
Point Abstra
tions in Continuous ModelsR�udiger Hohmann�Abstra
tPoint abstra
tions are singularities in a 
ontinuum. They 
an be des
ribed by delta fun
tions. The givenmethod puts prior to the numeri
 integration an analyti
 integration step whi
h transforms the unlimited deltafun
tions into �nite step fun
tions. In modern simulation systems dis
rete time- and state events 
an generate thestep fun
tion in view of the numeri
 integration. Examples investigated from the me
hani
s are a single for
e a
tingdown on a heavy sagging rope and the for
e impulse o

uring upon the 
ollision of two masses.Key words: delta fun
tion, pre
eded analyti
al integration, step fun
tion, dis
rete events, single for
e, 
ollisions.AMS subje
t 
lassi�
ations: 34A36, 34A37, 65L10, 70E18, 70E55, 70G10, 70G60.1 Introdu
tionFor potential users in natural s
ien
es and te
hnology, a methodi
al approa
h for the in
lusion of point abstra
tionsin 
ontinuous models has to be provided. Point abstra
tions, also 
alled sharp 
on
entrated quantities, are deemedphysi
al abstra
tions, like the point mass, a single for
e in a �nite for
e density, or a for
e impulse in vanishingtime. They are singularities in a 
ontinuum. The delta fun
tion represents a suitable form to des
ribe su
h pointabstra
tions. They are substituted for this purpose by means of a Æ"-fun
tion with a �nite distribution (density)and, after that, the 
orresponding di�erential equation is integrated analyti
ally. The integration starts at that pointwhere the initial 
onditions are given. This way they remain relevant, and the 
onsisten
y with the other di�erentialequations is un
hanged. Only the highest derivative and terms with Æ"-fun
tions have to be dealt with analyti
ally.The remaining terms are integrated numeri
ally in the 
ourse of the simulation. Now, it is allowed to 
arry out thelimiting pro
ess " ! 0 in su
h terms where the Æ"-fun
tion is below an integral. This way the point abstra
tions are
reated. Step fun
tions result therefrom whi
h 
an be represented easily in 
ontinuous simulation systems.2 Integration of model equationsThe method for the modelling of point abstra
tions puts prior to the numeri
 integration an analyti
al integrationstep of those di�erential equations that 
ontain delta fun
tions, whi
h this way turn into �nite step fun
tions. Thenthey 
ould be generated and integrated numeri
ally by means of dis
rete events. This 
ombination of analyti
al withnumeri
al integration is 
hara
teristi
 for this method.Independent of the mathemati
al form and independent of ", the Æ"-fun
tions have the 
hara
teristi
 feature thattheir integral in the interval from -1 to +1, equals one. With de
reasing values of " they get narrower and higher.The term Æ"(x� a) = � 1=" for a� "=2 � x � a+ "=2 with " > 00 otherwise(1)�Otto-von-Gueri
ke-Universit�at Magdeburg, Institut f�ur Simulation und Graphik, Universit�atsplatz 2, 39106 Magdeburg, Germany,hohmann�isg.
s.uni-magdeburg.de16th IMACS World Congress ( 

 2000 IMACS)
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Modelling of Point Abstra
tions 2is the Dira
 Æ"-fun
tion at x = a in the narrow sense. It is not permitted to set " equal zero, but for 
ontinuousfun
tions y(x) exist the limit of the integral [7℄lim"!0 +1Z�1 Æ"(x0 � x)y(x0) dx0 = y(x):(2) As a way of shortening the fun
tion Æ"(x) and the limiting pro
ess " ! 0, permitted subsequent to integrationsonly, the symbol Æ(x) is de�ned. In nonintegrated equations it 
orresponds with terms in the form of (1). Belowintegrals, however, the symbol has to be substituted byZ Æ(x0 � x)y(x0) dx0 � lim"!0 Z Æ"(x0 � x)y(x0) dx0:(3) Model equation with Æ-fun
tion at t = t1 of a dynami
 system (IVP) [5℄:y(n) = f(t; y; _y; : : : ; y(n�1)) + g(t)Æ(t� t1);y(0) = y0; _y(0) = _y0; : : : ; y(n�1)(0) = y(n�1)0 :(4) By means of analyti
al integration, within the range from 0 to t, we gety(n�1) = tZ0 f(t0; y; _y; : : : ; y(n�1)) dt0 + g(t1)s(t� t1) + y(n�1)0 ;(5) with the unit step fun
tion s(t� t1) = � 0 for t < t11 for t > t1;(6) as it is 
alled in the time domain. The fun
tion g(t) is supposed to be 
ontinuous:tZ0 Æ(t0 � t1)g(t0) dt0 = g(t1)s(t� t1) = �0 for t < t1g(t1) for t > t1:(7) The unit step fun
tion s(t� t1) results in values jumping between 0 and 1 by integration of a delta fun
tion with
oeÆ
ient fun
tion g(t) = 1.Now, y(n�1) 
an be 
al
ulated numeri
ally. The simulation system ACSL [1℄ allows a dire
t notation of (5) bymeans of the integration blo
k INTEG:y(n-1) = INTEG(f, y(n-1)0)+g(t1)*s(t-t1).Using an expli
it representation of the integralu = tZ0 f(t0; y; _y; : : : ; y(n�1)) dt0 + y(n�1)0 ;(8) we 
an also spe
ify a system 
onsisting of two di�erential equations of �rst and (n�1)th order for the time fun
tionsu(t) and y(t): _u = f(t; y; _y; : : : ; y(n�1)); u(0) = y(n�1)0 ;y(n�1) = u+ g(t1)s(t� t1); y(0) = y0; _y(0) = _y0; : : : ; y(n�2)(0) = y(n�2)0 :(9) Before the point abstra
tion has an e�e
t on t = t1, the fun
tions u(t) and y(n�1)(t) 
orrespond and they di�erfrom ea
h other after that by a 
onstant value g(t1).



Modelling of Point Abstra
tions 33 Step fun
tionsIn modern 
ontinuous simulation systems 
apable of handling time- and state dependent dis
rete events, step fun
tionsobtained by means of integration of a delta fun
tion 
an be generated elegantly. We distinguish between time andstate events. The step point at time events is given a priori, meanwhile it has to be iterated at state events. The zero
rossing of an arithmeti
 term initiates a state event in ACSL. A DISCRETE se
tion will be 
alled by the SCHEDULEstatement in order to 
hange the step variable. The integration intervals get their limits out of an event list. Thisway the numeri
al integration methods do not pass over these limits, but they stop here and begin new runs in thefollowing interval. Errors by dis
ontinuities are ruled out, as a 
onsequen
e.Program sequen
es for time events in ACSL (sele
ted statements):� � � � � �INITIAL INITIALs = 0.0 g1s = 0.0SCHEDULE Event .AT. t1 SCHEDULE Event .AT. t1END ! of initial END ! of initial� � � � � �DERIVATIVE DERIVATIVEModel equations Model equationsEND ! of derivative END ! of derivativeDISCRETE Event DISCRETE EventCALL LOGD(.TRUE.) CALL LOGD(.TRUE)s = 1.0 g1s = gCALL ZZDERV(1) CALL ZZDERV(1)CALL LOGD(.TRUE.) CALL LOGD(.TRUE.)END ! of event END ! of event(a) � � � (b) � � �Case (a) generates the unit step, while the step height in 
ase (b) amounts to g(t1). Here the Æ-fun
tion has a
oeÆ
ient fun
tion g(t) a

ording to (4). The 
all ZZDERV(1) after a 
hange of the step fun
tion value at t = t1
auses an evaluation of all model equations. By 
alls of LOGD before and after the 
hange of s = s(t � t1) andg1s = g(t1)s(t� t1), respe
tively, the resulting two value sets of sele
ted model variables are logged on an intermediatedata �le. This permits the exa
t reprodu
tion of the dis
ontinuity in a graphi
al representation.If the time of the event is not given at the beginning, but it depends on the 
ourse of the dynami
 pro
ess, theSCHEDULE operator 
an also iterate this time as a state event. To this end an arithmeti
 term is de�ned, whosezero 
rossing generates the event. The forms of the SCHEDULE statement appli
able to state events are .XZ. (zero
rossing in both dire
tions), .XP. (positive 
rossing), .XN. (negative 
rossing). The statement is now pla
ed in theDERIVATIVE se
tion together with the model di�erential equations. The symbol X stands for 
rossing.As an example, the 
ollision of two masses with the inner position 
o-ordinates x1(t) and x2(t) is to 
ause a stateevent. At the beginning, the 
o-ordinates shall be x1 < x2 and the velo
ities v1 > v2. Then a possible SCHEDULEstatement 
ould be SCHEDULE x1-x2 .XP. Collision.After the iteration pro
ess has terminated in a minimal deformation, determined by the error limit, the DISCRETEse
tion \Collision" is 
alled in whi
h the rea
tions are implemented. The model time is stopped during the 
al
ulation(
ollision pro
ess without �nite period of time).4 ExamplesSingle for
es a
ting on a heavy rope whi
h 
auses a �nite 
ontinuous for
e density by its own weight, and the impa
tfor
es between two masses 
an be des
ribed with delta fun
tions. These quantities appear expli
itly in the di�erentialequations, however they are eliminated in the 
lassi
al des
ription and substituted by �tting 
onditions betweenseparate intervals. Their in
uen
e is here no longer obvious from the equations. For this reason, the delta fun
tion isa suitable, problem-near option for des
ription and modelling in simulation.
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Figure 1: A single for
e a
ts down on a sagging rope by means of a band.4.1 Single for
e on heavy ropeA heavy sagging rope of length l is fastened between two poles of the height y0 and y1 at pla
es x = 0 and x = x1. Anadditional single for
e at x = a (0 < a < x1) a
ts down on the rope. Further quantities needed are the mass/lengthof rope �, the a

eleration of gravity g, the 
onstant horizontal rope for
e 
omponent H , and the outer for
e densityq(x) [2℄.The boundary 
onditions in the equations of the rope 
urve y(x) and the ar
 length z(x) are satis�ed by suitablevalues of y0(0) = y00 and H : y00 = �gHp1 + y02 + q(x)H ; y(0) = y0; y(x1) = y1;(10) z0 =p1 + y02; z(0) = 0; z(x1) = l:(11)The single for
e F here generates the for
e densityq(x) = F Æ(x � a);(12)that is, F is distributed before the limiting pro
ess on the neighbourhood of x = a as �nite for
e density. TheÆ"-fun
tion (1) would des
ribe the 
ase that a band of the width " is lo
ated symmetri
ally to x = a on the rope, bywhi
h hangs a weight F (Figure 1). During the passing to the limit "! 0 the band passes over in a \tiny thin" wire.After the integration of y00 and the limiting pro
ess results the �rst order system of di�erential equations:u0 = �gH z0; u(0) = y00;(13) y0 = u+ FH s(x� a); y(0) = y0; y(x1) = y1;(14) z0 =p1 + y02; z(0) = 0; z(x1) = l:(15)The transition of the independent default variable t to the position 
o-ordinate x takes pla
e in ACSL by meansof a VARIABLE statement. In the terminology of this simulation language, the step at x = a remains a time event.By means of an iteration method, the unknown parameters p1 := y00 and p2 := H need to be determined so thatthe two fun
tions f(p1; p2) := y(x1)� y1;g(p1; p2) := z(x1)� l(16)will be zero simultaneously. The iteration was here exe
uted by a two-dimensional Newton method [4℄. To thisend, the two fun
tions f and g are linearized in the neighbourhood of the approximation (p1i; p2i), and a system oftwo linear equations has to be solved in order to obtain the next approximation (p1i+1; p2i+1). The rope 
urve withbreak point, the a

ompanying ar
 length and their dis
ontinuous derivatives are represented in [5, 6℄.
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Figure 2: The for
e impulses during di�erent elasti
 
ollision pro
esses.4.2 Collision of two massesThe 
ollision pro
ess takes pla
e in two phases (Figure 2) [3℄. The initial 
ompression phase ends with maximumdeformations at t = t�. Both bodies have now the same velo
ity v�. A for
e impulse F̂C is exerted over this �rstperiod of time. In the following restitution phase in whi
h a for
e impulse F̂R is exerted, the deformations go ba
kpartially or 
ompletely. The for
e impulse during the restitution is zero (Figure 2d, inelasti
), equal to (Figure 2
,elasti
) or lower than (Figure 2b, partial elasti
) the one during the 
ompression:F̂R = e F̂C ;(17)with 0 � e � 1 (e restitution 
oeÆ
ient).The for
e impulse F̂ exerted altogether over the period of the 
ollision time t
 is the total of both 
omponents,
al
ulated by an integral of the 
ollision for
e F (t) :F̂ = F̂C + F̂R = t
Z0 F (t) dt:(18)After appli
ation of the momentum 
onservation law at t = t� resultsF̂ = (1 + e) m1m2m1 +m2 (v1 � v2);(19)with the velo
ities v1; v2 immediately before the 
ollision (Figure 2a) and v1, v2 after that (Newton's 
ollisionlaw). De�nition of a Æ"-fun
tion with " = t
: F (t) � F̂ Æ"(t):(20)An analyti
al term of Æ"(t) using the variable " we get by means of a linear transformation [6℄Æ"(t) = t
" F � t
" t�F̂ ;(21)whi
h turns into the de�nition equation (20) through " = t
. The passing to the limit " ! 0 des
ribes an impa
twithout a �nite period of 
ollision time. This way the 
ollision 
an be represented as a state event.Equations of motions in 
ase of multiple impa
ts at time points ti and with for
e impulses F̂i:m1 �x1 = F1(t; x1; _x1)�Pi F̂i Æ(t� ti); x1(0) = x10; _x1(0) = _x10;m2 �x2 = F2(t; x2; _x2) +Pi F̂i Æ(t� ti); x2(0) = x20; _x2(0) = _x20:(22)



Modelling of Point Abstra
tions 6The time points ti are determined by the algebrai
 equationx1(ti)� x2(ti) = 0;(23)with the inner position 
o-ordinates x1; x2 of the bodies. After integration and limiting pro
ess, the equations ofmotions 
hange into a �rst order system of four di�erential equations:_u1 = F1(t; x1; _x1)m1 ; u1(0) = _x10;(24) _x1 = u1 � 1m1 Xi F̂i s(t� ti); x1(0) = x10;(25) _u2 = F2(t; x2; _x2)m2 ; u2(0) = _x20;(26) _x2 = u2 + 1m2 Xi F̂i s(t� ti); x2(0) = x20:(27)Here the for
e impulses at t = ti have to be summed up. They 
hange the velo
ities _x1; _x2 rapidly. Exemplary forthis is the boun
ing ball in 
onta
t with a solid surfa
e and only one equation of motion [5℄. A for
e impulse givento the ball in the 
ourse of the 
ollision is exhausted in this 
ase by the gravity dire
ted to the opposite during thefollowing jumping phase.5 Con
lusionThe model des
ription by means of delta fun
tions permits the in
lusion of point abstra
tions, also 
alled sharp 
on
en-trated quantities, in the model equations. Alternatively, a pie
ewise des
ription is possible by using �tting 
onditionsthat 
onne
t the di�erent solution intervals. Both des
ription forms are equivalent. The 
losed representation by deltafun
tions, however, is 
loser to the problem be
ause the point abstra
tions also appear in the di�erential equations. In
ase of pie
ewise des
ription they do not appear in the model equations but additional �tting 
onditions 
hara
terizetheir in
uen
e [5℄. Internally the integration takes pla
e in both 
ases between time and state events, respe
tively.The pie
ewise modelling in simulation 
oming from the 
lassi
al way of looking should be 
ompleted therefore by usingdelta fun
tions whi
h permit a 
losed form of the model des
ription.Referen
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