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Overview� Bayesian Image Re
overy� Binary images� Exa
t MAP state (GPS)� Perfe
t Sampling� Numeri
al Example (Mode, Mean, Sample, MPM)
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Bayesian Model for Image Re
overydata d, image f , measurement noise n, forward mapAd = Af + n

If n � N(0; s2) then d � N(Af; s2)Given measurements d, the likelihood for f isLd(f) � Pr (djf) / exp(jd�Af j2=2s2)Posterior distribution for f 
onditional on dPr (f jd) = Pr (djf)Pr (f)Pr (d) (Bayes rule)Pr (�)is the prior distribution
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Traditional and Statisti
al SolutionsAll information 
ontained in posterior distribution Pr (f jd)Traditional Solutions - modesf̂MLE = argmaxLd(f) � argmaxPr (djf)f̂MAP = argmaxPr (f jd) � argmaxPr (djf)Pr (f)e.g. simple Gaussian prior: Pr (f) / exp�� jf j2 =2�2�f̂MAP = argmin jd�Af j2 + � jf j2 � = s2=�2� Tikhonov regularization, Kalman �ltering, Ba
kus-Gilbert� �! 0 Moore-Penrose inverse, � = 0 least-squaresInferential Solutions\Answers" are expe
tations over the posteriorE [g (f)℄ = Z Pr (f jd) g (f) df

s

Pr( |  )s d
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Examples of Modes = Regularization
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Bayesian re
overy of binary imagesN �N binary image f = (f1; f2 : : : fN2) where ea
h fi 2 f0; 1g.We measure g = (g1; g2 : : : gN2) where gi = fi + �i with�i � N(0; �2)LikelihoodL (x) = N2Yi=1Pr fgijxig = N2Yi=1 (Pr fgij1g)xi (Pr fgij0g)1�xi
= N2Yi=1�Pr fgij1gPr fgij0g�xi N2Yi=1Pr fgij0g�i = log�Pr fgij1gPr fgij0g� = 2gi � 12�2Prior Pr (x) / exp0��� N2Xi=1Xj�i(2xi � 1)(2xj � 1)1A

Joint posteriorPr fxjgg / L (x) Pr (x)/ exp0�N2Xi=1 �ixi � � N2Xi=1Xj�i(2xi � 1)(2xj � 1)1A
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Some samples from the priorThe prior is an Ising MRF
Pr (x) / exp0��� N2Xi=1Xj�i(2xi � 1)(2xj � 1)1A
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Network formulation for MAP
xMAP = argmaxPr fxjgg

Cut 
apa
ity
 (X) = � N2Xi=1 xj�j + � N2Xi=1Xj�i 2 (xi + xj)� 4xixj
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Label-settingX; p = label(
; w; s)T  fsgX  fgwhile T 6= fgU  fgfor i 2 Tfor k 2 fk = (i; j) is an ar
 : j =2 X and wk < 
kgU  U [ fjg, pj = kfor k 2 fk = (j; i) is an ar
 : j =2 X and wk > 0gU  U [ fjg, pj = kX  X [ TT  UFord-Fulkerson su

essive-labellingX;w = FordFulk(
; s; t)w 0X; p label(
; w; s)while t 2 XConstru
t a 
ow-augmenting path P using pw w+ maximum in
rease of 
ow along PX; p label(
; w; s)
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Sampling a binary MRF
ln(�x) = � ln(Z)� � N2Xi=1Xj�i(2xi � 1)(2xj � 1)

� N2Xi=1(2xi � 1)gi=�2Sto
hasti
 update (MH with dumb proposal)y = �(x; v)i dv1N2eb dv2 � 12ex0  (x1; x2 : : : xi�1; b; xi+1 : : : xN2)if v3 � min(1; �x0=�x)y = x0elsey = x
x � y ) �(x; v) � �(y; v) whenever � > 0The sto
hasti
 update preserves partial ordering
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Perfe
tly sampling a binary MRFFix T > 0, initialize two realizations with �x�T (�T ) = 0 andx̂�T (�T ) = 1. Simulate for �T � t � 0. If the upper and lower
hains have 
oales
ed, the sample is perfe
t.Perfe
t Samplingx(0) =  (u; T ):t �T�x�T (�T ) 0x̂�T (�T ) 1do�x�T (t+ 1) = �(�x�T (t); u(t))x̂�T (t+ 1) = �(x̂�T (t); u(t))t t+ 1while t < 0if x̂�T (0) = �x�T (0)x(0) = x̂�T (0)elsex(0) =  (u; 2T )
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Numeri
al experiments
true noisy
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Maximum likelihood estimate
MLE
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Summary� Ising MRF 
auses bulk of posterior probability to be 
enteredon good re
onstru
tions� Good estimators should be available (e.g. Baddeley's deltaloss)� MAP estimate is sensitive to �� and is outlier for large �� hen
e not a good estimator� Conje
ture that this is true in most image re
overy
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