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Abstract: The porous medium equation arises in different applications to model diffusive phenomena. In this paper,
we obtain several gradient estimates for some porous medium type equations on smooth metric measure space with N-
Bakry-Emery Ricci tensor bounded from below. In particular, we improve and generalize some current gradient estimates

for the porous medium equations.
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1. Introduction

A smooth metric measure space is a triple, (M™, g,e~Fdv), where M™ is a complete n-dimensional Riemannian
manifold with metric g, f is a smooth real-valued function on M™, and dv is the Riemannian volume density.
Smooth metric measure spaces carry a natural analog of the Laplace-Beltrami operator A, the f-Laplacian,
which is also called drifting Laplacian or Witten-Laplacian, defined for a function u by Aju = Au—g(Vf, Vu) =
Au — (Vf,Vu). The N-Bakry-Emery Ricci tensor is defined by Ric}v = Ric + Hessf — %df ® df . A natural
question about smooth metric measure space is which of the results about the Ricci tensor and the Laplace-
Beltrami operator can be extended to the N-Bakry-Emery Ricci tensor and the f-Laplacian. For example, in

[15], Yang discussed the gradient estimates for the following parabolic equation,

0
au = Au+ aulogu + bu,
on Riemannian manifolds. In [8], Huang and Ma considered the gradient estimates for the following parabolic

equation,

0
= Apu+ aulogu + bu,

on smooth metric measure spaces. Inspired by the discussions of the gradient estimate of the harmonic function
and positive solutions to linear heat flow on Riemannian manifolds, the authors in [1-3] discussed the gradient

estimates of the f-harmonic function and positive solutions to linear heat flow on smooth metric measure spaces.
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Motivated by the study of eigenvalue estimates for the Laplace-Beltrami operator on Riemannian manifolds,

the authors in [4,5,11,12,14] studied the eigenvalue estimates for drifting Laplacians on smooth metric measure
spaces.

In [10], Lu et al. obtained some gradient estimates for the following porous medium equation on

Riemannian manifolds with Ricci curvature bounded from below:

up = Au'™, (1.1)

where m > 1. In [6], Huang and Li improved the results in [10]. In [7], Huang and Li studied the following
porous medium type equation,
up = Apu™, (1.2)

on smooth metric measure space. Under the assumption that the N -dimensional Bakry-Emery Ricci curvature
is bounded from below, Huang and Li obtained some gradient estimates that generalized the results in [6] and
[10].

Inspired by [6] and [7], we make further discussions of gradient estimates for positive solutions of equation
(1.2). For this purpose, we let
(n+ N)(m—1) n+ N

s N m-D 42 T Mm-D T2 (13)

Theorem 1.1 Let (M™,g,e 7dv) be a smooth metric measure space. Suppose that u is a positive solution to
(1.2). If Ric}v(Bp(QR)) > —K and K >0, then on the ball B,(R) we have

|Vol|? vy 1 CHaa? bm?a? ac?®
— —a(t)— < 3+VKR)+ — 1.4
v a()v_l—l—a(a—l){ R? (2(()z—1)(1—a)Jr * )+ t b (14)
where C' is a constant depending only on n and
H= sup  (m—1)v, aft) = 27K

B,(2R)x[0,T]

Corollary 1.2 Let (M™,g,e'dv) be a smooth metric measure space with Ric}v > —K and K > 0. Suppose
that (M™,g) is a complete noncompact Riemannian manifold and u is a positive solution to (1.2), then
vy 1 ac’(t)

2
|V _ ™ <
v v~ 1+ala—1) ¢t

, (1.5)

where a(t) = €255 S = sup o, (m — 1)v.

Theorem 1.3 Let (M™,g,e~fdv) be a smooth metric measure space. Suppose that u is a positive solution to
(1.2). If Ric}V(Bp(QR)) > —K and K >0, then on the ball B,(R) we have

bm2a?(t)

CHaao?(t)
= tanh(HKt)}’ (16)

[Vol?
— Oé(t); —p(t) < o2

[(3+VEKR)+
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where C' is a constant depending only on n, a(t) =1+ 2SKt, S = SUp s wjo,r) (M — 1)v, and

A
H= sup  (m— 1o, @():eraSKwL (SK)t+3, A>0.
B, (2R)x[0,T] t t

Corollary 1.4 Let (M™,g,e~7dv) be a smooth metric measure space with Ric}v > —K and K > 0. Suppose

that (M™,g) is a complete noncompact Riemannian manifold and w is a positive solution to (1.2), then

v 2
N o™ — oy <0, (17)

where p(t) and a(t) are defined in Theorem 1.3.

Remark 1 Obviously, Theorem 1.1 and Corollary 1.2 in this paper are better than Theorem 1.8 and Corollary
1.4 in [6], respectively.

Remark 2 Theorem 1.3 and Corollary 1.4 in this paper are more general than Theorem 1.4 and Corollary 1.7
in [6], respectively.

2. Some lemmas
To prove Theorem 1.1 and Theorem 1.3, we need some lemmas. Suppose that u is a positive solution to (1.2).

Let v = %um_l. Direct calculation shows that
vp = mu™ 2 A pu™ = (m — DuA o+ Vol (2.1)

Since v # 0, then (2.1) is equivalent to

vy |Vol|?
— = - 1A . 2.2
L — - Do+ (22)
Let L =0, — (m —1)vAy and F = @ a?t — . We have the following.
Lemma 2.1 Suppose that u is a positive solution to (1.2). Then
i vt vt |V11|
L(;) =(m— l)gAfv + +2mVv V( ) (2.3)
[Vo[? [Vol? 2(m —1) 2
L( » )<2(m—1) » Ayv Nin |A fo
Vol|? Vol
—2(m — 1)Ric} (Vo, vo) + 2mvov () ¢ % (2.4)
v v
Proof Direct calculation shows that
Vg Vv, vV
V(L Xt 2.5
(= (25)
Therefore, we get
Ut 1 UVt 2 2’Ut 2
A(Z) = EA’Ut - ﬁAU — UTVUVvt + ’U73|V’U| 5 (26)
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and
(m = Do{Vf, V(=) = (m = 1)(V, Vor) = (m = 1)=H(Vf, V). (2.7)
By (2.2), we have
2% = (m — )5 50) + 04 VO — m = 1) 00 + %v@wt - %@ (2.8)

According to (2.4), (2.5), (2.6), (2.7), and (2.8), we conclude that

L) = o >—<m—1>vAf<%>=<m—1>%Afu+U‘V' 2mvev(%),

On the other hand, by (2.1) we get

Vol? 20VoVu — [Vol?v
8t(' | )= - Vo[ o
v v
2 2
= 09 (oot [90f2) — L (n - e 9)
|Vo|? 2Vv s |V
=(m—1)——A~Apv+2(m—1)VoVAsv + V|V |* — > (2.9)
Direct calculation shows that
Vol? Vol? Vol?
LN 1
v v
1 1 2
:;A|V1}|2 ‘W| Av —fvukuﬁ 3\Vv|4—;(Vf,V|Vv|2) |V | (V £, V)
1
ZEAHV’UP | | A ——VUVWU\Q 3\vv|4.
1 \Vv|2 2V _ |Vol]?
=-A oAy 2.1
agvep - o p gy - B0V (210)
According to (2.9) and (2.10), we obtain
Vol? Vol? Vol?
oV = (V) — 1y, V8
v v
2 1 2 4
:Q(mfl)(|v;| AvarVUVAfvfiAﬂVv\ ) +2mVv V(‘v;| )+ % (2.11)
According to [9,13], we have
1
5Af|W|2 > + VuVA v + Ricf (Vo, Vo). (2.12)
By (2.11) and (2.12), we conclude that (2.4) is true. O
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Lemma 2.2 ([7]) The function F satisfies the following inequality:

2(m —1)

L(F) < —mmﬂﬁ’ — 2(m — 1)Ric} (Vv, Vv) + 2mVoVF
2 Ut 2 1Vt /
—((m —1)Ayv) —&—(1—04)(;) - (2.13)
Proof For the reader’s convenience, we give the details of the proof of Lemma 2.2. By (2.3) and (2.4), we
have
|V’U|2 Ut 1 Ut /
L(F) = LYy ap®y — o2 -
(#) = o) —an(t) o
2 2(m—1
<2(m—1) |V;| Apv— %mm — 2(m — 1)RicY (Vv, V)
2 4 2
+2vaV(ﬂ) + @ —a(m— 1)ﬁAfv — QEM
v v v v
f2amV’uV(ﬁ) —a2 o' (2.14)
v v
By the definition of F', we have
Vol? Vol?
szV(%) - QavaV(%) - QvaV(% - a%) — 2mVoVF. (2.15)
According to (2.2), we get
|Vo|t v [Vol? |Vo|? v |Vol|?
POl a2 o)X - A 2.1
2 —a — —=0-a)————(m-1)—=A4sv (2.16)
Using (2.2) again, we arrive at
2 2
(m - )ALy am - ) Yage+ 1 - o)V
v v
2 Vo2 2 2
_ Vo (ﬂ_ Vo )_aﬂ(ﬁ_ﬂ)_,_(l_a)ﬂﬂ
v v vow v vow
Vol2v, Vot Vi o
=2 — — — _°
v v2 o v )
=@ Ve
v v v
v
- f((mfl)Afv)er(lfa)(;t)Q. (2.17)

Putting (2.15), (2.16), and (2.17) into (2.14), we conclude that (2.13) is true.
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3. The proof of Theorem 1.1

Let F = @ — a7, where a = e?HEt We consider F in the geodesic ball B,(2R), which is centered at p
with radius 2R. Since RicifV(Bp(QR)) > —K, by (2.13) and the definition of H and a, we have

= —2 |v 2 _
L(F) < m((m —1)As)? + 20K ——— + 2mVuVF
~(m = DAY+ (1)) —a'

1 |V ‘2 — Ut \2 1 Ut
< —E((m— DA)? + 2HK ——— +2mVoVF + (1 —a)(;) —al

Since L(a™'F) = (a™Y)F +a 'L(F) and o/ = 2HKa, then

L(a™'F) < _%afl((m —1)A )+ 2ma” 'VoVF + (1 — a)afl(%)? (3.1)

By (2.2) and the definition of F', we get

_ Vol? = v Vo2 =
—DAw=(a"t =1 [vol? _ 'F — F 3.2
(m - 1A= (a7 - D L (32)
Putting (3.2) into (3.1), we obtain
o 1— 2 4 1 — 2(1 2 o
aos3 v2 ao’ aa?’ v
1-— 4 1l—a—2 2(1- 2_
Lo |Vl n az2 (1-a) |V 7 (3.3)

ad v? a3 a3 v
According to (2.4) and (2.5) in [8], we can construct a cut-off function ¢ such that 0 < ¢ < 1,sup(¢) C
Bp(2R),¢>|B,,(R) =1 and

Vo _ C

L5 s E(HRﬂ (3.4)

where C' is a constant depending only on n. Set G = t¢pa~'F. Assume that G achieves its maximum at the

point (zg,s) € Bp(2R) x [0,T] and assume G(xg,s) > 0. By the maximum principle, we have

~ -1
VG =0, L(G)>0, V(a'F)=-2 SV
at the point (xg,s), and
_ A 2
0 < L(G) = s¢L(a'F) — (m — 1)v g;;‘ZSGJF 2(m — 1) W(;" G+ %
12 2 2_ 2 — l-a— 201- 2_
< sp{- T 2oVl g 2mg o 1oape 20 —a) [Vl 7
ax ax v « [0 « v
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N 2
—(m—l)v—f(bG—i—Z(m—l) |V(§| G—i-f
¢ ¢
_ 2 _ 2
_ 1 G2+2(1 a)\Vv| G —om V—d)G—I— aG2_2(1 a)|Vv|G
aasg aa? ) aso a? v
Ard Vo], G
—tm—1)v=22a 1+ 2(m -1 bt
(m—1)v 5 G+2(m—1)w po G+ S
71+a(a—1)G2+ 2(1 - a) \Vv|2G 2(1 —a) |[Vv|?
aasd aa? v a? v
mH? V9| |V Aro Vo
+2 i G-H22G 125 % ¢ + = 3.5
(m—1)2 ¢ vz ¢ ¢? (3:5)
Multiplying both sides of (3.5) by %, we get
1 2(1—a)(1—a) ,|Vv|?
< <
G, T) < Glxo,5) < 1+ ala— 1){ ao ¢ v
1 2
+2ﬂlas¢|v¢\ |V1v| — Hasa ¢ + 2Haso [Vl + aag}. (3.6)
(m—1)2 V2 ¢

By (3.4), (3.5), and the inequality 2zy < 2% + y?, similar to the proof of Theorem 1.2 in [6] we have

1 bm?Haa*
~l14+a(la-— 1){(2(a— (1 —a)

F(z,T) < + 3Hax )g —&—HaaQ\ﬁ +2 }

Since T is arbitrary, we obtain

1 CHao? bm?o?
_1+a(a—1){ R? (2(a—1)(1—a)

F(z,T) +3+\/FR)+G%2}.

Thus, the proof of Theorem 1.1 is complete. Letting R — oo in (1.4), we get (1.5). Therefore, we conclude
that Corollary 1.2 is true. O

4. The proof of Theorem 1.3

We find that ¢(t) = % + aSK + 2(SK)*t + % and a(t) = 1+ 2SKt satisfy the following equations:

2 1 2 /
{ 2L+ HK)— o = 22, (4.1)

t

On the other hand, by (2.2) and the definition of F', ¢(t), and «(t) we get

|Vol|? 1

(mfl)Afana(%JrHK):fé{FﬂoJr(afl) L —aa(y + HE)}
= oM By Sy - )y,
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Therefore, similar to (5.4) in [6] and some discussions in Section 2 and Section 3, we have

1 Vo2 2a a 9, A9 2
L(F) < ——{F —1)—— —(==HK+-(HK)"t— )} —-F+2 F.
(F) <~ {F 4 (o=~ )0 - 22 HE 4 S(HEPE - 3)) — 2F 4 omvoy
Construct a cut-off function ¢ as that in Section 3. Define G = B(t)¢F . Assume that G achieves its maximum
at the point (zo,s) € B,(2R) x [0,T] and assume G(xg,s) > 0. Similar to (5.6) in [6], we conclude that
2 A 2
Glao,s) < L2 @HKs + (HK?s? - 2) +sa2(L - 2))
S 3 S B s
Vo> bmPa® |VoP?
¢ 2a-1) ¢

ao?BH{—Asé+2 1. (4.2)

Let A(t) = tanh(HKt), similar to [6] we have
2 99 A 9 2
SRHKs + (HEPs = 2) +s0?(5 = 2) 0. (4.3)

By (3.4), (4.2), and (4.3), we get

G(zo,8) < {MaaQ(T)(?)% + Cf) + CMab;; a!(T) 1.

Thus, similar to the discussions of (5.7) in [6], we affirm that Theorem 1.3 holds. Letting R — oo in (1.6), we
get (1.7). Therefore, we conclude that Corollary 1.4 is true.
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