtg is
alled a Gr�obner basis for I if for all 0 6= f 2 I ,there exists 1 � i � t su
h that lm(gi) divideslm(f).A 
onsequen
e of this de�nition is that everypolynomial in I is redu
ed to 0 modulo G, i.e., byiterative division of the leading monomial of f bysuitable gi 2 G, one obtains the zero polynomial.For the 
ase of 
ommutative polynomial rings,Bu
hberger's algorithm ((Adams and Loustau-nau, 1994), (Be
ker and Weispfenning, 1993))
omputes Gr�obner bases of polynomial ideals andmodules. The next theorem states that this al-gorithm 
an be applied for 
ertain Ore algebras.Every Ore algebra within our s
ope is of this kind.Theorem 10. (Chyzak and Salvy, 1998; Kredel,1993) Let A = k[x1; : : : ; xn℄ be the polyno-mial ring with 
oeÆ
ients in the �eld k and

A[�1;�1; Æ1℄ : : : [�m;�m; Æm℄ an Ore algebra satis-fying, 8 i = 1 : : :m; 8 j = 1 : : : n,�i(xj) = aijxj + bij ; Æi(xj) = 
ij ; (2)for 
ertain aij 2 k n f0g bij 2 k and 
ij 2 A is oftotal degree at most 1 in the xi's. Then, a non-
ommutative version of Bu
hberger's algorithmterminates for every term order on x1; : : : ; xn,�1; : : : ; �m, and the result of this algorithm is aGr�obner basis w.r.t. the given term order.An important te
hnique that uses Gr�obner basesis elimination of variables. By means of an elim-ination order < (Adams and Loustaunau, 1994)one 
an for
e Bu
hberger's algorithm to give aGr�obner basis whose elements are preferably poly-nomials in the \small" (w.r.t. <) variables. Thus,the largest variables w.r.t. < are eliminated (asfar as possible). 23. MODULE THEORYLet us 
onsider a system of equationspXj=1Rij yj = 0; 1 � i � q; (3)where Rij 2 D, p; q 2 N. By 
olle
ting the
oeÆ
ients Rij , we obtain a matrix R 2 Dq�pwhi
h, multiplied by y = (y1 : : : : : yp)T , yieldssystem (3) again.We set up the 
onvention that Dr is always
onsidered as the D-module of row ve
tors oflength r (r 2 N). Let us 
onsider the followingleft D-morphism (D-linear map):Dq :R�! Dp;(P1 : : : : : Pq) 7�! (P1 : : : : : Pq)R:Then, im:R = Dq R is the left D-module gener-ated by the left D-linear 
ombinations of the rowsof R.Let us show that system (3) 
orresponds to the leftD-module M = Dp=Dq R. Let feig1�i�p (resp.ffjg1�j�q) be the 
anoni
al basis of Dp (resp.Dq). We denote by � : Dp ! M = Dp=Dq Rthe left D-morphism whi
h maps every elementof Dp to its residue 
lass in M . For i = 1; : : : ; q,we havefj R = (Rj1 : : : : : Rjp) = pXi=1 Rji ei 2 Dq R) �(fj R) = � pXi=1 Rji ei! = pXi=1 Rji �(ei) = 0;2 In our implementation, we use the 
ommon order lexdegof the Maple pa
kage Groebner.



and thus, if we denote by yi = �(ei) the residue
lass of ei in M , then M is de�ned bypXi=1 Rji yi = 0; 1 � j � q; , Ry = 0;as well as by the left D-linear 
ombinations ofits equations. The left D-module M is �nitelygenerated be
ause every element m 2 M 
an bewritten as m =Ppi=1 Pi yi, where Pi 2 D.De�nition 11. The �nitely generated leftD-moduleM = Dp=Dq R is asso
iated with (3).Example 12. Let us re
onsider the Ore algebraDh = R(a; k; �; !)[�;�1; Æ1℄[Æh;�2; Æ2℄ de�ned inEx. 4 and the following wind tunnel model de�nedin (Manitius, 1984)8><>: _x1(t) = �a x1(t) + k a x2(t� h);_x2(t) = x3(t);_x3(t) = �!2 x2(t)� 2 � ! x3(t) + !2 u(t); (4)where a; k; � and ! are real 
onstants. System (4)gives rise to the following matrixR = 0� � + a �k a Æh 0 00 � �1 00 !2 � + 2 � ! �!21A 2 D3�4h (5)and thus, system (4) 
orresponds to the left Dh-module M = D4h=D3hR.De�nition 13. (Rotman, 1979) A family (Mi)i2Zof D-modules together with a family (di)i2Z of D-module morphisms di : Mi ! Mi�1 is a 
omplex,if di Æ di+1 = 0 for all i 2 Z. We write:: : : di+2�!Mi+1 di+1�!Mi di�!Mi�1 di�1�! : : : (6)Complex (6) is 
alled exa
t at position i if thedefe
t of exa
tness of (6) at position i,H(Mi) = ker di=im di+1;is equal to 0 or, equivalently, if kerdi = imdi+1.Complex (6) is 
alled exa
t if it is exa
t at everyposition. Finally, the exa
t sequen
e0 �!M 0 f�!M g�!M 00 �! 0;i.e. f is inje
tive, g is surje
tive and ker g = imf ,is 
alled a short exa
t sequen
e.We re
all some properties of D-modules that willbe important in the 
ourse of the paper.De�nition 14. (Rotman, 1979) Let D be a (left)Ore algebra and M a �nitely generated (left) D-module.(1) The D-moduleM is free if it is isomorphi
 toDr for a 
ertain r 2 Z�0.

(2) M is a proje
tive D-module if there exist afree D-module F and a D-module N su
hthat F �=M �N .(3) The submodule of Mt(M) = fm 2M j 9 0 6= P 2 D : P m = 0gis 
alled the torsion submodule of M . Anelement of t(M) is a torsion element of M .(4) M is 
alled torsion-free if t(M) = 0.Proposition 15. (Rotman, 1979) We have the fol-lowing impli
ations:free) proje
tive) torsion-free:Theorem 16. � (M
Connell and Robson, 2000;Rotman, 1979) If D is a Dedekind domain(e.g. D = A1), then a �nitely generatedtorsion-free D-module is proje
tive. If D is aprin
ipal ideal domain (e.g. the 
ommutativepolynomial ring D = k[x℄ with 
oeÆ
ients ina �eld k), then a �nitely generated torsion-free D-module is free.� (Rotman, 1979) Every proje
tive moduleover a 
ommutative polynomial ring with
oeÆ
ients in a �eld is free.In the following se
tions, we shall develop e�e
tivealgorithms whi
h 
he
k whether or not a left D-module M is torsion-free, proje
tive or free.4. SYSTEM INTERPRETATIONSLet us give some system interpretations of theproperties of modules (Fliess and Mounier, 1998;Pommaret and Quadrat, 1999a; Pommaret andQuadrat, 1999b; Wood, 2000).De�nition 17. � An observable of a linear sys-tem Ry = 0 is a s
alar D-linear 
ombinationof the 
omponents of y (i.e. inputs, states,outputs. . . ). An observable �(y) is 
alled au-tonomous if it satis�es some equations of theform P1 �(y) = 0; : : : ; Pr �(y) = 0; wherePi 2 D. An observable is said to be free ifit is not autonomous.� A linear system is said to be 
ontrollable ifevery observable is free.� A linear system Ry = 0 is parametrizable ifthere exist a matrix R�1 with entries in Dand arbitrary fun
tions z su
h that the 
om-patibility 
onditions of the inhomogeneoussystem y = R�1 z is exa
tly generated byRy = 0, i.e. if there exists R�1 2 Dp�msu
h that M = Dp=Dq R �= Dp R�1. Then,R�1 is 
alled a parametrization of the systemRy = 0 and z is the potential of the system.� A linear system is 
at (or free) if it isparametrizable and every 
omponent zi of



the potential z is an observable of the sys-tem, i.e. if there exists a parametrizationR�1 2 Dp�m whi
h admits a left-inverseS�1 2 Dm�p, namely S�1R�1 = Im. Then,z is 
alled a 
at output.Proposition 18. Let D be an Ore algebra, R 2Dq�p and M = Dp=Dq R be the left D-moduleasso
iated with the system Ry = 0 (see Def. 11).(1) An observable of the system Ry = 0 is anelement of the left D-module M .(2) The autonomous elements of the system arein one-to-one 
orresponden
e with the tor-sion elements of M .(3) The system is 
ontrollable i� M is a torsion-free left D-module.(4) The system is parametrizable i� M is atorsion-free left D-module.(5) The system is 
at i� M is a free left D-module. Then, a basis of M is a 
at output.De�nition 19. Let R 2 Dq�p be a full row rankmatrix with entries in a 
ommutative polynomialD = R[x1; : : : ; xn℄ (i.e. the q rows of R are D-linearly independent). Then,� R is minor left-prime if the greatest 
ommonfa
tor of all the q by q minors of R is 1.� R is zero left-prime if all the q by q minorsof R does not vanish simultaneously in Cn.Theorem 20. Let R 2 Dq�p be a full row rankmatrix with entries in ring D = R[x1; : : : ; xn℄.(1) R is minor left-prime i� M = Dp=Dq R is atorsion-free D-module.(2) R is zero left-prime i� M = Dp=Dq R is afree D-module.Hen
e, the 
on
epts of torsion-freeness and pro-je
tiveness generalize to non-
ommutative polyno-mial rings the well-known 
on
epts of primenesses(Pommaret and Quadrat, 1999a).5. SYZYGY MODULESLet M be a �nitely generated left module over aleft noetherian ring D, i.e. there exists a surje
tiveD-morphism ' : Dp ! M whi
h maps the ith
anoni
al basis ve
tor ei ofDp to some yi. We havethe exa
t sequen
eDp '�!M �! 0. Then, ' mayfail to be inje
tive sin
e there may be relationsamong the fyig1�i�p:ker' = f P = (P1 : : : : : Pp) 2 Dp j (7)�(P ) = pXi=1 Pi �(ei) = pXi=1 Pi yi = 0g:

The D-linear relations among the y1, . . . , yp formthe left D-module S(M) de�ned by (7) and is
alled a syzygy module of M .Sin
eD is a left noetherian ring, S(M) is a �nitelygenerated left D-module. Thus, we 
an again �nda suitable free D-module Dq and a map  sendingthe 
anoni
al basis ve
tors of Dq to the generatorsof S(M). We have the exa
t sequen
e:Dq  �! Dp '�!M �! 0:This exa
t sequen
e is a �nite presentation ofthe left D-module M and M is �nitely presented.Finally, iterating the pre
eding 
onstru
tion, weget a free resolution of M (Rotman, 1979) .De�nition 21. (1) The exa
t sequen
e: : : d3�! F2 d2�! F1 d1�! F0 d0�!M �! 0 (8)is 
alled a free resolution of M if the D-modules Fi are left free D-modules.(2) If the D-modules Fi in (8) are proje
tive,then (8) is a proje
tive resolution of M .(3) Let us 
onsider a proje
tive resolution of M :0 �! Fn dn�! : : : d2�! F1 d1�! F0 d0�!M �! 0:The length of this resolution is n.(4) The minimal length of the left proje
tiveresolutions of the left D-module M is 
alledthe proje
tive dimension pdD(M) of M . Theproje
tive dimension may be in�nite.(5) The left global dimension of D is de�ned by:lgldD = supfpdD(M) jM a left D-moduleg:We des
ribe the 
omputational tools for the 
on-stru
tion of free resolutions. The te
hniques to
ompute syzygy modules use Gr�obner bases andelimination te
hnique (see se
tion 6.1 of (Be
kerand Weispfenning, 1993)). Let D be an Ore alge-bra whi
h satis�es (2) and L a �nitely generatedleft D-module whi
h is a submodule of a free D-module Dp, p 2 N. Thus, a set of generators of L
onsists of row ve
tors in Dp.Algorithm 1. Input:Generating set fR1; : : : ; Rqgof the D-module L, Ri = (Ri1 : : : : : Rip) 2 Dp.Output: S 2 Dr�q su
h thatDr S is a generatingset of the syzygy module S(L), i.e. S(L) = Dr S.Syzygies (R1; : : : ; Rq)P  fPpj=1 Rij �j � �i j i = 1; : : : ; qg:G Gr�obner basis of P in�pi=1 D�i �qi=1 D�iw.r.t. a term order that eliminates the �i'sS = (Sij) 2 Dr�q  G \ �qi=1D�i =fPqj=1 Sij �j j i = 1; : : : ; rg:Remark 22. Let us 
onsider R 2 Dq�p and theleftD-moduleM = Dp=Dq R. Then, we 
an applythe pre
eding algorithm to the set formed by



Ri = (Ri1 : : : : : Rip) 2 L = Dq R � Dp;i = 1; : : : ; q, in order to obtain S = (Sij) 2 Dr�qsu
h that S2(M) = ker :R = Dr S and we obtainthe exa
t sequen
e:Dr :S�! Dq :R�! Dp ��!M �! 0:Iterating the pro
ess, we obtain a free resolutionof the left D-module M .Example 23. Let us re
onsider Ex. 12 and de�nethe Dh-module L = D4hRT generated by the rowsof the matrix:RT = 0BB� � + a 0 0�k a Æh � !20 �1 � + 2 � !0 0 �!2 1CCA 2 D4�3h :The Gr�obner basis off(� + a)�1 � �1;�k a Æh �1 + � �2 + !2 �3 � �2;��2 + (� + 2 � !)�3 � �3;�!2 �3 � �4gw.r.t. the elimination ordering indu
ed by thedegree reverse lexi
ographi
al orderings on �1 >�2 and �1 > �2 > Æh > � resp. is:G = f(� + a) �1 � �1; !2 �2 + � �4 + !2 �3 + 2 � ! �4;!2 k a Æh �1 + !2 �2 + !2 � �3 + (�2 + 2 � ! � + !2)�4;!2 k a Æh �1 + (!2 � + !2 a)�2 + (!2 �2 + !2 a �)�3+(�3 + 2 � ! �2 + a �2 + !2 � + 2 a � ! � + a!2)�4g:Interse
ting G with �3i=1Dh �i we getS = f!2 k a Æh �1 + (!2 � � !2 a)�2+(!2 �2 + !2 a �)�3 + (�3 + 2 � ! �2 + a �2+!2 � + 2 a � ! � + a!2)�4g:If we denote by RT�1 the row ve
torRT�1 = (!2 k a Æh : !2 � + !2 a : !2 �2 + !2 a � :�3 + 2 � ! �2 + a �2 + !2 � + 2 a � ! � + a!2);then we obtain the following free resolution of theDh-module N = D3h=D4hRT :0 �! Dh :RT�1�! D4h :RT�! D3h ��! N �! 0: (9)Proposition 24. (M
Connell and Robson, 2000)Let A be an integral domain with lgldA < +1and � an automorphism. The left global dimen-sion of A[�;�; Æ℄ satis�es:lgldA � lgldA[�;�; Æ℄ � lgldA+ 1:Moreover, if Q � k is a �eld, then we havelgld k[x1; : : : ; xn℄ = n and lgldAn = n.6. INVOLUTIONSDe�nition 25. Let k be a �eld and D a (non-
ommutative) k-algebra. An involution � of D isa k-linear map � : D ! D satisfying 8 a1; a2 2 D:� �(a1 � a2) = �(a2) � �(a1);� Æ � = idD : (10)

Proposition 26. Let D be a k-algebra, M a rightD-module and � an involution of D, then we 
ande�ne the left D-module fM , whi
h is equal to Mas a set and is endowed with the same addition asM , but with the following left a
tion of D:am = m�(a); m 2 fM; a 2 D:Example 27. (1) Let D = k[x1; : : : ; xn℄ be a
ommutative polynomial ring. Then, � = idDis an involution of D.(2) Let An = k[x1; : : : ; xn℄[�1;�1; Æ1℄ : : : [�n;�n; Æn℄be the Weyl algebra (see Ex. 2). An involu-tion � of An 
an be de�ned by:xi 7! xi; �i 7! ��i; 1 � i � n:(3) Let Sh = k[t℄[Æh;�h; Æ℄ be as in Ex. 3. Aninvolution � of Sh 
an be de�ned by:t 7! �t; Æh 7! Æh:(4) Let Hh = k[t℄[�;�1; Æ1℄[Æh;�2; Æ2℄[�h;�3; Æ3℄be as in Ex. 4. An involution � of Hh 
an bede�ned by:t 7! t; � 7! ��; Æh 7! �h; �h 7! Æh:De�nition 28. Let D be an Ore algebra with aninvolution �, R 2 Dq�p and M = Dp=Dq R a leftmodule. Then, the transposed module of M is theleft D-module de�ned by:N = Dq=Dp �(R): (11)The left D-module N = Dq=Dp �(R) 
orrespondsto the system �(R) z = 0, with z = (z1 : : : : : zq)T .Example 29. (1) If D is a 
ommutative ring (e.g.Dh = R(a; k; �; !)[�;�1; Æ1℄[Æh;�2; Æ2℄ de-�ned in Ex. 12), then the involution � is justthe transposition of matri
es, i.e. we have�(R) = RT , and the transposed D-moduleis de�ned by N = Dq=DpRT .(2) Let us 
onsider the Ore algebra Hh =k[t℄[�;�1; Æ1℄[Æh;�2; Æ2℄[�h;�3; Æ3℄ de�ned inEx. 4 and R = [t � : �t2 Æh℄ 2 H1�2h . Then,using 4 of Ex. 27, we obtain:�(R) = � � t��h t2 � = � t � + 1�(t+ h)2 �h � :7. EXTENSION FUNCTORDe�nition 30. (Rotman, 1979) LetM be a �nitelygenerated left D-module, S a left D-module and afree resolution : : : d2�! F1 d1�! F0 d0�! M �! 0 ofM . Then, the defe
ts of exa
tness of the 
omplex: : : d�2 � homD(F1; S) d�1 � homD(F0; S) � 0;



where, for f 2 homD(Fi�1; S), i � 1, d�i is de�nedby d�i (f) = f Æ di, are given by:( ext0D(M;S) = kerd�1 = homD(M;S);extiD(M;S) = kerd�i+1=imd�i ; i � 1:In the following, we shall only take S = D.Proposition 31. (Rotman, 1979) The right D-module extiD(M;D) only depends on M , i.e. one
an 
hoose any free resolution of M to 
omputeextiD(M;D), i 2 Z�0.The next algorithm gives a des
ription of a leftD-module gext1D(M;D), whi
h 
orresponds to theright D-module ext1D(M;D) (see Prop. 26).Algorithm 2. Input: Ore algebra D satisfying (2)with an involution � and R 2 Dq�p.Output: A list L = [L1; L2℄ of matri
es:L1 2 Dm�q is su
h thatgext1D(M;D) = Dm L1=Dp �(R);where M = Dp=Dq R,L2 2 Dq�r is su
h that L1 = Syzygies (L2).Pre-Ext1 (R)R2  Syzygies (R);L2  �(R2);L1  Syzygies (L2);L [L1; L2℄:Example 32. Let us 
ompute the extiDh(N;Dh) ofthe Dh-module N = D3h=D4hRT de�ned in Ex. 23.In Ex. 23, we have already 
omputed the free reso-lution (9) of N . Thus, we have ker :RT = DhRT�1,where RT�1 is de�ned in Ex. 23. Then, using thefa
t that Dh = R(a; k; �; !)[�;�1; Æ1℄[Æh;�2; Æ2℄is a 
ommutative polynomial ring, we obtain that�(RT�1) = R�1 (see 1 of Ex. 27). Hen
e, we havethe 
omplex of Dh-modules0 � Dh :R�1 � D4h :R � D3h  � 0and its defe
ts of exa
tness are de�ned by:ext1Dh(N;Dh) = ker :R�1=D3hR; (12)ext2Dh(N;Dh) =Dh=D4hR�1: (13)Following Alg. 2, we need to 
ompute the syzygyof D4hR�1. Doing similarly as in Ex. 23, we obtainthat the syzygy module of D4hR�1 is de�ned byL = 0BB� 0 !2 � + 2 � ! �!20 � �1 0�� � a k a Æh 0 0�2 + a � 0 �k a Æh 0 1CCA ; (14)and thus, we obtain ext1Dh(N;Dh) = D4h L=D3hR.Finally, using (13), ext2Dh(N;Dh) 
orresponds

to the system R�1 z = 0. Let us noti
e thatR�1 z = 0) z 6= 0 (this 
an be easily 
he
ked byinspe
ting the Gr�obner basis used to 
ompute thesyzygy of D4hR�1), and thus, ext2Dh(N;Dh) 6= 0.gext1D(M;D) = Dm L1=Dp �(R) 
an be 
omputedusing elimination te
hniques similar to Alg. 1.Algorithm 3. Input: A matrix R 2 Dq�p andL1 = (LT1 : : : : : LTm)T 2 Dm�q 
omputed byPre-Ext1(R).Output: A set S of generating equations satis�edby the residue 
lass zi of LTi in the left D-moduleDm L1=Dp �(R).Quotient (L1; R)Compute �(R).for i = 1; : : : ;m, doL fPqj=1 Lij �j � �ig [ fPqj=1 �(R)kj �jj k = 1; : : : ; pgin D[�1; : : : ; �r; �i℄, 
ompute the Gr�obnerbasis Gi of L w.r.t. an elimination order(eliminating the �j 's).endforS  Smi=1(Gi \D[�i℄):Example 33. Let us re
onsider the Dh-moduleN = D3h=D4hRT de�ned in Ex. 23. In Ex. 32, weproved that ext1Dh(N;Dh) = D4hL=D3hR, whereR (resp. L) is de�ned by (5) (resp. (14)). If wedenote �R = (RT1 : RT2 : RT3 )T ;L = (LT1 : LT2 : LT3 : LT4 )T ;then we 
he
k that we have Gi\D[�i℄ = f�ig, fori = 1 : : : 4, be
ause L1 = R3, L2 = R2, L3 = �R1and L4 = � R1 + k a ÆhR2. Thus, D4h L = D3hR,whi
h shows that we have ext1Dh(N;Dh) = 0.The next theorem gives some e�e
tive algorithms
he
king the module properties, and thus, thestru
tural properties of the 
orresponding linear
ontrol system (see Se
tion 4). This theorem is anextension for Ore algebras of results obtained in(Pommaret and Quadrat, 1999a; Pommaret andQuadrat, 1999b).Theorem 34. Let M = Dp=Dq R be a left D-module and N = Dq=Dp �(R) the transposedmodule of M . Then, we have:(1) t(M) �= ext1D(N;D).(2) M is a torsion-free left D-module if and onlyif ext1D(N;D) = 0.(3) The system Ry = 0 is parametrizable if andonly if t(M) �= ext1D(N;D) = 0. Then, thematrix L2 in Pre-Ext1(R) is a parametriza-tion of the system Ry = 0.(4) M is a proje
tive left D-module if and onlyif extiD(N;D) = 0 for 1 � i � lgldD.



(5) If R has a full row rank, namely S(Dq R) = 0,thenM is a proje
tive left D-module i� N =gext1D(M;D) = 0, 9 S 2 Dp�q : RS = Iq .Example 35. Let us 
he
k whether or not thedi�erential time-delay system (4) is 
ontrollable,and thus, parametrizable. By 3 of Prop. 18, weknow that (4) is 
ontrollable i� the Dh-moduleM = D4h=D2hR is torsion-free, where R is de�nedby (5). By 2 of Thm. 34, this is equivalent to
he
k ext1Dh(N;Dh) = 0, where N = D3h=D4hRT(see 1 of Ex. 29). Therefore, system (4) is 
ontrol-lable and, using 3 of Thm. 34, we dedu
e that aparametrization of (4) is given by the matrix R�1de�ned in Ex. 23, i.e. we have:8>>>><>>>>: (!2 k a Æh) z(t) = x1(t);(!2 � + !2 a) z(t) = x2(t);(!2 �2 + !2 a �) z(t) = x3(t);(�3 + (2 � ! + a) �2+(!2 + 2 a � !) � + a!2) z(t) = u(t): (15)Finally, the fa
t that ext2Dh(N;Dh) 6= 0 impliesthat M = D4h=D3hR is not a proje
tive, and thus,not a free Dh-module (see 2 of Thm. 16). Hen
e,by 5 of Prop. 18, (4) is not a 
at di�erential time-delay system and z is not a 
at output.If R is a full row rank matrix, then 6 of Thm. 34gives an e
onomi
 way to 
he
k proje
tiveness.Algorithm 4. Input: Ore algebra D satisfying (2)and a matrix R 2 Dq�p.Output: A matrix S 2 Dp�q satisfying SR = Ipif it exists and [ ℄ otherwise.Left-Inverse (R)P  fPpj=1 Rij �j � �i j i = 1; : : : ; qg;G Gr�obner basis of P in�pi=1 D�i �qi=1 D�iby eliminating the �i'sL;M  matri
es su
h that the rows inL (�1 : : : : : �p)T andM (�1 : : : : : �q)T are equations in G.If L is invertible and L�1M 2 Dp�q,then return S = L�1M , else return [ ℄.We 
an also 
ompute a right-inverse S 2 Dq�p ofR 2 Dq�p (RS = Iq) by doing:Right-Inverse(R) = �(Left-Inverse(�(R))):Therefore, if R 2 Dq�p has a full row rank, by 6of Thm. 34, the left D-module M = Dp=Dq R isproje
tive i� Right-Inverse(R) 6= [ ℄.Example 36. Let us re
onsider system (4). Apply-ing Alg. 4 to �(R) = RT , where R is de�ned by(5), we are led to the Gr�obner basis G de�ned inEx. 23. We easily 
he
k that G does not 
ontainany relation of the form �i �P4j=1 Sij �j , whereSij 2 Dh, for i = 1; 2. Therefore, M = D4h=D3hR

is not a proje
tiveDh-module, and thus, (4) is nota 
at system (see also Ex. 35).8. CONCLUSIONWe hope to have 
onvin
ed the reader thatthe simultaneous use of module theory, homo-logi
al algebra and e�e
tive algebra allows usto study e�e
tively the stru
tural propertiesof linear non-
ommutative multidimensional sys-tems. Parti
ularly, in this mathemati
al frame-work, we presented e�e
tive algorithms 
he
k-ing 
ontrollability or 
atness and 
omputing theparametrizations/autonomous elements/
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