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tWe des
ribe a strategy whi
h allows one to produ
e 
omputer assisted proofsof almost everywhere strong 
onvergen
e of Ja
obi-Perron type algorithms in arbi-trary dimension. Numeri
al work is 
arried out in dimension three to illustrate ourmethod. To the best of our knowledge this is the �rst result on almost everywherestrong 
onvergen
e in dimension greater than two.1 Introdu
tionThe 
onstru
tion of simultaneous rational approximations to an irrational ve
tor is a
lassi
al problem whi
h has been studied for over a hundred years [15, 24, 22, 21, 7,5, 25, 28℄. By \rational approximation" we mean a sequen
e of ve
tors of the form(p1(n)q(n) ; : : : ; pd(n)q(n) ) whi
h 
onverge to a ve
tor (!1; : : : ; !d) 2 Id = [0; 1℄d. This 
onvergen
e
an be understood in two di�erent ways. The sequen
e 
onverges in a weak sense iflimn!1



�p1(n)q(n) ; : : : ; pd(n)q(n) �� (!1; : : : ; !d)



 = 0: (1)While (1) is a tempting de�nition of 
onvergen
e, it is not what is really required forappli
ations. More useful is the following de�nition:limn!1 kq(n)(!1; : : : ; !d)� (p1(n); : : : ; pd(n))k = 0; (2)1



whi
h we 
all strong 
onvergen
e. Diri
hlet's Theorem ([8℄) states that any (!1; : : : ; !d) 2IdnQ d has in�nitely many approximations of the form (p1q ; : : : ; pdq ) su
h that, for 1 � j � d,����!j � pjq ���� � 1q1+1=d :This obviously implies the existen
e of a strongly 
onvergent sequen
e. Moreover,kq(!1; : : : ; !d)� (p1; : : : ; pd)k � pdq�1=d:However, it is very diÆ
ult to �nd these approximations whi
h are guaranteed to existby Diri
hlet's Theorem. Thus it is important to have an algorithm whi
h allows oneto 
onstru
t strongly 
onvergent approximations. By \algorithm" we mean a pro
edurewhi
h allows one to 
al
ulate �-
lose strong approximations, i.e. approximations whi
hsatisfy kq(!1; : : : ; !d)� (p1; : : : ; pd)k < �;using not more than 
j log �j binary operations. Su
h an algorithm is 
ertainly known indimension 1, namely the famous 
ontinued fra
tion algorithm whi
h has many ni
e prop-erties. Di�erent generalizations of 
ontinued fra
tions to the multidimensional 
ase havebeen known for more than a hundred years. These in
lude the Ja
obi-Perron algorithm(JPA) and other 
onne
ted algorithms (see [15, 22, 7, 23, 24℄). However the properties ofthese generalizations are mu
h worse than the properties of 
ontinued fra
tions. For ex-ample, 
ontinued fra
tions give strongly 
onvergent approximations for every ! 2 [0; 1℄nQbut all known multidimensional algorithms (see [7, 1, 2, 3℄) do not have this property.This means that there always exist \bad" irrational ve
tors for whi
h there is no strong
onvergen
e [6, 18℄. Thus the most one 
an hope to prove is almost everywhere strong
onvergen
e, i.e. that strong 
onvergen
e holds for points in a subset of Id of full Lebesguemeasure.Numeri
al studies indi
ate (see [17, 3℄) that the Ja
obi-Perron algorithm and manyother algorithms have the property of almost everywhere strong 
onvergen
e in any di-mension. The only rigorous results 
on
erning strong 
onvergen
e are for two dimensionalalgorithms. Almost everywhere strong 
onvergen
e for the two dimensional JPA followsfrom an old paper of Paley and Ursell [21℄. This fa
t was pointed out by Khanin [16℄ (seealso S
hweiger [29℄). A 
omputer assisted proof of almost everywhere strong 
onvergen
efor a two dimensional modi�
ation of the JPA was independently provided by Fujita, Ito,Keane and Ohtsuki [14, 11℄. Their approa
h 
an also be 
arried out in dimension greaterthan two, and this is 
losely related to our approa
h. In this paper we 
onsider the samemodi�
ation but in higher dimensions. We 
all this modi�
ation the ordered Ja
obi-Perron algorithm (OJPA). For the two dimensional OJPA, as for the two dimensionalJPA, one 
an prove almost everywhere strong 
onvergen
e without using a 
omputer (seeMeester [20℄). However, at present there are no theoreti
al results on strong 
onvergen
ein dimension greater than two. In fa
t there is a prin
iple di�eren
e between two dimen-sions and higher dimensions. In dimension two one 
an e�e
tively des
ribe the set of badve
tors, i.e. the ve
tors for whi
h strong 
onvergen
e does not hold. For example, in the
ase of the JPA these are ve
tors for whi
h the integer entries produ
ed by the algorithmgrow very fast. At the same time it is known that for high enough dimension (d � 5)2



even noble ve
tors (i.e. ve
tors whi
h are �xed points of the algorithm) may be bad.The di�eren
e between two dimensions and higher dimensions 
an also be des
ribed ona more te
hni
al level. It turns out that in the 
ase d � 3 strong 
onvergen
e is due tothe 
an
ellation of positive and negative terms in 
ertain matrix produ
ts. The absolutevalues of both positive and negative 
ontributions grow exponentially, but their di�eren
eis exponentially small, while in dimension two both positive and negative 
ontributionsare exponentially small (see [12℄).The main purpose of this paper is to present a s
heme whi
h in prin
iple allows one togive a rigorous proof of almost everywhere strong 
onvergen
e for any Ja
obi-Perron typealgorithm. We will illustrate our strategy by dis
ussing the OJPA whi
h will be des
ribedin the next se
tion. In our opinion, this version of the JPA is the best generalizationof 
ontinued fra
tions. It shares many properties with the one dimensional 
ase whi
hmakes the study of it easier than the study of other generalizations. For example, it hasan extremely ni
e natural extension (see [13℄). Our s
heme 
onsists of two parts. The �rstpart is the redu
tion of the original problem to the 
al
ulation of 
ertain 
on
rete integralswhi
h give estimates for the Lyapunov exponents. The se
ond part involves 
arrying outa �nite number of 
al
ulations numeri
ally. In this sense the proof of the �nal result is
omputer assisted. In the present paper we deal with the �rst part of the s
heme, namelythe redu
tion part. The rigorous estimation of the Lyapunov exponents is 
arried out ina forth
oming paper [12℄.Our aim here was to explain a simple approa
h whi
h leads to a proof. The method issimple mathemati
ally but not from the point of view of numeri
al studies. It is a
tuallypossible to use a more advan
ed s
heme for a 
omputer assisted proof but this will beexplained in a forth
oming publi
ation [12℄.A
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il of the UK.2 The ordered Ja
obi-Perron algorithmThe ordered Ja
obi-Perron algorithm (OJPA) was �rst introdu
ed by Podsypanin [23℄ intwo dimensions. It was then 
onsidered by S
hweiger in arbitrary dimension [26℄. Wewill de�ne a slight variation of this whi
h is, however, equivalent to S
hweiger's version.In the papers by Podsypanin, S
hweiger and others ([23, 26, 14, 11, 20℄) this algorithmwas 
alled the modi�ed JPA. However we think that the name ordered JPA des
ribes itsnature more a

urately.Consider the d-dimensional simplex�d = f! = (!1; : : : ; !d) 2 Id : 1 � !1 � !2 � � � � � !d � 0g:De�ne a transformation T : �d ! �d by the following two steps. Firstly, given ! =(!1; : : : ; !d) 2 �d form the numbers !2!1 ; : : : ; !d!1 and f 1!1g = 1!1 � [ 1!1 ℄ (where fxg and [x℄3



denote the fra
tional and integer parts of x respe
tively, so that fxg = x� [x℄). Se
ondly,put f 1!1g in the position in the sequen
e !2!1 ; : : : ; !d!1 pres
ribed by the ordering in thesimplex. More pre
isely,T (!1; : : : ; !d) = 8><>:(f 1!1g; !2!1 ; : : : ; !d!1 ) if f 1!1g > !2!1 ;(!2!1 ; : : : ; !j!1 ; f 1!1g; !j+1!1 ; : : : ; !d!1 ) if !j!1 > f 1!1g > !j+1!1 ;(!2!1 ; : : : ; !d!1 ; f 1!1g) if !d!1 > f 1!1g. (3)De�nition 1. The transformation T is 
alled the ordered Ja
obi-Perron transformationin dimension d.It 
an be shown that T is a lo
ally expanding mapping and 
onsequently has ni
eergodi
 properties. Spe
i�
ally, T , like all other transformations produ
ing Ja
obi-Perrontype algorithms, has a unique absolutely 
ontinuous invariant probability measure whi
his ergodi
 [26℄. One of the main advantages of the ordered Ja
obi-Perron algorithm isthat an expli
it expression for the density of the invariant measure is known. Indeed, one
an 
he
k that the probability measure�(d!) = 1K�(!) d!; (4)�(!) = X�2Sd 11 + !�(1) 11 + !�(1) + !�(2) : : : 11 + !�(1) + !�(2) + � � �+ !�(d)is invariant under T . Here Sd is the group of permutations of d symbols and K =R�d �(!) d!. The fa
t that we have 
ontrol over the invariant density is very importantfor our method.We now explain how T 
an be used to 
onstru
t rational approximations. Note thatthe main reason it 
an be used for this purpose is that it is expanding and all bran
hesof T�1 preserve the set of rational ve
tors (p1q ; : : : ; pdq ).First de�ne a map m : �d ! N by m(!) = [1=!1℄. Also, let j(!) = i where the ith
oordinate of T (!) is f1=!1g.Consider the traje
tory of a point !1 under T , i.e.!1 T! !2 T! � � � T! !n T! � � � : (5)If the sequen
e (m1; j1); : : : ; (mn; jn) is known, wheremi = m(T i�1!1); ji = j(T i�1!1);then for 1 � i � n it is possible to �nd the point !i�1 for whi
h T (!i�1) = !i. Let S(mi;ji)denote the inverse of T on the bran
h spe
i�ed by (mi; ji). Take the ve
tor (01 ; : : : ; 01) asan approximation to !n, and 
onsider the image of this ve
tor under S(m1;j1) Æ S(m2;j2) Æ� � � ÆS(mn;jn). Then we obtain a ve
tor (p1(n)q(n) ; : : : ; pd(n)q(n) ) whi
h is the nth approximation to!1.This pro
edure leads to the following formal des
ription. For ea
hm 2 N , j = 1; : : : ; d,let us de�ne a matrix ~A(m;j) 2 GL(d+1;Z). The �rst row of ~A(m;j) has only two nonzeroentries: a1;1 = m; a1;j+1 = 1:4



All other rows have only one nonzero entry, whi
h is equal to 1. In fa
t, ai;i�1 = 1 fori = 2; : : : ; j + 1 and ai;i = 1 for i = j + 2; : : : ; d+ 1. In short,
~A(m;j) =

0BBBBBBBBBBBBB�
m 0 : : : 0 1 0 : : : 0 01 0 : : : 0 0 0 : : : 0 00 1 : : : 0 0 0 : : : 0 0... ... . . . ... ... ... ... ...0 0 : : : 1 0 0 : : : 0 00 0 : : : 0 0 1 : : : 0 0... ... ... ... ... . . . ... ...0 0 : : : 0 0 0 : : : 1 00 0 : : : 0 0 0 : : : 0 1

1CCCCCCCCCCCCCA : (6)
Now de�ne A(m;j) = ( ~A(m;j))t where At denotes the transpose of A. De�neCn = A(mn ;jn) � � �A(m2;j2)A(m1;j1); (7)where mi = m(T i�1!1), ji = j(T i�1!1). Then the �rst row of Cn gives the numeratorsand the denominator of the approximation of the nth step des
ribed above. More pre
isely,if the �rst row of Cn is (
(n)1;1 ; : : : ; 
(n)1;d ; 
(n)1;d+1) then�p1(n)q(n) ; : : : ; pd(n)q(n) � = �
(n)1;2
(n)1;1 ; : : : ; 
(n)1;d+1
(n)1;1 �:The other rows of Cn 
orrespond to approximations whi
h were obtained previously, i.e.,approximations (p1(n0)q(n0) ; : : : ; pd(n0)q(n0) ) where n0 < n. The d+1 rows of Cn give d+1 points in�d whi
h form a simplex �(n) whi
h 
ontains !1. In some sense the whole simplex �(n)is the rational approximation to !1.We introdu
e a matrix valued fun
tion A : �d ! GL(d + 1;Z) de�ned by A(!) =A(m(!);j(!)). Then Cn = A(T n�1!1) � � �A(T!1)A(!1):Sin
e the approximations are 
onstru
ted through the produ
t of matri
es along the tra-je
tory of an ergodi
 dynami
al system, it is 
lear that the typi
al quality of approxi-mations will depend 
ru
ially on the 
orresponding Lyapunov exponents. This will beexplained in more detail in se
tion 3.We �nish this se
tion with two de�nitions whi
h are used in the rest of the paper. Forx = (x1; : : : ; xd) 2 Rd we set kxk =Pdj=1 jxjj.De�nition 2. A sequen
e of rational ve
tors xn = (p1(n)q(n) ; : : : ; pd(n)q(n) ) is said to be 
onver-gent to ! in the weak sense ifk! � xnk ! 0 as n!1: (8)The sequen
e is exponentially 
onvergent to ! in the weak sense if there exist 
onstantsK > 0; � > 0 su
h that k! � xnk � Kq(n)��: (9)5



De�nition 3. A sequen
e of rational ve
tors xn = (p1(n)q(n) ; : : : ; pd(n)q(n) ) is said to be strongly
onvergent to ! if kq(n)! � (p1(n); : : : ; pd(n))k ! 0 as n!1: (10)The sequen
e is exponentially strongly 
onvergent to ! if there exist 
onstants K > 0; � >0 su
h that kq(n)! � (p1(n); : : : ; pd(n))k � Kq(n)��: (11)As we will see later, the denominators q(n) grow exponentially with n for almost all!, and this explains the word exponential in the above de�nitions.In se
tion 4 we prove that for almost all ! 2 �d the OJPA provides approximationswhi
h are exponentially 
onvergent to ! in the weak sense. The geometri
al meaning of
onvergen
e in the weak sense and in the strong sense is the following. Weak 
onvergen
emeans that (q(n); p1(n); : : : ; pd(n)) 
onverges to (1; !1; : : : ; !d) in the dire
tional sense,i.e. the angle between the two ve
tors 
onverges to 0 as n ! 1. Strong 
onvergen
emeans that the ve
tor (q(n); p1(n); : : : ; pd(n)) itself 
onverges to the ray�! = f�(1; !1; : : : ; !d) : � > 0gde�ned by the ve
tor (1; !1; : : : ; !d) (see [6, 18℄).3 Lyapunov exponents and strong 
onvergen
eIn this se
tion we prove a general theorem whi
h is similar to Theorem 4.1 of [18℄. How-ever, our aim is to establish 
onditions for exponential strong 
onvergen
e while Lagariasstudies exponents whi
h 
hara
terise the quality of approximations. We will 
omment onthe 
onne
tions with Lagarias' Theorem in more detail in the 
on
lusions.The result whi
h we prove in this se
tion is quite general. It applies not just to theOJPA, but to general approximation s
hemes based on the produ
t of matri
es A(!) 2GL(d+1;Z) along the traje
tory of a transformation T of 
 � [0; 1℄d. As in the previousse
tion, we write Cn(!) = A(T n�1!) � � �A(T!)A(!) and setx(n)j = �
(n)j;2
(n)j;1 ; : : : ; 
(n)j;d+1
(n)j;1 �:We 
onsider x(n)1 as the nth approximation to ! and sometimes denote it byxn = �p1(n)q(n) ; : : : ; pd(n)q(n) �where q(n) = 
(n)1;1 and pi(n) = 
(n)1;i+1.We will suppose that T and the matrix valued fun
tion A(!) satisfy the following
onditions: 6



(P1) T is ergodi
 with respe
t to an invariant probability measure �(d!).(P2) � is equivalent to Lebesgue measure.(P3) The matri
es A(!) are nondegenerate and have non-negative entries for �-almostall !.(P4) R
 log(max(kA(!)k; 1))�(d!) <1.(P5) For �-almost all ! 2 
, a11(!) > 0 and for all 2 � i � d + 1 there exists1 � k � d+ 1 su
h that aij(!) = (0 if j 6= k;1 if j = k.(P6) There exists a matrixM 2 GL(d+1;Z) with stri
tly positive elements su
h thatl(! 2 
 : 9k > 0 su
h that Ck(!) = M) > 0 (12)where l denotes Lebesgue measure on 
.(P7) There exists a 
onstant 
0 > 1 su
h that for almost all ! there exists n0(!) su
hthat for all n � n0(!) max1�j�d+1 k! � x(n)j k � 
�n0 : (13)Condition (P5) is te
hni
al and it holds for most algorithms whi
h are 
onsidered inthis area. It implies that the denominator q(n) = 
(n)1;1 of xn is the largest element of the�rst 
olumn of Cn. As we will see (P5) and (P6) imply that for almost all ! for largeenough n all rows of Cn 
orrespond to some approximation xm = x(m)1 , where m < n.Denote 
M;k = f! 2 
 : Ck(!) =Mg:De�ne nM;k(!) to be the number of visits to the set 
M;k by the traje
tory T i(!), 0 �i � n� 1, i.e. nM;k(!) = n�1Xi=0 �M;k(T i!); (14)where �M;k(!) is the indi
ator fun
tion of the set 
M;k:�M;k(!) = (1 if ! 2 
M;k;0 if ! =2 
M;k.Lemma 1. Suppose (P1), (P2) and (P6) hold. Then there is k > 0 su
h that for almostall ! 2 
 limn!1 nM;k(!)n = �(
M;k) > 0: (15)Proof. It follows from (12) that there exists k > 0 su
h that l(
M;k) > 0. Hen
e, by (P2),�(
M;k) > 0. By Birkho�'s Ergodi
 Theorem, for almost all ! 2 
limn!1 nM;k(!)n = �(
M;k) > 0:7



Denote k(!) = minfk : A(T k�1!) � � �A(T!)A(!) is stri
tly positivegand set k(!) = +1 if no su
h k exists.Corollary 1. If (P1)-(P3) and (P6) hold then k(!) is �nite for almost all !.Proof. Noti
e that if T i! 2 
M;k then all entries of the matrixCk+i(!) = Ck(T i!)Ci(!)are positive.If (P1) and (P4) hold then one 
an de�ne Lyapunov exponents �1 � �2 � � � � � �d+1in the usual way (see [30℄). The following theorem is 
onne
ted to Theorem 4.1 of [18℄.Theorem 1. Suppose (P1)-(P7) hold. Then:(i) the largest Lyapunov exponent �1 is greater than 0 and is simple, i.e., it has mul-tipli
ity 1;(ii) for almost all ! 2 
, limn!1 1n log q(n) = �1;(iii) for Lebesgue almost all ! the sequen
e of approximations xn is exponentiallystrongly 
onvergent to ! if and only if �2 < 0.Proof. The proof of (i) is the same as in the proof of Theorem 4.1 of [18℄. It also followsfrom this proof that for almost all ! the ve
tor e1 = (1; 0; : : : ; 0) 2 Rd+1 does not belongto the spa
e E2(!) 
orresponding to the Lyapunov exponents �2 � �3 � � � � � �d+1.Sin
e the �rst 
olumn of Cn, 0BBBB� 
(n)1;1
(n)2;1...
(n)d+1;1
1CCCCA = Cne1we get 











0BBBB� 
(n)1;1
(n)2;1...
(n)d+1;1
1CCCCA









 = exp(�1n(1 + o(1))): (16)As was mentioned above, property (P5) implies that q(n) = 
(n)1;1 is the largest element ofthe �rst 
olumn. Hen
e, for Lebesgue almost all !,q(n) = exp(�1n(1 + o(1))): (17)8



Statement (ii) follows immediately from (17). The following formula was also proved in[18℄: d+1Xi=1 dXj=1 j
(n)i;1 !j � 
(n)i;j+1j = exp((�2 + o(1))n): (18)It follows from (18) that for all idXj=1 j
(n)i;1 !j � 
(n)i;j+1j � exp((�2 + o(1))n): (19)This, together with (17), immediately implieskq(n)! � (p1(n); : : : ; pd(n))k � q(n) �2+o(1)�1(1+o(1)) = q(n)�2+o(1)�1 : (20)This implies statement (iii) in the 
ase �2 < 0. Moreover, the 
onstant � in De�nition 3
an be taken as ��2�1 � � for any � > 0.Finally, if �2 � 0 then from (18), for at least one i,dXj=1 j
(n)i;1 !j � 
(n)i;j+1j = exp((�2 + o(1))n): (21)Conditions (P5) and (P6) imply that for n large enough every row of Cn 
orresponds tosome approximation xm(n), m(n) � n. Corollary 1 implies that m(n) ! 1 as n ! 1.Moreover one 
an show that with probability 1 for n large enough m(n) � �n, 1 > � > 0.Indeed it follows from Lemma 1 thatnM;k � 34�(
M;k)nfor n large enough. Denotein;M;k = maxfi : 0 � i � n� k; T i! 2 
M;kg:It is easy to see that m(n) > in;M;k. Noti
e that in;M;k � nM;k � k. Hen
e for n largeenough m(n) > nM;k � k > �n;where � = �(
M;k)=2. It follows from (21) thatkq(m(n))(xm(n) � !)k = exp((�2 + o(1))n):Sin
e q(m(n)) = exp(�1(1 + o(1))m(n)) one haskq(m(n))(xm(n) � !)k = q(m(n)) (�2+o(1))n�1(1+o(1))m(n) : (22)It follows from (22) that with probability 1 there is no exponential strong 
onvergen
e.Indeed if �2 > 0 then the exponentÆ = (�2 + o(1))n�1(1 + o(1))m(n)is also positive for n large enough. If �2 = 0 then Æ = o(1) sin
e 1 � nm(n) � 1� for n largeenough. 9



We �nish this se
tion by 
he
king that 
onditions (P1)-(P7) are satis�ed for the OJPA.(P1) follows from [26℄ (see also [19℄). (P2) follows immediately from the formula (4) forthe invariant measure �. (P3) is obvious sin
e j detA(!)j = 1. In order to 
he
k (P4)noti
e that kA(!)k = [ 1!1 ℄ + 1 wherekAk = max1�j�d+1 d+1Xi=1 aij:Using the expli
it formula for � we 
an easily 
he
k thatZ�d log� 1!1��(d!) <1:(P5) is obvious. Property (P6) is 
onsidered in the following lemma.Lemma 2. Property (P6) holds for the JPA and the OJPA.Proof. Consider the \golden" ve
tor !G whi
h is de�ned by the properties T (!G) = !G,m(!G) = 1 and j(!G) = d. It is easy to show that !G = (!; !2; : : : ; !d) where 0 < ! < 1is the only positive root of the equation !d+1+!�1 = 0. Noti
e that in a neighbourhoodof !G the transformations 
orresponding to the JPA and the OJPA 
oin
ide. Using thefa
t that Cn(!G) = (A(1;d))n, one 
an 
he
k that all the elements of C2d(!G) are positive.Take M = C2d(!G). Sin
e for all ! in a small enough open neighbourhood of !G,C2d(!) = C2d(!G) = M we havel(! 2 
 : C2d(!) =M) > 0:In the next se
tion we will prove that property (P7) holds for the OJPA.4 Exponential 
onvergen
e in the weak senseSin
e q(n) grows exponentially, property (P7) is equivalent to the exponential 
onvergen
ein the weak sense of x(n)j , 1 � j � d + 1, to the ve
tor !. We will show in this se
tionthat 
onvergen
e in the weak sense is a Perron-Frobenius type property whi
h basi
allyfollows from the positivity of the matri
esCk(!) = A(T k�1!) � � �A(T!)A(!)for large k. However, there is a small problem 
onne
ted to the fa
t that the matri
esA(!) are only non-negative. This diÆ
ulty 
an be over
ome by the use of 
ondition (P6).Consider n large enough so that the �rst 
olumn of Cn is positive, i.e.,min1�j�d+1 
(n)j;1 > 0:10



Then the approximationsx(n)i = 1
(n)i;1 (
(n)i;2 ; 
(n)i;3 ; : : : ; 
(n)i;d+1); 1 � i � d+ 1;are de�ned. The points x(n)i 2 Id, 1 � i � d+ 1, are the verti
es of the simplex�n = fy 2 Rd : y = d+1Xi=1 �ix(n)i ; �i � 0; d+1Xi=1 �i = 1g: (23)Denote diam�n = max1�i;j�d+1 kx(n)i � x(n)j k:Theorem 2. Suppose that (P1)-(P6) hold. Then there exists a 
onstant 0 < 
 < 1 su
hthat, for almost all !, diam�n � 
n (24)for all n large enough.Proof. The simplex �n is formed by the rows of the matrixCn(!) = A(T n�1!) � � �A(T!)A(!): (25)We write Ai = A(T i!), 0 � i � n� 1. It follows from Lemma 1 that for almost all ! andfor n large enough nM;k(!) > �n where � = �(
M;k)=2. De�neIn = fi : 0 � i � n� 1; T i(!) 2 
M;kg:Then for n large enough, the set In 
ontains at least �n elements. Denote t1 = minfi :i 2 Ing and tl+1 = minfi : i 2 In; i � tl + kg for l � 1. Suppose there are n0 + 1 elementsin the sequen
e ftlg, n0 � [�nk ℄ � 1. For ea
h tl, ex
ept for the last one, we repla
e thematri
es Atl+k�1; : : : ; Atl in the produ
t (25) by the single matrix M . ThenCn = Bm�1 � � �B0; m = n� n0(k � 1); (26)where ea
h Bs, 0 � s � m� 1, is equal either to some matrix Aj, 0 � j � n� 1, or to M .Clearly, there are n0 matri
es M in the produ
t (26). Denote the matrix elements of Bsby bs(i; j), 1 � i; j � d + 1. For ea
h 0 � s � m 
onsider the index j as a spin variablejs taking values 1; 2; : : : ; d+ 1. De�ne a probability distributionP (jm; jm�1; : : : ; j0) = 1Z m�1Ys=0 bs(js+1; js); (27)where Z = X1�j0;j1;:::;jm�d+1m�1Ys=0 bs(js+1; js): (28)11



Denote by Pt(jt; : : : ; j0jjm = j) the 
onditional distribution for the �rst t+ 1 spins underthe 
ondition jm = j. It is easy to see that up to normalization the jth row of Cn(!) isequal to P0( � jjm = j):P0(j0jjm = j) = 
(n)j;j0Pd+1i=1 
(n)j;i ; 1 � j0 � d+ 1: (29)Denote by 0 < dt(j; j 0) < 1 the variational distan
e between Pt( � jjm = j) and Pt( � jjm =j 0): dt(j; j 0) = 12 X1�jt;:::;j0�d+1 jPt(jt; : : : ; j0jj)� Pt(jt; : : : ; j0jj 0)j: (30)Statements (31) and (32) below are well known (see [9℄). For �xed j; j 0 the sequen
edt(j; j 0) satis�es dt�1(j; j 0) � dt(j; j 0); 1 � t � m� 1: (31)Suppose now that Bt = M . Then there exists a 
onstant 0 < Æ < 1 su
h thatdt(j; j 0) � Ædt+1(j; j 0): (32)It follows from (31) and (32) thatd0(j; j 0) � Æn0 � Æ �nk �2 = 1Æ2 Æn1 ; (33)where Æ1 = Æ �k . The verti
es of �n 
orrespond to the ve
torsx(n)j = 1
(n)j;1 (
(n)j;2 ; : : : ; 
(n)j;d+1); 1 � j � d+ 1: (34)Consider the (d+ 1)-dimensional ve
torsy(n)j = (1;x(n)j ); z(n)j = 
(n)j;1Pd+1i=1 
(n)j;i y(n)j : (35)It is easy to see that z(n)j = (P0(1jj); P0(2jj); : : : ; P0(d+ 1jj)): (36)Hen
e kz(n)j � z(n)j0 k = 2d0(j; j 0) � 2Æ2 Æn1 ; 1 � j; j 0 � d+ 1: (37)
12



Denote 
(n)j =Pd+1i=1 
(n)j;i . Sin
e y(n)j = 
(n)j
(n)j;1 z(n)j we haveky(n)j � y(n)j0 k = 





(n)j
(n)j;1 z(n)j � 
(n)j0
(n)j0;1z(n)j0 




� 
(n)j
(n)j;1 kz(n)j � z(n)j0 k+ �����
(n)j
(n)j;1 � 
(n)j0
(n)j0;1 �����= 
(n)j
(n)j;1 kz(n)j � z(n)j0 k+ �����
(n)j0;1
(n)j0 � 
(n)j;1
(n)j ����� 
(n)j
(n)j;1 
(n)j0
(n)j0;1� 
(n)j
(n)j;1 � 
(n)j0
(n)j0;1 + 1�kz(n)j � z(n)j0 k:
(38)

In the last inequality we have used the following trivial fa
t:�����
(n)j;1
(n)j � 
(n)j0;1
(n)j0 ����� � kz(n)j � z(n)j0 k:It follows from (P5) that 
(n)1;1 = exp(�1n(1+o(1))). Sin
e 
(n)1 > 
(n)1;1 and 
(n)1 � exp(�1n(1+o(1))) we 
on
lude that 
(n)1 = exp(�1n(1 + o(1))). Hen
e0 < 
(n)1;1
(n)1 = eno(1) < 1:Sin
e �����
(n)1;1
(n)1 � 
(n)j;1
(n)j ����� � kz(n)1 � z(n)j k � 2Æ2 Æn1 ; (39)we have 0 < 
(n)j;1
(n)j = eno(1) < 1; 1 � j � d+ 1: (40)Using (37), (38) and (40) one haskx(n)j � x(n)j0 k = ky(n)j � y(n)j0 k � eno(1)e(log Æ1)n = en(log Æ1+o(1)): (41)This implies (24) for all Æ1 < 
 < 1.The estimate (24) implies (P7) if ! 2 �n for all n large enough. As it is provedbelow, this property holds for all Ja
obi-Perron type algorithms. In order to prove it inthe general setting one has to impose additional 
onditions on the transformation T andthe matrix valued fun
tion A(!) whi
h will guarantee that ! 2 �n when �n is de�ned.We make the following assumptions about the transformation T (see [27℄). SupposeT (!1; : : : ; !d) = �L1(!) + b1L0(!) + b0 ; : : : ; Ld(!) + bdL0(!) + b0� (42)13



where b0; b1; : : : ; bd are pie
ewise 
onstant fun
tions on 
 and L0; L1; : : : ; Ld are linearforms on 
 with pie
ewise 
onstant 
oeÆ
ients, i.e.,Li(!) = dXj=1 lij!j; 0 � i � d;where lij are pie
ewise 
onstant fun
tions. Denote T (!) = (!01; : : : ; !0d). Clearly, (42) 
anbe written in the form (L0(!) + b0)0BBB� 1!01...!0d
1CCCA = D(!)0BBB� 1!1...!d

1CCCA (43)where D(!) = (dij) is the pie
ewise 
onstant matrix valued fun
tion on 
 given bydij = (bi�1 if j = 1;li�1;j�1 if j 6= 1, 1 � i; j � d+ 1.The matri
es A(!) have to be 
onne
ted with D(!) in order to produ
e good rationalapproximations. We will formulate this 
onne
tion as 
ondition (P8):(P8) T satis�es (42) and A(!) = (D�1(!))t.This 
ondition is 
learly satis�ed for the JPA and the OJPA, sin
e the 
onstru
tionof A is based on the pro
edure explained above. In both 
ases L0(!) = !1 and b0 = 0.Noti
e that (P5), (P8) imply L0(!) + b0 > 0.Let �n denote the 
losed 
one in Rd+1 generated by the rows of Cn(!):�n = f(z1; : : : ; zd+1) 2 Rd+1 : (z1; : : : ; zd+1) = d+1Xj=1 �j(
(n)j;1 ; : : : ; 
(n)j;d+1); �j � 0g: (44)Denote ~! = (1;!) = (1; !1; : : : ; !d) 2 Rd+1 .Lemma 3. Suppose that (P5) and (P8) hold. Then, for almost all ! 2 
, ~! 2 �n forall n � 1.Proof. Denote !(i) = T i(!) and ~!(i) = (1;!(i)) for i � 0. It follows from (43) that fori � 1 ~!(i)A(!(i�1)) = 1L0(!(i�1)) + b0 ~!(i�1):Hen
e ~!(n)A(!(n�1)) � � �A(!(0)) = n�1Yi=0 � 1L0(!(i)) + b0�~!(0): (45)Denote �(n)(!) =Qn�1k=0(L0(!(k)) + b0). Then (45) 
an be rewritten as�(n)(!)~!(n)Cn(!) = ~!(0): (46)14



It follows from (46) that~! = ~!(0) = d+1Xj=1 �(n)(!)~!(n)j (
(n)j;1 ; : : : ; 
(n)j;d+1); (47)where ~!(n)j are the 
omponents of the ve
tor ~!(n), i.e., ~!(n) = (~!(n)1 ; : : : ; ~!(n)d+1). Sin
e~!(n)j � 0, 1 � j � d+ 1, and �(n)(!) > 0, (47) implies the Lemma.The following Corollaries are immediate 
onsequen
es of Lemma 3.Corollary 2. Suppose that (P5) and (P8) hold. If �n is de�ned, i.e. min1�j�d+1 
(n)j;1 > 0,then ! 2 �n.Proof. Consider the rays �j = f(z1; : : : ; zd+1) = �(
(n)j;1 ; : : : ; 
(n)j;d+1) : � > 0g, 1 � j � d+1.Noti
e that the verti
es x(n)j of �n 
orrespond to the points of interse
tion of �j with thehyperplane z1 = 1. Sin
e ~! = (1;!) belongs to �n it follows that ! 2 �n.Corollary 3. (P1)-(P6), (P8) imply (P7).Proof. Sin
e ! 2 �n, we have for almost all !max1�j�d+1 k! � x(n)j k � diam�n � 
n; 0 < 
 < 1:Corollary 4. (P7) holds for the OJPA.Remark. It follows from property (P7) that, for almost all !, the sequen
e of approxima-tions xn exponentially 
onverges to ! in the weak sense. Indeed, sin
e k!�xnk � 
n andq(n) = exp(�1n(1 + o(1))), we have k! � xnk � q(n) log 
�1(1+o(1)) , whi
h implies exponential
onvergen
e in the weak sense.5 Analysis of Lyapunov exponentsIt follows from Theorem 1 that in order to have exponential strong 
onvergen
e almosteverywhere one has to show that �2 < 0.It is well known that the 
al
ulation of Lyapunov exponents is a hard problem. Thereare no general formula to 
al
ulate them. However, there are several general methodswhi
h give rigorous estimates of Lyapunov exponents.We start with a method whi
h is based on the extension of the matri
es A to theira
tion on s-forms. It is well known (see [4, 10℄) that the largest Lyapunov exponent
orresponding to su
h an extension is equal to �1 + � � � + �s where �1; : : : ; �s are the slargest Lyapunov exponents for (T;A(!)). Below we will formulate this more pre
iselyfor the 
ase s = 2.Consider the linear transformation in Rd+1 generated by A(!), i.e.,x 7! A(!)x:15



Re
all that a 2-form on Rd+1 is a bilinear skew-symmetri
 fun
tion on a pair of ve
tors,�(x;y). Denote by F the (d+1)d=2-dimensional linear spa
e of 2-forms on Rd+1 . Considerthe natural basis in F , ei;j = xi ^ xj for 1 � i < j � d + 1. We 
an de�ne a lineartransformation in F generated by A(!), namelyÂ(!)�(x;y) = �(A(!)x; A(!)y):We write Âi(!) = Â(T i�1!) and Ai(!) = A(T i�1!). De�neĈn(!) = Â1(!) Æ � � � Æ Ân(!):Clearly, Ĉn(!)�(x;y) = �(An(!) � � �A1(!)x; An(!) � � �A1(!)y):Obviously the operator Ĉn(!) has the propertyĈn+m(!) = Ĉn(!) Æ Ĉm(T n!): (48)Take an arbitrary norm in F . This norm obviously generates a norm in L(F ;F). Denotefn(!) = log kĈn(!)k:Property (48) implies that fn(!) is a subadditive fun
tion, i.e.,fn+m(!) � fn(!) + fm(T n!):It follows from (P4) that f1 2 L1(
; d�). Hen
e by Kingman's Subadditive Ergodi
Theorem, for almost all !, the following limit exists:limn!1 fn(!)n = limn!1 1n log kĈn(!)k = F:Moreover F = limk!1 1k Z
 fk(!)�(d!)and, for arbitrary k > 0, F � 1k Z
 fk(!)�(d!):Note that F does not depend on the 
hoi
e of norm on F sin
e all norms in L(F ;F) areequivalent.The following theorem is well known (see [4, 10℄). However we will provide a proof.Theorem 3. Suppose (P1), (P3) and (P4) hold. ThenF = �1 + �2:
16



Proof. Take a measurable orthonormal basis fe1; : : : ; ed+1g of Rd+1 su
h thatlimn!1 1n log kAn � � �A1eik = �i:(We have dropped the dependen
e on ! in the notation). The existen
e of su
h a basisfollows from Oselede
's Multipli
ative Ergodi
 Theorem. Here fe2; : : : ; ed+1g is a basis ofthe spa
e E2 = fx : limn!1 1n log kAn � � �A1xk � �2g:Fix a norm in F generated by the norm in Rd+1 � Rd+1 given byk(x;y)k = max(kxk; kyk)where kxk = qx21 + � � �+ x2d+1; kyk = qy21 + � � �+ y2d+1. Let x;y 2 Rd+1 be arbitraryve
tors with kxk = 1; kyk = 1. They 
an be uniquely written as x = ae1 + x1;y =be1 + y1 where x1;y1 2 E2 and kx1k � 1; ky1k � 1; jaj � 1; jbj � 1. Then, sin
e�(An � � �A1ae1; An � � �A1be1) = 0, we havej�(An � � �A1x; An � � �A1y)j � j�(An � � �A1ae1; An � � �A1y1)j+ j�(An � � �A1x1; An � � �A1be1)j+ j�(An � � �A1x1; An � � �A1y1)j� jajk�kkAn � � �A1e1kkAn � � �A1y1k+ jbjk�kkAn � � �A1x1kkAn � � �A1e1k+ k�kkAn � � �A1x1kkAn � � �A1y1k� e�1n(1+o(1))e�2n(1+o(1)):The last inequality is uniform in �;x;y with kxk = 1; kyk = 1; k�k = 1. Hen
elimn!1 1n log kĈnk = limn!1 supk�k=1 supkxk=1 supkyk=1 log j�(An � � �A1x; An � � �A1y)jn� limn!1(�1 + �2)(1 + o(1)) = �1 + �2:To prove the inequality from the other side, 
onsider the ve
torsei(n) = An � � �A1ei; 1 � i � d+ 1:Let �n be the parallelepiped generated by (e1(n); : : : ; ed+1(n)) and let Pn be the paral-lelogram de�ned by e1(n); e2(n). Denote the (d+1)-dimensional volume of �n by Vn andthe 2-dimensional area of Pn by Sn. It follows from Oselede
's Theorem thatVn = det(An � � �A1) = e(�1+���+�d+1)n(1+o(1)):Sin
e Vn � Snke3(n)k : : : ked+1(n)k;17



we have Sn � VnQd+1i=3 kei(n)k = e(�1+���+�d+1)n(1+o(1))Qd+1i=3 e�in(1+o(1)) = e(�1+�2)n(1+o(1)):Noti
e that X1�i<j�d+1 jxi ^ xj(e1(n); e2(n))j2 = S2n:Hen
e for at least one xi ^ xjjxi ^ xj(An � � �A1e1; An � � �A1e2)j � Snq (d+1)d2 :Clearly kxi ^ xjk = 1. Thus kĈnk � p2Snpd(d+ 1) ;whi
h implies limn!1 log kĈnkn � limn!1 log e(�1+�2)n(1+o(1))n = �1 + �2:We next show that if (P8) holds then �1 
an be found expli
itly. This fa
t is also wellknown (see [14℄).Lemma 4. Under 
onditions (P1), (P3)-(P5), (P8),�1 = � Z
 log(L0(!) + b0)�(d!): (49)Proof. Consider again the sequen
e of ve
tors !(i) = T i!, i � 0, and the ve
tors ~!(i) =(1;!(i)). Formula (45) implies thatn�1Yi=0 1L0(!(i)) + b0 = d+1Xj=1 ~!(n)j 
(n)j;1 = 
(n)1;1 + d+1Xj=2 !(n)j 
(n)j;1 : (50)Sin
e 
(n)1;1 = max1�j�d+1 
(n)j;1 = exp(�1n(1 + o(1))), and 0 � !(n)j � 1, 1 � j � d + 1, itfollows from (50) that n�1Yi=0 1L0(!(i)) + b0 = exp(�1n(1 + o(1))): (51)Properties (P3)-(P5) imply that 1L0(!)+b0 2 L1(
; d�). Hen
e, by Birkho�'s Ergodi
Theorem, n�1Yi=0 1L0(!(i)) + b0 = exp(�n(1 + o(1))) (52)where � = Z
 log� 1L0(!) + b0��(d!) = � Z
 log(L0(!) + b0)�(d!):Comparing (51) and (52) we get �1 = �. 18



Summarising the results of this se
tion we 
an proveTheorem 4. Suppose (P1)-(P6), (P8) hold. Then the algorithm is exponentially strongly
onvergent almost everywhere if and only if there exists k su
h that1k Z
 fk(!)�(d!) < �1 = � Z
 log(L0(!) + b0)�(d!): (53)Proof. If (53) holds then obviously�1 + �2 = F � 1k Z
 fk(!)�(d!) < �1:Hen
e �2 < 0, whi
h implies exponentially strong 
onvergen
e.On the 
ontrary, if1k Z
 fk(!)�(d!) � � Z
 log(L0(!) + b0)�(d!);for all k then �1 + �2 = F = limk!1 1k Z
 fk(!)�(d!) � �1whi
h implies �2 � 0.6 Numeri
al results in dimension 3In this se
tion we will present numeri
al results whi
h imply that in dimension 3 the OJPAis exponentially strongly 
onvergent with probability 1. As explained in the introdu
tion,this s
heme 
an in prin
iple be used to prove exponential strong 
onvergen
e in anydimension.Basi
ally, one has to �nd k su
h that1k Z�3 log kĈk(!)k�(d!) < � Z�3 log(!1)�(d!): (54)The notation is that of the previous se
tion applied to the OJPA in the 
ase d = 3. Noti
ethat it is enough to prove this inequality for an arbitrary norm in the spa
e of 2-forms.Sin
e �(d!) is known expli
itly and kĈk(!)k is a well de�ned fun
tion on �3 one 
an�nd the integrals in (54) with arbitrary pre
ision.Lemma 5. � Z�3 log(!1)�(d!) = 0:4897219015� (0:5� 10�9):Proof. The invariant measure is given by�(d!) = 1K�(!1; !2; !3) d!1d!2d!319



where�(!1; !2; !3) = 11 + !1 + !2 + !3� 1(1 + !1)(1 + !1 + !2) + 1(1 + !1)(1 + !1 + !3)+ 1(1 + !2)(1 + !2 + !1) + 1(1 + !2)(1 + !2 + !3)+ 1(1 + !3)(1 + !3 + !1) + 1(1 + !3)(1 + !3 + !2)�and K = Z�3 �(!1; !2; !3) d!1d!2d!3:We have� Z�3 log(!1)�(d!) = � 1K Z 10 Z !10 Z !20 log(!1)�(!1; !2; !3) d!3d!2d!1= � 10:1668786238 ��0:08172411697= 0:4897219015:(The 
al
ulations were performed using Maple V Release 5).Consider the basis eij = xi ^ xj, 1 � i < j � 4 of the spa
e F of 2-forms on R4 :eij(ei; ej) = 1; eij(ej; ei) = �1 and eij(ek; el) = 0 if (k; l) 6= (i; j); (j; i)where fe1; e2; e3; e4g is the standard basis of R4 . Any 2-form � 2 F 
an be written as� = X1�i<j�4�ijeij; �ij 2 R:We use the standard norm on F whi
h is de�ned byk�k = X1�i<j�4 j�ijj:By looking at the a
tion of Â on the basis of F we 
an obtain a matrix representation ofÂ. We write Âekl = X1�i<j�4�ijeij:Note that �ij = Âekl(ei; ej). By the de�nition of Â, we �ndÂekl(ei; ej) = ekl(Aei; Aej) = akialj � aliakj:Thus �ij = akialj � aliakj:This allows us to �nd an expli
it matrix representation of Â, and hen
e of Ĉk.20



Lemma 6. For k=20, 1k Z�3 log kĈk(!)k�(d!) = 0:44� 0:01: (55)We have found the integral above using a Monte-Carlo integration s
heme. Lemmas5 and 6 indi
ate that 
ondition (53) is satis�ed. By 
hanging the norm in (55), one 
anprobably redu
e the value of k for whi
h (53) is satis�ed from 20 to 15, but not mu
hfurther. As it was mentioned in the introdu
tion, the rigorous 
al
ulation of (55) willbe 
arried out in [12℄. Sin
e Monte-Carlo methods do not provide rigorous bounds weformulate our result as a\Theorem" 5. In dimension 3, the OJPA is exponentially strongly 
onvergent almosteverywhere.7 Con
lusionsIn this paper we have presented a numeri
al s
heme whi
h in prin
iple 
an provide arigorous proof of exponentially strong 
onvergen
e of the OJPA in arbitrary dimension.The s
heme we present is simple from the theoreti
al point of view, although numeri
allyit 
an be substantially improved (see [12℄). The main advantage of the OJPA in thissetting is the existen
e of a formula for the density of the invariant measure, but thisis not the only advantage. As we will explain in [12℄ the OJPA shares many other ni
eproperties with one dimensional 
ontinued fra
tions.Our s
heme 
ould in prin
iple be made to work for the JPA itself provided we havea good approximation to the invariant measure. At the same time, almost everywherestrong 
onvergen
e of the JPA, OJPA and other algorithms seems to be a 
on
eptualfa
t and ideally a proof of this should not rely on the evaluation of 
on
rete numbers.Unfortunately, su
h a 
on
eptual proof is la
king at present.Lagarias has 
onsidered two exponents � and �� whi
h 
hara
terise the quality of ap-proximations provided by multidimensional 
ontinued fra
tion algorithms [18℄. Consideran integer ve
tor �u = (q; p1; : : : ; pd) 2 Zd+1+ and denote by u the 
orresponding rationalve
tor (p1q ; : : : ; pdq ) 2 Q d . The quality of the approximation by u of an irrational ve
tor !
an be 
hara
terised by the exponent�(u;!) = � log k! � uklog q : (56)Note that k! � uk = q��(u;!): (57)At the nth step of any approximation s
heme su
h as the OJPA one gets a simplex withrational verti
es ui(n) = �p(i)1 (n)q(i)(n) ; : : : ; p(i)d (n)q(i)(n)�; 1 � i � d+ 1:21



De�ne �n(!) = max1�i�d+1 �(ui(n);!) and ��n(!) = min1�i�d+1 �(ui(n);!):We 
an now de�ne two approximation exponents whi
h 
hara
terise the best and theworst approximations of the OJPA or any other similar s
heme. The best approximationexponent for ! given by the OJPA is de�ned as�OJP (!) = lim supn!1 �n(!):The uniform approximation exponent is de�ned as��OJP (!) = lim infn!1 ��n(!):Under 
onditions (P1)-(P4), (P7) plus the additional 
ondition thatZ
 k(!)�(d!) <1; (58)Lagarias has shown that �OJP (!) = �OJP and ��OJP (!) = ��OJP are 
onstant with proba-bility 1. Moreover, ��OJP = 1� �2�1 :It 
an be shown that 
ondition (58) holds for the OJPA (see [12℄). A

ording to a 
lassi
alresult, for almost all ! �OJP (!) � 1 + 1d:Obviously, ��OJP (!) � �OJP (!) whi
h, provided �2 < 0, impliesj�2j�1 � 1d:Numeri
al simulations suggest that for the JPA �1 has a limit as d ! 1 and in the
ase of the OJPA �1 s
ales like 1d . Based on our simulations the following 
onje
tureseems to be reasonable:Conje
ture. For the JPA, �1(d)! �JP1 as d!1and �2(d)d! �JP2 < 0 as d!1:For the OJPA, �1(d)d! �OJP1 as d!1and �2(d)d2 ! �OJP2 < 0 as d!1:22



Numeri
al simulations give the following values of the exponents �1; �2 in dimension3: �JP1 (3) = 1:18; �JP2 (3) = �0:23; �OJP1 (3) = 0:49; �OJP2 (3) = �0:11:Noti
e that j�OJP2 (3)j�OJP1 (3) > j�JP2 (3)j�JP1 (3) :We expe
t that the same holds in any dimension. It is an interesting question whether ornot this is true in the limit as d!1, i.e. whetherj�OJP2 j�OJP1 > j�JP2 j�JP1 :Referen
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