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Abstract. In this paper we present a new fast tableau-based decision
procedure for the ground set-theoretic fragment Multi-Level Syllogistic
with Singleton (in short MLSS) which avoids the interleaving of model
checking steps.

The underlying tableau calculus is based upon the system KE.

1 Introduction

In the last few years many fragments of set theory have been proved decidable
[6,5]. However, the problem of finding efficient decision procedures for these
fragments still remains largely unexplored.

In this paper we present a new fast tableau-based decision procedure for the
ground set-theoretic fragment Multi-Level Syllogistic with Singleton (in short
MLSS).

Tableaux have the appealing feature that it is easy to extract a counter-
example from an open and saturated branch, but on the other hand they can
be highly inefficient if the splitting rules are not designed properly, at least
for certain classes of formulae. We address this anomaly by presenting a tableau
calculus based on the system KE introduced in [7] which forces tableau branches
to be mutually exclusive. This results in an exponential speed-up with respect
to Smullyan tableau-based calculi.!

In addition, in the procedure we are going to describe useful cuts are recog-
nized in constant time, without the interleaving model-checking steps approach
used in [1,4,9]. Moreover, useless cuts that might be executed by an exhaustive
search strategy are totally avoided. This will have the overall effect to consider-
ably speed up the saturation process with respect to the previous approaches.

* Work partially supported by the C.N.R. of Italy, coordinated project SETA, by
M.U.R.S.T. Project “Tecniche speciali per la specifica, 'analisi, la verifica, la sintesi
e la trasformazione di programmi”, and by project “Deduction in Set Theory: A Tool
for Software Verification” under the 1998 Vigoni Program.

! See [7] for further details about the cited speed-up.



Our decision procedure has been implemented as part of the Stanford Tempo-
ral Prover, STeP [2], a system which supports the computer-aided verification of
reactive, real time and hybrid systems based on temporal specification. The inte-
gration of our decision procedure with STeP First-Order Reasoning and STeP’s
other decision procedures is done using the method described in [3].

The paper is organized as follows. In Section 2 we introduce some preliminary
concepts which will be useful in what follows. In Section 3 we present a decidable
tableau calculus for MLSS, whose proof of correctness is given in Section 4.
Finally, after giving in Section 5 some experimental results, in Section 6 we hint
at some directions of future research.

2 Preliminaries

In this section we introduce the syntax and semantics of MLSS, as well as the
concept of realization.

2.1 Syntax
The unquantified set-theoretic fragment MILSS contains

— a denumerable infinity of variables,

— the constant @ (empty set),

— the operator symbols LI (union), M (intersection), — (set difference) and [e]
(singleton),

— the predicate symbols E (membership) and = (equality), and

— the logical connectives =, A and V.2

Plainly, the predicate C and the finite enumeration operator [e,e,. .., ] can
be expressed in MLSS by noticing that s C ¢ is equivalent to s Ut = t and that
[t1,t2, ..., tx] can be expressed by [t1] U ... U [¢x].

We denote by T, the collection of all terms occurring in the formula ¢, and
we use the abbreviations s # ¢t and s # t to denote —(s E t) and —(s =~ t),
respectively .

2.2 Semantics

The semantics of MLSS is based upon the von Neumann standard cumulative
hierarchy V of sets defined by:

Vo=10
Vat1 = PWVa), for each ordinal «
Vx=Uu<x Vi, for each limit ordinal A
V= UaGOn Va ’

2 In our treatment, =—p is considered to be a syntactic variation of p.



where P(S) is the power set of S and On denotes the class of all ordinals. It can
easily be seen that there can be no membership cycle in V, namely sets in V are
well-founded with respect to membership.

An ASSIGNMENT M over a collection V' of variables is any function M : V —
V. Given an assignment M over the variables of a formula ¢, we denote with M
the truth-value obtained by interpreting each variable v in ¢ with the set Mv
and the set symbols and logical connectives according to their standard meaning
(thus, for instance, U, M, —, [o], E, and = are interpreted as the set operators
U, N, \, {e}, and as the set predicates € and =, respectively).

A sET MODEL for a formula ¢ is an assignment M over the collection of
variables occurring in ¢ such that My evaluates to true.

A formula ¢ is SATISFIABLE if it has a set model.

2.3 Realizations

Let G = (N, I/E\) be a directed acyclic graph, and let (P,T') be a bipartition of
N. Also, let {u, : ¢ € P} be a family of sets.

Definition 1. The REALIZATION of G = (N, E) relative to {u, : x € P} and to
(P, T) is the assignment R over N recursively defined by:

Rz = {u,}, for x in P
Rt ={Rs:s &}, fortinT.

Observe that R is well-defined since G is acyclic.
Next we define the function h : N — N (called the HEIGHT), by putting:

h(t):{o iftePorsgt,forallseN

max{h(s):s E;} + 1 otherwise.
The following lemma states the main properties of realizations.

Lemma 1. Let G = (PUT, E) be a directed acyclic graph, with PNT = §.
Also, let {u, : x € P} and R be respectively a family of sets and the realization
of G relative to {u, : ¢ € P} and (P,T). Assume that:

(a) ugy # uy for all distinct x,y in P;
(b) uy # Rt, for all z in P and t in PUT.?

Then the following properties hold:

(i) if s E¢ then h(s) < h(t), for all s in PUT andt in T;
(77,) 7f Rtl = Rt2 then h(tl) = h(tz), f()?" all tl,tz i P U T,’
(iii) if Rs € Rt then h(s) < h(t), for all s,t in PUT.

% Notice that conditions (a) and (b) can always be satisfied by letting the u,’s be
pairwise distinct sets of cardinality no less than |P U T, since |Rt| < |[PUT|.



Proof. (i) is immediate.

(i) If either #; or 5 is in P, the claim is ensured by conditions (a) and (b). On the
other hand, if ¢;, ¢, € T, we proceed by induction on max{h(t;),h(t2)}. The
base case (max{h(t1),h(t2)} = 0) is trivial. For the inductive step, suppose
Rt; = Rty and, without lost of generality, that h(¢1) > 0. Then there exists
s such that s 4, and h(t;) = h(s) + 1. Since s E;,, it follows that Rs € Rt;
and therefore Rs € Rts. Moreover, there exists s’ such that Rs' = Rs and
s' E¢,. By inductive hypothesis h(s) = h(s'). Finally, h(ts) > h(s') +1 =
h(s) + 1 = h(t1). Exchanging the roles of #; and ¢y it is also possible to
deduce h(ty) < h(t1). Thus h(t1) = h(t2).

(iii) If Rs € Rt then there exists some s’ such that Rs’ = Rs and s' E;. For (i)
h(s') < h(t) and for (ii) h(s) = h(s'). Thus h(s) < h(t). O

3 The Tableau Calculus

In this section we describe a tableau calculus for MLSS. See [8] for a complete
introduction to semantic tableaux.
We extend the notion of closed tableau as follows:

Definition 2. A branch 0 of a tableau T is closed if it contains:

two complementary formulae 1, =), or

— a membership cycle of the form to Et; E ... E tg, or
— a literal of the form t & t, or

a literal of the form s £ 0.

A tableau is CLOSED if all its branches are closed.

3.1 Saturation Rules

Our calculus has two kinds of rules: saturation and fulfilling rules. Moreover, we
impose the restriction that no new term will be created by any application of a
saturation rule. Thus, for instance, the rule

SEt = sEt Uty

can be applied to a branch € of a tableau for ¢ only if the term ¢, L ¢ is already
in T,. Under this fundamental restriction, the full collection of saturation rules is
shown in Table 1. Notice also that in the first two rules for equality, £ stands for
a literal, and the substituted term is restricted to be a top-level term occurring
in . This will prevent the search space from exploding.

A branch is said to be LINEARLY SATURATED if no saturation rule produces
new formulae.



propositional rules rules for U
pAgq = p,q S# ti Ut = s ti,s &t
-(pVe = -p,—q sE h = sEt Uty
pVg,p =g sEt2 = sEti Ut
pVg,q =p SEtiUty,sEti = s E t2
“(pAg),p = —q SEt Uty sty = sE
-(pANg),q = —p SEti,s &t = s@Zti Ut
rules for M rules for —
sE t1 Mt = sEt,sEt|sEt — 1t = SE t1,s £ t2
SEtl :Sgtlﬂtz SEtl :Sgtlftg
sEty = sEti Mt S E t2 = st —t2
sSEtiMNty,sEtL = sE t2 SEtL—t2,sEt1 = sE t2
SEtlﬂtz,SEtQ:SEtl sitlftg,sgtz:sitl
SEti,s E ta = sEti1 Mt SEt1,s £t = sEt1 —t2
rules for [e] rules for equality
=t E [t1] t1 Ntz,e —— e{tg/tl}
SE[ti] = s~t ti = ta, . = H{t:1/t2}
SE] = s%t sEts ZFt=sps

Table 1. Saturation rules.

3.2 Fulfilling Rules

A fulfilling rule can be applied to an open linearly saturated branch, provided
that its associated precondition and subsumption requirement are, respectively,
true and false. Table 2 summarizes the fulfilling rules and their associated pre-
conditions and subsumption requirements. Notice that even fulfilling rules (that,
incidentally, in our calculus are exactly the splitting rules) are not allowed to
introduce new terms, with the exception of the last one, which introduces fresh
parameters z not occurring in the branch to which it is applied.

Remark 1. Notice that literals of type s £ t1 Mt2 and s £ ¢ — t2 do not trigger
any split rule, as would happen in an exhaustive search strategy.

Notice also the asymmetry in the precondition for M: no split needs to occur
if for some term #; Mty in T, a literal s E ¢5 occurs in a branch.

In early versions of this work all sorts of cut rules were allowed, whereas a
careful analysis of the correctness proof has pointed out that most of them can
be avoided.

Remark 2. Observe that if the literals s1 = so, t1 = to, 51 & t1, 51 % to, So % 11,
Sy % ty occur in a branch, an exhaustive search strategy would apply a splitting
rule to each inequality, thereby generating 2* branches, whereas in our calculus
at most 2 branches will eventually be created.

Remark 3. Tt is possible to further strengthen the subsumption requirement as-
sociated to the last fulfilling rule by noticing that if a literal ¢ % @ occurs in a



fulfilling rule | precondition | subsumption requirement

pVgisin @ pisinfor —pisin 6
p|—p
-(pAgq)isin 6 —pisin f or pisin 6
-pp
t1Ut2€T¢, .. ..
.. SEtiisinfor st isin 6
SEti|sZt |[sEtiUtyisin 6 ! Zt
ti Mty eT, . .
.. sEtyisinfor s £ty isin 6
S E ta|s i to sSEt; isin 6 2 7 t2
tlftZETap P ..
- sEtyisinfor s £ty isin 6
SE ta|s E to SEt;isin 6 2 7t
bty €T, dz: (x Ety isin # and z $ ¢, is in 0)
TE |zt T or
t1¢t2151n9 L. L.
T B tao|r E to Jz:(z # t1isin 6 and = E ¢ is in 6)

Table 2. Fulfilling rules.

branch 6, then it is enough to require that x E ¢ occurs in 8 for some z, thus
obtaining the linear fulfilling rule

t %0 = z E t (r new parameter)

This improvement will be used in Example 1.

More generally, one can maintain a transitivity graph [3] whose nodes are
labeled with terms in Py U T, and edges are labeled with C, % or [Z. Then, if a
literal ¢; % t5 occurs in a branch 6, we may check whether there exists a path
from ¢; to ¢9 (or from to to ¢1) with edges labeled with C, and the fulfilling rule
would then be:

t1 #to,t1 Cty = @ E to,x £ t; (z new parameter) .

We should also notice that if the literals ¢; # to, t; E ... E ¢y occur in a
branch 6, we do not need to apply any fulfilling rule at all. Soundness of such
optimizations is an easy matter.

Ezample 1. Table 1 contains a closed tableau with 3 branches for proving the
validity of the formula —(z = [y] Az = yUz)V (y =0 Az = 2).

We denote with ¢; the formula labeling node 7, and provide justifications for
the construction of the tableau.

— 2,93, 94, s and 7 are obtained by means of propositional rules;

e and @17 are obtained by means of the second fulfilling rule;

— 8,9, P13 and @14 are obtained by means of the last fulfilling rule;

— ¥10, P12, P16 P20, P21 and o3 are obtained by means of equality rules;
— 11,15 and @19 are obtained by means of rules for LJ;



-z xyAzryUz)VyrOAT = 2))
rRylANez~ryUz
“(y=0Az=2)

z = [y]
rrylz
|

AN

1
6.y~0 17. y#0
T.x %z 18. wEy

—L— 19 wEYU 2

8. wE®w 13. wix 200 wE®=z
9. wiz 14. wEz=z 21. wE [y]
100.wEYyUz 1b.wEyUz 22 wRy
11. wEy 16. wE=®z 23. yEvY
12 weE©D 1 1

Fig. 1. A closed tableau for ~(=(z = [y] Az =yUz)V(yx O Az = 2))

— the optimization promised in Remark 3 is used to deduce ¢;g;
— (2o is obtained by means of a rule for [e].

The tableau is closed since the leftmost branch contains the contradiction @14,
the central branch contains two complementary literals (13, 14, and the right-
most branch contains a membership cycle (pa3).

Finally, notice that to prove the same formula, the approach described in [4]
produced a tableau with 8 branches

4 The Decision Procedure

In this section, after introducing some definition and terminology, we state our
decision procedure and prove its correctness.

Definition 3. To any branch 6 of a tableau T for a formula ¢ we associate the
following objects:

Py: the collection of parameters added to 6;

Vi the collection of variables and parameters occurring in 6;

Pj: the collection of parameters {x € Py : there is not in T, such that x =
t occurs in 0};

Tj: the set T, U (Py \ Pp);

Gy: the oriented graph (Pj U Ty, I/E\), where s E, if and only if the literal s £ t
occurs in 6;

Ry: a realization of Gy relative to the partition (Py,Ty) and to pairwise distinct
sets uy, for x € P}, each having cardinality no less than |Py U Ty|;



My: the assignment over Vy defined by Myv = Rgv, for each v in V.

Definition 4. An open branch 6 is SATURATED if it is linearly saturated and
all its subsumption requirements are fulfilled.

Definition 5. A branch 0 is said to be COHERENT if Ryt = Myt, for all t in
Py U TW'

Procedure 1 (MLSS-satisfiability test).
Input: an MLSS-formula ¢.

1. Let 7 be the tableau consisting of a single node labeled with ¢;
2. linearly saturate 7 by strictly applying to it all possible saturation rules
until either 7 is closed or no new formula can be produced;

. if T is closed, announce that ¢ is unsatisfiable;

4. otherwise, if there exists an open and saturated branch 8 in 7, announce
that ¢ is satisfied by the model Mpy;

5. otherwise, let # be a non-saturated open branch; apply to 6 any fulfilling
rule whose subsumption requirement is false and go to step 2.

w

4.1 Termination

We begin to prove total correctness of Procedure 1 by first showing termination,
and leave the proof of partial correctness for the next subsection.

Theorem 1. Procedure 1 always terminate.

Proof. Let ¢ be the root formula of the tableau limit 7 constructed by Proce-
dure 1. Since steps 3 and 4 cause the procedure to terminate, and step 5 always
add new formulae, to show termination it is enough to prove that 7 must be
finite. Now, let # be any branch in 7. Because of the restriction imposed to
the application of the rules, |Ty| is bounded by |T}|?, and therefore T, U T} is
finite. It follows that the number of literals occurring in 6 is finite, as well as the
number of formulae involving propositional connectives. Having shown that any
branch in 7 is finite, in view of the Kénig Lemma even T is finite. O

4.2 Partial Correctness

Let again ¢ be the root formula of the tableau 7 constructed by Procedure 1.
Since all rules are plainly sound, if 7 is closed then ¢ is unsatisfiable. Otherwise
the tableau 7 must contain an open and saturated branch €. Thus, in order to
establish the correctness of Procedure 1, it is enough to prove that the assignment
My (cf. Definition 3) satisfies the branch # and, therefore, the formula .

The following lemma is easily proved by induction on the number of appli-
cations of the inferences rules.

Lemma 2. In any branch 0 if x € P; then:



(a)
(b)

there can be no term t in T, U Py different from x such that x =t occurs in
0;
there can be no term s in T, U Py such that s E x occurs in 6.

In order to show that the assignment My models correctly all formulae occur-

ring in an open and saturated branch 6, we first show in the following lemma that
the realization Ry models correctly all literals in an open and saturated branch
f, provided that terms are just considered as “complex names” for variables
(namely operators are not interpreted).

Lemma 3. Let 0 be an open and saturated branch. Then:

(i)
(ii)
(iii)
(iv)

if s Et occurs in 0, then Rys € Ryt;
if t1 = ta occurs in 0, then Ryty = Rgto;
if t1 % ty occurs in 0, then Rgt; # Rgto;
if s # t occurs in 0, then Rps ¢ Rgt.

Proof. (i) Let s £t be in . By Lemma 2, t ¢ P;, and by construction of Ry it

(i)

(iii)

trivially follows that Rgs € Ryt.

Let t1 = t2 be in 6. If either ¢, € Pj or t2 € Py then by Lemma 2 it must be
t1 = t» and therefore Rgt1 = Rpto. If t1,ty € Ty but Rgt1 # Rgta, suppose
w.l.o.g. that there is some a such that a € Ryt; and a ¢ Ryto. Then there
exists s such that Rgs = a and s E t; occurs in 6. Since 6 is saturated, s E to
must also occur in 6, and by (i) a = Rys € Ryta, a contradiction.

Let t, %t be in § but Rgty = Rgto. W.l.o.g. we can assume that t;,t, € Ty,
(otherwise either at least one among t1,ts is in Pj, and the claim easily
follows from Lemma 2, or # would contain a literal ¢} # t, with ¢t} € T,
and such that ¢t; ~ ¢ and ¢, &~ ¢}, are in §; then #{ % t, could play the role
of 1 % to in the following discussion). By Lemma 1 we have h(t1) = h(tz).
We proceed by induction on h(t;). In the base case (h(t1) = 0) we reach a
contradiction, since by saturation there is some 2 such that either z E #;
and z £ to occur in 6, or x £ t; and = E to occur in 0, and we would have
h(t1) > 0 in either cases. For the inductive step, w.l.o.g. let z E t; and = i to
be in € (their occurrence is due to saturation), for some x. Then Ryx € Ryt
that implies Rgx € Ryto, so that there exists 2’ such that Rgx = Rpz’ and
x' E t occurs in 6. Notice that ' # z (otherwise § would be closed). Since
by Lemma 1 we have h(z) = h(z') < h(t1), we can apply the inductive
hypothesis and obtain the contradiction Ryx # Rgx'.

Let s £ t be in 6 but Rgs € Ryt. Then there exists s’ different from s such
that Rgs = Rgs’' and s’ E t occurs in §. By saturation s % s’ is in 6, and by
(iii) Rps # Rys’', a contradiction. O

Next we show that even operators are correctly modeled by Ry (and therefore

by My), for an open and saturated branch 6.

Lemma 4. If a branch 0 is open and saturated, then it is coherent.



Proof. Let 6 be an open and saturated branch. We prove that Ryt = Mjyt, for
each t in Py U Ty, by structural induction on #. The base case is trivial for
variables. Concerning 0, notice that trivially My® = @ and that Rg® = 0 since
6 is open. For the inductive step we prove only that Ry(t1 Mta) = Mg(t1 M t2)
(other cases are similar). Suppose that a € Ry (¢1 Mt2). Then there exists s such
that Rgs = a and s E t; Mty occurs in §, and since 6 is saturated both s E ¢; and
s E tg occur in 6. By Lemma 3 Rys € Ryt; and Rys € Ryty, and by inductive
hypothesis a € Mgty N Mgta = My(t; M t2). Conversely, if a € Mg(t; M ta)
then a € Mgty N Myts, and by inductive hypothesis a € Rgt; N Rygty. After
noticing that, because of the restrictions imposed to the application of the rules,
it must be the case that ¢1,t, € T, it follows that there exist s, s” such that
Rs' = Rs" = a and both s' E t; and s" E t3 occur in 6. By saturation, either
s' E tg or s' £ to occurs in 6. In the former case s’ E t; Mty occurs in 6, and
therefore a € Ry(t1 Mt2). In the latter case s’ % s” occurs in 6, and therefore
Rys' # Rys"”, a contradiction. O

The following theorem concludes the proof of partial correctness.

Theorem 2. If 6 is an open and saturated branch, then it is satisfiable, and
indeed it is satisfied by My.

Proof. Let 6§ be an open and saturated branch. By combining together Lemma 3
and 4, it follows that My satisfies all literals occurring in 6. Finally, proceeding
by structural induction, it easy to see that even formulae involving propositional
connectives are satisfied by M. O

5 Some Experimental Results

On a 200 Mhz ULTRA-Spark Sun workstation, the formulae —(z =~ [y] Az ~
yUz)V(y~0Az = 2) (cf. Example 1) and a U (bl c) = (a U b) LU c were
proved valid in 0.03 seconds and 0.02 seconds, respectively, whereas the formula
“(r EyAxz ¥ 21 Az Uz E [y]) was recognized not to be valid in 0.04 seconds.

Moreover, using the basic notion of pair (a,b) =per {{a}, {a,b}} due to Kura-
towski, it has been possible to prove the validity of (a,b) # (u,b)V(a = uAb = v)
in 0.08 seconds. Similar theorems have also been proved for 3-tuples, 4-tuples
and 5-tuples in 0.24, 0.58 and 1.79, respectively.

6 Future plans

We plan to further investigate heuristics which allow to strengthen subsumption
requirements, as hinted in Remark 3.

Also, we intend to study thoroughly the cases in which cuts are really needed,
in order to further optimize our calculus.

Finally, we plan to generalize our tableau calculus and relative saturation
strategy to extensions of MLSS (cf. [6, 5]).
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