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Overview
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Bayesian Image Recovery

Binary images

Exact MAP state (GPS)

Perfect Sampling

Numerical Example (Mode, Mean, Sample, MPM)
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Bayesian Model for Image Recovery
data d, image f, measurement noise n, forward mapA
d=Af+n
r

A

forward
map

, data space
image space

If n ~ N(0,s?) then d ~ N(Af, s?)

Given measurements d, the likelihood for f is
Lq(f) =Pr(d|f) < exp(|d — Af[*/257)

Posterior distribution for f conditional on d

Pr (d[f) Pr (f)

Pr(/ld) = =573

(Bayes rule)

Pr (o)is the prior distribution
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Traditional and Statistical Solutions

All information contained in posterior distribution Pr (f|d)

Traditional Solutions - modes
fmLe = argmax Ly(f) = arg max Pr (d|f)
fuap = argmaxPr (f|d) = argmaxPr (d|f) Pr (f)

e.g. simple Gaussian prior: Pr (f) o exp (— Fik /2)\2)

fuwap = argmin |d — Af|? + o|f| a=s*/)\?
e Tikhonov regularization, Kalman filtering, Backus-Gilbert
e o — 0 Moore-Penrose inverse, a = 0 least-squares

Inferential Solutions

“Answers” are expectations over the posterior

E g (f)] = / Pr(fld) g (f) df

A
Pr(o|d)

'

0)
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Examples of Modes = Regularization

Noisey blurred image

Exact inverse

MAP solution

o chosen
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The ill-conditioning of a problem does
nat mean that a meaningful approximate
solution cannat be camputed. Rather
the ill-conditioning implies that standard
methods in numerical linear algebra
cannot be used in a straightforsard way
to compute such a solution. Instead,
mare sophisticated methods must be
applied in arder to ensure the
computation of a meaningful solution,

This is the essential goal of
regulanization methods.

using “L-curve”
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Bayesian recovery of binary images

N x N binary image f = (f1, f2--. fn2) where each f; € {0,1}.
We measure g = (91,92 ... gn2) Where g; = f; + €; with
ei ~ N(0,0?)

Likelihood

N? N2
L(x) = HPT {gilzi} = H (Pr{g;]1})™ (Pr{g;|0})' ™

(P e
) z‘—l_[1<Pr{gz'|0}) z'—l_[1P 190}

Pf{gz‘|1}) _ 2g;—1

A =1 —
= (Pr {9:0} 207

Prior

i=1 j~i

Pr(z) o exp (9 Z Z(ZazZ —1)(2x; — 1))

Joint posterior

Pr{z|g} o« L(z)Pr(z)

N? N2
X exp (Z Aii — QZ 2(2:1:Z —1)(2x; — 1))
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Some samples from the prior

The prior is an Ising MRF

Pr(z) o exp (9 Z Z(?ZCZ —1)(2x; — 1))
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i=1 j~i
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Network formulation for MAP

rmap = arg max Pr{z|g}

(2>0) — 49, N (7»<0)

b
537

AN

Cut capacity

Z:EJ)\ —I—QZZZ T; + ;) — 4xx;

1=1 g~

8/15 modemeantalk.tex — September 2, 2002



Label-setting

X, p = label(c, w, s)
T + {s}
X —{}
while T # {}
U {}
forieT
for ke {k=(i,j)isanarc: j ¢ X and w; < ¢}
U« UU{j} pj=k
for k € {k = (j,7) isanarc: j ¢ X and wy > 0}
U« UU{j} pj=k
X+~ XUT
T+ U

Ford-Fulkerson successive-labelling

X, w = FordFulk(c, s, t)

w <0

X, p + label(c,w, s)

while t € X
Construct a flow-augmenting path P using p
w < w~+ maximum increase of flow along P

X, p < label(c, w, s)
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Sampling a binary MRF

N2
In(ry) = —In(Z2)-60) ) (22— 1)(2z; — 1)

i=1 jri
N2

=) (2z; — 1)g;/0”
i=1

Stochastic update (MH with dumb proposal)

Yy = gb(a:,v)
14— {UlNQ—‘

b(—f?)g—%}

/
Xr <« (5131,5132 .. .xi_l,b,xiﬂ . ..:IZNQ)

if v3 < min(1, 7, /m;)

y =1
else
y=x

r<y= ¢(r,v) < P(y,v) whenever 6 >0

The stochastic update preserves partial ordering
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Perfectly sampling a binary MRF

Fix T" > 0, initialize two realizations with #_p(—7) = 0 and
Z_p(=T) = 1. Simulate for =T <t < 0. If the upper and lower

chains have coalesced, the sample is perfect.

Perfect Sampling

z(0) = Y(u,T):

t—1t+1
while ¢ < 0
if 2_7(0) = &_7(0)
z(0) = &_7(0)
else

2(0) = v(u, 27)
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Numerical experiments

0 =0.125

6=0.25

6 =0.375

6=0.5

0=0.675
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Maximum likelihood estimate
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Summary

e Ising MRF causes bulk of posterior probability to be centered

on good reconstructions

e Good estimators should be available (e.g. Baddeley's delta

loss)
e MAP estimate is sensitive to 6
e and is outlier for large 6
e hence not a good estimator

e Conjecture that this is true in most image recovery
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