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1 Abstract
In classification, even if a Bayes-optimal rule has been developed, intergroup misclassification rates may be
higher than desirable. We consider a two-stage model for multi-category constrained discrimination in which
limits on misclassification rates of training observations may be pre-specified. The mechanism by which
the misclassification limits are satisfied is a rejection option, also known as a reserved judgment group, for
observations not demonstrating properties of membership to any of the groups.

The first stage of the constrained discrimination model involves estimating conditional group density
function values for training observations, and the second stage requires the solution of a mixed-integer
program (MIP). The MIP is used to estimate the parameters that characterize an optimal classification rule.

The MIP is difficult to solve due to the formulation of constraints wherein certain variables are equal
to the maximum of linear functions. Solution methods for the MIP are presented, including techniques for
generating and exploiting edges of the conflict graph. Improvement in computation times over industry-
standard software is demonstrated.

2 Introduction
Classification is a fundamental task in machine learning where rules are developed for the allocation of obser-
vations, represented by vectors of measurable attributes, to one of a number of discrete groups. Commonly
employed methods for classification include classification and regression trees [5], support vector machines,
neural networks, and linear discriminant functions. Typically, a set of training observations whose group
memberships are known are used to develop rules for the classification of unknown group membership in a
process called supervised learning.

The Bayes optimal rule for a given data set is the rule that maximizes the probability of correct classifi-
cation of observations of unknown group membership; or equivalently, minimizes the probability of misclassi-
fication (see [10]). For an observation x, the Bayes optimal rule allocates an observation to the group h such
that h = arg max

g
{πgfg(x), g ∈ G} where πg is the prior probability that an observation belongs to group g,

fg(x) = f(x|g) is the conditional density function for the event that an observation exhibits values x given
that it belongs to group g, and G is the set of groups. The product of the prior probability and conditional
density function for an observation-group pair is the posterior probability that the observation belongs to the
group. Therefore, the Bayes optimal rule allocates observations to groups for which the posterior probability
is the maximum.

The Bayes optimal rule is rarely obtainable, and classification methods are often evaluated by aspects of
their convergence to the Bayes optimal rule [10, 11]. Even when the Bayes optimal rule is known, and the
total probability of correct classification is maximized, the rate of misclassification between pairs of groups
is often higher than desired. Anderson [1] notes this phenomenon, and presents a modification of the Bayes
optimal rule that will provably maximize the probability of correct classification while satisfying limits on
the probabilities of misclassification of observations between pairs of groups. An Anderson optimal rule
is defined by linear modifications to the posterior probabilities called modified posterior probabilities. The
mechanism by which the constraints are satisfied is through the introduction of a reserved judgment, or
rejection, group. The reserved judgment group is an artificial group where observations can be placed if the
modified posterior probabilities are low for all groups.

A classification rule with a rejection option is a constrained discrimination rule. Forney [15] and Chow
[8] discuss the form of rules that minimize the rejection rate given an error rate. Györfi et al. [18] suggest a
stochastic approximation procedure for finding an optimal classification rule for this objective and constraint.
The approach in this work will be to maximize correct classification while constraining error rates, which
is equivalent to minimizing the rejection rate with misclassification limits. Other approaches to constrained
discrimination have been investigated as well [29, 19, 6].



Gallagher et al. [16] present three computational models for estimating the parameters of an Anderson
optimal rule. These models involve the solution of computationally intensive mixed-integer programs. The
difficulty in solving the MIPs led to the development of a linear programming approximation [25]. The linear
programming approximation has been used successfully in prediction of ultrasound-mediated disruption of
cell membranes [24], automated planning volume definition in soft-tissue sarcoma adjuvant brachytherapy
[23], and genomic pattern recognition in human cancer [13, 14].

This paper describes some of the solution methods for the mixed-integer programming formulation given
in part in [16]. We will operate under the assumption that the Bayes optimal rule is known, and discuss the
estimation of parameters of the Anderson optimal rule. In particular, methods for determining edges of the
conflict graph of the mixed-integer program are given. The conflict graph corresponds to a node packing
relaxation of a mixed-integer program. Conflict graphs and their use in solving combinatorial optimization
problems are described in [28, 26, 20, 17, 21, 4, 3, 2]. The conflict graph can be exploited to derive cuts in
a branch and bound framework.

3 Formulation
Input to the constrained discrimination model proposed in [16] consists of the following: (1) A set of
groups/categories/classes G, (2) estimates of prior probabilities πh describing the likelihood that an ob-
servation with unknown attribute values belongs to group h ∈ G, (3) a set of observations/entities/data
points Nh for each group h ∈ G such that the observations in Nh are known to belong to group h, (4)
the conditional group density functions evaluated at the points representing each of the observations (the
conditional group density function for observation j with known group membership g for allocation to group
h is written as fh(xgj)), and (5) misclassification rate limits αhg ∈ [0, 1] that represent the highest proportion
of observations from group h that can be allocated to group g.

Anderson [1] shows that an optimal rule for maximizing correct classification subject to pre-specified
limits on misclassification allocates observations to groups based on modified posterior probabilities. Let
Lhgj be the modified posterior probability that observation j with group membership g is allocated to group
h. The optimal rule is determined by nonnegative |G|(|G| − 1) λih coefficients that relate to the modified
posterior probabilities by the following formula

Lhgj = πhfg(xgj) −
∑

i∈G\h

fi(x
gj)λih

Note that the modified posterior probabilities are not probabilities in that they are not required to sum
to 1, or even be nonnegative. The name modified posterior probability results from the fact that the quantity
indicates the likelihood of an event; namely, the allocation of an observation to a group. The optimal rule
presented by Anderson allocates an observation to the group for which the modified posterior probability is
greatest unless Lhgj < 0 for all h in which case the observation is placed in the reserved judgment region.

The estimation of the λih values based on a sample of observations with known group membership is
performed using math programming. Let uhgj = 1if entity xgj is allocated to group h and 0 otherwise, and
ygj = max{0, Lh′gj : h ∈ G}. An MIP formulation of the objective and constraints is then

maximize
∑
g∈G

∑
j∈Ng

uggj

subject to ygj ≤ M(1 − u0gj) g ∈ G, j ∈ Ng (1)
ygj ≥ εuhgj g, h ∈ G, j ∈ Ng (2)

ygj − Lhgj ≤ M(1 − uhgj) g, h ∈ G, j ∈ Ng (3)
ygj − Lhgj ≥ ε(1 − uhgj) g, h ∈ G, j ∈ Ng (4)∑
0,h∈G

uhgj = 1 g ∈ G, j ∈ Ng (5)
∑

j∈Ng

uhgj ≤ bαghngc h, g ∈ G, h 6= g (6)

−∞ < Lhgj < ∞, ygj ≥ 0, λih ≥ 0, uhgj ∈ {0, 1}

This model is almost identical to Model 1 formulated by [16]. Note that for appropriately chosen M and
ε, the constraints (1)-(4) allocate observations to the group for which the modified posterior probability is
maximum. Constraints (5) require that each observation is allocated to exactly one group, and constraints



(6) enforce the misclassification limits by requiring that no greater proportion than αgh of the observations
belonging to group g are misclassified as belonging to group h. The existence of the M and ε in a large
number of constraints is conducive to an extremely ill-conditioned coefficient matrix.

4 Computational Techniques and Tests
The focus of our computational approach for difficult MIP instances is finding and exploiting the conflict
graph. The conflict graph of a mixed-integer program is a graph with one node corresponding to each
binary integer variable. An edge exists between variables/nodes xi and xj if xi + xj ≤ 1 is valid for the
associated MIP. Certain structures, including maximal cliques and odd holes, in the conflict graph correspond
to stronger valid inequalities than the edge constraints (see [21, 4, 3]). In fact, the edges of the conflict graph
of an integer program form a node packing relaxation of the convex hull of integer feasible solutions.

For the MIP in Section 3, we can show that determining if an edge is in the conflict graph is equivalent
to showing that a system of 4 constraints and |G|(|G − 1|) variables is infeasible. An edge corresponds to a
constraint of the form uamn +ubst ≤ 1, which is a logical condition that observation n from group m cannot
be allocated to group a in the same solution that observation t from group s can be allocated to group b.

To demonstrate the computational improvement, we used 5 3-group and 4 5-group real world data sets.
With the exception of one data set, all of the data sets are from the UCI machine learning database repository
[9]. The remaining data set consists of cell motility data [30]. The proportion of training observations from
each group served as prior probabilities, and the conditional group density function values were estimated
by assuming a multivariate normal distribution of the data with a common covariance matrix. Splus 6.0 for
Linux/Unix is used for calculating the conditional group density function values.

The branching strategy incorporates information from the conflict graph and misclassification constraints.
For example, when a binary integer variable is set to 1, all variables that are adjacent in the conflict graph
are set to 0. Noting that the λih variable values determine all other variable values, a heuristic is used at
nodes to generate integer feasible solutions at nodes in the branch and bound tree. At each fractional node,
the λih values that optimize the LP subproblem are used to calculate the modified posterior probabilities,
and then the values of the integer variables. If the integer variables satisfy the misclassification constraints
and the objective value is larger than the incumbent objective value, then the solution is stored as the new
incumbent.

Instances of the classification model are solved using CPLEX Callable Library V8.1 (CPLEX). For com-
parison, the CPLEX solver is then enhanced with the specialized cuts, branching strategy, and heuristic
based on our analysis. The entire conflict graph is generated and stored before optimization. The conflict
graph is searched at nodes in the branch and bound tree for maximal clique and odd hole cuts. The Cliquer
[27] routines are used to search for maximal cliques in the fractional conflict graph and a breadth-first search
[21, 3] is used to search for odd holes.

Several combinations of settings available in CPLEX were tested. To summarize, strong branching,
aggressive probing, aggressive generation of clique cuts, and strict tolerance levels are employed for the
results presented here. All problems were solved on machines with 2 × 2.4GHz Intel Xeon processors and
2GB RAM. CPLEX was set to terminate after 7,200 CPU seconds.

Each data set was tested with misclassification limits of 0, 5, 15, and 100%. The last set of limits
corresponds to having no misclassification limits. Statistically, solving the problem with no misclassification
limits is of little use; however, the problem is a special case of the problem with misclassification limits and
is of interest when evaluating computational performance.

A comparison of computational performance on 5-group data sets is in Table 4. The first two columns
identify the problem instance by data set and misclassification rate limits. Columns 3 through 8 summarize
the performance of CPLEX alone, and columns 9 through 14 summarize the performance of the Enhanced
Solver. Columns 3 and 9, Best obj. value, contain the objective value of the best integer feasible solution
from the respective solvers. Columns 4 and 10, Gap rem (%) contain the percentage of integrality gap
remaining, which is calculated as (zLP

UB − zIP )/(zLP
root − zIP )× 100, where zIP is the optimal objective value

of the mixed-integer program. If zIP is unknown, the objective value associated with the best known integer
feasible solution is used. The value zLP

UB is the best objective value among active LP subproblems upon
termination. The value zLP

root is the optimal objective value of the linear program relaxation at the root of
the branch and bound tree. Columns 5 and 11, Time to best (s) include the time in CPU seconds to find an



integer feasible solution with objective at least as good as that obtained by running CPLEX alone. Columns 6
and 12, Nodes to best, Nodes to CPLEX best, report the number of branch-and-bound nodes solved to obtain
a solution with objective value at least as good at that obtained by CPLEX alone. Columns 7, 13, 9, 14
record the termination statistics of the two solvers. Time elapsed (s) records the CPU seconds elapsed upon
termination of each solver, either at proven optimality, or when the process reaches the maximum allowed
time of 7,200 CPU seconds. Nodes solved reports the number of branch-and-bound nodes solved upon the
termination condition. Columns 15 and 16 summarize the improvement in time and nodes, respectively,
that the Enhanced Solver provides. Column 15 is calculated as the ratio of the time required by CPLEX to
arrive at the best integer feasible solution to the respective time required by the Enhanced Solver. Similarly,
Column 16 reports the associated ratio of the number of branch-and-bound nodes solved.

All of the 3-group problems are solved in less than 1 CPU minute by both CPLEX alone and the Enhanced
Solver (data not shown). The Enhanced Solver finds feasible solutions to all 16 5-group problems, solving 9
to optimality, whereas CPLEX alone finds feasible solutions to only 9 problems, solving 7 to optimality. Of
the instances not solved to optimality by both solvers, the Enhanced Solver terminates with better optimal
solutions and smaller integrality gaps remaining (reduction ranges from 15-32%). Among the 9 instances in
which CPLEX obtains an IP feasible solution, in all but one instance, the Enhanced Solver demonstrates an
average of over 10-fold time improvement and 20-fold reduction in nodes solved compared to time and node
statistics obtained by running CPLEX alone to arrive at the same IP objective value.

5 Conclusions
We have presented preliminary results that indicate that by combining cutting planes from conflict graphs,
specialized branching scheme, and tailored heuristic within a branch-and-bound framework, significant im-
provement can be made over CPLEX in the solution of MIPs associated with a constrained discrimination
model. In addition to the reduction in solution time and number of branch-and-bound nodes required to
solve, and improvement in the integrality gap upon termination, a clear advantage of the Enhanced Solver
is the return of feasible integer solutions to all real instances. In [7], we describe the theoretical aspects of
the MIP instances and present algorithms for rapid generation of edges of the conflict graph and conflict
k-hypergraphs[12, 22] to a wider class of real instances.
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