Point Abstractions in Continuous Models
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Abstract
Point abstractions are singularities in a continuum. They can be described by delta functions. The given
method puts prior to the numeric integration an analytic integration step which transforms the unlimited delta
functions into finite step functions. In modern simulation systems discrete time- and state events can generate the
step function in view of the numeric integration. Examples investigated from the mechanics are a single force acting
down on a heavy sagging rope and the force impulse occuring upon the collision of two masses.
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1 Introduction

For potential users in natural sciences and technology, a methodical approach for the inclusion of point abstractions
in continuous models has to be provided. Point abstractions, also called sharp concentrated quantities, are deemed
physical abstractions, like the point mass, a single force in a finite force density, or a force impulse in vanishing
time. They are singularities in a continuum. The delta function represents a suitable form to describe such point
abstractions. They are substituted for this purpose by means of a d.-function with a finite distribution (density)
and, after that, the corresponding differential equation is integrated analytically. The integration starts at that point
where the initial conditions are given. This way they remain relevant, and the consistency with the other differential
equations is unchanged. Only the highest derivative and terms with d.-functions have to be dealt with analytically.
The remaining terms are integrated numerically in the course of the simulation. Now, it is allowed to carry out the
limiting process € — 0 in such terms where the d.-function is below an integral. This way the point abstractions are
created. Step functions result therefrom which can be represented easily in continuous simulation systems.

2 Integration of model equations

The method for the modelling of point abstractions puts prior to the numeric integration an analytical integration
step of those differential equations that contain delta functions, which this way turn into finite step functions. Then
they could be generated and integrated numerically by means of discrete events. This combination of analytical with
numerical integration is characteristic for this method.

Independent of the mathematical form and independent of e, the d.-functions have the characteristic feature that
their integral in the interval from -oc to +00, equals one. With decreasing values of € they get narrower and higher.
The term

1/e for a—¢/2<z<a+¢e/2 with e > 0

1) -0 ={ |

otherwise
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is the Dirac é.-function at x = a in the narrow sense. It is not permitted to set £ equal zero, but for continuous
functions y(z) exist the limit of the integral [7]
+oo
(2) lim [0 (a — 2)y(a') da’ = y().

— 00

As a way of shortening the function d.(x) and the limiting process e — 0, permitted subsequent to integrations
only, the symbol §(z) is defined. In nonintegrated equations it corresponds with terms in the form of (1). Below
integrals, however, the symbol has to be substituted by

(3) '/(5(37' —2)y(z")dz' = lim [ 6.(2" — 2)y(2") dx'.

e—0

Model equation with J-function at ¢ = ¢; of a dynamic system (IVP) [5]:

y(n) = f(t7 Y, y L) y(nil)) +g(t)6(t - t1)=
y(0) = yo, 5(0) = Go, - .-, y"V(©0) =y V.

By means of analytical integration, within the range from 0 to ¢, we get

(4)

t
®) y = /f(tl’ Yo Gy ooy y DY A+ g(t)s(t — 1) +ys" T,
0

with the unit step function

0 fOI‘t<t1
© w-m={7 Gisn

as it is called in the time domain. The function g(t) is supposed to be continuous:

0 for t < t;
g(t]) for t > t].

(7) /5(:&’ —t)g(t) dt' = g(ty)s(t —t;) = {

The unit step function s(¢ — ¢;) results in values jumping between 0 and 1 by integration of a delta function with
coefficient function g(t) = 1.

Now, (1) can be calculated numerically. The simulation system ACSL [1] allows a direct notation of (5) by
means of the integration block INTEG:

y(n-1) = INTEG(f, y(n-1)0)+g(t1)*s(t-t1).

Using an explicit representation of the integral

t
(8) u = /f(tl7 y7 :l]7 et y(nil)) dt, + yén7])7
0

we can also specify a system consisting of two differential equations of first and (n—1)th order for the time functions
u(t) and y(t):

W=ty gy, u(0) =y,
y(nq) =u+g(t1)s(t —t1), y(0) = yo, 9(0) = 9o, ..., y(n72)(0) _ yén72)_

Before the point abstraction has an effect on t = t;, the functions u(t) and 3"~ (t) correspond and they differ
from each other after that by a constant value g(¢1).

(9)
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3 Step functions

In modern continuous simulation systems capable of handling time- and state dependent discrete events, step functions
obtained by means of integration of a delta function can be generated elegantly. We distinguish between time and
state events. The step point at time events is given a priori, meanwhile it has to be iterated at state events. The zero
crossing of an arithmetic term initiates a state event in ACSL. A DISCRETE section will be called by the SCHEDULE
statement in order to change the step variable. The integration intervals get their limits out of an event list. This
way the numerical integration methods do not pass over these limits, but they stop here and begin new runs in the
following interval. Errors by discontinuities are ruled out, as a consequence.
Program sequences for time events in ACSL (selected statements):

INITTAL INITTAL

s = 0.0 gls = 0.0

SCHEDULE Event .AT. t1 SCHEDULE Event .AT. t1
END ! of initial END ! of initial
DERIVATIVE DERIVATIVE

Model equations Model equations

END ! of derivative END ! of derivative
DISCRETE Event DISCRETE Event
CALL LOGD(.TRUE.) CALL LOGD(.TRUE)
s =1.0 gls=g

CALL ZZDERV(1) CALL ZZDERV(1)
CALL LOGD(.TRUE.) CALL LOGD(.TRUE.)

END ! of event END ! of event

(a) (b)

Case (a) generates the unit step, while the step height in case (b) amounts to g(#1). Here the d-function has a
coefficient function g(¢) according to (4). The call ZZDERV(1) after a change of the step function value at t = #;
causes an evaluation of all model equations. By calls of LOGD before and after the change of s = s(t — #1) and
gls = g(t1)s(t —t1), respectively, the resulting two value sets of selected model variables are logged on an intermediate
data file. This permits the exact reproduction of the discontinuity in a graphical representation.

If the time of the event is not given at the beginning, but it depends on the course of the dynamic process, the
SCHEDULE operator can also iterate this time as a state event. To this end an arithmetic term is defined, whose
zero crossing generates the event. The forms of the SCHEDULE statement applicable to state events are .XZ. (zero
crossing in both directions), .XP. (positive crossing), .XN. (negative crossing). The statement is now placed in the
DERIVATIVE section together with the model differential equations. The symbol X stands for crossing.

As an example, the collision of two masses with the inner position co-ordinates 1 (¢) and z2(t) is to cause a state
event. At the beginning, the co-ordinates shall be x; < 25 and the velocities v; > v9. Then a possible SCHEDULE
statement could be

SCHEDULE x1-x2 .XP. Collision.

After the iteration process has terminated in a minimal deformation, determined by the error limit, the DISCRETE
section “Collision” is called in which the reactions are implemented. The model time is stopped during the calculation
(collision process without finite period of time).

4 FExamples

Single forces acting on a heavy rope which causes a finite continuous force density by its own weight, and the impact
forces between two masses can be described with delta functions. These quantities appear explicitly in the differential
equations, however they are eliminated in the classical description and substituted by fitting conditions between
separate intervals. Their influence is here no longer obvious from the equations. For this reason, the delta function is
a suitable, problem-near option for description and modelling in simulation.
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Figure 1: A single force acts down on a sagging rope by means of a band.

4.1 Single force on heavy rope

A heavy sagging rope of length [ is fastened between two poles of the height y, and y; at places z = 0 and 2 = z;. An
additional single force at z = a (0 < a < 1) acts down on the rope. Further quantities needed are the mass/length
of rope p, the acceleration of gravity g, the constant horizontal rope force component H, and the outer force density
q(z) [2]-

The boundary conditions in the equations of the rope curve y(x) and the arc length z(z) are satisfied by suitable
values of y'(0) =y, and H:

(10) y' = %\/1+y’2+ql(q—$)7 y(0) =yo, y(z1) =y,
(11) 2l =1+y"?, 2(0) =0, =z(z1)=1

The single force F' here generates the force density

(12) q(x) = F3(x — a)

that is, F' is distributed before the limiting process on the neighbourhood of x = a as finite force density. The
d.-function (1) would describe the case that a band of the width ¢ is located symmetrically to z = a on the rope, by
which hangs a weight F' (Figure 1). During the passing to the limit ¢ — 0 the band passes over in a “tiny thin” wire.
After the integration of y" and the limiting process results the first order system of differential equations:

3

(13) T u(0) = yi,

(14) V=uts@—a), O =y y)=u,

(15) 2 =1+y"?, z(0) =0, =z(x1)=1I.

The transition of the independent default variable ¢ to the position co-ordinate x takes place in ACSL by means
of a VARIABLE statement. In the terminology of this simulation language, the step at = a remains a time event.

By means of an iteration method, the unknown parameters p; := y{, and ps := H need to be determined so that
the two functions

f(p1, p2) == y(z1) — y1,

9(p1, p2) = 2(21) —
will be zero simultaneously. The iteration was here executed by a two-dimensional Newton method [4]. To this
end, the two functions f and g are linearized in the neighbourhood of the approximation (pi1;, p2;), and a system of
two linear equations has to be solved in order to obtain the next approximation (p1;41, p2i+1). The rope curve with
break point, the accompanying arc length and their discontinuous derivatives are represented in [5, 6].

(16)



Modelling of Point Abstractions 5

before collision collision in progress after collision

e ¢ —0—-@-

m, ''m, : © 0 m,  Vim,
m2

F(t
a m, ®
elastic collision inelastic collision
F F
F,
St £ ot
b c d

Figure 2: The force impulses during different elastic collision processes.

4.2 Collision of two masses

The collision process takes place in two phases (Figure 2) [3]. The initial compression phase ends with maximum
deformations at ¢ = t*. Both bodies have now the same velocity v*. A force impulse Fe is exerted over this first
period of time. In the following restitution phase in which a force impulse Fg is exerted, the deformations go back
partially or completely. The force impulse during the restitution is zero (Figure 2d, inelastic), equal to (Figure 2c,
elastic) or lower than (Figure 2b, partial elastic) the one during the compression:

(17) Fr =ekg,
with 0 <'e <1 (e restitution coefficient).
The force impulse F' exerted altogether over the period of the collision time %, is the total of both components,
calculated by an integral of the collision force F'(t) :
te
(18) F=Fo+Fg= /F(t) dt.
0

After application of the momentum conservation law at ¢t = ¢* results

(19) F= (14 1m2

V1 — Vs
m11+m2( 1 2)7

with the velocities vy, vs immediately before the collision (Figure 2a) and vy, U2 after that (Newton’s collision
law). Definition of a d.-function with ¢ = ¢.:

(20) F(t) = Fé.(t).

An analytical term of 0. (¢) using the variable € we get by means of a linear transformation [6]
_t F (%)
=2 p
which turns into the definition equation (20) through € = t.. The passing to the limit € — 0 describes an impact

without a finite period of collision time. This way the collision can be represented as a state event.
Equations of motions in case of multiple impacts at time points ¢; and with force impulses Fj:

(21) o (t)

)

may ’1‘1 :Fl(t, Jil,fi?l)*ziﬁ,j(s(t*ti), ’1‘1(0)
mo ’1‘2 = Fg(t, T, T2) + Zz ﬁ; (5(7‘ - ti), ’1‘2(0)

z10, #1(0) = @10,
(22)

T, #2(0) = &ap.
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The time points t; are determined by the algebraic equation

with the inner position co-ordinates x, x5 of the bodies. After integration and limiting process, the equations of
motions change into a first order system of four differential equations:

Fi(t, z1, x
(24) iy = M) uy (0) = d1o,
my
(25) i 1 S Eis(t—t) (0)
i =u — — ss(t—t;), x = 10,
1 [ i ; 1 105
Fy(t !
(26) Uy = M7 us(0) = s,
ma
1 ~
27 To = u — F;s(t—1t;), 22(0) = Tog.
(27) o “2+mzzi: i s( ), 22(0) = w2

Here the force impulses at ¢ = t; have to be summed up. They change the velocities 1, 2 rapidly. Exemplary for
this is the bouncing ball in contact with a solid surface and only one equation of motion [5]. A force impulse given
to the ball in the course of the collision is exhausted in this case by the gravity directed to the opposite during the
following jumping phase.

5 Conclusion

The model description by means of delta functions permits the inclusion of point abstractions, also called sharp concen-
trated quantities, in the model equations. Alternatively, a piecewise description is possible by using fitting conditions
that connect the different solution intervals. Both description forms are equivalent. The closed representation by delta
functions, however, is closer to the problem because the point abstractions also appear in the differential equations. In
case of piecewise description they do not appear in the model equations but additional fitting conditions characterize
their influence [5]. Internally the integration takes place in both cases between time and state events, respectively.
The piecewise modelling in simulation coming from the classical way of looking should be completed therefore by using
delta functions which permit a closed form of the model description.
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