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tClassi
al statisti
al learning theory studies the generalisation performan
e of ma
hinelearning algorithms rather indire
tly. One of the main detours is that algorithms are studiedin terms of the hypothesis 
lass that they draw their hypotheses from. In this paper,motivated by the lu
kiness framework of Shawe-Taylor et al. (1998), we study learningalgorithms more dire
tly and in a way that allows us to exploit the serendipity of thetraining sample. The main di�eren
e to previous approa
hes lies in the 
omplexity measure;rather than 
overing all hypotheses in a given hypothesis spa
e it is only ne
essary to 
overthe fun
tions whi
h 
ould have been learned using the �xed learning algorithm. We showhow the resulting framework relates to the VC, lu
kiness and 
ompression frameworks.Finally, we present an appli
ation of this framework to the maximum margin algorithmfor linear 
lassi�ers whi
h results in a bound that exploits the margin, the sparsity of theresultant weight ve
tor, and the degree of 
lustering of the training data in feature spa
e.1. Introdu
tionStatisti
al learning theory has been mainly 
on
erned with the study of uniform boundson the expe
ted error of hypotheses from a given hypothesis spa
e (Vapnik, 1998; Anthonyand Bartlett, 1999). Su
h bounds have the appealing feature that they provide performan
eguarantees for 
lassi�ers found by any learning algorithm. However, it has been observedthat these bounds tend to be overly pessimisti
. One explanation is that only in the 
aseof learning algorithms whi
h minimise the training error it has been proven that uniformityof the bounds is equivalent to studying the learning algorithm's generalisation performan
edire
tly, and this equivalen
e only holds in an asymptoti
 sense. Thus it is not surprisingthat su
h analysis tools, whi
h analyse algorithms mainly in terms of the 
lass of fun
tionsfrom whi
h they draw their hypotheses, are somewhat loose.In this paper we present a theoreti
al framework for dire
tly studying the generalisationerror of a learning algorithm rather than taking the detour via the uniform 
onvergen
e
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Herbri
h and Williamsonof training errors to expe
ted errors in a given hypothesis spa
e. In addition, our newmodel of learning allows the exploitation of the situation that we serendipitously observe atraining sample whi
h is easy to learn by a given learning algorithm. Thus our frameworkis 
onsanguineous to the lu
kiness framework of Shawe-Taylor et al. (1998). In this paper,the lu
kiness is a fun
tion of a given learning algorithm and a given training sample and
hara
terises the diversity of the algorithm's solutions. This notion of lu
kiness enablesthe study of given learning algorithms from many di�erent perspe
tives. For example, themaximum margin algorithm (Vapnik, 1998) 
an be studied via the number of dimensions infeature spa
e, the margin of the 
lassi�er learned or the sparsity of the resulting 
lassi�er.Our main results are two generalisation error bounds for learning algorithms: one for whenthe training error is zero and one agnosti
 bound (Se
tion 5). We shall demonstrate theutility of our new framework by studying its relation to the VC framework, the originallu
kiness framework, the 
ompression framework of Littlestone and Warmuth (1986), andalgorithmi
 stability (Se
tion 6). Finally, we present an appli
ation of the new frameworkto the maximum margin algorithm for linear 
lassi�ers (Se
tion 7).1.1 Notation and Ba
kgroundLet X and Y be sets and let Z = X � Y . We denote ve
tors using bold fa
e, e.g. x =(x1; : : : ; xm) and the length of this ve
tor by jxj, i.e. jxj = m. The shorthand notationx 2 x means 9i 2 f1; : : : ; jxjg : x = xi. For natural numbers i and j, i � j, [i : j℄ :=(i; i + 1; : : : ; j). Given a ve
tor z and an index ve
tor i = (i1; : : : ; ik) 2 f1; : : : ; jzjgk, de�nezi := (zi1 ; : : : ; zik). The symbols PX, EX [f (X)℄ and I denote a probability measure over X,the expe
tation of f (�) over the random draw of its argument x and the indi
ator fun
tion,respe
tively. For a ve
tor valued fun
tion f , we de�ne varX (f (X)) := EX[kf (X)� �k2℄where � = EX [f (X)℄. The notation PXm denotes the produ
t measure PX1 � � �PXm . Thesymbols R and N denote the real and natural numbers, respe
tively. The shorthand notationZ(1) := [1m=1Zm denotes the union of all m�fold Cartesian produ
ts of the set Z. Iff : X ! Y is a fun
tion, F � YX and x 2 Xm then fjx := (f (x1) ; : : : ; f (xm)) andFjx := �fjx j f 2 F 	 denotes the evaluation of f at x1; : : : ; xm and its extension to the setF respe
tively. Moreover, if H � YX and l : Y � Y ! R+ thenLl (H) := f(x; y) 7! l (h (x) ; y) j h 2 Hg :Sin
e we often 
onsider permutations we introdu
e the following additional notation: Forany m 2 N we de�ne Im � f1; : : : ;mgm as the set of all permutations of the numbers1; : : : ;m, Im := f(i1; : : : ; im) 2 f1; : : : ;mgm j 8j 6= k : ij 6= ik g :Note that jImj = m!. Given a 2m�ve
tor i 2 I2m and a m-ve
tor s 2 f0; 1gm we de�ne �i :f1; : : : ; 2mg ! f1; : : : ; 2mg and the swapping permutation �s : f1; : : : ; 2mg ! f1; : : : ; 2mgby 8j 2 f1; : : : ; 2mg : �i (j) := ij ; �s (j) := j +m � (sjIj�m� sj�mIj>m) ;that is �s swaps i and i +m if and only if si = 1. Given a sample z 2 Z2m we denote thea
tion of �i and �s on the indi
es of z by �i (z) and �s (z), i.e. �i (z) := �z�i(1); : : : ; z�i(2m)�and �s (z) := �z�s(1); : : : ; z�s(2m)�. 176



Algorithmi
 Lu
kinessGiven a set B � A and a metri
 � : A�A! R+ the 
overing number N (";B; �) is de�nedas the size of the smallest subset C � A su
h that for all b 2 B there exists a 
 2 C su
hthat � (b; 
) < ". Su
h a set C is 
alled a 
over of the set B at the s
ale ". If A = Rn thenwe de�ne the `n1�metri
 �n1 by8x;y 2 Rn : �n1 (x;y) := 1n nXi=1 jxi � yij :If x 2 X n and f and g are fun
tions from X to R then �x1 : RX � RX ! R+ is de�ned by�x1 (f; g) := �n1 �fjx; gjx� :Finally, the `n1�norm k�k1 is de�ned by kxk1 :=Pni=1 jxij. Note that kx� yk1 = n��n1 (x;y).2. The Learning ModelSuppose we are given a training sample z = (x;y) 2 (X �Y)m of size m 2 N drawn iidfrom some unknown distribution PXY = PZ. Suppose furthermore we are given a learningalgorithm A : Z(1) ! YX that maps a given training sample z 2 Z(1) to a fun
tion fromX to Y, often 
alled a hypothesis. Then we would like to investigate the generalisation errorof the algorithm.De�nition 1 (Generalisation, predi
tion and training error) Given a loss l : Y �Y ! R+ and a hypothesis h 2 YX the predi
tion error Rl [h℄ of h is de�ned byRl [h℄ := EXY [l (h (X) ;Y)℄ :Given a training sample z 2 Z(1), the training error bRl [h;z℄ is de�ned as the empiri
al
ounterpart of the predi
tion error, i.e.bRl [h;z℄ := 1jzj X(xi;yi)2z l (h (xi) ; yi) :For any learning algorithm A : Z(1) ! YX , the generalisation error Gl [A;z℄ of A is de�nedas the predi
tion error of A (z), Gl [A;z℄ := Rl [A (z)℄ :Note that Gl [Az℄ 
an never be smaller than the quantity infh2YX Rl [h℄ whi
h is also knownas the Bayes error.De�nition 2 (Generalisation error bound) A fun
tion " : Z(1)� (0; 1℄ ! R+ is 
alleda generalisation error bound1 for A if and only if8PZ : 8Æ 2 (0; 1℄ : PZm (Gl (A;Z) � " (Z; Æ)) � 1� Æ :1. In 
lassi
al statisti
s, su
h a fun
tion is 
losely related to a 
on�den
e interval for the estimator A. Infa
t, the interval [0; " (z; Æ)℄ is a 
on�den
e interval for the di�eren
e between the predi
tion error ofA (z) and the smallest predi
tion error possible at level at least 1� Æ.177



Herbri
h and WilliamsonIt is worth noti
ing that any probabilisti
 bound on Rl [A (z)℄ 
an readily be transformedinto a generalisation error bound be
ause the Bayes error does not depend on the trainingsample z. Hen
e, our ultimate interest is in the predi
tive performan
e Rl [A (z)℄ of A (z) 2YX . The 
lassi
al approa
h taken by many resear
hers (see, e.g. Vapnik, 1982, 1995;Blumer et al., 1989; Shawe-Taylor et al., 1998) is to derive uniform bounds over some a-priori restri
ted subset H � YX of hypotheses often 
alled hypothesis spa
e, i.e. proving anupper bound on the predi
tion error whi
h holds uniformly for all hypotheses h 2 H (orall 
onsistent hypotheses) we automati
ally obtain a bound for A (z) be
ause A (z) 2 H byde�nition. Clearly, this is mu
h too strong a requirement and leads to bounds whi
h areindependent of the algorithm used.3. A General Re
ipe for Generalisation Error BoundsBefore presenting our new framework let us 
onsider the general steps typi
ally used toobtain bounds on the generalisation error. The �ve steps 
lassi
ally used in statisti
allearning theory are as follows:1. First, we relate the predi
tion error Rl [h℄ of a given hypothesis h 2 YX to someempiri
al quantity su
h as the training error bRl [h;z℄. The essential requirement onthe empiri
al quantity is that one 
an show an exponentially fast 
onvergen
e towardsRl [h℄ over the random draw of the training sample z 2 Zm for a �xed hypothesis h.More formally, we require that28h 2 YX : PZm ����Rl [h℄� bRl [h;Z℄��� > "� < exp��
"�m� ;for some 
onstant 
 2 R+ and � 2 [1; 2℄. If the loss fun
tion l is bounded then anappli
ation of Hoe�ding's inequality (Hoe�ding, 1963) establishes su
h a 
onvergen
e(see Feller, 1966; Devroye and Lugosi, 2001, for further results).2. Exploiting the exponential 
onvergen
e of the empiri
al quantity towards the predi
-tion error, it is possible to bound the probability of training samples z 2 Zm su
h thatthe predi
tion error deviates from the empiri
al quantity by more than ", by twi
e theprobability that the empiri
al quantity deviates by more than "=2 when evaluated ontwo training samples3 z; ~z 2 Zm drawn iid. This step is known as symmetrisation bya ghost sample and 
an either be shown to be valid uniformly over some hypothesisspa
e H � YX (see Lemma 20 and 21) or for the hypothesis learned from the �rsttraining sample (see Lemma 22 and 23). In fa
t, a 
loser look at the proof shows thatin the uniform 
ase we are e�e
tively studying the algorithmAworst (z) := argmaxfh2H j bRl[h;z℄=0gRl [h℄ ; Aworst (z) := argmaxh2H ���Rl [h℄� bRl [h;z℄��� ;2. Depending on the type of result we are looking for, it is also possible to 
onsider a multipli
ative form,that is, 8h 2 YX : PZm  Rl [h℄bRl [h;Z℄ > "! < exp��
"�m� ;for some 
 2 R+ and � 2 [1; 2℄ (see, e.g. Anthony and Shawe-Taylor (1993)).3. Su
h samples are referred to as double samples and the se
ond sample is often 
alled a ghost sample.178



Algorithmi
 Lu
kinessdepending on whether we 
onsider 
onsistent or agnosti
 learning.3. In order to bound the probability of the above-mentioned event over the random drawof double samples z 2 Z2m we resort to a te
hnique known as symmetrisation bypermutation (Kahane, 1968). This te
hnique exploits the assumption that the doublesample is drawn iid sin
e PZ2m (� (Z)) = PZ2m (� (�i (Z))) for any permutation �i.Thus, PZ2m (� (Z)) = EI �PZ2mjI=i (� (�i (Z)))� = EZ2m �PIjZ2m=z (� (�I (z)))� (1)for any measure PI over permutations. The advantage of this 
onditioning step onpermutations is that we 
an �x the double sample z 2 Z2m and only need to determinethe probability of permutations su
h that �(�i (z)) holds. If PI is uniform thenthis redu
es to simple 
ounting. This te
hnique also works if we only assume thetraining (and ghost) sample to be ex
hangeable whi
h is slightly weaker than the iidassumption.4. For any �xed double sample z 2 Z2m we 
onsider a 
over (w.r.t. the de�ned empiri
alquantity) of all hypotheses (uniform 
ase) or all hypotheses that 
an be generated bypermuting the double sample and training on the �rst m training examples (algorith-mi
 
ase). Given su
h a 
over, we 
an now apply the union bound whi
h naturallybrings 
overing numbers of the hypothesis spa
e (uniform 
ase) or 
overing numbersof the �rea
hable� hypotheses (algorithmi
 
ase) into the generalisation error bound.5. Finally, for a �xed hypothesis h in the 
over we need to bound the probability that theempiri
al quantity measured on the training and ghost sample deviates by more than"=2 over the random draw of permutations. It turns out that this bounding step 
aneasily be redu
ed to an appli
ation of Hoe�ding's inequality (Hoe�ding, 1963) on
e weredu
ed general permutations to swappings (see Theorem 24).Carrying out this analysis for a given algorithm leads to following VC type generalisa-tion error bounds. Note that for pra
ti
al purposes we need to bound the 
omplexi-ties4 EZ2m �N � 12m ;Ll (H) ; �Z1 �� and EZ2m [N( 12m ;Ll(fA(�i(Z)[1:m℄) j i 2 I2m g); �Z1 )℄ by theirworst-
ase 
ounterparts (repla
ing EZ2m by supz2Z2m) be
ause if we know the distributionPZ we have solved the learning problem already5.Theorem 3 (VC bound) For any probability measure PZ, for any hypothesis spa
e H �YX , for any learning algorithm A : Z(1) ! YX , for any Æ 2 (0; 1℄, for any loss l : Y �Y !4. If the range of the loss fun
tion l is f0; 1g then for any double sample z 2 Z2m,N� 12m;Ll (H) ; �z1� = ���Ll (H)jz��� ;that is, the 
overing number at s
ale 12m equals the number of di
hotomies of Ll (H) on z.5. An interesting question arising from this analysis is whether or not we 
an boundEZ2m �N � 12m ;Ll (H) ; �Z1�� by its empiri
al 
ounterpart N � 12m ;Ll (H) ; �z1� using large deviationbounds for fun
tions of random variables (see (Devroye and Lugosi, 2001; Bou
heron et al., 2000) for�rst results). 179



Herbri
h and Williamsonf0; 1g, with probability at least 1 � Æ over the random draw of the training sample z 2 Zmof size m, for all hypotheses h 2 H su
h that bRl [h;z℄ = 0,Rl [h℄ � 4m �dH (2m) + ln�2Æ�� : (2)Furthermore, if bRl [A (z) ;z℄ = 0,Rl [A (z)℄ � 4m �dA (2m) + ln�2Æ��where dH and dA are de�ned as follows:dH (m) := ln� supz2Zm N� 1m;Ll (H) ; �z1�� ;dA (m) := ln� supz2Zm N� 1m;Ll (HA (z)) ; �z1�� ;HA (z) := �A��i (z)h1: jzj2 i� ���� i 2 Ijzj� : (3)For any algorithm A whi
h 
hooses its hypotheses h from some pre-de�ned hypothesis spa
eH we know by de�nition that dA (m) � dH (m) be
ause HA (z) � H. Hen
e, exploitingthe spe
i�
 learning algorithm used we 
an (perhaps) redu
e the 
omplexity 
ompared toa uniform study of hypothesis spa
e. Note, however, that dA (m) is driven by the worsttraining sample zworst 2 Zm although we might never observe zworst. In the 
ase of uniformguarantees over some hypothesis spa
e H, a re�nement of step 4 has been suggested inthe �lu
kiness framework� to make the 
omplexity dH dependent on the observed trainingsample.4. The Classi
al Lu
kiness FrameworkThe 
lassi
al lu
kiness framework was introdu
ed by Shawe-Taylor et al. (1998). In orderto re�ne the 
overing number analysis in step 4 we introdu
e an ordering between all thehypotheses to be 
overed for a given double sample z 2 Zm. Su
h an ordering shouldbe thought of as an a-priori preferen
e for hypothesis h for a given sample; it expresseshow lu
ky we are to observe the sample when 
onsidering the hypothesis h. Formally, thisfun
tion, whi
h is also 
alled a lu
kiness fun
tion, is de�ned by L : YX �Z(1) ! R. Givena lu
kiness fun
tion L and a sample z 2 Zm, we order all hypotheses in des
ending orderof their lu
kiness, that is, L (hi;z) � L (hi+1;z) for all i 2 N. Hen
e, ea
h parti
ularhypothesis h 2 H 
an be used to index the subsetH (h;z) := fg 2 H j L (g;z) � L (h;z)gof hypotheses whi
h are higher up in the order de�ned by L (i.e. those more �lu
ky� thanh). This allows the 
ontrol of the 
overing number N � 1m ;Ll (H (h;z)) ; �z1� by investigatingonly a subset of hypotheses. This is exa
tly what we need: imposing some empiri
ally180
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 Lu
kinessmeasurable 
ondition (su
h as L (h;z) � L0) we are able to redu
e the hypotheses spa
esize as measured by the 
overing numbers.The biggest te
hni
al di�
ulty arises be
ause we already introdu
ed a ghost sample ~z.Sin
e we only observe a training sample z of size m we need to be able to determine the
overing number N � 12m ;Ll (H (h;z~z)) ; �z~z1 � on any double sample (z~z) 2 Z2m only usingthe value of the lu
kiness fun
tion on the �rstm examples, L (h;z). If we 
an �nd a fun
tion! : R � N ! N su
h that for all double samples z 2 Z2m8h 2 H : N� 12m;Ll (H (h;z)) ; �z1� � ! �L �h;z[1:m℄� ;m� (4)then we 
an use ! �L �h;z[1:m℄� ;m� in pla
e of the worst-
ase 
overing number dH (2m) andthus in
orporate a dependen
e on the observed training sample into the bound. Unfortu-nately, (4) is di�
ult to establish and the requirement needs to be relaxed by allowing thefun
tion ! to �use� parts of the training sample z[1:m℄ to estimate N � 12m ;Ll (H (h;z)) ; �z1�.More formally, this reads as follows6.De�nition 4 (!-smallness of the lu
kiness fun
tion) A lu
kiness fun
tion L : YX �Z(1) ! R is !�small, ! : R�N�(0; 1℄ ! N, if for all m 2 N, all Æ 2 (0; 1℄ and all measuresPZ, PZ2m �9h 2 H : N� 12m;Ll (H (h;Z)) ; �Z1� > ! �L �h;Z[1:m℄� ;m; Æ�� < Æ :It is worth noti
ing that the training sample is used be
ause by virtue of (1), for any �xeddouble sample z 2 Z2m we e�e
tively need to 
ount the number of permutations (swappings)su
h that7 N� 12m;Ll (H (h;z)) ; �z1� > ! �L�h;�i (z)[1:m℄� ;m; Æ�and ensure that there will never be more than a fra
tion of Æ satisfying the above event. Insummary, if we 
arry out the above mentioned analysis in step 4 we arrive at the followingmain theorem of the lu
kiness framework.Theorem 5 (Lu
kiness bound) Suppose L : YX � Z(1) ! R is a !�small lu
kinessfun
tion. For any probability measure PZ, for any binary loss l : Y � Y ! f0; 1g, for anyd 2 N and for any Æ 2 (0; 1℄, with probability at least 1 � Æ over the random draw of thetraining sample z 2 Zm of size m, if bRl [h;z℄ = 0 and ! �L (h;z) ;m; Æ4� � 2d thenRl [h℄ � 2m �d+ log2�4Æ�� : (5)In order to make the bound independent of the 
hoi
e of d we �stratify� over the values8 ofd 2 �1; : : : ; m2 	 by applying Lemma 19 with pd = 2m . Hen
e, we obtain that with probability6. Note that the notion of !-smallness of the lu
kiness fun
tion is referred to as probable smoothness in theoriginal paper Shawe-Taylor et al. (1998).7. Note that Shawe-Taylor et al. (1998) assumed that the lu
kiness fun
tion L is permutation invariant.8. Although by de�nition ! � 22m we 
an stop the appli
ation of Lemma 19 at d = m2 be
ause by theboundedness of the loss fun
tion Rl [h℄ � 1. 181



Herbri
h and Williamsonat least 1 � Æ over the random draw of the training sample z 2 Zm, for all hypotheses hwith zero training error, bRl [h;z℄ = 0, the predi
tion error satis�esRl [h℄ � 2m ��log2�!�L (h;z) ;m; Æ2m���+ log2�2mÆ ��| {z }b(h;z) :In 
ontrast to the standard VC bound we observe that the 
omplexity strongly depends onthe training sample via the lu
kiness fun
tion L to be 
hosen beforehand. The lu
kinessframework is sometimes also 
alled the data dependent stru
tural risk minimisation frame-work be
ause the training data z 2 Zm is used to stru
ture the hypothesis spa
e H intosubsets of in
reasing 
omplexity H1 (z; Æ) � H2 (z; Æ) � � � � � H whereHi (z; Æ) := �h 2 H ���� !�L (h;z) ; jzj ; Æ2 � jzj� � 2i� :5. The Algorithmi
 Lu
kiness FrameworkThe 
lassi
al lu
kiness framework solves the problem of sample dependen
e of the 
omplexitymeasure while still su�ering from the independen
e of the spe
i�
 learning algorithm used.As a 
onsequen
e, even if we 
onsider the minimiser hz := argmin fh2H j bRl[h;z℄=0g b (h;z)of the bound given in Theorem 5, this theorem is also valid for the following algorithmAworst;lu
ky (z) := argmaxfh2H j ( bRl[h;z℄=0)^(b(h;z)=b(hz;z))g Rl [h℄ :Though this algorithm 
annot be implemented, we see that we need to take into a

ount thelearning algorithm A to eventually attain better generalisation error bounds. In 
ontrast tothe 
lassi
al lu
kiness framework, where a lu
kiness L (h;z) measures to what extent anyh 2 YX ��ts� to the training sample z 2 Z(1) observed, we now only 
on
entrate on theone fun
tion A (z) learned by the given learning algorithm A : Z(1) ! YX . Similarly tothe 
lassi
al lu
kiness framework we need to introdu
e an ordering among all the hypothesesHA (z) whi
h 
an be learned by the given learning algorithm (see (3)). The set HA (z) ofhypotheses naturally o

urs when introdu
ing a ghost sample ~z 2 Zm and applying (1).De�nition 6 (Algorithmi
 lu
kiness and lu
ky sets) Any fun
tion L that maps an al-gorithm A : Z(1) ! YX and a training sample z 2 Z(1) to a real value is 
alled an al-gorithmi
 lu
kiness. For all even m 2 N, the lu
ky set HA(L;z) � HA (z) � YX is theset of all hypotheses that are learned from the �rst m2 examples �z�i(1); : : : ; z�i(m2 )� whenpermuting the whole sample z, i.e.HA (L;z) := �A��i (z)h1: jzj2 i� j i 2 IA (L;z)� � HA (z) ;where IA (L;z) := �i 2 Ijzj ���� L�A;�i (z)h1: jzj2 i� � L�A;zh1: jzj2 i�� :182



Algorithmi
 Lu
kinessWe know by de�nition that for any double sample z 2 Z2m,���Ll (HA (L;z))jz��� � jLl (HA (L;z))j � jHA (L;z)j � jIA (L;z)j � (2m)!m! ; (6)be
ause among the (2m)! = jI2mj many di�erent permutations there are equivalen
e
lasses of size m! where only examples in the se
ond half �i (z)[(m+1):2m℄ (ghost sample)are permuted whi
h does not 
hange A(�i(z)[1:m℄). The general idea we shall pursue
losely follows the argument in the 
lassi
al lu
kiness framework. In fa
t, as we are onlygiven the training sample (z1; : : : ; zm) we need to be able to bound the 
overing numberN (�;Ll (HA (L;z)) ; �z1 ) only using the lu
kiness of A on the �rst half of the double samplez 2 Z2m. Again, if we are able to show that with high probability over the random drawof the training and ghost sample this 
overing number 
an be bounded by a fun
tion of thelu
kiness on the training sample only then we 
an exploit the value of the lu
kiness to devisetraining sample based bounds on the predi
tion error.De�nition 7 (!�smallness of the algorithmi
 lu
kiness fun
tion) Given an algo-rithm A : Z(1) ! YX and a loss l : Y � Y ! R+ the algorithmi
 lu
kiness fun
tion Lis !�small at s
ale � 2 R+ if for all m 2 N, all Æ 2 (0; 1℄ and all PZ,PZ2m �N��;Ll (HA (L;Z)) ; �Z1� > ! �L �A;Z[1:m℄� ; l;m; Æ; ��� < Æ : (7)The purpose of the fun
tion ! is to exploit the value of the lu
kiness on the �rstm examples,L (A; (z1; : : : ; zm)), in order to upper bound the 
overing number of �rea
hable� hypotheses(or their indu
ed loss fun
tions) ex
eeding this value. A hypothesis h 2 YX 
an be rea
hedif the (�xed) learning algorithm returns this fun
tion for a 
ertain permutation of the doublesample. Using the !�smallness of L we have our two main theorems.Theorem 8 (Algorithmi
 lu
kiness bound for binary losses) Suppose we havea learning algorithm A : Z(1) ! YX and an algorithmi
 lu
kiness L that is !�smallat s
ale 12m for a binary loss fun
tion l : Y � Y ! f0; 1g. For any probability measurePZ, any d 2 N and any Æ 2 (0; 1℄, with probability at least 1� Æ over the random drawof the training sample z 2 Zm of size m a

ording to PZm , if bRl [A (z) ;z℄ = 0 and! �L (A;z) ; l;m; Æ4 ; 12m� � 2d thenRl [A (z)℄ � 2m �d+ log2�4Æ�� :Theorem 9 (Algorithmi
 lu
kiness bound for bounded losses) Suppose wehave a learning algorithm A : Z(1) ! YX and an algorithmi
 lu
kiness L that is!�small at s
ale � for a bounded loss fun
tion l : Y � Y ! [0; 1℄. For any probabilitymeasure PZ, any d 2 N and any Æ 2 (0; 1℄, with probability at least 1 � Æ overthe random draw of the training sample z 2 Zm of size m a

ording to PZm , if! �L (A;z) ; l;m; Æ4 ; �� � 2d thenRl [A (z)℄ � bRl [A (z) ;z℄ +s 8m �d+ log2�4Æ��+ 4� :183



Herbri
h and WilliamsonThe proofs 
an be found in Appendix A.6 and A.7; they 
losely follow the idea out-lined in Se
tion 3. These two bounds 
onstitute the main results of the algorithmi
lu
kiness framework. Note that a straightforward appli
ation of the multiple testinglemma (see Lemma 19) allows us to remove the assumption on the 
omputable numberslog2 (! (L (A;z) ; l;m; Æ=4; �)) be
ause if this number ex
eeds m=2 both bounds be
ometrivially true. As a 
onsequen
e, for any learning algorithm A and any !�small lu
kinessfun
tion L, with probability at least 1 � Æ over the random draw of the training sample zof size m, for a binary loss fun
tion l : Y �Y ! f0; 1g we know that if bRl [A (z) ;z℄ = 0,Rl [A (z)℄ � 2m ��log2�!�L (A;z) ; l;m; Æ2m; 12m���+ log2�2mÆ �� ;and for any bounded loss l : Y � Y ! [0; 1℄,Rl [A (z)℄ � bRl [A (z) ;z℄+s 8m ��log2�!�L (A;z) ; l;m; Æ2m; ����+ log2�2mÆ ��+4� :The di�eren
e to the main results in the 
lassi
al lu
kiness framework (see (5)) and the VCframework (see (2)) is only within the de�nition of the 
omplexity:� In the VC framework, the 
omplexity d = dH (2m) is only dependent on the hypothesisspa
e H; it is always assumed that A : Z(1) ! H � YX . The main motivation fordoing so stems from the so-
alled key theorem of learning theory whi
h says thatthe (distribution independent) 
onsisten
y of the empiri
al risk minimisation (ERM)algorithm AERM is equivalent to the uniform 
onvergen
e of training errors bRl [h;z℄to predi
tion errors Rl [h℄ over the whole hypothesis spa
e H. The ERM algorithm isformally de�ned by AERM (z) := argminh2H bRl [h;z℄ : (8)� In the 
lassi
al lu
kiness framework, the 
omplexity d = �log2 �! �L (h;z) ;m; Æ2m���is dependent on the training sample z 2 Zm via the lu
kiness fun
tion. This allows tostudy learning algorithms whi
h map to a mu
h ri
her spa
e su
h as YX , given thatthe lu
kiness fun
tion L is using the training sample. However, the requirement onthe lu
kiness fun
tion L is very stri
t sin
e it has to provide a bound on the 
overingnumber whi
h holds uniformly over the hypothesis spa
e regardless of the fa
t thatthe given learning algorithm might never have learned 
ertain hypotheses.� In the algorithmi
 lu
kiness framework, the 
omplexity d =�log2 �! �L (A;z) ; l;m; Æ2m ; ���� is dependent on both the training sample z 2 Zmand the learning algorithm A via the algorithmi
 lu
kiness fun
tion L. The extra pa-rameters are ne
essary be
ause the algorithmi
 lu
kiness framework is also appli
ableto the 
ase of non-zero training error bRl [A (z) ;z℄.6. Examples of !�Small Lu
kiness Fun
tionsIn this se
tion we present several algorithmi
 lu
kiness fun
tions whi
h illuminate the re-lationship of the new framework with already existing mathemati
al models of learning.184



Algorithmi
 Lu
kinessAs with the 
lassi
al lu
kiness framework, the whole di�
ulty in the algorithmi
 lu
kinessframework has been shifted into �nding !�small lu
kiness fun
tions L. Sin
e the !�smallness
ondition (7) has to hold regardless of the measure PZ, essentially only two te
hniques 
anbe used:1. If we 
an show that for a �xed learning algorithm A and a given lu
kiness L, thereexists a fun
tion ! of L (A; (z1; : : : ; zm)) that for all double samples z = (z1; : : : ; z2m)is a stri
t upper bound on the 
overing number N (�;Ll (HA (L;z)) ; �z1 ), the fun
tion! will be independent of Æ and satisfy the requirements of De�nition 7.2. Sin
e PZm is a produ
t measure, it is (in general) the only measure whi
h is invariantunder any permutation. In other words, ifJ (z) � N (�;Ll (HA (L;z)) ; �z1 ) > ! �L �A;z[1:m℄� ; l;m; Æ; ��then it has to hold thatPZ2m (J (Z)) = EI �PZ2mjI=i (J (�i (Z)))� = EZ2m �PIjZ2m=z (J (�I (z)))�for any measure PI over permutations �i. The advantage is that in the last statementit su�
es to show that the fra
tion of permutations �i whi
h satisfyN (�;Ll (HA (L;�i (z))) ; �z1 ) > ! �L�A;�i (z)[1:m℄� ; l;m; Æ; ��is less than Æ for any z 2 Z2m. Thus, the original problem has been redu
ed to aproblem of 
ounting permutations. Note that we exploited the fa
t that, by de�nition,N (�; �; �z1 ) is a permutation invariant fun
tion of z.These two tri
ks are the only tools we will need to relate the algorithmi
 lu
kinessframework to previous studies. It is sometimes possible to bound the 
overing numberN (�;Ll (HA (L;z)) ; �z1 ) using (6).6.1 VC Dimension of Hypothesis Spa
esIn the 
ase of learning algorithms A that 
hoose their hypothesis from a subset H � YX andbinary loss fun
tions l : Y � Y ! f0; 1g we obtain that, regardless of L, jLl(HA (L;z))jzjis no greater than the value of the growth fun
tion GH (2m) be
ause the latter is de�ned asfollows GH (m) := supz2Zm ���Ll (H)jz��� ; (9)and by de�nition HA (L;z) � H for any L and z 2 Z2m. This quantity 
an be boundedfrom above in terms of the VC-dimension #H of H (for details see Vapnik, 1982; Kearnsand Vazirani, 1994; Herbri
h, 2002). In parti
ular, the result reads as follows (Vapnik andChervonenkis, 1971; Sauer, 1972).Theorem 10 (Bound on the growth fun
tion) For any hypothesis spa
e H � YX andany loss fun
tion l : Y � Y ! f0; 1g the growth fun
tion (9) either185
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h and Williamson1. satis�es the equality 8m 2 N : GH (m) = 2m ;2. or there exists a natural number #H 2 N su
h thatGH (m)� = 2m if m < #H�P#Hi=0 �mi � if m � #H :Note, however, that this bound is very 
oarse be
ause we neither exploit any prior knowledgeabout the algorithm and the unknown probability measure using LVC := �#H nor will, ingeneral, the lu
ky set HA (LVC;z) be H. The sole justi�
ation for the usage of the growthfun
tion as a 
omplexity measure is due to a theorem whi
h be
ame known as the �keytheorem of learning theory� (Vapnik and Chervonenkis, 1991; Vapnik, 1995). The theoremstates that the 
onsisten
y of the empiri
al risk minimisation algorithm (see (8)) is equivalentto the uniform 
onvergen
e9 of training errors to predi
tion errors over H. Without anyassumptions on PZ, the uniform 
onvergen
e is equivalent to a sub-exponential s
aling ofGH, i.e. �niteness of the VC dimension #H. This 
an be seen by applying Lemma 18 to theexpression in Theorem 10 yielding82m > #H : log2�!�L0; l;m; Æ; 12m�� � log2 (GH (2m)) � #H � log2�2em#H � : (10)6.2 Sparsity of Compression S
hemesIn Littlestone and Warmuth (1986) and Floyd and Warmuth (1995) a set of learning algo-rithms was studied whi
h have the appealing property that A (z) 
an be reprodu
ed from asmaller subsample ~z � z of the training sample z. More formally this reads as follows.De�nition 11 (Compression s
hemes) The algorithm A : Z(1) ! YX is a 
ompressions
heme if and only if the algorithm 
an be written asA (z) = R �zC(z)�where R : Z(1) ! YX is 
alled the re
onstru
tion fun
tion and is assumed to be permutationinvariant. The 
ompression fun
tion C : Z(1) ! N(1) maps training samples to indexve
tors (i1; : : : ; id), 1 � i1 < � � � < id.An example of a 
ompression s
heme is given by the maximum margin algorithm also knownas a support ve
tor ma
hine (Boser et al., 1992; Cortes and Vapnik, 1995) (see also Se
tion 7):9. More formally, this reads as follows: For any measure PZ, for any loss fun
tions l : Y � Y ! f0; 1g, forany H � YX it holds that8" > 0 : limm!1PZm ��suph2H Rl [h℄� bRl [h;Z℄� > "� = 0 ,8" > 0 : limm!1PZm ��Rl [AERM (Z)℄� infh2HRl [h℄� > "� = 0 :186
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 Lu
kinessThe 
ompression fun
tion is given by a run of the maximum margin algorithm returning onlythe indi
es C (z) of the so-
alled support ve
tors. By the Karush-Kuhn-Tu
ker 
onditions weknow that running the maximum margin algorithm only on the support ve
tors, zC(z), wewill obtain the same hypothesis as running the algorithm on the full sample z. Intuitively,the smaller the value jC (z)j 2 f1; : : : ; jzjg the less 
hoi
es the learning algorithm had in the
onstru
tion of the hypothesis whi
h should result in a tighter bound on the predi
tion errorRl [A (z)℄ of A (z). In order to 
ast this notion into the algorithmi
 lu
kiness framework weintrodu
e the sparsity lu
kiness.Theorem 12 (Sparsity lu
kiness) Given an algorithm A : Z(1) ! YX whi
h is a 
om-pression s
heme the sparsity lu
kiness Lsparse is de�ned byLsparse (A;z) := � jC (z)j :The sparsity lu
kiness is !�small at any s
ale � 2 R+ where! (L0; l;m; Æ; �) = �L0Xi=0 �2mi � : (11)Proof Let us 
onsider any double sample z 2 Z2m. A

ording to De�nition 7 and(6) it su�
es to bound the size of jIA (Lsparse;z)j be
ause this is an upper bound onjLl (HA (Lsparse;z))j. Let k be the sparsity of A on (z1; : : : ; zm), i.e. k = ��C �z[1:m℄���. Inorder to generate a new hypothesis using R we have to �nd another subsample ~z � z ofsize not larger than k be
ause only permutations where the lu
kiness does not de
rease are
onsidered in IA (Lsparse;z). Note that the number of i distin
t indi
es from f1; : : : ; 2mgis exa
tly �2mi �. Noting that the order of the examples is irrelevant for the re
onstru
tionfun
tion (see De�nition 11), there are no more than Pki=0 �2mi � distin
t subsets of size notgreater than k of the double sample z 2 Z2m whi
h 
ould (potentially) be used by thelearning algorithm to re
onstru
t hypothesis. The theorem is proven.If we apply Lemma 18 to (11) we obtain that the e�e
tive 
omplexity of the fun
tion learnedby a 
ompression s
heme islog2 (! (L0; l;m; Æ; �)) � �L0 � log2�2em�L0� ;whi
h should be 
ompared with the 
orresponding result (10) of VC theory. In 
ontrast tothe results by Floyd and Warmuth (1995) we do not need to redu
e the e�e
tive trainingsample size to (m� jC (z)j) at the pri
e of 2m rather than m in the binomial term and anextra fa
tor of 2 resulting from the basi
 lemma. For large training sample sizes, the positivee�e
t is that the training error is not dis
ounted by the fa
tor m�jC(z)jm (see Graepel et al.,2000) but only the 
omplexity term is in�uen
ed. Finally we see that the sparsity lu
kinessmakes use of both the learning algorithm (via C) and the training sample (via jC (z)j) whi
hsomehow explains why 
ompression bounds are very tight in pra
ti
al appli
ations.
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h and Williamson6.3 Uniform Algorithmi
 StabilityThe idea behind uniform algorithmi
 stability is as follows (Bousquet and Elissee�, 2001):If the in�uen
e of a single training example (xi; yi) 2 z on the learned fun
tion A (z) isde
reasing with in
reasing training sample size m, then it should be possible to exploit thisstability for bounding the generalisation error. As we are only interested in the predi
tionsof the fun
tion learned on new test point, the in�uen
e is usually measured by the maximum
hange in the fun
tions output. More formally, this reads as follows.De�nition 13 (Uniform stability) Let (�i)i2N be a de
reasing sequen
e of positive realnumbers. A learning algorithm A : Z(1) ! YX is said to be �m�stable w.r.t. the lossfun
tion l : Y � Y ! R if for all i 2 f1; : : : ;mg,8z 2 Zm : 8 (x; y) 2 Z : jl (A (z) (x) ; y)� l (A ((z1; : : : ; zi�1; zi+1; : : : ; zm)) (x) ; y)j � �m :Then the following generalisation error bound was proved by Bousquet and Elissee� (2001).Theorem 14 (Algorithmi
 stability bound) Suppose the learning algorithm A :Z(1) ! YX is �m�stable w.r.t. a loss fun
tion l : Y � Y ! [0; 1℄, with probability atleast 1� Æ over the random draw of training samples z 2 Zm,Rl [A (z)℄ � bRl [A (z) ;z℄ + 2�m +s2m�4�m + 1m�2 ln�1Æ� : (12)Note that the last term dominates the bound. Thus, in order to have a 
onvergen
e ofbRl [A (z) ;z℄ to Rl [A (z)℄, �m has to de
rease at a rate faster than m� 12 , i.e. we requirelimm!1 �m � pm = 0 : (13)In order to relate algorithmi
 lu
kiness to uniform algorithmi
 stability we 
onsider a morere�ned version of uniform stability. Broadly speaking, sin
e we 
onsider a ghost sample ofsize m it is only ne
essary to know by how mu
h the loss fun
tion is 
hanging on the doublesample when swapping from the ghost sample and training sample.De�nition 15 (��stability) A permutation invariant learning algorithm A : Z(1) ! YXis said to be ��stable w.r.t. the loss fun
tion l : Y�Y ! R if for all double samples z 2 Z2mand all i; j 2 I2m,12m 2mXk=1 ���l �A��i (z)[1:m℄� (xk) ; yk�� l �A��j (z)[1:m℄� (xk) ; yk���� � � (m;D (i; j)) ;where D (i; j) := m� jfi1; : : : ; img \ fj1; : : : ; jmgj.For permutation invariant learning algorithms uniform stability is a stronger notion of sta-bility be
ause any permutation invariant and uniformly stable algorithm is ��stable.188
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 Lu
kinessLemma 16 (Uniform stability implies ��stability) If a permutation invariant learn-ing algorithm A : Z(1) ! YX is �m�stable w.r.t. the loss fun
tion l : Y � Y ! R then it is��stable with � (m; d) = 2 � d � �m :Proof Consider an arbitrary z 2 Z2m. Given two permutations �i 2 I2m and �j 2 I2msu
h that D (i; j) = d, without loss of generality we 
an assume that i1 6= j1; : : : ; id 6= jdand id+1 = jd+1; : : : ; im = jm be
ause A is permutation invariant. Then we 
an always�nd d permutations �i1 ; : : : ; �id su
h (ik)1 6= j1; : : : ; (ik)d�k 6= jd�k and (ik)d�k+1 =jd�k+1; : : : ; (ik)m = jm. For a given (x; y) 2 Z, let lk (x; y) := l(A(�ik (z)[1:m℄)(x); y)and lknn(x; y) := l(A(�ik (z)(1;:::;n�1;n+1;:::;m))(x); y). By De�nition 13 we know that for all(x; y) 2 Zjlk (x; y)� lk+1 (x; y)j = ��lk (x; y)� lknk+1 (x; y) + lknk+1 (x; y)� lk+1 (x; y)��� ��lk (x; y)� lknk+1 (x; y)��+ ��lknk+1 (x; y)� lk+1 (x; y)��� 2 � �m :Noti
ing that A��i (z)[1:m℄� = h0 and A��j (z)[1:m℄� = hd we thus obtainjl0 (xj; yj)� ld (xj ; yj)j = �����d�1Xk=0 lk (xj; yj)� lk+1 (xj; yj)������ d�1Xk=0 jlk (xj; yj)� lk+1 (xj; yj)j� d � 2 � �m :The lemma is proven.Sin
e D (i; j) � m by de�nition we know that the hypothesis A �z[1:m℄� 
overs all possibleloss fun
tions Ll (HA (z)) at s
ale � (m;m) w.r.t. �z1 . As a 
onsequen
e, for any doublesample z 2 Z2m and any lu
kiness fun
tion, ! �L �A;z[1:m℄� ; l;m; Æ; � (m;m)� = 1. Usingthis result together with Theorem 9 we have shown that for any ��stable (�m�stable) learningalgorithm A : Z(1) ! YX with probability at least 1� Æ over the random draw of trainingsamples z, Rl [A (z)℄ � bRl [A (z) ;z℄ +s 8m log2�4Æ�+ 4� (m;m)� bRl [A (z) ;z℄ +s 8m log2�4Æ�+ 8m�m ;where the last line follows from Lemma 16. In order to have a 
onvergen
e of bRl [A (z) ;z℄to Rl [A (z)℄, �m has to de
rease at a rate faster than m�1, i.e.limm!1 �m �m = 0 ;189
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h and Williamsonwhi
h should be 
ompared with (13).Our aim was not to improve the result in Theorem 14 but to reveal the relation of algo-rithmi
 stability results � whi
h are usually proved using 
on
entration inequalities � toalgorithmi
 lu
kiness. The result obtained is weaker insofar as it makes a stronger require-ment on the behaviour of �m as a fun
tion of m. On the other hand, the way we obtainedthe result involved some very 
rude bounding steps. In order to improve the 
urrent resulttwo ways are 
on
eivable:1. Rather than 
overing the indu
ed loss fun
tion set by one single swapping at a verylarge s
ale of � (m;m), one 
ould envisage a larger 
over at a smaller s
ale with the
on
omitant redu
tion of � (m; �). One approa
h to 
over this set is to 
onstru
t a
over of I2m using the D (i; j)�metri
. This 
an be related to the Hamming distan
eof binary strings and thus one 
an use results on the maximal size of a 
onstant weight
ode to bound the 
overing number we seek M
Elie
e et al. (see 1977).2. Instead of using Lemma 16 one should try to bound � (�; �) dire
tly for some parti
ularalgorithms. In 
ontrast to uniform stability, it would su�
e to bound � with highprobability whi
h 
an be readily in
orporated into the notion of !�smallness.Finally, we remark that results su
h as Theorem 14 should be interpreted very 
arefully inrelation to parti
ular algorithms. For example, although Bousquet and Elissee� have shownfor algorithms whi
h minimise a regularised fun
tional of the formRreg [h;z℄ := bRl [h;z℄ + � khkthat �m � 
�m for some 
onstants 
 2 R+ , one should not simply substitute this boundinto (12) and 
onsider the s
aling behaviour in m sin
e in pra
ti
e the optimal � (often
hosen by 
ross-validation) will itself be a fun
tion of m. Furthermore, it is not possibleto determine the s
aling behaviour of � as a fun
tion of m a-priori be
ause it depends onthe unknown target fun
tion. It would seem that some form of lu
kiness argumentation isne
essary to allow � to be dependent on the training sample. In 
ontrast to 
on
entrationinequalities (whi
h so far seems to require a uniform notion of stability) the algorithmi
lu
kiness framework o�ers the advantage of exploiting knowledge of the target fun
tiondire
tly using the lu
kiness fun
tion (whi
h, so far, was 
onstant and independent of thesample).7. An Appli
ation of Algorithmi
 Lu
kiness to Linear Classi�ersIn this se
tion we study the maximum margin algorithm for linear 
lassi�ers, AMM : Z(1) !H�, where H� := fx 7! h� (x) ;wi jw 2 Kg and � : X ! K � `N2 is known as the featuremapping (see Boser et al., 1992; Cortes and Vapnik, 1995, for details). As our hypotheses h 2H� map to real-valued fun
tions we de�ne the zero-one loss w.r.t. sign (h) as l (h (x) ; y) =l0�1 (h (x) ; y) := Iyh(x)�0. Classi
al VC generalisation error bounds exploit the fa
t that#H� = N and thus use (10) in Theorem 8. A

ording to this result it seems 
ru
ial that wehave more training examples than dimensions of feature spa
e, m � N , be
ause otherwisethe resulting bound on the predi
tion error be
omes trivial. The impossibility to obtain190
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 Lu
kinessany pra
ti
ally useful results (bounds that are independent of N) in the VC framework isbelieved to be 
losely related to the intuitive notion of the 
urse of dimensionality. However,Shawe-Taylor et al. (1998) have shown that we 
an use fatH� (
z (w)) � (
z (w))�2 (at thepri
e of an extra log2 (32m) fa
tor) in pla
e of #H� where
z (w) := min(xi;yi)2z yi h� (xi) ;wikwkis known as the margin. This result was proven essentially using a lu
kiness-based reason-ing10. The most important di�eren
e to the VC-type result lies in the independen
e of thebound on the number of dimensions of feature spa
e, N . If the training sample z 
ould be
orre
tly 
lassi�ed with a hypothesis hw that has a margin 
z (w) whi
h is substantiallylarger than pm then, regardless of the dimensionality N of the feature spa
e K, hw hasa small predi
tion error. This result forms the theoreti
al basis for the maximum marginalgorithm whi
h �nds the weight ve
tor wMM that maximises 
z (w). It is known (S
hölkopfet al., 2001) that wMM 
an be written as a linear 
ombination of the � (xi), i.e.wMM = mXi=1 �i� (xi) :Interestingly, however, the bound by Shawe-Taylor et al. (1998) does not only hold for thelarge margin 
lassi�er wMM but for every 
lassi�er whi
h has zero training error.In the following we shall present an algorithmi
 lu
kiness fun
tion whi
h is only valid forthe maximum margin algorithm. For notational 
onvenien
e, we shall assume that AMM :Z(1) ! R(1) maps to the expansion 
oe�
ients � su
h that kw�k = 1 where w� :=Pj�ji=1 �i� (xi). Thus, kAMM (z)k1 means the 1�norm of the expansion 
oe�
ients �. Then,our new margin bound follows from the following theorem together with Theorem 8.Theorem 17 Let �i (x) be the smallest � > 0 su
h that f� (x1) ; : : : ;� (xm)g 
an be
overed by at most i balls of radius less than or equal �. Let �z (w) be de�ned by�z (w) := min(xi;yi)2z yi h� (xi) ;wik� (xi)k � kwk : (14)For the zero-one loss l0�1 and the maximum margin algorithm AMM, the lu
kinessfun
tionLMM (AMM;z) := �min8<:i = 4j; j 2 N ������ i � 4 � � i4 (x) � kAMM (z)k1�z �wAMM(z)� !29=; ; (15)is !-small at s
ale 1=2m w.r.t. the fun
tion!�L0; l;m; Æ; 12m� = �2em�L0��2L0 : (16)10. The derivation of this result needs a slightly more 
ompli
ated version of !�smallness of the lu
kinessfun
tion Lmargin (w; z) := �
z (w) (see Shawe-Taylor et al. (1998) for details).191
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h and WilliamsonProof First we note that by a slight re�nement of a theorem of Makovoz (1996) (seeCorollary 29 in Appendix A.8) we know that for any z 2 Zm there exists a weight ve
torbw =Pmi=1 b�i� (xi) su
h that

bw�wAMM(z)

2 � �2z �wAMM(z)� (17)and b� 2 Rm has no more than �L (AMM;z) non-zero 
omponents. Although only wAMM(z)is of unit length, we show in Theorem 30 in Appendix A.8 that (17) implies�wAMM(z); bwkbwk� �q1� �2z �wAMM(z)� :Using equation (10) of Herbri
h and Graepel (2001) this implies that �z (bw) > 0, that is,bw 
orre
tly 
lassi�es z 2 Zm. Consider a �xed double sample z 2 Z2m and let L0 :=L (AMM; (z1; : : : ; zm)). By virtue of De�nition 6 and the above argument we only need to
onsider permutations �i su
h that there exists a weight ve
tor bw = Pmj=1 b�j� (xj) withno more than L0 non-zero b�i. As there are exa
tly �2mi � distin
t 
hoi
es of i 2 f1; : : : ; L0gtraining examples from the 2m examples z there are no more than (2em=L0)L0 di�erentsubsamples to be used in bw (see Lemma 18). For ea
h parti
ular subsample z � z the weightve
tor bw is a member of the 
lass of linear 
lassi�ers in a L0 (or less) dimensional spa
e.Thus, from (10) it follows that for the given subsample z there are no more (2em=L0)L0di�erent di
hotomies indu
ed on the double sample z 2 Z2m. As this holds for any doublesample, the theorem is proven.There are several interesting features about this result. Firstly, observe that kAMM (z)k1 isa measure of sparsity of the solution found by the maximum margin algorithm whi
h, in thepresent 
ase, is 
ombined with margin. Note that for normalised data, i.e. k� (�)k = 
onstant,the two notion of margins 
oin
ide, i.e. �z (w) = 
z (w). Se
ondly, the quantity �i (x) 
anbe 
onsidered as a measure of the distribution of the mapped data points in feature spa
e.From the de�nition, for all i 2 N, �i (x) � �1 (x) � maxj2f1;:::;mg k� (xj)k. It is worthwhilementioning that bounding �i (x) from above bymaxj2f1;:::;mg k� (xj)k is too 
rude a step andwill lead to a bound on the e�e
tive 
omplexity dlog2 (! (L0; l0�1;m; �; 1=2m))e whi
h s
alesas ��4z �wAMM(z)� as opposed to ��2z �wAMM(z)� be
ause kAMM (z)k1 = ��1z �wAMM(z)�(Vapnik, 1995). Supposing that the two 
lass-
onditional probabilities PXjY=y are highly
lustered, �2 (x) will be very small. An extension of this reasoning is useful in the multi-
lass 
ase; binary maximum margin 
lassi�ers are often used to solve multi-
lass problems(Vapnik, 1998; Weston and Watkins, 1999). There appears to be also a 
lose relationship of�i (x) with the notion of kernel alignment re
ently introdu
ed in (Cristianini et al., 2002).The 
omputation of �i (x) seems 
losely related to some 
lassi
al questions in 
omputationalgeometry and there are some fast approximate algorithms (Feder and Greene, 1988; Har-Peled, 2001). Finally, one 
an use standard entropy number te
hniques to bound �i (x)in terms of eigenvalues of the inner produ
t matrix or its 
entred variants. It is worthmentioning that although our aim was to study the maximum margin algorithm the abovetheorem a
tually holds for any algorithm whose solution 
an be represented as a linear
ombination of the data points. This in
ludes for example the per
eptron learning algorithm(Rosenblatt, 1958), Bayes point ma
hines (Herbri
h et al., 2001; Ruján and Mar
hand, 2000),relevan
e ve
tor ma
hines (Tipping, 2001) and the Fisher dis
riminant (Mika et al., 1999).192
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kiness8. Con
lusionsIn this paper we have introdu
ed a new theoreti
al framework to study the generalisationerror of learning algorithms. In 
ontrast to previous approa
hes, we 
onsidered spe
i�
learning algorithms rather than spe
i�
 hypothesis spa
es. We introdu
ed the notion ofalgorithmi
 lu
kiness whi
h allowed us to devise data dependent generalisation error bounds.Thus we were able to relate the 
ompression framework of Littlestone and Warmuth withthe VC framework. Furthermore, we presented a new bound for the maximum marginalgorithm whi
h not only exploits the margin but also the distribution of the a
tual trainingdata in feature spa
e. Perhaps the most appealing feature of our margin based bound isthat it naturally 
ombines the three fa
tors 
onsidered important for generalisation withlinear 
lassi�ers: margin, sparsity and the distribution of the data. Further resear
h is
on
entrated on studying Bayesian algorithms and whether one 
an avoid the union boundargument using other te
hniques.A
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h. We are greatly indebted to Thore Graepel, Petra Philips and theanonymous reviewers for useful suggestions.Appendix A. ProofsA.1 An Upper Bound on the Sum of BinomialsWe will sometimes use the following upper bound on the sum of binomials.Lemma 18 (Bound on the sum of binomials) For any m 2 N and n 2 f1; : : : ;mgnXi=0 �mi � < �emn �n :Proof The proof follows from the binomial theorem together with the inequality 1 + x <exp (x) for x 6= 0. Noti
ing that �mn �n�i � 1 for all i 2 f0; : : : ; ng we havenXi=0 �mi � � nXi=0 �mi ��mn �n�i = �mn �n nXi=0 �mi �� nm�i� �mn �n mXi=0 �mi �� nm�i = �mn �n �1 + nm�m< �mn �n exp (n) = �emn �n :193
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A.2 Multiple Testing LemmaThe following result is essentially a union bound argument whi
h allows us to 
ombineseveral generalisation error bounds into a uniform statement. This result has its roots in
lassi
al statisti
al test theory and is known as the Bonferroni lemma.Lemma 19 (Multiple testing) Suppose we are given a set f�1; : : : ;�sg of s measurablelogi
al formulae �i : Z(1)� (0; 1℄! ftrue; falseg together with s positive numbers p1; : : : ; pswhi
h sum up to one. If, for some probability measure PZ,8i 2 f1; : : : ; sg : 8Æ 2 (0; 1℄ : PZm (�i (Z; Æ)) � 1� Æ ;then, for the same probability measure PZ,8Æ 2 (0; 1℄ : PZm (�1 (Z; Æp1) ^ � � � ^�s (Z; Æps)) � 1� Æ :Proof The proof is a simple union bound argument. By de�nitionPZm (�1 (Z; Æp1) ^ � � � ^�s (Z; Æps)) = 1�PZm (:�1 (Z; Æp1) _ � � � _ :�s (Z; Æps))� 1� sXi=1 PZm (:�i (Z; Æpi))> 1� sXi=1 Æpi = 1� Æ sXi=1 pi = 1� Æ :
A.3 Basi
 Lemma for Hypothesis Spa
esIn this subse
tion we present the proof of two basi
 lemmas originally developed by Vapnikand Chervonenkis (1971). In 
ontrast to their result we do not restri
t the ghost sample tobe of the same size as the training sample.Lemma 20 (Basi
 lemma for 
onsistent 
lassi�ers) For all binary losses l : Y �Y !f0; 1g, all probability measures PZ, all hypothesis spa
es H � YX , all measurable formulae� : Z(1) ! ftrue; falseg and all n > m, if " (n�m) � 2 we havePZm �9h 2 H : (Rl [h℄ > ") ^ � bRl [h;Z℄ = 0� ^�(Z)� <2 � PZn �9h 2 H : � bRl �h;Z[1:m℄� = 0� ^ � bRl �h;Z[(m+1):n℄� � "2� ^� �Z[1:m℄�� :Proof Given a sample z 2 Zm let H (z) 2 H be su
h that (Rl [H (z)℄ > ") ^� bRl [H (z) ;z℄ = 0� if su
h an hypothesis exists or any h 2 H otherwise. Let us introdu
e194



Algorithmi
 Lu
kinessthe following shorthand notations where z 2 Zm and ~z 2 Zn�mQ1 (z~z) � bRl [H (z) ; ~z℄ � "2 ; Q2 (z) � � bRl [H (z) ;z℄ = 0� ^�(z) ;Q3 (z) � Rl [H (z)℄ > " :Then, it holds thatPZn �Q1 (Z) ^Q2 �Z[1:m℄�� � PZn �Q1 (Z) ^Q2 �Z[1:m℄� ^Q3 �Z[1:m℄��= PZnjQ2(Z[1:m℄)^Q3(Z[1:m℄) (Q1 (Z)) PZn �Q2 �Z[1:m℄� ^Q3 �Z[1:m℄��= EZm1 hIQ2(Z1)^Q3(Z1)PZn�m2 jZm1 =z1 (Q1 (z1Z2))i :Observe that by the 
onditioning we know that Rl [H (z)℄ > " whenever we have to evaluatethe probability of Q1 (z1z2) over the random draw of z2 2 Zn�m. Now, this probability isthe probability that a binomially distributed random variable with an expe
tation of morethan " is greater than or equal to "(n�m)2 � 1 whi
h is equivalent to " (n�m) � 2. Hen
e,this quantity satis�esPZn�m2 jZm1 =z1 (Q1 (z1Z2)) � 1� (1� ")n�m > 1� exp (�" (n�m)) > 12 ;where we have used the assumption that " (n�m) � 2. As a 
onsequen
e we have shownPZn �9h 2 H : � bRl �h;Z[1:m℄� = 0� ^ � bRl �h;Z[(m+1):n℄� � "2� ^� �Z[1:m℄��= PZn �Q1 (Z) ^Q2 �Z[1:m℄�� > 12PZm (Q2 (Z) ^Q3 (Z))= 12PZm �9h 2 H : (Rl [h℄ > ") ^ � bRl [h;Z℄ = 0� ^�(Z)� :
Lemma 21 (General basi
 lemma) For all bounded loss fun
tions l : Y �Y ! [0; 1℄, allprobability measures PZ, all hypothesis spa
es H � YX , all measurable formulae � : Z(1) !ftrue; falseg and all n > m, if "2 (n�m) > 2 we havePZm ��suph2HRl [h℄� bRl [h;Z℄ > "� ^�(Z)� <2 � PZn ��suph2H bRl �h;Z[(m+1):n℄�� bRl �h;Z[1:m℄� > "2� ^� �Z[1:m℄�� :Proof Given a sample z 2 Zm let H (z) 2 H be given byH (z) := argmaxh2H Rl [h℄� bRl [h;z℄ :195



Herbri
h and WilliamsonLet us introdu
e the following shorthand notations, where z 2 Zm and ~z 2 Zn�mQ1 (z~z) � � bRl [H (z) ; ~z℄� bRl [H (z) ;z℄ > "2� ^�(z ) ;Q2 (z) � �Rl [H (z)℄� bRl [H (z) ;z℄ > "� ^�(z) ;Q3 (z~z) � �Rl [H (z)℄� bRl [H (z) ; ~z℄ < "2� :Sin
e Q2 (z) ^Q3 (z~z) ) Q1 (z~z) we know thatPZn (Q1 (Z)) � PZn �Q2 �Z[1:m℄� ^Q3 (Z)� = PZnjQ2(Z[1:m℄) (Q3 (Z)) PZn �Q2 �Z[1:m℄��= EZm1 hIQ2(Z1)PZn�m2 jZm1 =z1 (Q3 (z1Z2))i :Now, the probability PZn�m2 jZm1 =z1 (Q3 (z1Z2)) is the probability that the mean of n �mrandom variables taking values in [0; 1℄ is no more than "2 smaller than their 
ommon expe
-tation Rl [H (z1)℄. A

ording to Hoe�ding's inequality (Hoe�ding, 1963) this probability isbounded from below by 1� exp�� "2(n�m)2 �. ThusPZn�m2 jZm1 =z1 (Q3 (z1Z2)) � 1� exp��"2 (n�m)2 � > 1� exp (�1) > 12 ;where we used the assumption "2 (n�m) > 2. In summary, we havePZn ��suph2H bRl �h;Z[(m+1):n℄�� bRl �h;Z[1:m℄� > "2� ^� �Z[1:m℄��= PZn (Q1 (Z)) > 12PZm (Q2 (Z))= 12PZm ��suph2HRl [h℄� bRl [h;Z℄ > "� ^�(Z)� :Note that for the spe
ial 
ase of n = 2m we obtain the basi
 lemma in its standard form.A.4 Basi
 Lemma for Learning AlgorithmsIn this subse
tion we prove two modi�ed versions of the basi
 lemmas of the previous se
tion.Our extension makes e�e
tive use of the learning algorithm used sin
e we only 
onsider thepredi
tion error of the hypotheses learned using a �xed learning algorithm.Lemma 22 (Basi
 lemma for 
onsistent algorithms) For all binary losses l : Y�Y !f0; 1g, all probability measures PZ, all algorithms A : Z(1) ! YX , all measurable formulae� : Z(1) ! ftrue; falseg and all n > m, if " (n�m) � 2,PZm �(Rl [A (Z)℄ > ") ^ � bRl [A (Z) ;Z℄ = 0� ^�(Z)� <2 � PZn �� bRl �A �Z[1:m℄� ;Z[(m+1):n℄� � "2� ^ � bRl �A �Z[1:m℄� ;Z[1:m℄� = 0� ^� �Z[1:m℄�� :196
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 Lu
kinessProof Let us introdu
e the following shorthand notations where z 2 Zm and ~z 2 Zn�mQ1 (z~z) � bRl [A (z) ; ~z℄ � "2 ; Q2 (z) � � bRl [A (z) ;z℄ = 0� ^�(z) ;Q3 (z) � Rl [A (z)℄ > " :By simple probability theory we know thatPZn �Q1 (Z) ^Q2 �Z[1:m℄�� � PZn �Q1 (Z) ^Q2 �Z[1:m℄� ^Q3 �Z[1:m℄��= PZnjQ2(Z[1:m℄)^Q3(Z[1:m℄) (Q1 (Z)) PZn �Q2 �Z[1:m℄� ^Q3 �Z[1:m℄��= EZm1 hIQ2(Z1)^Q3(Z1)PZn�m2 jZm1 =z1 (Q1 (z1Z2))i :Observe that by the 
onditioning we know that Rl [A (z1)℄ > " whenever we have to evaluatethe probability of Q1 (z1z2) over the random draw of z2 2 Zn�m. Now this probability isthe probability that a binomially distributed random variable with an expe
tation of morethan " is greater than or equal to "(n�m)2 � 1 whi
h is equivalent to " (n�m) � 2. Hen
e,this quantity is bounded from below byPZn�m2 jZm1 =z1 (Q1 (z1Z2)) � 1� (1� ")n�m > 1� exp (�" (n�m)) > 12 ;where we have used the assumption that " (n�m) � 2. As a 
onsequen
e we have shownPZn �Q1 (Z) ^Q2 �Z[1:m℄�� > 12PZm (Q2 (Z) ^Q3 (Z)) :
Lemma 23 (General basi
 lemma for learning algorithms) For all bounded lossfun
tions l : Y � Y ! [0; 1℄, all probability measures PZ, all algorithms A : Z(1) ! YX , allmeasurable formulae � : Z(1) ! ftrue; falseg and all n > m, if "2 (n�m) > 2,PZm ��Rl [A (Z)℄� bRl [A (Z) ;Z℄ > "� ^�(Z)� <2 � PZn �� bRl �A �Z[1:m℄� ;Z[(m+1):n℄�� bRl �A �Z[1:m℄� ;Z[1:m℄� > "2� ^� �Z[1:m℄�� :Proof Let us introdu
e the following shorthand notations where z 2 Zm and ~z 2 Zn�mQ1 (z~z) � � bRl [A (z) ; ~z℄� bRl [A (z) ;z℄ > "2� ^�(z) ;Q2 (z) � �Rl [A (z)℄� bRl [A (z) ;z℄ > "� ^�(z) ;Q3 (z~z) � �Rl [A (z)℄� bRl [A (z) ; ~z℄ < "2� :Sin
e Q2 (z) ^Q3 (z~z) ) Q1 (z~z) we know thatPZn (Q1 (Z)) � PZn �Q2 �Z[1:m℄� ^Q3 (Z)� = PZnjQ2(Z[1:m℄) (Q3 (Z))PZn �Q2 �Z[1:m℄��= EZm1 hIQ2(Z1)PZn�m2 jZm1 =z1 (Q3 (z1Z2))i :197



Herbri
h and WilliamsonNow, the probability PZn�m2 jZm1 =z1 (Q3 (z1Z2)) is the probability that the mean of n �mrandom variables taking values in [0; 1℄ is no more than "2 smaller than their 
ommon expe
-tation Rl [A (z1)℄. A

ording to Hoe�ding's inequality (see Hoe�ding, 1963) this probabilityis bounded from below by 1� exp�� "2(n�m)2 �. ThusPZn�m2 jZm1 =z1 (Q3 (z1Z2)) � 1� exp��"2 (n�m)2 � > 1� exp (�1) > 12 ;where we used the assumption "2 (n�m) > 2. In summary, we havePZn (Q1 (Z)) > 12PZm (Q2 (Z)) :
A.5 Redu
tion of general permutations to swapping permutationsIn this se
tion we prove a simple result on the redu
tion of all (2m)! permutations to 2mswapping permutations if an event is independent of the ordering within the �rst and these
ond m examples11. The theorem reads as follows.Theorem 24 (General permutations to swappings) For any m 2 N, 
onsider a logi-
al formula � : Z2m ! ftrue; falseg with the property8z 2 Z2m : 8i1 2 Im : 8i2 2 Im : � (z) = � ��i1 �z[1:m℄��i2 �z[(m+1):2m℄�� : (18)Then there exists a non-zero measure PI over I2m given by (20) su
h that8z 2 Z2m : PIjZ2m=z (� (�I (z))) = 12m Xs2f0;1gm I�(�s(z)) ;that is the probability of a permutation su
h that �(�i (z)) is true 
an be 
omputed by
ounting the number of swappings �s su
h that �(�s (z)) is true.Proof In the 
ourse of the proof we shall use the shorthand notation #(i) to denote thenumber of swappings from the �rst m to the se
ond m examples indu
ed by �i; i.e.8i 2 I2m : # (i) := jfj 2 f1; : : : ;mg j �i(j) > mgj : (19)In the 
ase of a swapping permutation �s, #(s) := Pmi=1 si. For k = 0; : : : m let Jk �I2m and Sk � f0; 1gm be the set of parameters for general and swapping permutationsrespe
tively, whi
h swap exa
tly k examples from the �rst m to the se
ond m examples; i.e.Jk := fi 2 I2m j#(i) = kg ; Sk := fs 2 f0; 1gm j #(s) = kg :11. The importan
e of this result 
an best be seen by looking at its appli
ation in the proofs of Theorems8 and 9: by virtue of Theorem 24 we 
an use all permutations (2m)! for 
onstru
tion of the 
over, yetresort to a simple 
ounting argument on swappings for the single tail bounds. This would not be possibleif we use the 2m swapping permutations from the beginning (see Anthony and Shawe-Taylor (1993) fora similar approa
h). 198
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12142 18 4 1 13 8 10 24 7 6 15 27
23 16 11 3 17 9 20 26 21 5 19 22 28 25(a) (d)1 4 5 6 7 8 10 12

17 20 21 22 23 25 26 27
23 913 1114

1516 19 18 2428 1 4 6 7 8 10 12
17 20 21 22 23 25 26
2 13 14

16 19 28
15
3

18
5

27
9

24
11(b) (
)Figure 1: Suppose we want to permute the numbers (1; : : : ; 28) (a) to obtain the permutation(2; 18; : : : ; 15; 27; 23; 16; : : : ; 28; 25) (d), only using the swapping permutation �swith s = (0; 1; 0; 0; 1; 0; 0; 0; 0; 0; 0; 0; 1; 1) (the verti
al bla
k lines). Sin
e we knowthat any permutation within the �rst and the se
ond m = 14 indi
es does not
hange the value of the fun
tion � we pro
eed as follows: having identi�ed the 4indi
es whi
h are swapped from the �rst to the se
ond half (denoted by shadedboxes), i.e. (3; 5; 9; 11) and (15; 18; 24; 27), we permute (1; : : : ; 14) and (15; : : : ; 28)su
h that the four numbers are at the 2nd, 5th, 13th and 14th position (see the
urved arrows in (b)). Then we apply the swapping permutation �s (whi
h might
hange the value of �) (see (
)). Finally we permute the �rst and se
ond halfagain to obtain the permutation shown in (d).Observe that jJkj = ��mk � (m!)�2 be
ause there are �mk � 
hoi
es of k distin
t indi
es fromf1; : : : ;mg and fm+ 1; : : : ; 2mg (making the ��mk ��2 term) and any of the m! permutationsof the two half samples of sizem (before swapping) leads to a new permutation. Furthermorewe know that jSkj = �mk � be
ause this is the number of ways to 
hoose k distin
t indi
esfrom the set f1; : : : ;mg. Using the above notation 
onsider the distribution PswapI :PswapI (i) := � m#(i)�2m � 1��J#(i)�� : (20)In other words, PswapI is a distribution over all permutations �i whi
h is uniform for a givennumber #(i) of swappings but is not uniform overall. To see that this is a valid probabilitymeasure observeXi2I2m PswapI (i) = mXk=0Xi2JkPswapI (i) = mXk=0Xi2Jk �mk �2m � 1jJkj = 12m mXk=0�mk� � jJkjjJkj = 1 :Consider an arbitrary but �xed z 2 Z2m. For a �xed value k of #(i) we will now showthat Jk 
an be subdivided into jSkj non-overlapping subsets Jk;1; : : : ; Jk;jSkj of size jJkjjSkj usingSk = �s1; : : : ; sjSkj	 su
h that8j 2 f1; : : : ; jSkjg : 8i 2 Jk;j : � (�i (z)) = � ��sj (z)� : (21)199



Herbri
h and WilliamsonIn order to prove this we demonstrate that any permutation �i for i 2 Jk 
an be 
onstru
tedby any swapping permutation �s for s 2 Sk applied to (1; : : : ; 2m). The result followsbe
ause jJkjjSkj = �mk � (m!)2 is an integer. Consider a binary ve
tor s 2 Sk and let j1; : : : ; jk 2f1; : : : ;mg be the indi
es at whi
h sj1 = � � � = sjk = 1. Now we will separately permute(1; : : : ;m) and (m+ 1; : : : ; 2m) su
h that the k indi
es in fim+1; : : : ; i2mg whi
h are lessthan or equal to m are at the positions j1; : : : ; jk and the k indi
es in fi1; : : : ; img whi
hare greater than m are at the positions j1 +m; : : : ; jk +m. Note that these permutationsdo not 
hange the fun
tion � due to (18). Now apply the swapping permutation �s. Thenwe 
an �nd two permutations of the resulting half samples (whi
h, again, do not 
hange thefun
tion � by (18)) su
h that the result of all these steps is the permutation �i (see Figure1).By the above argument we 
an therefore de
ompose PswapIjZ2m=z (� (�I (z))) as follows:PswapIjZ2m=z (� (�I (z))) = Xi2I2m I�(�i(z))PswapI (i)= mXk=0 �mk �2m � 1jJkj Xi2Jk I�(�i(z))= mXk=0 �mk �2m � 1jJkj jSkjXj=1 Xi2Jk;j I�(�i(z))= mXk=0 �mk �2m � 1jJkj Xs2Sk jJkjjSkjI�(�s(z))= 12m mXk=0 Xs2Sk I�(�s(z))= 12m Xs2f0;1gm I�(�s(z)) ;where we used (20) in the se
ond line, (21) in the fourth line and jSkj = �mk � in the �fthline.A.6 Proof of Algorithmi
 Lu
kiness Theorem 8This subse
tion 
ontains the proof of our main result for binary loss fun
tions. The ideasof the proof are similar to those used in the original lu
kiness framework. However, inthe present 
ase we make use of general 
overing numbers whi
h allows us to devise ageneralisation error bound for the agnosti
 
ase (Se
tion A.7).Proof In order to prove the theorem we bound the probability of training samples z 2 Zmsu
h that1. the predi
tion error of A (z) is greater than ", i.e. J1 (z) � Rl [A (z)℄ > "2. the training error of A (z) on z is zero, i.e. J2 (z) � bRl [A (z) ;z℄ = 0, and200
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kiness3. the fun
tion ! �L (A;z) ; l;m; Æ4 ; 12m� is smaller than 2d, i.e. J3 (z) �! �L (A;z) ; l;m; Æ4 ; 12m� � 2dby our preset value of Æ. Using Lemma 22 and noti
ing that by assumption "m > 2 we havethat12PZm (J1 (Z) ^ J2 (Z) ^ J3 (Z)) < 2 � PZ2m �J4 (Z) ^ J2 �Z[1:m℄� ^ J3 �Z[1:m℄��| {z }J(Z) ; (22)where J4 (z) � bRl �A �z[1:m℄� ;z[(m+1):2m℄� � "2 . We now exploit the !�smallness of L by
onsidering the following proposition for z 2 Z2mS (z) � jLl (HA (L;z))j > !�L �A;z[1:m℄� ; l;m; Æ4 ; 12m� :Sin
e for any double sample z 2 Z2m, J (z) � (J (z) ^ S (z)) _ �J (z) ^ S (z)�, it followsthat 2 � PZ2m (J (Z)) = 2 � PZ2m (J (Z) ^ S (Z)) + 2 � PZ2m �J (Z) ^ S (Z)�� Æ2 + 2 � PZ2m 0BB�J4 (Z) ^ J2 �Z[1:m℄�| {z }J42(Z) ^J3 �Z[1:m℄� ^ S (Z)| {z }J3S(Z) 1CCA ; (23)where we used De�nition 7. We now resort to a te
hnique known as symmetrisation bypermutation (Kahane, 1968): Sin
e we 
onsider the produ
t measure PZ2m we know thatany permutation of the double sample does not 
hange the probability. Consequently, forany measure PI over i 2 I2m we havePZ2m �J42 (Z) ^ J3S (Z)� = EI �PZ2mjI=i �J42 (�i (Z)) ^ J3S (�i (Z))��= EZ2m �PIjZ2m=z �J42 (�I (z)) ^ J3S (�I (z))�� : (24)For a �xed double sample z 2 Z2m let us arrange all permutations parameterised by ij 2 I2msu
h that L�A; ��ij+1 (z)�[1:m℄� � L�A; ��ij (z)�[1:m℄� for all j 2 f1; : : : ; (2m)!g. Then,let Hj (z) := nA (�ik (z))[1:m℄ j k 2 f1; : : : ; jgo � YX :Note that N � 12m ;Ll (Hj+1 (z)) ; �z1� � N � 12m ;Ll (Hj (z)) ; �z1� and let j� 2 f1; : : : ; (2m)!gbe su
h thatN� 12m;Ll (Hj�+1 (z)) ; �z1� > 2d but N� 12m;Ll (Hj� (z)) ; �z1� � 2d :Then J3S ��ij (z)� is only true if j � j�. As a 
onsequen
e, let bH (z) be a minimal 
overof Hj� (z) at s
ale 12m w.r.t. �z1 , i.e. it 
ontains a minimal set of hypotheses that in
ur all12. Note that we 
onsider double samples z 2 Z2m on the right hand side of this inequality.201
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h and Williamsondi�erent zero-one loss patterns a
hieved on the double sample z. Note that by de�nitionof j� we know that ��� bH (z)��� � 2d. Hen
e, whenever J42 (�i (z)) ^ J3S (�i (z)) is true for apermutation �i then9h 2 bH (z) : � bRl hh; (�i (z))[1:m℄i = 0� ^ � bRl hh; (�i (z))[(m+1):2m℄i � "2� :Consequently, we 
an use the union bound to obtainPIjZ2m=z �J42 (�I (z)) ^ J3S (�I (z))�� PIjZ2m=z �9h 2 bH (z) : � bRl hh; (�I (z))[1:m℄i = 0� ^ � bRl hh; (�I (z))[(m+1):2m℄i � "2��� Xh2 bH(z)PIjZ2m=z �� bRl hh; (�I (z))[1:m℄i = 0� ^ � bRl hh; (�I (z))[(m+1):2m℄i � "2�� :Now we will 
hoose PI = PswapI as given by (20). From Theorem 24 we obtainPswapIjZ2m=z �J42 (�I (z)) ^ J3S (�I (z))�� Xh2 bH(z) 12m Xs2f0;1gm I(bRl[h;(�s(z))[1:m℄℄=0)^( bRl[h;(�s(z))[(m+1):2m℄℄� "2 ) :For ea
h �xed h 2 bH (z) the maximum number of swappings that satisfy the requirementstated (the argument to the indi
ator fun
tion) is given by 2m�m"2 be
ause whenever weswap one of the at least m"2 examples that in
ur a mistake into the �rst half of the doublesample we violate the 
ondition of zero training error. Hen
e setting " = 2m �d+ 2 + ln �1Æ ��,for any z 2 Z2m,PswapIjZ2m=z (J42 (�I (z))) � 2d � 2�m"2 = 2d � 2�m2 � 2m(d+2+log2( 1Æ )) = Æ4 : (25)In summary, 
ombining (22), (23), (24) and (25) we have shown thatPZm �(Rl [A (Z)℄ > ") ^ � bRl [A (Z) ;Z℄ = 0� ^�!�L (A;Z) ; l;m; Æ4 ; 12m� � 2d�� < Æ :
A.7 Proof of Algorithmi
 Lu
kiness Theorem 9Lemma 25 Suppose we are given two ve
tors a 2 R2m and b 2 R2m su
h that1m mXi=1 ai � ai+m > "+ 2Æ and 12m 2mXi=1 jai � bij � Æ ;for some positive numbers "; Æ 2 R+ . Then1m mXi=1 bi � bi+m > " :202
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 Lu
kinessProof The result follows by using x � � jxj in the third line below1m mXi=1 (bi � bi+m) = 1m mXi=1 0�bi � bi+m + ai � ai + ai+m � ai+m| {z }=0 1A= 1m  mXi=1 (ai � ai+m) + mXi=1 (bi � ai)!+ mXi=1 (ai+m � bi+m)!!� 1m mXi=1 (ai � ai+m)� 1m mXi=1 jbi � aij+ 1m mXi=1 jai+m � bi+mj!= 1m mXi=1 (ai � ai+m)| {z }>"+2Æ � 1m 2mXi=1 jbi � aij| {z }�2Æ > " :
We now prove the main theorem for real-valued fun
tion 
lasses.Proof In order to prove the theorem we bound the probability of training samples z 2 Zmsu
h that1. the predi
tion error of A (z) is more than " greater than bRl [A (z) ;z℄, i.e.J1 (z) � Rl [A (z)℄� bRl [A (z) ;z℄ > "2. the fun
tion ! �L (A;z) ; l;m; Æ4 ; �� is smaller than 2d, i.e.J2 (z) � !�L (A;z) ; l;m; Æ4 ; �� � 2dby our preset value of Æ. Using Lemma 23 and noti
ing that by assumption "2m > 2 wehave that PZm (J1 (Z) ^ J2 (Z)) < 2 � PZ2m �J3 (Z) ^ J2 �Z[1:m℄��| {z }J(Z) ; (26)where J3 (z) � bRl �A �z[1:m℄� ;z[(m+1):2m℄�� bRl �A �z[1:m℄� ;z[1:m℄� > "2 :We now exploit the !�smallness of L by 
onsidering the proposition for z 2 Z2mS (z) � N (�;Ll (HA (L;z)) ; �z1 ) > !�L �A;z[1:m℄� ; l;m; Æ4 ; �� :Sin
e for any double sample z 2 Z2m we know J (z) � (J (z) ^ S (z)) _ �J (z) ^ S (z)� itfollows that2 � PZ2m (J (Z)) = 2 � PZ2m (J (Z) ^ S (Z)) + 2 � PZ2m �J (Z) ^ S (Z)�� Æ2 + 2 � PZ2m 0BB�J3 (Z) ^ J2 �Z[1:m℄� ^ S (Z)| {z }J2S(Z) 1CCA : (27)203



Herbri
h and Williamsonwhere we used De�nition 7. We again make use of symmetrisation by permutation (Kahane,1968): Sin
e we 
onsider the produ
t measure PZ2m we know that any permutation of thedouble sample does not 
hange the probability. Consequently, for any measure PI overi 2 I2m we havePZ2m �J3 (Z) ^ J2S (Z)� = EI �PZ2mjI=i �J3 (�i (Z)) ^ J2S (�i (Z))��= EZ2m �PIjZ2m=z �J3 (�I (z)) ^ J2S (�I (z))�� : (28)For a �xed double sample z 2 Z2m let us arrange all permutations parameterised by ij 2 I2msu
h that L�A; ��ij+1 (z)�[1:m℄� � L�A; ��ij (z)�[1:m℄� for all j 2 f1; : : : ; (2m)!g. LetHj (z) := nA (�ik (z))[1:m℄ j k 2 f1; : : : ; jgo � YX :Note that N (�;Ll (Hj+1 (z)) ; �z1 ) � N (�;Ll (Hj (z)) ; �z1 ). Let j� be su
h thatN (�;Ll (Hj�+1 (z)) ; �z1 ) > 2d but N (�;Ll (Hj� (z)) ; �z1 ) � 2d :Then J2S ��ij (z)� is true only if j � j�. Let bH (z) be a minimal 
over of Hj� (z) at s
ale� w.r.t. the metri
�z �h; ~h� := 12m X(xi;yi)2z ���l (h (xi) ; yi)� l �~h (xi) ; yi���� ;that is for every h 2 Hj� (z) there exists a bh 2 bH (z) su
h that12m X(xi;yi)2z ���l (h (xi) ; yi)� l �bh (xi) ; yi���� � � : (29)Whenever J2S (z) is true we know that ��� bH (z)��� � 2d. Hen
e, whenever J3 (�i (z)) ^J2S (�i (z)) is true for a permutation �i then9h 2 bH (z) : bRl hh; (�i (z))[(m+1):2m℄i� bRl hh; (�i (z))[1:m℄i > "2 � 2� ;using (29) and Lemma 25. Thus we 
an use the union bound to obtainPIjZ2m=z (J3 (�I (z)))� PIjZ2m=z �9h 2 bH (z) : � bRl hh; (�I (z))[(m+1):2m℄i� bRl hh; (�I (z))[1:m℄i� > "2 � 2��� Xh2 bH(z)PIjZ2m=z �� bRl hh; (�I (z))[(m+1):2m℄i� bRl hh; (�I (z))[1:m℄i� > "2 � 2��Now we will 
hoose PI = PswapI as given by (20). From Theorem 24 we obtain thatPswapIjZ2m=z (J3 (�I (z))) is less than or equal toXh2 bH(z) 12m Xs2f0;1gm I(bRl[h;(z�s(m+1);:::;z�s(2m))℄� bRl[h;(z�s(1);:::;z�s(m))℄)> "2�2�| {z }� :204



Algorithmi
 Lu
kinessFor a �xed h 2 bH (z) 
onsider the m random variablesWi := l �h �x�S(i+m)� ; y�S(i+m)�� l �h �x�S(i)� ; y�S(i)� ; i = 1; : : : ;m ;whi
h are mutually independent with mean zero. Sin
e Wi 2 [�1;+1℄ we 
an use theone-sided Hoe�ding's inequality (Hoe�ding, 1963) to obtain� = PWm  1m mXi=1Wi > "2 � 2�! < exp �m � "2 � 2��22 ! < 2�m("�4�)28 :Hen
e setting " =q 8m �d+ 2 + log2 �1Æ ��+ 4� , for any z 2 Z2m,PswapIjZ2m=z (J3 (�I (z))) � 2d � 2�m("�4�)28 = Æ4 : (30)In summary, 
ombining (26), (27), (28) and (30) we have shown thatPZm ��Rl [A (Z)℄� bRl [A (Z) ;Z℄ > "� ^�!�L (A;Z) ; l;m; Æ4 ; �� � 2d�� < Æ :
A.8 Auxiliary Results for the Proof of Theorem 17In this se
tion we present two theorems whi
h will be needed in the proof of Theorem 17. The�rst theorem together with the �rst 
orollary is a re�nement of a result proven by Makovoz(1996) whi
h bounds the approximation error of sparse linear 
ombination of fun
tions.We will present the proof in terms of elements of `N2 , where N may be in�nite (simplyin order to align the notation with that used elsewhere in the present paper). The mostappealing feature of this result is that the approximation error is related to the geometri
al
on�guration of the basis ve
tors. To this end, we need the notion of entropy numbers.De�nition 26 (Entropy numbers) Given a subset X of K � `N2 , the n�th entropy num-ber �n (X) of X is de�ned as�n (X) := inf f� > 0 jN (�;X; k� � �k) � ng :In other words, �n (X) is the smallest radius su
h that X 
an be 
overed by not more thann balls.Theorem 27 Let X := fx1;x2; : : : ;xmg � K be an arbitrary sequen
e of elements of K �`N2 . For every w 2 K of the formw = mXi=1 �ixi ; � � 0 ;205



Herbri
h and Williamsonand for every even n 2 N, n � m, there is a bw = Pmi=1 b�ixi with at most n non-zero
oe�
ients b�i > 0 for whi
h kw� bwk � p2�n2 (X) � k�k1pn :The proof follows Makovoz' proof 
losely, but uses a more re�ned argument in order toimprove on the 
onstant.Proof Lets de�ne p := n2 , n = 2p. First we noti
e that we only need to 
onsider the
ase that k�k1 = 1. If it is not then for every even n 2 N we 
an approximate 1k�k1w withan n�sparse ve
tor bw to a

ura
y �p (X) =pp, i.e.



 1k�k1w� bw



 � �p (X)pp , kw� k�k1 � bwk � �p (X) � k�k1pp :In the 
onstru
tion below we will allo
ate a fra
tion of the n terms available to us in theapproximation bw. By de�nition, for a given even n and some � > �p (X), we 
an �nd pdisjoint and nonempty subsets X1; : : : ;Xp su
h that Xj is 
overed w.r.t. k� � �k at radius �,that is, 8j 2 f1; : : : ; pg : 9
j 2 K : 8ex 2 Xj : k
j � exk � � (31)and Spj=1 Xj = X. Hen
e, we 
an de
ompose the set f1; : : : ;mg as f1; : : : ;mg = Spj=1 Ijwhere the Ij � f1; : : : ;mg are all disjoint and nonempty and the sets Xj are de�ned byXj := fxi j i 2 Ij g :Let wj :=Pi2Ij �ixi, and Cj :=Pi2Ij �i. We will approximate wj by linear 
ombinationsbwj = Pi2Ij b�ixi with a small number of non-zero b�i, respe
tively. The proof uses theprobabilisti
 method (Alon et al., 1991). To this end, we assume that wj is always approx-imated by lj := dpCje many randomly drawn points from the set Ij . The e�e
t of su
h anallo
ation is that index sets Ij whi
h 
ontribute largely (in terms of the 
oe�
ients �i) tothe linear 
ombination w = Ppj=1Pi2Ij �ixi are used more often in the random n�sparseapproximation bw. Note thatl := pXj=1 lj � pXj=1 (pCj + 1) = p0� pXj=1Cj1A+ p = 2p = n :Within ea
h subset Ij we also need to sele
t whi
h of the jIj j many xi, i 2 Ij , are used.Hen
e, we de�ne p groups of lj , j 2 f1; : : : ; pg, iid random variables K1; : : : ;Kp taking valuesin I l11 ; : : : ; I lpp and having the probability distributions8j 2 f1; : : : ; pg : 8� 2 f1; : : : ; ljg : 8i 2 Ij : PKj;� (Kj;� = i) := �iCj :In a manner similar to the allo
ation poli
y for subsets Ij we ensure that points xi withlarge 
oe�
ients �i are more likely to appear in the n�sparse approximation bw. Thus, for206
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 Lu
kinessany given sample (k1; : : : ;kp) � PK1 � � �PKp we de�ne the n�sparse approximation bw bybw (k1; : : : ;kp) := pXj=1 bwj (kj) ; bwj (kj) := Cjlj ljX�=1xkj;� :First we observe that for all j 2 f1; : : : ; pg, EKj [bwj (Kj)℄ = wj be
ause,EKj [bwj (Kj)℄ = EKj 24Cjlj ljX�=1xKj;�35= Cjlj ljX�=1EKj;� �xKj;��= Cjlj ljX�=1X�2Ij ��Cj x�= 1lj ljX�=1wj = wj ; (32)where the se
ond line is a 
onsequen
e of the mutual of the independen
e Kj;�, � 2f1; : : : ; ljg. This implies that EK1���Kp [bw (K1; : : : ;Kp)℄ = w. Note that for all j 2 f1; : : : ; pg,varKj (bw� (Kj)) = varKj 0�Cjlj ljX�=1xKj;�1A= C2jl2j ljX�=1 varKj;� �xKj;��| {z }��2� C2j �2lj � Cj�2n ; (33)be
ause by 
onstru
tion xKj only takes values in Xj whi
h has by de�nition a radius13 of�. Combining (33) together with and (32), we 
an now bound the expe
ted approximation13. Note that by de�nition of varian
e and (31),varKj;� �xKj;�� = varKj;� �xKj;� � 
j�= EKj;� h

xKj;� � 
j

2i� 

EKj;� �xKj;� � 
j�

2� EKj;� h

xKj;� � 
j

2i = EKj;� ��2� � �2 :
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Herbri
h and Williamsonerror from above as followsEK1���Kp kbw (K1; : : : ;Kp)�wk2 = varK1���Kp (bw (K1; : : : ;Kp))= varK1���Kp0� pXj=1 bwj (Kj)1A= pXj=1 varKj (bwj (Kj))� pXj=1 Cj�2p = �2p :Sin
e for any random draw k1; : : : ;kp, bw (k1; : : : ;kp) is l�sparse, l � n, there must existsat least one weight ve
tor bw for whi
h the approximation error is less than �=pp. Thetheorem is proved.Corollary 28 Let X := fx1;x2; : : : ;xmg � K be an arbitrary sequen
e of elements ofK � `N2 . For every w 2 K of the formw = mXi=1 �ixi ; k�k1 <1 ; (34)and for every n = 4j, j 2 N, n � m, there is a bw = Pmi=1 b�ixi with at most n non-zero
oe�
ients b�i for whi
h kw� bwk � 2�n4 (X) � k�k1pn : (35)Proof De�ne the two subsets I+ := fi 2 f1; : : : ;mg j �i > 0g and I� :=fi 2 f1; : : : ;mg j �i < 0g, the two ve
tors w� := Pi2I� j�ijxi, the two ve
tors �� :=(ai)i2I� , and the two sets X� := fxi j i 2 I� g. For any number j 2 N, by virtue of Theo-rem 27 we know that there exists a 2j�sparse ve
tor bw� su
h thatkw� � bw�k � �j (X�) k��k1pj :Note that �j (X�) � �j (X) be
auseX� � X. If we de�ne bw := w+�w� then by appli
ationof the the triangle inequality in the third linekw� bwk = k(w+ �w�)� (bw+ � bw�)k= k(w+ � bw+)� (w� � bw�)k� kw+ � bw+k+ kw� � bw�k� �j (X+) k�+k1 + �j (X�) k��k1pj� �j (X) (k�+k1 + k��k1)pj= �j (X) k�k1pj :208
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 Lu
kinessNoti
ing that bw is a 4j = n�sparse approximation of w proves the 
orollary.Corollary 29 Suppose we are given a training sample z = (x;y) 2 (X � f�1;+1g)m, afeature map � : X ! K � `N2 and a ve
tor � 2 Rm su
h that w = Pmi=1 �i� (xi) has apositive margin, �z (w) � 0. If the natural number n = 4j, j 2 N, satis�esn > 4 � �2n4 (f� (x1) ; : : : ;� (xm)g) � k�k21�2z (w) ;then there exists a weight ve
tor bw with a representationbw = mXi=1 b�i� (xi)su
h that at most n of the 
oe�
ients b�i are non-zero and kw� bwk2 � �2z (w).Proof Observe that with the assumed 
hoi
e of n we have4 � �2n4 (f� (x1) ; : : : ;� (xm)g) � k�k21n < �2z (w)But Corollary 28 implies that for any n there exists bw =Pmi=1 b�i� (xi) with no more thann non-zero 
oe�
ients b�i su
h thatkw� bwk2 � 4 � �2n4 (f� (x1) ; : : : ;� (xm)g) � k�k21n < �2z (w) :Our se
ond theorem lower bounds the inner produ
t of two normalised ve
tors if we onlyknow the distan
e between the two ve
tors, one of whi
h is already normalised. Moreformally, this reads as follows.Theorem 30 Suppose kwk = 1 and kw� bwk2 � 
2, 
 < 1. Then�w; bwkbwk� �p1� 
2 :Proof With no loss of generality 
onsider the subspa
e spanned by w and bw. Let� := \(w; bw). The worst bw is su
h that the line ` passing through the origin and bwis tangential (at the point denoted v) to the 
ir
le of radius 
 
entred at w. The line(v;w) ? ` ) sin (�) � 
) hw; bw= kbwki = 
os (�) � p1� 
2.
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