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t. In this paper we present a new fast tableau-based de
isionpro
edure for the ground set-theoreti
 fragment Multi-Level Syllogisti
with Singleton (in short MLSS) whi
h avoids the interleaving of model
he
king steps.The underlying tableau 
al
ulus is based upon the system KE.1 Introdu
tionIn the last few years many fragments of set theory have been proved de
idable[6, 5℄. However, the problem of �nding eÆ
ient de
ision pro
edures for thesefragments still remains largely unexplored.In this paper we present a new fast tableau-based de
ision pro
edure for theground set-theoreti
 fragment Multi-Level Syllogisti
 with Singleton (in shortMLSS).Tableaux have the appealing feature that it is easy to extra
t a 
ounter-example from an open and saturated bran
h, but on the other hand they 
anbe highly ineÆ
ient if the splitting rules are not designed properly, at leastfor 
ertain 
lasses of formulae. We address this anomaly by presenting a tableau
al
ulus based on the systemKE introdu
ed in [7℄ whi
h for
es tableau bran
hesto be mutually ex
lusive. This results in an exponential speed-up with respe
tto Smullyan tableau-based 
al
uli.1In addition, in the pro
edure we are going to des
ribe useful 
uts are re
og-nized in 
onstant time, without the interleaving model-
he
king steps approa
hused in [1, 4, 9℄. Moreover, useless 
uts that might be exe
uted by an exhaustivesear
h strategy are totally avoided. This will have the overall e�e
t to 
onsider-ably speed up the saturation pro
ess with respe
t to the previous approa
hes.? Work partially supported by the C.N.R. of Italy, 
oordinated proje
t SETA, byM.U.R.S.T. Proje
t \Te
ni
he spe
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i�
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a, la sintesie la trasformazione di programmi", and by proje
t \Dedu
tion in Set Theory: A Toolfor Software Veri�
ation" under the 1998 Vigoni Program.1 See [7℄ for further details about the 
ited speed-up.



Our de
ision pro
edure has been implemented as part of the Stanford Tempo-ral Prover, STeP [2℄, a system whi
h supports the 
omputer-aided veri�
ation ofrea
tive, real time and hybrid systems based on temporal spe
i�
ation. The inte-gration of our de
ision pro
edure with STeP First-Order Reasoning and STeP'sother de
ision pro
edures is done using the method des
ribed in [3℄.The paper is organized as follows. In Se
tion 2 we introdu
e some preliminary
on
epts whi
h will be useful in what follows. In Se
tion 3 we present a de
idabletableau 
al
ulus for MLSS, whose proof of 
orre
tness is given in Se
tion 4.Finally, after giving in Se
tion 5 some experimental results, in Se
tion 6 we hintat some dire
tions of future resear
h.2 PreliminariesIn this se
tion we introdu
e the syntax and semanti
s of MLSS, as well as the
on
ept of realization.2.1 SyntaxThe unquanti�ed set-theoreti
 fragment MLSS 
ontains{ a denumerable in�nity of variables,{ the 
onstant ; (empty set),{ the operator symbols t (union), u (interse
tion), � (set di�eren
e) and [�℄(singleton),{ the predi
ate symbols �� (membership) and � (equality), and{ the logi
al 
onne
tives :, ^ and _.2Plainly, the predi
ate v and the �nite enumeration operator [�; �; : : : ; �℄ 
anbe expressed in MLSS by noti
ing that s v t is equivalent to st t � t and that[t1; t2; :::; tk℄ 
an be expressed by [t1℄ t : : : t [tk℄.We denote by T' the 
olle
tion of all terms o

urring in the formula ', andwe use the abbreviations s 6�� t and s 6� t to denote :(s �� t) and :(s � t),respe
tively .2.2 Semanti
sThe semanti
s of MLSS is based upon the von Neumann standard 
umulativehierar
hy V of sets de�ned by:V0 = ;V�+1 = P(V�) ; for ea
h ordinal �V� = S�<� V� ; for ea
h limit ordinal �V = S�2On V� ;2 In our treatment, ::p is 
onsidered to be a synta
ti
 variation of p.



where P(S) is the power set of S and On denotes the 
lass of all ordinals. It 
aneasily be seen that there 
an be no membership 
y
le in V , namely sets in V arewell-founded with respe
t to membership.An assignment M over a 
olle
tion V of variables is any fun
tion M : V !V . Given an assignmentM over the variables of a formula ', we denote withM'the truth-value obtained by interpreting ea
h variable v in ' with the set Mvand the set symbols and logi
al 
onne
tives a

ording to their standard meaning(thus, for instan
e, t, u, �, [�℄, ��, and � are interpreted as the set operators[, \, n, f�g, and as the set predi
ates 2 and =, respe
tively).A set model for a formula ' is an assignment M over the 
olle
tion ofvariables o

urring in ' su
h that M' evaluates to true.A formula ' is satisfiable if it has a set model.2.3 RealizationsLet G = (N; b��) be a dire
ted a
y
li
 graph, and let (P; T ) be a bipartition ofN . Also, let fux : x 2 Pg be a family of sets.De�nition 1. The realization of G = (N; b��) relative to fux : x 2 Pg and to(P; T ) is the assignment R over N re
ursively de�ned by:Rx = fuxg ; for x in PRt = fRs : s b��tg ; for t in T .Observe that R is well-de�ned sin
e G is a
y
li
.Next we de�ne the fun
tion h : N ! N (
alled the height), by putting:h(t) = (0 if t 2 P or s b6��t, for all s 2 Nmaxfh(s) : s b��tg+ 1 otherwise.The following lemma states the main properties of realizations.Lemma 1. Let G = (P [ T; b��) be a dire
ted a
y
li
 graph, with P \ T = ;.Also, let fux : x 2 Pg and R be respe
tively a family of sets and the realizationof G relative to fux : x 2 Pg and (P; T ). Assume that:(a) ux 6= uy for all distin
t x; y in P ;(b) ux 6= Rt, for all x in P and t in P [ T .3Then the following properties hold:(i) if s b��t then h(s) < h(t), for all s in P [ T and t in T ;(ii) if Rt1 = Rt2 then h(t1) = h(t2), for all t1; t2 in P [ T ;(iii) if Rs 2 Rt then h(s) < h(t), for all s; t in P [ T .3 Noti
e that 
onditions (a) and (b) 
an always be satis�ed by letting the ux's bepairwise distin
t sets of 
ardinality no less than jP [ T j, sin
e jRtj < jP [ T j.



Proof. (i) is immediate.(ii) If either t1 or t2 is in P , the 
laim is ensured by 
onditions (a) and (b). On theother hand, if t1; t2 2 T , we pro
eed by indu
tion on maxfh(t1); h(t2)g. Thebase 
ase (maxfh(t1); h(t2)g = 0) is trivial. For the indu
tive step, supposeRt1 = Rt2 and, without lost of generality, that h(t1) > 0. Then there existss su
h that s b��t1 and h(t1) = h(s)+1. Sin
e s b��t1, it follows that Rs 2 Rt1and therefore Rs 2 Rt2. Moreover, there exists s0 su
h that Rs0 = Rs ands0 b��t2. By indu
tive hypothesis h(s) = h(s0). Finally, h(t2) � h(s0) + 1 =h(s) + 1 = h(t1). Ex
hanging the rôles of t1 and t2 it is also possible todedu
e h(t2) � h(t1). Thus h(t1) = h(t2).(iii) If Rs 2 Rt then there exists some s0 su
h that Rs0 = Rs and s0 b��t. For (i)h(s0) < h(t) and for (ii) h(s) = h(s0). Thus h(s) < h(t). ut3 The Tableau Cal
ulusIn this se
tion we des
ribe a tableau 
al
ulus for MLSS. See [8℄ for a 
ompleteintrodu
tion to semanti
 tableaux.We extend the notion of 
losed tableau as follows:De�nition 2. A bran
h � of a tableau T is 
losed if it 
ontains:{ two 
omplementary formulae  , : , or{ a membership 
y
le of the form t0 �� t1 �� : : : �� t0, or{ a literal of the form t 6� t, or{ a literal of the form s �� ;.A tableau is 
losed if all its bran
hes are 
losed.3.1 Saturation RulesOur 
al
ulus has two kinds of rules: saturation and ful�lling rules. Moreover, weimpose the restri
tion that no new term will be 
reated by any appli
ation of asaturation rule. Thus, for instan
e, the rules �� t1 =) s �� t1 t t2
an be applied to a bran
h � of a tableau for ' only if the term t1 t t2 is alreadyin T'. Under this fundamental restri
tion, the full 
olle
tion of saturation rules isshown in Table 1. Noti
e also that in the �rst two rules for equality, ` stands fora literal, and the substituted term is restri
ted to be a top-level term o

urringin `. This will prevent the sear
h spa
e from exploding.A bran
h is said to be linearly saturated if no saturation rule produ
esnew formulae.



propositional rules rules for tp ^ q =) p; q:(p _ q) =) :p;:qp _ q;:p =) qp _ q;:q =) p:(p ^ q); p =) :q:(p ^ q); q =) :p s 6�� t1 t t2 =) s 6�� t1; s 6�� t2s �� t1 =) s �� t1 t t2s �� t2 =) s �� t1 t t2s �� t1 t t2; s 6�� t1 =) s �� t2s �� t1 t t2; s 6�� t2 =) s �� t1s 6�� t1; s 6�� t2 =) s 6�� t1 t t2rules for u rules for �s �� t1 u t2 =) s �� t1; s �� t2s 6�� t1 =) s 6�� t1 u t2s 6�� t2 =) s 6�� t1 u t2s 6�� t1 u t2; s �� t1 =) s 6�� t2s 6�� t1 u t2; s �� t2 =) s 6�� t1s �� t1; s �� t2 =) s �� t1 u t2
s �� t1 � t2 =) s �� t1; s 6�� t2s 6�� t1 =) s 6�� t1 � t2s �� t2 =) s 6�� t1 � t2s 6�� t1 � t2; s �� t1 =) s �� t2s 6�� t1 � t2; s 6�� t2 =) s 6�� t1s �� t1; s 6�� t2 =) s �� t1 � t2rules for [�℄ rules for equality=) t1 �� [t1℄s �� [t1℄ =) s � t1s 6�� [t1℄ =) s 6� t1 t1 � t2; ` =) `ft2=t1gt1 � t2; ` =) `ft1=t2gs �� t; s0 6�� t =) s 6� s0Table 1. Saturation rules.3.2 Ful�lling RulesA ful�lling rule 
an be applied to an open linearly saturated bran
h, providedthat its asso
iated pre
ondition and subsumption requirement are, respe
tively,true and false. Table 2 summarizes the ful�lling rules and their asso
iated pre-
onditions and subsumption requirements. Noti
e that even ful�lling rules (that,in
identally, in our 
al
ulus are exa
tly the splitting rules) are not allowed tointrodu
e new terms, with the ex
eption of the last one, whi
h introdu
es freshparameters x not o

urring in the bran
h to whi
h it is applied.Remark 1. Noti
e that literals of type s 6�� t1 u t2 and s 6�� t1 � t2 do not triggerany split rule, as would happen in an exhaustive sear
h strategy.Noti
e also the asymmetry in the pre
ondition for u: no split needs to o

urif for some term t1 u t2 in T' a literal s �� t2 o

urs in a bran
h.In early versions of this work all sorts of 
ut rules were allowed, whereas a
areful analysis of the 
orre
tness proof has pointed out that most of them 
anbe avoided.Remark 2. Observe that if the literals s1 � s2, t1 � t2, s1 6� t1, s1 6� t2, s2 6� t1,s2 6� t2 o

ur in a bran
h, an exhaustive sear
h strategy would apply a splittingrule to ea
h inequality, thereby generating 24 bran
hes, whereas in our 
al
ulusat most 2 bran
hes will eventually be 
reated.Remark 3. It is possible to further strengthen the subsumption requirement as-so
iated to the last ful�lling rule by noti
ing that if a literal t 6� ; o

urs in a



ful�lling rule pre
ondition subsumption requirementp :p p _ q is in � p is in � or :p is in �:p p :(p ^ q) is in � :p is in � or p is in �s �� t1 s 6�� t1 t1 t t2 2 T's �� t1 t t2 is in � s �� t1 is in � or s 6�� t1 is in �s �� t2 s 6�� t2 t1 u t2 2 T's �� t1 is in � s �� t2 is in � or s 6�� t2 is in �s �� t2 s 6�� t2 t1 � t2 2 T's �� t1 is in � s �� t2 is in � or s 6�� t2 is in �x �� t1 x 6�� t1x 6�� t2 x �� t2 t1; t2 2 T't1 6� t2 is in � 9x : (x �� t1 is in � and x 6�� t2 is in �)or9x : (x 6�� t1 is in � and x �� t2 is in �)Table 2. Ful�lling rules.bran
h �, then it is enough to require that x �� t o

urs in � for some x, thusobtaining the linear ful�lling rulet 6� ; =) x �� t (x new parameter)This improvement will be used in Example 1.More generally, one 
an maintain a transitivity graph [3℄ whose nodes arelabeled with terms in P� [ T' and edges are labeled with v, 6� or 6�. Then, if aliteral t1 6� t2 o

urs in a bran
h �, we may 
he
k whether there exists a pathfrom t1 to t2 (or from t2 to t1) with edges labeled with v, and the ful�lling rulewould then be:t1 6� t2; t1 v t2 =) x �� t2; x 6�� t1 (x new parameter) :We should also noti
e that if the literals t1 6� t2, t1 �� : : : �� t2 o

ur in abran
h �, we do not need to apply any ful�lling rule at all. Soundness of su
hoptimizations is an easy matter.Example 1. Table 1 
ontains a 
losed tableau with 3 bran
hes for proving thevalidity of the formula :(x � [y℄ ^ x � y t z) _ (y � ; ^ x � z).We denote with 'i the formula labeling node i, and provide justi�
ations forthe 
onstru
tion of the tableau.{ '2; '3; '4; '5 and '7 are obtained by means of propositional rules;{ '6 and '17 are obtained by means of the se
ond ful�lling rule;{ '8; '9; '13 and '14 are obtained by means of the last ful�lling rule;{ '10; '12; '16; '20; '21 and '23 are obtained by means of equality rules;{ '11; '15 and '19 are obtained by means of rules for t;



1: :(:(x � [y℄ ^ x � y t z) _ (y � ; ^ x � z))2: x � [y℄ ^ x � y t z3: :(y � ; ^ x � z)4: x � [y℄5: x � y t z6: y � ;7: x 6� z8: w �� x9: w 6�� z10: w �� y t z11: w �� y12: w �� ;? 13: w 6�� x14: w �� z15: w �� y t z16: w �� x?
17: y 6� ;18: w �� y19: w �� y t z20: w �� x21: w �� [y℄22: w � y23: y �� y?Fig. 1. A 
losed tableau for :(:(x � [y℄ ^ x � y t z) _ (y � ; ^ x � z)){ the optimization promised in Remark 3 is used to dedu
e '18;{ '22 is obtained by means of a rule for [�℄.The tableau is 
losed sin
e the leftmost bran
h 
ontains the 
ontradi
tion '12,the 
entral bran
h 
ontains two 
omplementary literals '13; '16, and the right-most bran
h 
ontains a membership 
y
le ('23).Finally, noti
e that to prove the same formula, the approa
h des
ribed in [4℄produ
ed a tableau with 8 bran
hes4 The De
ision Pro
edureIn this se
tion, after introdu
ing some de�nition and terminology, we state ourde
ision pro
edure and prove its 
orre
tness.De�nition 3. To any bran
h � of a tableau T for a formula ' we asso
iate thefollowing obje
ts:P�: the 
olle
tion of parameters added to �;V�: the 
olle
tion of variables and parameters o

urring in �;P 0�: the 
olle
tion of parameters fx 2 P� : there is no t in T' su
h that x �t o

urs in �g;T 0�: the set T' [ (P� n P 0�);G�: the oriented graph (P 0� [ T 0�; b��), where s b��t if and only if the literal s �� to

urs in �;R�: a realization of G� relative to the partition (P 0�; T 0�) and to pairwise distin
tsets ux, for x 2 P 0�, ea
h having 
ardinality no less than jP 0� [ T 0�j;



M�: the assignment over V� de�ned by M�v = R�v, for ea
h v in V�.De�nition 4. An open bran
h � is saturated if it is linearly saturated andall its subsumption requirements are ful�lled.De�nition 5. A bran
h � is said to be 
oherent if R�t = M�t, for all t inP� [ T'.Pro
edure 1 (MLSS-satis�ability test).Input: an MLSS-formula '.1. Let T be the tableau 
onsisting of a single node labeled with ';2. linearly saturate T by stri
tly applying to it all possible saturation rulesuntil either T is 
losed or no new formula 
an be produ
ed;3. if T is 
losed, announ
e that ' is unsatis�able;4. otherwise, if there exists an open and saturated bran
h � in T , announ
ethat ' is satis�ed by the model M�;5. otherwise, let � be a non-saturated open bran
h; apply to � any ful�llingrule whose subsumption requirement is false and go to step 2.4.1 TerminationWe begin to prove total 
orre
tness of Pro
edure 1 by �rst showing termination,and leave the proof of partial 
orre
tness for the next subse
tion.Theorem 1. Pro
edure 1 always terminate.Proof. Let ' be the root formula of the tableau limit T 
onstru
ted by Pro
e-dure 1. Sin
e steps 3 and 4 
ause the pro
edure to terminate, and step 5 alwaysadd new formulae, to show termination it is enough to prove that T must be�nite. Now, let � be any bran
h in T . Be
ause of the restri
tion imposed tothe appli
ation of the rules, jT�j is bounded by jT'j2, and therefore T' [ T� is�nite. It follows that the number of literals o

urring in � is �nite, as well as thenumber of formulae involving propositional 
onne
tives. Having shown that anybran
h in T is �nite, in view of the K�onig Lemma even T is �nite. ut4.2 Partial Corre
tnessLet again ' be the root formula of the tableau T 
onstru
ted by Pro
edure 1.Sin
e all rules are plainly sound, if T is 
losed then ' is unsatis�able. Otherwisethe tableau T must 
ontain an open and saturated bran
h �. Thus, in order toestablish the 
orre
tness of Pro
edure 1, it is enough to prove that the assignmentM� (
f. De�nition 3) satis�es the bran
h � and, therefore, the formula '.The following lemma is easily proved by indu
tion on the number of appli-
ations of the inferen
es rules.Lemma 2. In any bran
h � if x 2 P 0� then:



(a) there 
an be no term t in T' [ P� di�erent from x su
h that x � t o

urs in�;(b) there 
an be no term s in T' [ P� su
h that s �� x o

urs in �.In order to show that the assignmentM� models 
orre
tly all formulae o

ur-ring in an open and saturated bran
h �, we �rst show in the following lemma thatthe realization R� models 
orre
tly all literals in an open and saturated bran
h�, provided that terms are just 
onsidered as \
omplex names" for variables(namely operators are not interpreted).Lemma 3. Let � be an open and saturated bran
h. Then:(i) if s �� t o

urs in �, then R�s 2 R�t;(ii) if t1 � t2 o

urs in �, then R�t1 = R�t2;(iii) if t1 6� t2 o

urs in �, then R�t1 6= R�t2;(iv) if s 6�� t o

urs in �, then R�s =2 R�t.Proof. (i) Let s �� t be in �. By Lemma 2, t =2 P 0�, and by 
onstru
tion of R� ittrivially follows that R�s 2 R�t.(ii) Let t1 � t2 be in �. If either t1 2 P 0� or t2 2 P 0� then by Lemma 2 it must bet1 = t2 and therefore R�t1 = R�t2. If t1; t2 2 T 0� but R�t1 6= R�t2, supposew.l.o.g. that there is some a su
h that a 2 R�t1 and a =2 R�t2. Then thereexists s su
h that R�s = a and s �� t1 o

urs in �. Sin
e � is saturated, s �� t2must also o

ur in �, and by (i) a = R�s 2 R�t2, a 
ontradi
tion.(iii) Let t1 6� t2 be in � but R�t1 = R�t2. W.l.o.g. we 
an assume that t1; t2 2 T'(otherwise either at least one among t1; t2 is in P 0�, and the 
laim easilyfollows from Lemma 2, or � would 
ontain a literal t01 6� t02 with t01; t02 2 T'and su
h that t1 � t01 and t2 � t02 are in �; then t01 6� t02 
ould play the rôleof t1 6� t2 in the following dis
ussion). By Lemma 1 we have h(t1) = h(t2).We pro
eed by indu
tion on h(t1). In the base 
ase (h(t1) = 0) we rea
h a
ontradi
tion, sin
e by saturation there is some x su
h that either x �� t1and x 6�� t2 o

ur in �, or x 6�� t1 and x �� t2 o

ur in �, and we would haveh(t1) > 0 in either 
ases. For the indu
tive step, w.l.o.g. let x �� t1 and x 6�� t2be in � (their o

urren
e is due to saturation), for some x. Then R�x 2 R�t1that implies R�x 2 R�t2, so that there exists x0 su
h that R�x = R�x0 andx0 �� t2 o

urs in �. Noti
e that x0 6= x (otherwise � would be 
losed). Sin
eby Lemma 1 we have h(x) = h(x0) < h(t1), we 
an apply the indu
tivehypothesis and obtain the 
ontradi
tion R�x 6= R�x0.(iv) Let s 6�� t be in � but R�s 2 R�t. Then there exists s0 di�erent from s su
hthat R�s = R�s0 and s0 �� t o

urs in �. By saturation s 6� s0 is in �, and by(iii) R�s 6= R�s0, a 
ontradi
tion. utNext we show that even operators are 
orre
tly modeled by R� (and thereforeby M�), for an open and saturated bran
h �.Lemma 4. If a bran
h � is open and saturated, then it is 
oherent.



Proof. Let � be an open and saturated bran
h. We prove that R�t = M�t, forea
h t in P� [ T', by stru
tural indu
tion on t. The base 
ase is trivial forvariables. Con
erning ;, noti
e that trivially M�; = ; and that R�; = ; sin
e� is open. For the indu
tive step we prove only that R�(t1 u t2) = M�(t1 u t2)(other 
ases are similar). Suppose that a 2 R�(t1 u t2). Then there exists s su
hthat R�s = a and s �� t1ut2 o

urs in �, and sin
e � is saturated both s �� t1 ands �� t2 o

ur in �. By Lemma 3 R�s 2 R�t1 and R�s 2 R�t2, and by indu
tivehypothesis a 2 M�t1 \ M�t2 = M�(t1 u t2). Conversely, if a 2 M�(t1 u t2)then a 2 M�t1 \ M�t2, and by indu
tive hypothesis a 2 R�t1 \ R�t2. Afternoti
ing that, be
ause of the restri
tions imposed to the appli
ation of the rules,it must be the 
ase that t1; t2 2 T', it follows that there exist s0; s00 su
h thatRs0 = Rs00 = a and both s0 �� t1 and s00 �� t2 o

ur in �. By saturation, eithers0 �� t2 or s0 6�� t2 o

urs in �. In the former 
ase s0 �� t1 u t2 o

urs in �, andtherefore a 2 R�(t1 u t2). In the latter 
ase s0 6� s00 o

urs in �, and thereforeR�s0 6= R�s00, a 
ontradi
tion. utThe following theorem 
on
ludes the proof of partial 
orre
tness.Theorem 2. If � is an open and saturated bran
h, then it is satis�able, andindeed it is satis�ed by M�.Proof. Let � be an open and saturated bran
h. By 
ombining together Lemma 3and 4, it follows that M� satis�es all literals o

urring in �. Finally, pro
eedingby stru
tural indu
tion, it easy to see that even formulae involving propositional
onne
tives are satis�ed by M�. ut5 Some Experimental ResultsOn a 200 Mhz ULTRA-Spark Sun workstation, the formulae :(x � [y℄ ^ x �y t z) _ (y � ; ^ x � z) (
f. Example 1) and a t (b t 
) � (a t b) t 
 wereproved valid in 0:03 se
onds and 0:02 se
onds, respe
tively, whereas the formula:(x �� y ^ x 6�� z1 ^ z1 t z2 �� [y℄) was re
ognized not to be valid in 0:04 se
onds.Moreover, using the basi
 notion of pair (a; b) =Def ffag; fa; bgg due to Kura-towski, it has been possible to prove the validity of (a; b) 6= (u; b)_(a = u^b = v)in 0.08 se
onds. Similar theorems have also been proved for 3-tuples, 4-tuplesand 5-tuples in 0.24, 0.58 and 1.79, respe
tively.6 Future plansWe plan to further investigate heuristi
s whi
h allow to strengthen subsumptionrequirements, as hinted in Remark 3.Also, we intend to study thoroughly the 
ases in whi
h 
uts are really needed,in order to further optimize our 
al
ulus.Finally, we plan to generalize our tableau 
al
ulus and relative saturationstrategy to extensions of MLSS (
f. [6, 5℄).
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