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Abstract

This paper studies the combination of basic probability assignment (bpa)
in evidence theory. After introducing an interpretation of the mass function we
show that given two bpa Dempster's rule of combination does not build a
coherent bpa with respect to the interpretation. Next we give a new combination
function that overcomes this problems and study some of its properties.

0. Introduction

One of the models of approximate reasoning is evidence theory®2 where
the knowledge over a frame of discernment q is expressed by means of belief
and plausibility measures. They are functions from (q) (i.e., parts of Q) into

[0,1]. In particular, a belief measure, Bel, should satisfy the following axioms’:

(i) Bel(@)=0 and Bel(q)=1
(i) For every A,B & (q), if AOB then Bel(A)=Bd(B)
(i) BA(Ay » Ao » ... » Ap) =
7 Bel(A) - ?iq Bel(Aj« A +..+ CD)™IBd(A« Ay ..« A,
for al nAM.

On the other hand, a plausibility measure, Pl, should satisfy (i), (ii) and
aso (iii)"
(i) P(A« Ar« ...« Ap=

21 PI(A) - 2iq PIA) » A) ...+ (DML RApAR..»A)),
for dl nAM.

In fact, belief and plausibility measures are related to each other. For each
belief measure Bdl, it can be defined a plausibility measure F in the following
way: PI(A)=1 - Bd(A®) for dl A in (A), where A is the complement of A.



Similarly, we can define a belief measure, Bel, as Bel(A)=1- PI(A°) for dl A in
(A). Belief and plausibility measures are, therefore, reciprocally dudl.

Every belief measure and its dua plausibility measure can equivaently be
expressed in terms of a function m from parts of g onto [0,1] such that

m(2)=0
? A(~)q m(A) =1

where m(A) is interpreted as the degree of evidence supporting the clam that a
specific element of X belongs to the set A but not to any special subset of A.
Thisfunction mis caled a mass function or, also, abasic probability assignment

(bpa).

Given a basic probability assgnment m, their corresponding belief and
plausibility measures are uniquely determined by the formulae:
Bel(A) =?gpa M(B)

PI(A) =2 g« aA2g M(B)

Conversely, given abelief function Bel, the corresponding bpais given by:
M(A)=? g4 A (-DV Bl Be(B)

A mass function m generalises both probability distributions (where m(x)
? 0 if x e} aq) and fuzzy sets (when m(x) = 0 if XU{X=0,Xp.1,---X1,X0=D}
with x;41Ox}. In the former case, there are two main ways of relaing belief

measures to probability distributions®:

) Belief and plausibility as inner and outer measures. In a probability
space (g,X,Pr), the probability measure Pr is not necessarily defined on
(q), but only on X In this case, we can extend Pr to (q) in thefollowing

ways.

Pr(A) = sup { Pr(x)| xOA and x&X} fordl Ad ()
Pr'(A) = inf {Pr(x)| X A and x&X} for al Aa (q)



The function Pr. thus defined satisfies axioms (i)-(iii) given above, and

therefore it is a bdief function. The function Pr*, instead, satisfies axioms
(D), (i) and (iii)', 0, it isa plausibility measure.

ii) Probability interval induced by a belief measure. Each belief measure,
with its dual plausibility, induces a probability interval Pgy:

Pea ={p|Be(A) = p(A) = PI(A) for dl Ad (a)}

As a probability p such that Bel(A)=p(A)=PI(A) for all AA (q) iscaled a
probability consistent with Bel, Pgq is the set of al consistent probabilities

with agiven Bdl.

In this paper we introduce a new interpretation that also relates evidence
theory with probability theory. In our case, every mass function is understood as
a probability that has suffered from a process of information losing.

Due to the dua nature of beief functions, there are operations defined
over mass functions (and also over beliefs) that generalise operations over sets?
(eg., union, intersection) and over probability. In this latter case there are
functions to update belief measures in the light of new evidence (generadisations
of Bayes and Jeffrey's rule in probability) and functions to combine two belief
measures. Dubois and Prade difference two types of conditioning, named

focusing and revision (updating in preliminary papers3 :

Focusing: When no new piece of information is introduced, we just consider
another reference class by focusing our attention on a given subset of the
origina .

Revision: The probability is modified to take into account a new piece of
evidence.

In the revision process, the piece of introduced evidence can take severd
forms. It could be crisp information, e.g., "an event B has occurred”, so the new
belief function would be of the form: Bel(|B). See references 6 19: 13 for some
definitions of conditional belief as generalisations of Bayes and Jeffrey's rules. It



could be, instead, information represented by means of a belief measure. In this
later case, the combination function is either defined according to a set of needed
properties, i.e, axiomaticaly (see reference? for the properties of Dempster's
rule of combination) or defined according to the interpretation given to belief
functions. For instance, when we consider probability intervals induced by a
belief function, the combination function should consider the intersection of the
intervals induced by initid belief measures. Chateauneuf!  studies the
compatibility of two belief functionsin this later setting.

In this paper, after introducing a new interpretation of mass functions
based on probabilities and on an information losing function (section 1), we
show that when two masses are defined from a single probability and they are
combined through Dempster's rule the new function can be non-definable from
the same probability (section 2). We introduce then a combination function that
satisfies this condition (section 3) and we study some of its properties (section
4).

1. Preliminaries

In this section we define what an information losing function is, and when
amass myp is more general than another mass mq. We aso show how to define a

mass from a probability and a mass attached to a partition Y of the basis of a
s-agebra X.

Definition 1. Let mq, my, be two masses and let X, X, be subsets of q that

satisfy xg A xq. In these conditions it is said that the set x; in mass m; haslost
information in favour of Xy in mass my, if and only if:

My (X)=my(X) for al xOq, such that x?xg and x?x;

My (Xg)=my (Xg) - kwith my(xp)=k
Mp(xq)=my(X) + K

Definition 2. Let my, m, be two masses. Then, it is said that the mass my

has lost information in favour of mass my, if exists xy A x; O q such that xg in
mass My has lost information in favour of X4 in mass my.



We say that m; has lost information because some of the mass that before
supported Xy is now supporting the whole set x4, so not only Xy but also the
eementsin X;-Xg.

Definition 3 Let my, m, be two masses. Then mass nm, is said to be
more general than the mass my if and only if we can build m, from mq through
a sequence my, Myyq, ..., M where m=m;, my=m; and where each m with
ka{i,...,j-1} haslost information in relaion to mass my, 1.

Next we define the concept of information losing function (called pdi), as
afunction that given a mass my builds another more general m,.

Definition 4. Let m be a mass function defined over a frame of
discernment g. In these conditions a function pdi: (g)* (g) ->[0,1] iscaled an
information losing function over mif it satisfies

M(A) + ? x x0a Pdia(X) - ? A x, Pdix (A) =1 fordl Ad (q)
where pdiy(y) stands for pdi(x,y), and pdixl(xo):o for al x), x; & (q) that do
not satisfy xg A x; O q.

The expression pdixl (Xp) is read as the quantity of information that X,
loses in favour of x;. Note that the function pdi is a transference function that
only allows transference between two sets xg and X if Xg A Xy.

Definition 5. Given a mass m and an information losing function pdi over
m, we define the function myq;:  (q) ->[0,1] by:

Mg m(A) = M(A) + 7, X A PAia(X0) - ? aA x, Pdix (A)
Next proposition settles that the function defined above is a mass function.

Proposition 1. Let m be a mass function defined over a frame of

discernment ¢, let pdi be an information losing function over m. In these
conditions, My is amass function.

Example 1 Let m;, my, be two masses defined over a single frame of
discernment q; let the set Xy in mass my be a set that has lost information in



favour of x; (XpA ;O @) in mass m, according to definition 1. In these
conditions, according to definition 4, if we define the following pdi:

pdig(A)=k if A=xg and B=x;
pdig(A)=0 otherwise

then, according to definition 5, m, can be expressed of the form:
mzzmpdi,ml

Next we define a basis of a s-algebra X of subsets of g. X isa s-agebra
of gif X isaset of subsets of g that contains g and is closed with respect to
union and intersection.

Definition 6. A subset y of X isabasisif*

1) the members of y are digoint and not empty, and
2) X exactly consists on the numerable union of y members

In our case, as q is supposed to be finite, X isfinite. So, the basisy of X
is unique (see reference’) and consists precisely of the minimal elements of X.

Next we see that (i) any probability distribution defined over a s-algebra X

generates a mass function, and that (2) every mass function can be seen as the
result of applying an information losing process to a probability function.

Proposition 2°. Given a probability distribution P defined over the
s-agebra X, the function mp: (q)->[0,1] defined as:

mp(A) = P(A) if Ay, wherey isthe basis of X
0 otherwise

IS amass function.

Proposition 3. For each mass function there is at least one probability
distribution that can generate it by means of an information losing function.



Proof. Let m be a mass over the power set of g, then the probability
distribution P defined dlso over  (q) as.

P{e}) =2 nean MA) /Al for dl edgq
can generate m through the following information losing function pdi:

pdiy, (Xo) = M(xy)/Ixq| if Xg={ €} and edx, for some edq
0 otherwise 0

As stated by Dubois and Prade?, the probability distribution defined in this
way is in according with Laplace's principle of modelling a lack of information
by uniformly distributed probability alocations.

Definition 7. Given a probability distribution P defined over a s-agebra
X, and a partition Y of the basis of X, we define the mass attached to the
partition Y as:

Mpy(A) = ?yax POX) if A=»y 5, X; for acertain xaY
0 otherwise

That is, the mass of a set A is defined as the sum of the probability of al
those sets X; of the basis of X that define A, i.e., the sets x; such that A=», a5 X;.
Due to the fact that Y is a partition over a basis, the function defined aboveisa
mass function: each x of the basis of X isonly included inasingle set A (the set
A where x)) belongs.

Next we prove that, given a probability distribution P defined over a
s-dgebra X, every mass attached to a partition Y of the basis of X is more
general than the mass defined according to proposition 2.

Proposition 4. Let (,X,P) be a probability space. Let Y be a partition of
the basis of X. In these conditions, the mass mp y attached to the partition Y

defined according to definition 7 is more general than the mass mp defined
according to proposition 2.



Proof. Itisproved by defining

pdia (%) = Mp(X;) if A=»y a5 X; for acertain xaY and x?A
pdip(B) =0 otherwise 0

2. Dempster'srule of combination

In this section we study the behaviour of Dempster's rule of combination
in the framework of information losing functions. We give an example in order to
prove that given two masses defined from a single mass m with two information
losing functions, then the combined mass according to Dempster's rule of
combination cannot be always defined from the same mass m with another
information losing function.

In this example (example 2), after defining a s-algebra X, a probability
distribution P over X, and mp according to proposition 2, we introduce two

partitions Y4 and Y, of the basis of X together with the masses m; and m,
attached, respectively, to Y, and Y,. We compute then m, the combined mass
of my and my, according to Dempster's rule of combination.

Proposition 5. Let m; and m, be two mass functions defined from a

single probability distribution P through two different information losing
functions (pdi;, pdi,), let m. be the mass function obtained by combination of
my and my, through Dempster's rule of combination. In these conditions, it is not

aways possible to obtain m. from P through an information losing function.

To prove the above proposition we give the following example:

Example 2 Given a frame of discernment g, we consider three subsets
[P1], [Po] and [C4] that correspond to those elements of q that setisfy the
properties P;, P, and C; respectively. These subsets of g point out the
s-agebra X with the following set y asits basis:
Y=H[-Py" =Py ~Cyl, [Py P =Cy], [-P"PCyl, [-P1"-Py Cy],
[PAPCq], [P"-P/C], [P{"P,=C4], [P"-P,A=Cy]}



where [x*y"z] stands for the set of objects that satisfy properties x, y and z (note
that [x*y"Z=[x]« [yl« [2]).

Let P, the probability distribution, be defined as

P([-P"-Py"=Cy]) = . 1111 P([-P1"P,"-Cy]) = . 0556
P([-PAP,AC;]) = . 0833 P([-P"-PACi]) = . 0278
P([P"P,AC]) = . 1389 P([P"-P,"Cy]) = . 1667
P([P"PA~Cy]) = . 1944 P([P"-Py*-Cp]) = . 2222

and therefore let mp according to proposition 2 be:

my(A) = P(A) if Ady
Mp(A) =0 otherwise

Let Y, and Y, be two partitions defined over the basisy:
Y 1= { {[-P"=P"=Cq], [P;"P*~Cyl}, {[~P"P,Cy], [-P1"~Py"Cyl},

{[P/"PACyl, [P-PACY}, {[P P, -Cyl, [P -Py-Cyl}}

YZ:{{["PlAPZAcl]i [Pll\PzA 1]}, {[ﬂplA"PzA 1]’ [PlA"PzA 1]},
{[=P"P=Cyl, [P"P/=Cyl}, {[-P1 P Cql, [Py P, ~Cyl} }

that correspond, respectively, to the sets:

S1={ [PL"Cyl, ["P1 " Cl [P ~Cyf , [-P A =Cy] }
Sp={ [P"Cyl, [P, " Cy] , [Py =Cy] L [P, " ~Cyl }

Figure 1 shows the partition Y (on the left hand side it is underlined the
subset [P4] and on the right hand side the subset [C4]) and figure 2 corresponds
to the partitions Y, Y, and the basisy.

"]t

Figure 1. [P;] and [C4]




Partition Y, Partition Y, Basisy

Figure2

Given the probability distribution p defined above over the s-algebra X; let
my and my, be the basic probability assignments attached to the partitions Y ; and

Y, according to definition 7. In these conditions my and my, are of the form:

m([P"C]) = .3056 my([-PAC]) = . 1111
rnl([PlA_'Cl]) = .4166 I’Ttl_([—‘Pl"—'C]_]) = .1667
mp([P"C]) = .2222 Mp([-P,ACy]) = . 1945
My([Py*~C]) = .25 mp([-Py*~C]) = . 3333

Next we combine this two masses according to Dempster's rule of
combinationt+:

o my(X) mxY)

XCY=Z

1- o my(X) mx(Y)

XCY=g for al ZAP(Q)

myZ) =

In our case, the mass obtained, m, is aso defined over a partition of the
basis X due to the fact that given two partitions Y, and Yy, of vy, the set Y,
defined as:
Y.={A« B: AAY,, BaY,} - {g}
isaalso apartition.

In table 1 are shown al the non-zero sets (they are, in fact, the elements of
the partition Y.) obtained through Dempster's rule of combination. We

considered empty only those sets where the intersection of [C4] and [-Cq]
appears. It is clear that [C1"-C4]=@. This partition coincides with the basis of

the s-algebra X.
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Pi"Cy | PGy | 2P Gy | AP MG
Py Cqp | Prpyc 7] ~P"P"Cy 7]
Py A Cy | PRy 7] “P"PC 1@
_IP2 A ﬂCl g PlA—|P2A—|C1 ﬂ _|P1A_|P2A_|C1
Tablel

The combined mass results:

m.([-P;~-P,"=Ci]) = . 1081
m.([-P;"P,"Cq]) = . 0480
m.([P"P,"Cq]) = . 1321
m.([ P P,~=Ci]) = . 2027

m.([-P;"P,~=C;]) = . 0811
m.([-P;~=P,"Ci1) = . 0421
m.([Py~-P,"Ci1) = . 1157
M([Py~-Py,~=Ci]) = . 2702

It can be shown easly that the result obtained is a mass that can not be
obtained from the initia probability. In fact, this mass is also a probability on X.

But this probability is not the original one because there exists xaX such that
mMc(X)?P(X).

For instance, with x=[P,"-P,"~C,] we have
mc(x)=.27027P(x)=.2222

3. An alter native combination function
In example 2 we have shown that although the masses my and m, are both

more genera than a mass m, the combined mass is not always more general than
m. Due to the fact that if my and m, have been built from a single P suffering

from a process of information losing, it is reasonable that their combined mass
can aso be built from that P. We introduce a combination function that satisfies
this condition. Some of the properties of this function are outlined in section 4.

The function MM, defined below, combines m; and m, and returns a
new mass m.

11



L8

L9
L10

L11
L12
L13
L14
L15

L16
L17

L18

L19
L20
L21
L22

L23
L24

L25

Function MM, (m, m: mass): m:mass

var card, k: integer;

X, Y,Z: set

for card:=1 to card(q) do

for all X s.t. XOgq & (m(X)?0 o my(X) ?0)

m(X) = max (m(X), my(X)): k:=0

if m(X)=m(X) then k:=2; m(X):=0
if m(X)=my(X) then k:=1; my(X):=0

a: =m,(X) - m«(X)

if a?0 then
acu : = 0;
for all Y

z
S

.= g

& Cardinality(X)=card

t. (X« Y ? 2 &m(Y)?0 do

m (Y)

m(Y) - a

me ()= max(m’ (Y),0)

Z:=7 »
acu .

Y
a

cu + m(Y) -

end for all

if acu=a then

m' (Z2)=m(2) + acu -

m  (X)

=m(X) + a

m’

a

“(Y)

el se ERROR BOTH MASSES FROM DI FFERENT PROBABI LI TI ES

end if
end if
end for all

end for
return m

end M.

This function determines the mass corresponding to the combined
function (m,) incrementally. In the first iteration of loop L2-L23, we get the mass
for dl X& (q) such that their cardindlity is one. Then, we obtain the mass for all
sets with cardindity two, and so on... In generd, in the kth iteration of loop L2-
L23, the function settles the mass corresponding to those Xa (q) with
cadinality i.

12



When a subset X of g is chosen in L3, the function defines
mMc(X)=max(m, (X),my(X)) (L4). We define m.(X) in this way due to the fact that

my and m, come from the same probability, so they satisfy:
P(X) =max(Bel(X),Bel(X))

Besides, when m(X) is defined, m.(xg) is already set for al xA X and
my and my, have been modified to satisfy my (Xg)=mu(Xg)=mc(Xp). Therefore, we
have

Bel1(X) =7 x & x Mc(Xg) + my(X)
Bel(X) = 7 x A x Mc(Xg) + mMx(X)

So, in order to get
Bel(X)=max(Bel1 (X),Belx(X))

we set m(X) = max(my(X),my(X)).

Once m(X)=max(m,(X),mx(X)), one of the mass, say m,, satisfies the
condition my(X)=m(X) but the other, m,, does not. In order that m, satisfies
the equality m.(X)=mp(X), my(X) has to be increased a=m.(X)-m,(X) and some
my(Y) decreased. Because for al XpA X my(Xg)=my(Xp) and there is a
probability distribution from which m; and m, have been built through

information losing function, then the mass a has to be in sets with a non empty
intersection and with cardinality greater or equa than the cardinality of X.

Because the lost mass a isin some of the Y such that X« Y20 but we do
not know which, we extract the mass a to each of these sets (m',(Y)=my(Y)-a,

L11). The variable acu accumulates the extracted mass. Once the massisin acu
my(X) can be correctly defined (m'>(X)=my(X)+a, L18). Then the remaining
mass, acu-a, has to be redistributed, but because as before we do not know to
which one of the sets Y have to be returned, we return it to the union set Z
(M'5(Z)=my(Z) + (acu-a) where Z=» y,,Y, L17). The set Z is defined
incrementally in line L13. In each step of the loop L10-L15weadd totheset Z a
set Y such that X« Y?@ and m(Y)?0. To sum it up, in this way, we have
transferred acu-a mass that was associated to the sets Y such that X« Y?@ to
the set Z.

We have aso to underline the following considerations that have not been
considered yet to smplify the description of the agorithm:

13



* When mass is subtracted to each Y such that Y« X?@it is possble that
my(Y)<a in this case instead of subtracting a we subtract only the quantity
my(Y') and therefore my"(Y) would be 0. (L12).

* If acu does not accumulate enough mass (that is, if acu<a, L16) when
m, hasto be increased, there is an inconsistency due to the fact that both masses

can not be defined from the same probability (L19).

* The outer loop (L2-L23) forces the chosen sets to have an increasing
cardindity. In this way, in m,, mass is transferred from sets with a lower

cardinality to sets with agreater cardindlity.

4. Properties of the combination function

In this section some of the conditions given by Smets® about Dempster's
rule of combination are studied for the function introduced above.

The function satisfies unanimity, thet is, given two masses m;, m, such
that my=m, then m=m;=m,, compositionality (bel.(A) is afunction of A, bel;
and bel,) and, depending on the selection function of X in L3, symmetry (for
instance it is satisfied if at each step we choose the set X with a minimum m(X),
or the smaller X in lexicographic order or any other predefined order, ...). It has
to be said that with different selection functions in L3 different combined mass
results. Neither associativity nor autofunctiondity (mq(A) is independent of the
masses given by my; and m, to propositions BA -A) are satisfied.

Conditioni ngg, that is, if m, is such that my(B)=1 then
? c.s-e M(A v C) foral A->B
Mc(A) =
0 otherwise

is neither satisfied, athough it does if lines L1.1-L.1.2 given below are included.

L1.1 O1=»p8q: ne(a)20 A

L1.2 O™ a5q: ne(my 20 A
L1.3 m 4= 0: for all AAq do

L1.4 m,= 0: for all AAq do

o

M (A« Oy) =m ;(A« Oy) + m(A) end for all
M 5(A« Op) =m ,(A« O;) + my(A) end for all

o

14



The MM, function satisfies the property of building a mass obtainable
from a probability when mass m; and m, have been defined from that
probability. However, in genera, belief and plausibility functions associated to
the combined function do not satisfy

Belo(X) = max(Bel1(X),Belx(X))
Plo(X) = min(Ply(X),P(X))

This is due to the fact that L17 can reduce the Bel of some set Y
transferring mass assigned to Y to abigger one Z (i.e, Y A Z). In the same way
plausibility of a set X=Z« =Y increases when mass attached to Y is transferred
to Z.

We finish this section giving the results of applying this combination
function to masses my and m, in example 2 (the selection function of L3 was to

choose at each step the set X that has a minimum m(X)):

me([P"Cq]) = . 1103 me([-P;~Cq1) = . 1103
me([PA~Cyl) = . 1672 m([-P~-Cl) = . 1666
me([P"C1) = . 1118 me([-P,"C1) = . 0833

me([P,~-Ci1) = . 0828 me([-P,"-Ci]) = . 1664

It can be seen that belief and plausibility function define in this case an
interval in  which probability is enclosed. For instance, for the set
Xg=[ P*-Py*-C;] We have:

Bel ([ Py~-P,%-C;] ) =0
Pl .([ P~-Pyr-Cy] ) =. 3336

and that,

P([ P,A-PA-Cy] ) &L Bel ([ PA-PA-Cil ), Pl ([ PA-PA-C]) ]

5. Conclusions

In this paper we have introduced an interpretation of mass functions in
evidence theory based on probability distributions. We have analysed
Dempster's rule of combination in this framework and proved that given two
masses in this framework it returns an inconsistent mass. We have introduced a
new combination function that builds a new function coherent with the
interpretation and studied some of the properties of the combination function.
We give an example of the application of the function introduced.
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