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Interpolation rules suggested by asymptotic expansions

BY NIALL H. ANDERSON
Department of Statistics, University of Glasgow, Glasgow G12 8QW, U.K.

PETER HALL

Centre for Mathematics and its Applications, Australian National University,
GPO Box 4, Canberra, ACT 2601, Australia

AND D. M. TITTERINGTON
Department of Statistics, University of Glasgow, Glasgow G12 8QW, U.K.

SUMMARY

We suggest a simple interpolation rule, based on Edgeworth and Cornish-Fisher expansions,
which permits highly accurate numerical approximation in problems involving calculation of
distributions or quantiles without requiring explicit calculation of terms in the expansions.
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bution.

1. INTRODUCTION

Edgeworth expansions are often used to provide explicit corrections for asymptotic approxima-
tions, as in recent work in testing and confidence procedures involving nonparametric methods
(Pfanzagl, 1979; Hall, 1983; Abramovitch & Singh, 1985) and in time series, econometrics and
related fields (Sargan, 1976; Phillips, 1978; Durbin, 1980; Taniguchi, 1985; Taniguchi & Maekawa,
1990). In the present note we point out a useful application of Edgeworth expansion methods in
producing simple but accurate interpolation rules for deriving information from or for constructing
statistical tables.

Suppose the function / is tabulated for discrete values n, of its argument, and that we seek the
value of/ for an untabulated point, say n. We suggest that, should/ admit an Edgeworth expansion
in increasing powers of n - i or n~l, then interpolation should be among values of n[f(nt) or
n / ("i) , respectively, rather than values of/(n,). This recommendation applies to approximations
of both distribution functions and percentage points. In the latter case our reference to Edgeworth
expansions should really be to Cornish-Fisher expansions.

We should stress that our method does not require calculation of any terms of an Edgeworth
or Cornish-Fisher expansion. It uses only existing information available in statistical tables, and
knowledge that the Edgeworth expansion exists. This existence has been established for large
classes of statistical problems; see, for example, Sargan (1975), Phillips (1977), Bhattacharya &
Ghosh (1978), Durbin (1980) and Sargan & Satchell (1986). Aside from advantages of greater
accuracy compared with traditional interpolation rules, our method allows linear and quadratic
interpolation in intervals such as (n,,oo), as we now show.
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2. THE INTERPOLATION FORMULAE

We consider in detail only the cases of approximating to nf(n) by a linear and to n2f(n) by a
quadratic function. The case where the expansions are series in n~' is dealt with by replacing n
by n' throughout.

Linear. For nx<n<n2, use

where f,=f{n,). If n2 = oo,/L(n) =/2 + (/,-/2)iiI»T l.

Quadratic. For n, < n < n3, with n, < n2< n3, use

/O(n) = a0+ain~' + a2n~2,

where

^ - n^n\f2){{nx - n2)(n2- n3)(n3

2)"' ~ Oo(«i + "2),

If n3 = oo, the only change is that Oo=/3.

3. APPLICATIONS

Skew distributions and their percentage points typically admit Edgeworth and Cornish-Fisher
expansions whieh behave as series in n~K Examples include chi-squared or gamma distributions,
where n equals the number of degrees of freedom or shape parameter, respectively. Symmetric
distributions, and distributions of statistics for two-sided hypothesis tests, often involve expansions
in n~l. Student's /-distribution, and the distribution of the Cramer-von Mises and Kolmogorov
statistics, are cases in point. Here n equals the number of degrees of freedom in the former case
and sample size in the latter.

The effectiveness of the interpolation procedures can be illustrated by their ability to approximate
the upper 5%, 2-5% and 1% points of various distributions. In the case of Student's t, linear
interpolation based on the values for n = 7,20 and 00 degrees of freedom gives 3-figure accuracy
for all intermediate n for the 5% point; for the 2j% points, n = 8, 20, 00 can be used, and for the
1% points, n = 10, 20, 00. For the chi-squared distribution, the values for n = 5, 20, 00 are enough
for all three percentages. In the case of the one-sample Kolmogorov-Smirnov statistic for testing
a simple null hypothesis, linear interpolation using the points for n = 10, 20, 00 led to some errors
of 1 unit in the third significant figure for large n, but this was corrected provided one used
quadratic interpolation based on the points for n = 10, 20, 50, 200, 00.

For the Cram6r-von Mises statistic, we failed to unearth existing tables more extensive than
those of Knott (1974). For the 5%, 2-5% and 1% points, we constructed a table for n =
10(1)50(10)100, 150, 200, 1000 using quadratic interpolation based on the values for n = 10, 20,
50, 200, 00 from Knott (1974). The values agree with the corresponding table based on linear
interpolation, apart from a few discrepancies of one unit in the fourth significant figure in some
of the 1% values. The table also agrees with Knott's (1974) values for n = 1000, to four significant
figures.
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