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The problem of factorization of complete graphs into isomorphic caterpillars
of given diameter was opened by Kovarova [4, 5], Kubesa [6, 7] and Fronc¢ek [2].
These authors and Kovar presented a complete solution of the problem for the
diameter d <5 (see [2-7]). In this note we focus on a factorization into isomorphic
caterpillars of diameter 6.

A caterpillar R is a tree such that by deleting of all vertices of degree one
we obtain a path P called a spine of R. By a (t,ts,t3, 4, t5)-caterpillar we mean
a caterpillar of diameter 6 with the spine P = pypapspsps where deg(p;) = t; > 2,
i=1,2,...,5. A [t1,t9,t3,14,15]-caterpillar is a caterpillar with a spine containing the
vertices ry, g, 73,74, 75 Where deg(r;) =t;, 1 =1,2,...,5, and t; > t;44, j =1,2,3,4.
A factorization of a graph G into n isomorphic caterpillars is decomposition of G into
caterpillars Ry, Rs, ..., R, all isomorphic to R, such that every edge of G belongs
to exactly one of the caterpillars. If a caterpillar R on 2n vertices of diameter 6
factorizes Koy, then it is easy to show that t| +ty + t3+t4 +t5 = 2n + 3 (Necessary
Condition A) and the degree of every vertex of R is at most n (Necessary Condition
B).

We state other conditions on the degrees of the spine of the caterpillar R
which factorizes a complete graph.

Theorem 1 If a [t1,ts,t3,t4, t5]-caterpillar factorizes K, into n isomorphic copies,
then eithert; =n ort; +ts <n—+1 and ty +ts < n.

Proof: Let Ry, Rs, ..., R, be a factorization of K, into n isomorphic caterpillars.
By the Necessary Condition B, one has t; < n. We prove that t; < n — 1 implies
t1 +t5 <n+1and ty +ts < n. Suppose that z is a vertex such that degg, (z) = 1.

Since i degg,(x) = 2n—1, it is evident that deg(z) > 2 in some R;,i € {2,3,...,n},
i=1

which means that degg, () > t5. Further, i deggr,(x) > t1 +t5 + (n — 2) and it is
i=1

easy to show that t; +t5 > n + 2 gives a contradiction.

It remains to show that t, +t4, < n. If t5 +t4 > n + 1, by the Necessary
Condition A, t; + t3 +t5 < n+ 2. On the other hand, t5 > 2 and the inequality
to+1t, > n+1implies t; +t3 > n+ 1. Hence t; + t3 +t5 > n + 3, a contradiction.

In the proof of our second result we will be using the following definition of
blended labelling and Theorem A, established by Froncek [1].

Definition A Let G be a graph with 4n + 1 edges, V(G) = Vo U Vy, Vo N Vj = and
[Vo| = |[Vi| = 2n + 1. Let A be an injection, A : V; — {0;,1;,...,(2n);}, i = 0, 1.
The pure length of an edge (z;,y;) with x;,y; € V;, where i € {0, 1}, is defined as
Li(xiyy;) = min{|\(x;) — Mys)|, 2k + 1 — [A(z;) — A(y:)|} for i = 0,1 and the mixed
length of an edge (xo,y1) as lo1(zo,y1) = (My1) — Map)) mod 2n + 1 for zo € V),
y1 € V1. Then G has a blended labelling if

(1) {lii(zi,y)| (x5, 9:) € E(G)} ={1,2,....,n} for i =0, 1,

(i) {lo1(xo, y1)|(z0,y1) € E(G)} ={0,1,2,...,2n}.



Theorem A If G with 4n 4+ 1 edges has a blended labelling, then there exists a
bi-cyclic decomposition of Ky,.o into 2k 4 1 copies of G.

We show 19 different factorizations of Kj4 into isomorphic caterpillars of
diameter 6 with a vertex of degree 7.

Theorem 2 A (7,2,3,3,2)-caterpillar, a (7, s1, S, S3, S4)-caterpillar, a (uy, 7, us, us,
uy)-caterpillar, a (vy,ve,7,vs,v4)-caterpillar of order 14, where 2 < s;,u;, v < 4,
1,0,k =1,2,3,4, s1 # 2, vy # 2, factorizes Ki4.

Proof: There are 19 (up to isomorphism) different caterpillars satisfying the con-
ditions: R' = (7,4,2,2,2), R?> = (7,3,3,2,2), R* = (7,3,2,3,2), R = (7,3,2,2,3),
R = (7,2,3,3,2), R® = (4,7,2,2,2), R" = (3,7,3,2,2), R® = (3,7,2,
3,2), R =(3,7,2,2,3), R = (2,7,4,2,2), R = (2,7,3,3,2), R*? = (2,7,3,2,3),
R1B = (2,7,2,4,2), R = (2,7,2,3,3), RY® = (2,7,2,2,4), R® = (3,3,7,2,2)7
RY =(3,2,7,3,2), R®® = (2,4,7,2,2), R = (2,3,7,3,2). Since the caterpillars in
the following figures allows a blended labelling, by Theorem A, R!, i = 1,2,...,19,

factorize Ki4.
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Finally, we would like to formulate the following conjecture.

Conjecture 1 Except for the caterpillars presented in Theorem 2, there exist no
other caterpillars of diameter 6 with the maximum degree 7 allowing an isomorphic
factorization of Ki4.
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