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Abstract

We study one dimensional continuous loss networks with length distribution G and cable
capacity C. We prove that the unique stationary distribution 7 of the network for which the
restriction on the number of calls to be less than C' is imposed only in the segment [~ L, L] is
the same as the distribution of a stationary M /G /oo queue conditioned to be less than C in
the time interval [—L, L]. For distributions G which are of phase-type (= absorbing times of
finite state Markov processes) we show that the limit as L — oo of 7y, exists and is unique. The
limiting distribution turns out to be invariant for the infinite loss network. This was conjectured
by Kelly (1991).
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1 Introduction

Kelly (1991) introduced a continuous unbounded loss network described as follows. Imagine that
users are arranged along an infinitely long cable and that a call between two points on the cable
s1, $2 € R involves just that section of the cable between s; and sy. Past any point along its
length the cable has the capacity to carry simultaneously up to C calls: a call attempt between

s1, s2 € R, 81 < s9, is lost if past any point of the interval [s1, so] the cable is already carrying C



calls. Suppose that calls are attempted at points in R following a homogeneous Poisson process
with rate k. Assume that the section of the cable needed by a call has distribution G with finite

I'and the duration of a call has exponential distribution with mean one. Assume that

mean U
the location of a call, the cable section needed and its duration are independent. Let m(s,t) be
the number of calls in progress past point s on the cable at time ¢. Kelly (1991) claims that
((m(s,t),s € R),t > 0) defines a Markov process and he conjectures that this process has a
unique invariant measure, constructed as follows: let X (s) be the number of customers at time
s in a stationary M/G /oo queue with arrival rate x and with service distribution G. Then
(X (s),s € R) is a stochastic process, stationary with respect to the parameter s. Now condition
the whole process (X (s),s € R) on the event {X(s) < C,s € [-L, L]} and let L — oo. The
limiting conditioned process would be the unique invariant measure for ((m(s,t),s € R),t > 0).

We first use a projection method introduced by Kurtz (1989) and studied by Garcia (1995)
to construct the loss network process and to show that, for fixed L, the stationary distribution
for mp(s,t)  the process for which m(s,?) < C is required only for s € [-L, L] is the same
as 77, the distribution of X (-) conditioned to be less than C in [—-L, L].

The problem left is to show that, as L goes to infinity, the limit of 7j;, exists and is unique. We
show the existence and uniqueness of the limit for a particular class of service time distributions
G. To describe this class let U = {1,...,k}, ¢ be a probability distribution on U and ® be a
positive function on U; let ¢(7,j) be transition rates for a Markov process in U. Assume that
®(7) is the rate at which the process jumps to some state outside of U when being at i € U.

Define

G(s) = Gugaq(s) =D di)P(Y, €U | Yy =1)
ieU

In other words, G is the distribution of the absorption time of a transient Markov chain in a
finite state space. This class of distributions is called phase-type (Neuts (1981)) and contains
in particular mixtures of Gamma distributions and many other distributions. The idea of the
proof is somehow present in Kelly (1987) where the exponential case (G(s) = 1 —exp(—As), for
some A > 0) is treated and in Ziedins (1987) who mimics the behavior of the invariant measure
for the loss network with a birth and death chain. In both cases they related the desired limit
with the quasi stationary distribution of a finite state Markov chain. In the exponential case the

process X (s) is Markov itself and theorems for limiting behavior of finite state Markov processes



conditioned to stay in a certain set as in Darroch and Seneta (1966) (1967) can be applied. The
limit is called a quasi stationary distribution (gsd). For arbitrary G’s, X(s) is not Markov,
but using the fact that G is phase-type we can introduce a finite state Markov process &; that
keeps track of the “current” service rate of each customer in the system. In particular X(s),
the number of customers in the system at time s can be expressed as a function of &. Then
applying the quasi stationary limit theorems we obtain the existence and uniqueness of the limit
of the distribution of X (s) conditioned on being less than C' in the time interval [—L, L].

At the end of the paper a continuous percolation argument is used to show the result under
a different set of hypotheses: that G has a finite third moment and that the arrival rate x is
sufficiently small. The percolation argument can be also used to prove that the process m(s,t) is
ergodic, that is, starting from no matter which distribution, it will converge to a unique invariant
distribution. Ycart (1993) proved ergodicity for the discrete one dimensional case s € Z with
G(s) = s < 2}, that is, when the calls have deterministic length 2. These are the only results
we know about ergodicity of this process. The difficulty here is that loss networks are not
attractive processes and hence the usual coupling techniques do not work.

The paper is organized as follows. In Section 2 we construct the process using the projection
model and show that for fixed L, there is a unique invariant distribution for loss network for
which the restriction on the number of calls to be less than C is imposed only in the cable
interval [—L, L]. In that section we also show that this invariant distribution coincides with the
distribution of the stationary process X () conditioned to be less than C in the time interval
[~ L, L]

In Section 3 we recall some results on quasi stationary distributions for finite state Markov
processes of Darroch and Seneta (1967) in a convenient form.

In Section 4 we introduce a Markov process & with the property that in the invariant (for
t) non restricted case m(s,t) can be expressed as a function of £, and show the existence and
uniqueness of the limit as L — oo of &. conditioned to m(s,t) < C for s € [-L, L].

In Section 5 we discuss briefly the percolation argument to show ergodicity of the loss network

for x sufficiently small.



2 Representation through the projection method

The loss network process described above can be represented through the projection method
introduced by Kurtz (1989) and studied by Garcia (1995). The basic idea is the construction of
the loss network process on R x [0, 00) from a higher dimensional Poisson process on R x [0, 0c)?
by constructing a sequence of random sets of the higher dimensional space and projecting the
points of the Poisson process lying in that set onto the lower dimensional subspace. Let N be a
Poisson process on R x [0, oc)? with mean measure v = xm X i X m X pie, where m is Lebesgue
measure, [ is the measure on [0, oc) corresponding to G and p, is the exponential distribution

n [0,00). We need to construct a family of random sets A,,;) C R x [0,00)3 and a family
of corresponding point processes Mm(t) by projecting the points of N that lie in A, onto

x [0,00). Consider the following system:

={(z,9,2,5) ER x [0,00)3;m(z,2) <C,y >0,z <t, s>t 2z}
M (B) N(Bpy N (B % [0,00)2)), B € B(R x [0, 0)) (2.1)
m(z,t) = [T [, dMy (0, w).
Then, Mm(t) is the loss network process of completed calls and m(x,t) is the number of calls in

progress past point x on the cable at time ¢. It is easy to see that m satisfies the assumptions

given in Section 1.

Theorem 2.1 There is a unique solution for the system (2.1).

Proof: Let C be the space of functions f : R x [0,00) — {0,1,2,...,C}, and H be the space of

C-valued random variables. For m € H, define its norm as
t
= [ sup Ellm(z,u)]] du
0 =
Note that (2.1) is equivalent to m = ¢(m) where ¢ : C — C is given by
p(m)(z,t) = N({(n,y,2,8);m(n,2) <Cp<my>z—nz<ts>t—z}). (22)
For any m € C,t > 0, we have A,,,;) = By \ Apy(r), where

Am(t) = {(m,y,z,s);m(rz:,z) <Cy>0,2<ts<t-— Z} (23)

Bm(t) = {(m,y,z,s);m(rz:,z) < Cay > O,Z < t} (24)



and the sets A,,(;) and B,,,(;) given by (2.3) and (2.4) are predictable as defined by Kurtz (1983).
Define H, = o(N(A) : A € B,A C R x [0,u]) . We define the o-algebra of predictable sets
as P C F x B(R x [0,00)) the o-algebra generated by Py = {H x A x (u,00) : H € H,, A €
BR),u >0} U{Q2 x Ax[0,00): A€ B(R)}. Letting

Bl = {(@y,zs);zeRy>0,2<1""}
k k k—+1
ngil {(.'I:,y,z,s);m(m, 7) <C,y >0, 7 <z< %}
and
Agn(t) = {(‘Tayazas);xER;yZO,ZSlil,SSt}
k k kE+1 k
UUEctil (:v,y,z,s);m(x,j)<C,y20,—<z§ -li_ 73§t_7

we have B7l71(t) — By and Alm(t) — Ay as. as | — oo and m(z,u—) is {#H, J-measurable.

Uniqueness: Let m; and mg be two solutions of (2.1), then

t
I 0m) = d(ma) o = [ supEllm (@) ~ ma(a, ) du
t x oo _ —
= [swnl[ [T T~ Mg (dndo))du (25)
xT —0Q r—n

where T'(¢, B) denotes the total variation of the measure £ on the set B. Moreover, by the

predictability of the sets A, (1), By (1), Amsr) and By, ;) we have

mi mo

E[T(Mp, (1) — My, B)]
= E[N((Ami () U D) N (B % [0,00)%))] — EIN(Ayy ) N (B % [0,00)%))]
+EIN (A () U Apny(r)) N (B x [0,00)%))] — EIN (A1) N (B % [0,00)%))]
= EL((An, ) U Aym) N (B x [0,00)%))] = E[(A, ) N (B x [0,00)%))]

HEV((Amy ) U By (1) N (B % [0,00)%))] = E[p (A, N (B % [0,00)%))]

my(t)

t o0
- Bl (oaect—Tn o enlldad dz g
$ Lo B eyt~ Tty <cde i) d= dc(s)
0 t
= K/B/O /0EHI[ml(a:,z)SC}_I[mg(m,z)SC}Hei(tiz)dZduG(y)dx (2.6)

By substituting (2.6) into (2.5) we get

| ¢(ma) — d(ma) |le= llm1 — mall:



t x fo'e) u
= H/O {SUP/ / /U E[[ Ly (2)<¢) = Lima(mo)<cylle” ™ dz duc (y) dn}du
T — 00 I*ﬂ

IN

IN

IN

= 0

by Gronwall’s inequality.

t T o0 u
o[ [ [T [ Elma(n.2) — man,2) e 2 dz dug(y)dn}du
B z J—ocoJz—0-

o [ sup Bl (.2) ot ez sup [ [ ducluhdnaa

oo Jxr—n

t
Hlfl/o [m1 — malludu

Existence: Consider m(t) =0, and m;1 = ¢(m;) for i > 0. Then, by the same argument

as in the uniqueness proof, we have

for 7 > 1 and

Hml - mOHt

lmip —mille = ll¢(mi — dmia)lls

IN

t
o /0 i — i1 |l (2.7)

t T 00 U [oo
/ sup E[/ / / / N(dn,dy,dz,ds)]du
0 =z —oc Jx—n JO u—=z
t T 00 U
K/ sup[/ / / e (“Adz due(dy) dn)du
JO p Jx J0
t 7 T
K / [/ e 2 dz  sup / (1 = G(z —n))dn| du
J0 J0 T J—0oc
t ru
ﬁ,ufl/ / (1= F(u—2))dzdu
0 Jo
Kt (2.8)

By induction, we can prove that [|my 1 —ma|; < (sp~ )" [t"H/(n+1)!]. Therefore, {m,,}

converges and

is a solution of (2.1). O

Note that NV is invariant under translation S _7,), consequently constructing the process

N as a Poisson process on R x [0,00) x R x [0,00) with mean measure Km X pg X m X [ie,



where m is Lebesgue measure on R, p¢ is the measure on [0, 00) corresponding to G and p, is

the exponential measure on [0, 00) and considering the backward simulation of the loss network

process
Ary={(z,y,z,8);mp(z,2) <C,y>0,-T<z<t-T,s>t—-T —z}
MT,t(B) = N(AT,t N (B X [07 00)2)7 B e B(R X [07 OO)) (29)
(o, t) = [ [, ANy (7, )

that is,

T 00 t—T1 froo
mrp(z,t) = Lnr(e,2)<cy N (dn, dw, dz, ds). (2.10)
—oc Jx—nJ =T t—T—=z
T)

we shall have m(T) 2 mr(T).
The M/G/oo queue. Let X (z) be the number of customers at time z € R in a stationary
M/G /oo queue with arrival rate x and service distribution G. We can construct the process

{X(z),z € R} by the projection method as

T o] 0 oo
X(z) = / / / N(dn, dy, dz, ds). (2.11)
J—oo Jz—n J—oc0 J—2

Comparing (2.10) as L — oo and (2.11) it is intuitive to conjecture that the invariant
measure for the process m is the limit as L — oo of the process X conditioned on the event

{X(z) < C,z € [—-L,Ll}.

First we prove that the unique stationary distribution of the network for which the restriction
of the number of calls to be less than C is imposed only in the segment [—L, L] is the same as
the distribution of a stationary M /G /oo queue conditioned to be less than C' in the time interval

[ L, L]

Let 77 be the distribution of the Poisson process with mean measure km X pug on R x [0, 00)

and

Ch = {ne N(® x [0,00)in({(y. 2)iy & <y +72}) < C,Va € [~L, L]}.

Define a measure on C} by

fp=—1 (2.12)



Define
A ={(n.y.z,8);m(n,z) <Cif [n] < L,y >0,z <t,s>t—2z}
MF(B) = N(A, N ((B x [0, 00)2) (2.13)
mh(w,t) = [ 2, M{“(dn, dy)
we have
aA(—1L)

mb(z,t) = /

— 00

AL oo t roo
* / / / Lty <cy N (dn, dy, dz, ds) (2.14)
Jan(—L) Jz—n JO Ji—z

T o] t o]
+/ / / N(dn,dy,dz, ds)
zA—L Jx—m JO Jt—=z2

which restricts only points along [—L, L] to carry at most C calls. The generator of the restricted

o) t roo
[ [ Nan.ay,dz.as)
z—nJ0 Jt—=z

loss process defined by (2.14) takes the form

Af(n) = /Rx [0 oo)(f(n F0wrwn) = O s, ) dmay <o, r<asn) FA01dHG (w2)

+ /Rx[O,oo)(f(n - 5(11)1,11)2)) - f(n))n((dwl, du)Q)) (215)

Lemma 2.2 The distribution 1y, given by (2.12) is the unique stationary distribution for the

restricted loss network given by (2.14).

Proof: It follows by Echeverria’s theorem (see Ethier and Kurtz (1986), Theorem 4.9.17) that

71, is a stationary distribution for m” if

L, Avs i dn) = 0. (2.16)
Cé
In fact, it is enough to prove (2.16) for f(n) = [ g(z)n(dz). In this case,

AL (n)iL(dn)
. CL'
1

) /55 [/Rx [0,00) 90t 02T 7 4 ) dy)<C, - L<a<s) AO1AHG (W2)

g(w1, wa)n((dwn, dwsy))]n(dn).

S~

Rx[0,00)



Let N be a Poisson process on R x [0,00) with mean measure km X pg, that is, N has
distribution 7, then
[ Avt)itdn)

cy

- —__E I~ ~ol o oo~ dw,d
7(C%) [ /Rx[o,oo)g(wl’w” INECTI" [ (N4, ) dy) <O, L<a<)* L He(w2)

_ /R>< [0,00) g(wla wQ)I[ﬁeég}N((dwla d’wg))]
1
— ﬁ(éfc) E[/RX [0,00) g(wlaw2)1[ﬁ+5(w1’w2)€5§}}f€ dwld,uc(wg)

_ /R>< 10,00) g(wla wQ)I[ﬁegg}N((dwl, d’wg))]_

For each m, let {A"} be a partition of R x [0, 00) into rectangles, with the mesh of the par-
tition going to zero as m — oo, and let G = (N(B);B C AT™). Partitioning the expectations
and conditioning on G, eventually the partition will isolate the points and since N + O(wy )

70

has the same distribution as N conditioned on having a point sited at (wq,ws), the result follows.

Uniqueness follows from a regeneration argument similar to that used by Lotwick and Sil-
verman (1981). Let m! be the loss network evolving in time as described by system (2.13) and
initial distribution dy, that is, no calls at time 0. Let m% be a similar loss network started in
equilibrium, i.e., having as its initial distribution 7. We would like to investigate the conver-
gence of the process m! by considering the double process (mF,ml). We can construct both
processes m* and m’ by using the same underlying Poisson process N by the projection method.
Let Ny be a Poisson point process on R x [0, 0c)? with mean measure 77, x 40} X pe and denote

by Ng 4+ N the superposition of the two processes, then

A(—L) foo t roo
mie) = [ [ [ [ Nidn.dy.dz.ds)
—00 z—n —z

TAL oo t roc
+/ / / Lt (n,2)<cy N (dn, dy, dz, ds) (2.17)
eAN(—L) Jz—n JO Jt—2z -

T o0 t roo
+ / / / N(dn,dy,dz,ds)
JrAN—L Jrx—nmJO Ji—z

and

zA(—L) foo t roo
mit) = [ [T [ [ o+ Ny dz.d)
—00 T—1 —z



TAL 00 t roo

[ ] Yzey o+ N) iy dydzyds)  (215)
aN(—L) Jz—n JO Jt—2z
T o'} t o'}

+ / / / (Nog + N)(dn,dy,dz,ds).

JrAN—L Jx—m JO Jt—2
Note that there exists T such that
my(z,Ty) = ma(z,Ty) =0, for all z € [—L, L]

since

TAL oo t roc
B ] Tecey o+ N) i dy. dz. de)] =
sAN(—L) Jz—n JO Jt—2

AL 00 t o)
- / I / / I{mL(ﬂ,Z)SC}(ﬁE X dq0y X fie)(dn, dy, dz, ds)
z )Jz—nJO Ji—z

A(—
AL

o0 t roo
+ / / Lt (n.2)<oy (M X g X mx pie)(dn, dy, dz, ds)
JaenN(-L) Jx—n JO Jt—=z

< +o0.
Since at any time ¢ there are only finitely many calls in the system
P(m!l(z,t) = my(z,t) =0,Vz € [-L,L]) >0

and P(Ty < 400) = 1. Moreover, for ¢ sufficiently large, since Ny has finitely many points

zA(—L) foo t roo zA(—L) foo t roo

[ e Ny, < [ [T [T Nan,dy,dz.ds)
—00 z—n JO Jit—z —00 z—n JO Jt—z

d

T oo t roo T oo t oo
[ [ [ ] @+ Nyndydzas) = [ [" [ [ Ny, dy. dz, as)
JeANL Jx—m JO Jt—z JeANL Jx—n JO Jt—z

Therefore we can couple the process mi and m’ after some time Ty and conclude that 7j;, is

an

the stationary distribution for m?”.

Note that the above argument is valid no matter what the initial distribution for the process

mf O

3 Quasi-stationary distributions for Markov processes

Let S be a denumerable space and S; C S be finite and strictly contained in S. We consider

an irreducible ergodic Markov process &, on S with stationary distribution a. We assume that

10



there exists z € S; and y € S\ S with a positive rate of jump from z to y. Let Q = {Q(z,vy) :
z,y € S1} be the transition rates matrix of &, restricted to the states of S;. Here Q(z,y) > 0

for z # y and our hypotheses imply

Q) <— Y Qay) (3.1)

yES1Y#T
Let p be the eigenvalue of () with maximal real part. Under these hypotheses, p is real, simple
and p < 0. Let v’ (the transpose of v) and w be the left and right eigenvectors of ) corresponding
to the eigenvalue p. In correspondence, for any fixed ¢, v' and w are the left and right eigenvectors
of '@ corresponding to the eigenvalue e'”. Without loss of generality we can assume
Z v(z) =1; Z v(z)w(xz) =1 (3.2)
z€S) TES)

In the following lemma we put in a convenient form a straightforward extension of results by

Darroch and Seneta (1967) and Pollett (1988).

Lemma 3.1 If the rates matriz QQ of the process & restricted to Sy satisfies (3.1) and (3.2),
then for t(1) < t(2) < ... <t(n) and y,xz1,...,2, € Sy the following limit holds:

Thm P(ft(z) =1z;,1<i<n ‘ & € 51,7" € [*L,L],f,L = y) (33)
,—00

o(e) T exp [5; QUG + 1) — #(0))] (0, 2 Jw(a)
explp(t(n) — (1))

= ofa)ulen) [T exp [Q06 + 1) — 0)] (o i01)
i=1

= o(zp)w(zy,) 1:[ exp [Q*(t(n —i+1) —t(n —10))] (Tn—it1, Tn—i)
i=1
where

are transition rates matrices for honest Markov processes X (n) and X*(n) on Sy. Furthermore,

the measure v(-)w(-) is invariant for both Q and Q*.

Proof. First write the conditional probability in the left hand side of (3.3) as

Py =z, 1 <i<mn; §eS,re =L L | {1 =y)
P(¢ € Si,re[-L, L[ & =1y)

(3.4)

11



Then use the Markov property to write the numerator as
P(& € Si,r € [-L, ()] &y =71 | - =)
XP(&iy = xi, 1 <i<n | &y = 1)

XP(& € Si,7 € [t(n), L] | &n) = on)

= P(& € Si,r € [—L,t()]; &) =21 | E-n = y)
X H exp [Q(t(i + 1) — t(i))] (w3, Tig1)

><P(§r€51,7”€[( ), L] | &4ny = 2n)

(1)s &t(n)

We compute the denominator by partitioning on all possible values of ¢,

P& €Sy,re[-L L | &L =y)
= ZZP(& € Si,re€[-Lit(),&ay=wn [ €L =1y)

Yir Yn

xP(&r € 51,7 € [t(1), 8(n)]: &y = wn) | &) = w1)
xP(&r € 51,1 € [t(n), L] | &yn) = yn)
= Zzp(gr € 51,r€ [_Lut(l)]agt(l) =4 ‘ = y)

;< exp [(t(n) — £(1))Q] (y1, yn)

P(&“ € 51,1 € [t(n)aL} | St(n) = yn)

Darroch and Seneta (1967) gives
P& eSire[-LtWL&u =y [&r=9) _ vy) (3.6)

PP (E € S € St by — o1 [E—9)  olan)
and that
. P(& € Si,r € [t(n), L] | St(n) = Yn) _ w(yn)
D Bl € S e Hn). L] Exm) = Tn)  W(Tn) (87

Then, since the sums are finite, (3.3) reads

() T exp [QUHG + 1) — 10))] (5, 5151) ()
vexp[(t, — t1)Qw
() T exp [QUHG + 1) — 10))] (5, 5141) ()
- expl(t — 1)) 9

because v and w are left and right eigenvectors of () with eigenvalue p and v'w = 1. The other

two identities follow from Lemma 3.3 in Pollett (1988). O

12



Corollary. Let @ be the law induced on SR by the process (¢, s € R) with (marginal) invariant
distribution o. Let &y = a(- | & € S1,8 € [-L,L]). Then &y, converges weakly to a unique
distribution Q.

Proof. Let f be a measurable function on Sﬁ depending on the values of &, for z in a finite
interval. Then for L sufficiently large so that the interval determining f is contained in [~ L, L],
apf=Y aE(E) & L=y)

YyES
Take limits as L — oc to both members of the above identity. By Lemma 3.1 the limits of the
conditional expectations in the right hand side do not depend on y and converge to the same

value that we define as being aq f. O

4 Infinite volume limit.

We write m(r) as a function of a Markov process in some state space S, which will be conditioned
to stay at certain finite set S; during the time interval [~ L, L]. The idea is to represent the
M/G /oo queue in a Markovian way. We are able to do so when the general distribution G
corresponds to the absorption time of a finite state Markov process. Let U = {1,...,k}. We
assume that there exists a Markov process Y, € U U {0}, such that @) is absorbing and the rates
are given by a matrix g = {q(¢,7)}ijev, ¢(¢,0) = ®(i) and ¢(0,7) = 0 and that the service time
cumulating distribution function G is given by
G(r) = Y )PV € U | Yo = i) (4.1)
€U
for some probability distribution ¢ on U.
Remark. The above phase-type condition includes the Gamma distribution and mixtures of
exponentials for instance. For the Gamma distribution with parameters k& and A, we fix U =
{1,...,k}, (1) = L,p(z) =0for z > 1, &(x) =0for 1 <z < k-1, glz,z+ 1) = X and
®(k) = A. For the mixture of k exponentials we fix g(z,y) = 0 for y # (). In this way we have
that the exponential with rate ®(z) is chosen with probability ¢(z). Many other distributions
can be constructed as the absorption times of a finite state Markov process.
We now define a Markov process & on S = UN. A typical configuration £ € S is a vector

with k& non negative naturals. £(i) is the number of calls in progress whose service time is at

13



state 7. Define

: £(g if j 7 . 3 if j #

5Z+(j)={ o fl(j)={ e
E(@)+1 ifj=1

Let

c(&,€7T) =D €(h)al,i) + oli) c(é,87) = £(i)@(i)1{i > 1}
1eU

The generator of the process is the following

LI =2 > &)~ f(&)] (4.2)
i€V Cefeit g}

The process with the above generator is ergodic and has a unique stationary state. We leave the

proof of the next two lemmas to the reader.

Lemma 4.1 Let {.y = {{ : v € R} be the process with generator (4.2) in equilibrium, that
is, such that the (marginal) distribution of &, does not depend on r. Then, defining M (&) =
Yicv &r(i), the process M (&) has distribution 1) as defined by (2.12).

Notice that since the distribution of £, is the corresponding to a stationary Markov process,

the equilibrium distribution of the (M |G|oo) queue is a function of a Markov process.

Lemma 4.2 The process M (§.y) conditioned to the set {M(&,) < C,r € [~L, L]} has distribu-

tion 7r,.

Lemma 4.3 The process .y conditioned to the event {M(¢,) < C,r € [~L,L]} converges
weakly to a unique distribution. Consequently, 15, converges to a unique distribution 7. Fur-

thermore the limiting conditioned process is also Markovian.

Proof. Defining S; = {{ € S: M (&) < C}, we can apply the Corollary of Lemma 3.1 to the
process &, to obtain the desired convergence. The convergence of 777, to 7] is then a consequence
of the previous lemma. Markovianity follows from Lemma 3.1. O

Remark. A similar argument can be applied for discrete s € Z. It can also be extended to any

distribution G with finite support.
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5 Percolation argument

For small k a percolation argument can be used. Let us use a different graphical representation of
the process. Let ( = {(1,(2,...} be a k-homogeneous Poisson process on R x [0,00), Hy, Ho, ...
be i.i.d. exponential random variables with E[H;] = 1 and W;, W, ... ii.d. random variables
with common distribution G, the variables H’s, W’s and the Poisson process being independent.

Consider the random rectangles
Ri={(7,9); G <2 < (in + Wi, Gio <y < (o + Hi},

then {R;,7i > 1} = {(; + S;,i > 1} is a boolean model in the continuum R X [0, c0) (Hall, 1988,
p.43) where S; = [0, W;] x [0, H;] and it represents the independent process of attempted calls.
Fix (z,y) € R x [0,00), then

—1

P((z,y) is not covered) = P( for all 4, (z,y) ¢ R;) = e "*

Let v(S;) the content of the largest sphere contained in S; and V(S;) the content of the

smallest sphere containing S;, then

v(S;) = w(% A %)2 and V() = w(% Vv %)2
since E[v(S;)] > 0, if we assume E[(%: v %)3] < o0, there exists a critical value k. such that
there is no continuum percolation (Theorem 4.11, Hall, 1988). That is, the number of rectangles
in each clump is finite with probability 1. In this case, each (s,t) € R x [0,00) belongs to a
finite number of random rectangles R; and the loss network process can be constructed from the

independent process by “erasing” the rectangles which lead to more than C' calls.

Therefore, we can define
To(L) = inf{t > 0; there is no path connecting [—L, L] to R x {t}}

and if we couple two processes m; and ms9, m, beginning with an arbitrary measure for point
inside [—L, L] and my beginning with M /G /oo queue restricted to C' calls on [—L, L], the two

processes will coincide after time Tp(L).
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When H corresponds to an exponential distribution it has all moments. Hence, for this
argument it is sufficient to ask that the random variable W with distribution G have a finite

third moment.
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