
Verifying Single and Multi-mutator GarbageColle
tors with Owi
ki-Gries in Isabelle/HOLLeonor Prensa Nieto? and Javier EsparzaTe
hnis
he Universit�at M�un
henInstitut f�ur Informatik, 80290 M�un
hen, Germanyfprensani,esparzag�in.tum.deAbstra
t. Using a formalization of the Owi
ki-Gries method in the the-orem prover Isabelle/HOL, we obtain me
hanized 
orre
tness proofs fortwo in
remental garbage 
olle
tion algorithms, the se
ond one parametri
in the number of mutators. The Owi
ki-Gries method allows to reason di-re
tly on the program 
ode; it also splits the proof into many small goals,most of whi
h are very simple, and 
an thus be proved automati
ally.Thanks to Isabelle's fa
ilities in dealing with syntax, the formalization
an be done in a natural way.1 Introdu
tionThe Owi
ki-Gries proof system [11℄ is probably the simplest and most elegantextension of Hoare-logi
 to parallel programs with shared-variable 
on
urren
y.Like Hoare-logi
, it is a syntax oriented method, i.e., the proof is 
arried outon the program's text. Moreover, it provides a methodology for breaking down
orre
tness proofs into simpler pie
es: on
e the sequential 
omponents of theprogram have been annotated with suitable assertions, the proof redu
es toshowing that the annotation of ea
h 
omponent is valid in Hoare sense, andthat ea
h assertion of an annotation is invariant under the exe
ution of thea
tions of the other 
omponents (so-
alled interferen
e-freeness). Finally, theannotated program helps humans to understand why the algorithm works, andto gain 
on�den
e in the proof.One problem of the method is that the number of interferen
e-freeness testsis O(kn), where n is the number of sequential 
omponents, and k is the maximalnumber of lines of a 
omponent. This makes a 
omplete pen
il and paper proofvery tedious, even for small examples. For this reason, many of the interferen
e-freeness proofs, whi
h tend to be very simple, are usually omitted. This, however,in
reases the possibility of a mistake. One way out of this situation is to applya theorem prover whi
h automati
ally proves the easy 
ases, ensures that nomistakes are made, and guarantees that the proof is 
omplete.In [10℄, the Owi
ki-Gries method was formalized in the theorem prover Isa-belle/HOL. In this paper we show that the method and its me
hanization 
an besu

essfully applied to larger examples than those 
onsidered in [10℄. We study? Supported by the DFG PhD program "Logi
 in Computer S
ien
e".



two garbage 
olle
tion algorithms. We �rst verify (a slightly modi�ed version of)Ben-Ari's 
lassi
al algorithm [2℄. A pen
il and paper proof using the Owi
ki-Griesmethod plus ad-ho
 reasoning was presented in [14℄. Our proof follows [14℄, butit manages to formulate the extra reasoning within the Owi
ki-Gries method.Ben-Ari's algorithm has also been me
hani
ally proved using the Boyer-Mooreprover [13℄ and PVS [6℄, but none of these proofs uses Owi
ki-Gries. This makesthe algorithm an ex
ellent example for 
omparing the Owi
ki-Gries method withothers, and for 
omparing Isabelle/HOL with other theorem provers.In the last se
tion of the paper we verify a parametri
 garbage 
olle
torin whi
h an arbitrary number of mutators work in parallel. The algorithm wasproved by hand in [8℄ with the help of variant fun
tions. To our knowledge this isthe �rst me
hanized proof. Noti
e that 
orre
tness must be shown for an in�nitefamily of algorithms, whi
h introdu
es an additional diÆ
ulty.The paper is stru
tured as follows: in Se
tion x2 we brie
y present our lan-guage, the Owi
ki-Gries method and some basi
 information about Isabelle/HOL.The basi
s of garbage 
olle
tion algorithms are des
ribed in Se
tion x3. Se
tion x4presents the proof of Ben-Ari's algorithm in detail. Se
tion x5 presents the proofof the parametri
 algorithm. Se
tion x6 
ontains 
on
lusions.For spa
e reasons we only sket
h the proof of the parametri
 algorithm, andsligthly simplify the annotations of the programs. Complete annotations andproof s
ripts 
an be obtained from http://www.in.tum.de/~prensani/.2 The Owi
ki-Gries Method and Isabelle/HOLThe Owi
ki-Gries proof system is an extension of Hoare-logi
 to parallel pro-grams. Two new statements deal with parallel pro
essing. The COBEGIN-COENDstatement en
loses pro
esses that are exe
uted in parallel; the AWAIT statementprovides syn
hronization. We 
onsider the evaluation of any expression or exe-
ution of any assignment as an atomi
 a
tion, i.e., an indivisible operation that
annot be interrupted. If several instru
tions are to be exe
uted atomi
ally, theyform an atomi
 region. Synta
ti
ally, these are en
losed in angled bra
kets <and >.Proofs for parallel programs are given in the form of proof outlines, i.e., theprogram is annotated at every 
ontrol point where interferen
e may o

ur. Giventwo proof outlines S and T , we say that they are interferen
e free if, for everyatomi
 a
tion s in S with pre
ondition pre(s), and every assertion P in T , theformula fP ^ pre(s)g s fPg holds, and 
onversely. Thus, the exe
ution of anyatomi
 a
tion 
annot a�e
t the truth of the assertions in the parallel programs.The inferen
e rule for the veri�
ation of the COBEGIN-COEND statement is:fpigSifqig for i 2 f1; : : : ; ng are 
orre
t and interferen
e freefVni=1 pig COBEGIN S1k : : : k Sn COEND fVni=1 qigAn important aspe
t of the Owi
ki-Gries method is the use of auxiliary vari-ables. They augment the program with additional information for proof pur-poses. An auxiliary variable a is only allowed to appear in assignments of theform a := t, and so it is super
uous for the real 
omputation.



Isabelle [1, 12℄ is a generi
 intera
tive theorem prover and Isabelle/HOL isits instantiation for higher-order logi
. For a tutorial introdu
tion see [9℄. Wedo not assume that the reader is already familiar with HOL and summarize therelevant notation: The ith 
omponent of the list xs is written xs!i, and xs[i:=x℄denotes xs with the ith 
omponent repla
ed by x. Set 
omprehension syntax isfe. Pg. To distinguish variables from 
onstants, we show the latter in sans-serif.We will use the syntax for while-programs as it is formalized in Isabelle/HOL:Assertions are surrounded by \f." and \.g". The syntax for assignments isx ::= t. Sequential 
omposition is represented by a double semi-
olon (;;) or bya double 
omma (,,) when it o

urs inside atomi
 regions.3 Garbage Colle
tionGarbage 
olle
tion is the automati
 re
lamation of memory spa
e. User pro
esses,
alled mutators, might produ
e garbage while performing their 
omputations.The 
olle
tor's task is to identify this garbage and to re
y
le it for future useby appending it to the free list. In
remental (also 
alled on-the-
y) garbage
olle
tion systems, are those where the garbage 
olle
tion work is randomlyinterleaved with the exe
ution of instru
tions in the running programs.The memory is modelled as a �nite dire
ted graph with a �xed numberof nodes, where ea
h node has a �xed set of outgoing edges. A pre-determinedsubset of nodes, 
alled the Roots, is always a

essible to the running program.A node is 
alled rea
hable or a

essible if a dire
ted path exists along the edgesfrom at least one root to that node, otherwise, it is 
alled garbage. For markingpurposes, ea
h node is asso
iated a 
olor, whi
h 
an be bla
k or white. Thememory stru
ture 
an only be modi�ed by one of the following three operations:redire
t an edge from a rea
hable node towards a rea
hable node, append agarbage node to the free list, or 
hange the 
olor of a node.The mutators abstra
tly represent the 
hanges that user programs produ
eon the memory stru
ture. It is assumed that they only work on nodes that arerea
hable, having the ability to redire
t an edge to some new target. To makegarbage 
olle
tion safe, the mutators 
ooperate with the 
olle
tor by assumingthe overhead of bla
kening the new target. Thus, a mutator repeatedly redire
tssome edge R to some rea
hable node T, and then 
olors the node T bla
k.It is 
ustomary to des
ribe the 
olle
tor's task in this way: identify thenodes that are garbage, i.e., no longer rea
hable, and append them to the freelist, so that their spa
e 
an be reused by the running program. However, atan abstra
t level it suÆ
es to assume that the 
olle
tor makes garbage nodesa

essible again: sin
e the mutator has the ability to redire
t arbitrary a

essibleedges, it may reuse these nodes. In the sequel adding a node to the free list willjust mean making it a

essible.The 
olle
tor repeatedly exe
utes two phases, traditionally 
alled \markingphase" and \sweep" or \appending phase". In the marking phase the 
olle
tor(1) 
olors the roots bla
k; (2) visits ea
h edge, and if the sour
e is bla
k it 
olorsthe target bla
k; (3) 
ounts the bla
k nodes; (4) if not all rea
hable nodes are



bla
k, goes to step (2). In the appending phase, the 
olle
tor (5) visits ea
hnode, appending white nodes to the free list, and 
oloring bla
k nodes white.The safety property we prove says that no rea
hable node is garbage 
olle
ted. Inother words, if during the appending operation a node is white, then it is garbage.Clearly, this property holds if step 4 is 
orre
t. But how do we determine thatall rea
hable nodes are bla
k? In the 
ase of one mutator, Ben Ari's solution isto keep the result of the last 
ount, and 
ompare it with the result of the 
urrent
ount. If they 
oin
ide, then all rea
hable nodes are bla
k. For n mutators, we
ompare the results of the last n+1 
ounts. So the algorithms for one and severalmutators di�er only in step 4.4 The Single Mutator CaseWe verify (a slightly modi�ed version of) Ben-Ari's algorithm. We follow theideas of [14℄, but formulate the proof 
ompletely within the Owi
ki-Gries system.The Memory. The memory is formalized using two lists of �xed size. In the �rstlist, 
alled M, memory nodes are indexed by natural numbers that range from 0to the length of M; the 
olor of node i 
an be 
onsulted by a

essing M!i. These
ond list, 
alled E, models the edges; ea
h edge is a pair of natural numbers
orresponding to the sour
e and the target nodes. Roots is an arbitrary set ofnodes. Rea
h is the set of nodes rea
hable from Roots (in
luding Roots itself).Bla
ks is the set of nodes that are Bla
k . Finally, BtoW are the edges that pointfrom a Bla
k node to a White node.The separate treatment of 
olors and edges in our data stru
ture is an ab-stra
tion that 
onsiderably simpli�es proofs relating to the 
hanges in the graph.If an edge is redire
ted, M remains invariant, while 
oloring does not modify E.The Mutator. The auxiliary variable z is false if the mutator has already redi-re
ted an edge but has not yet 
olored the new target. Some obvious 
onditions{.T 2 Rea
h E ^ z.}WHILE True INV {.T 2 Rea
h E ^ z.}DO < E::=E[R:=(fst(E!R),T)℄,, z::=: z >;;{.T 2 Rea
h E ^ : z.}< M::=M[T:=Bla
k℄,, z::=: z >OD {.False.}Fig. 1. The mutator
required of the sele
ted edge R andnode T, namely, R<length E andT<length M always hold and areomitted in the annotated programtext. The veri�
ation requires toprove one lemma: an a

essible node
annot be rendered ina

essible byredire
ting an edge to it.The Colle
tor. The 
olle
tor �rst bla
kens the roots and then exe
utes a loop.The body of the loop 
onsists of �rst traversing M 
oloring all rea
hable nodesbla
k, and then 
ounting the number of bla
k nodes. The loop terminates ifthe results of the 
urrent 
ount and the previous one 
oin
ide. After termi-nation of the loop, the 
olle
tor traverses M on
e more, this time making allwhite nodes rea
hable and all bla
k nodes white. We divide the algorithm into



modules, whi
h are pie
es of 
ode together with their pre- and post
onditions.The Bla
kening Roots module is straighforward; the 
odes and annotations ofthe rest are explained separately. Obvious intermediate assertions are omitted.{.True.}WHILE True INV {.True.}DO Bla
kening Roots;;{.Roots � Bla
ks M.}OBC::={};; BC::=Roots;; Ma::=L;;WHILE OBC 6= BCINV {. Roots � Bla
ks M^ OBC � Bla
ks Ma � BC � Bla
ks M^ (Safe(M,E) _ OBC � Bla
ks Ma ).}DO OBC::=BC;; Propagating Bla
k;;Ma::=M;; BC::={};; CountingOD;;{.Safe(M,E).}AppendingOD {.False.}Fig. 2. The 
olle
tor
Safe(M,E) states that all rea
h-able nodes are bla
k, i.e.,Rea
h E � Bla
ks M. Sin
e wehave Safe(M,E) before Append-ing, all white nodes are garbageright before the appendingmodule starts. This is almostthe safety property we wish toprove, sin
e, as we shall showlater when des
ribing the Ap-pending module, if a white nodeis garbage before Appending,then it remains so until Append-ing makes it rea
hable.The variables BC (Bla
k Count) and OBC (Old Bla
k Count) are used todetermine if the set of bla
k nodes has grown during the last Propagating Bla
kphase. Following [14℄, OBC is initialized to fg, and BC to the set Roots1. A singleauxiliary variable Ma is used for \re
ording" the value of M after the exe
utionof Propagating Bla
k. The 
onstant L is used to give Ma a suitable �rst value,de�ned as a list of nodes where only the Roots are bla
k.{.Roots � Bla
ks M^ OBC � BC � Bla
ks M.}I::=0;;WHILE I<length EINV {. Roots � Bla
ks M^ OBC � BC � Bla
ks M^ PB(M,E,OBC,I,z)^ I � length E.}DO IF M!(fst(E!I))=Bla
k THENM::=M[snd(E!I):=Bla
k℄ FI;;I::=I+1OD{.Roots � Bla
ks M^ OBC � BC � Bla
ks M^ (OBC � Bla
ks M _ Safe(M,E)).}Fig. 3. Module Propagating Bla
k

The key parts of the invariant arethe se
ond and third 
onjun
ts. These
ond 
onjun
t guarantees that afterany exe
ution of the body the 
ar-dinalities of OBC and BC are a lowerand upper bound, respe
tively, of thenumber of bla
k nodes after Propagat-ing Bla
k. (It is 
lear that OBC is alower bound, be
ause bla
k nodes staybla
k until the beginning of the ap-pending phase. That BC is an upperbound is the diÆ
ult part, sin
e themutator 
an bla
ken nodes while the
olle
tor exe
utes Counting.) The third
onjun
t guarantees that, if an exe
ution of the body does not establish thesafety property, then OBC is a proper lower bound, whi
h means that some whitenode was 
olored bla
k during the exe
ution of Propagating Bla
k. The Prop-agating Bla
k and Counting modules have very 
lear tasks: Propagating Bla
kestablishes the third 
onjun
t, while Counting establishes the se
ond.1 OBC and BC are here sets of bla
k nodes whereas in the original algorithm theyrepresent their 
ardinalities. We found the set approa
h easier to formalize but itsimpli�es neither the algorithm nor the proofs.



Propagation of the Coloring. During this phase, the 
olle
tor visits the edges ina given order, 
oloring the target whenever the sour
e was Bla
k. This phaseestablishes the third 
onjun
t of the invariant.The invariant of this module is tri
ky. The predi
ate PB is an adaptation ofthe one proposed in [14℄. PB(M,E,OBC,I,z) denotes the predi
ateOBC � Bla
ks M _ (8 i<I. : BtoW(E!i,M)_ ( : z ^ i=R ^ snd(E!R)=T ^ (9 r<length E. I � r ^ BtoW(E!r,M) )))and it is the 
rux of the proof. Intuitively, its invarian
e is proved as follows. Ifthe 
olle
tor or the mutator bla
ken some white node, then after exe
ution of thebody OBC � Bla
ks M holds. If all the edges visited by the 
olle
tor point to aBla
k node, then 8 i<I. : BtoW(E!i,M) holds. If some visited edge points toa white node (be
ause the mutator has redire
ted it), then (and this is Ben-Ari'smain observation) there is another BtoW edge among those that have not yet{.Roots � Bla
ks M^ OBC � Bla
ks Ma � Bla
ks M^ BC={}^ (OBC � Bla
ks Ma _ Safe(M,E)).}I::=0;;WHILE I<length MINV {.Roots � Bla
ks M^ OBC � Bla
ks Ma � Bla
ks M^ BC � Bla
ks M^ (OBC � Bla
ks Ma _ Safe(M,E))^ {i. i<I ^ Ma!i=Bla
k} � BC^ I � length M.}DO IF M!I=Bla
k THEN BC::=(insert I BC) FI;;I::=I+1OD{.Roots � Bla
ks M^ OBC � Bla
ks Ma � BC � Bla
ks M^ (OBC � Bla
ks Ma _ Safe(M,E)).}Fig. 4. Module Counting

been visited: sin
e the whitenode T is rea
hable, there isa path to T from some root,and sin
e all roots are Bla
k,some edge along this path mustbe a BtoW edge. Observe thatupon termination of the loopthis last 
lause 
annot holdsin
e I=length E. To obtain thepost
ondition OBC�Bla
ks M _Safe(M,E) we need to prove alemma: if all Roots are Bla
kand no edge points from aBla
k node to a White node,then all rea
hable nodes areBla
k.Counting Bla
k Nodes. This phase �nally re-establishes the invariant of the 
ol-le
tor's outermost loop. The 
omputed set BC must 
ontain all nodes whi
h werebla
k upon termination of Propagating Bla
k, or, sin
e Ma re
ords pre
isely this{.Safe(M,E).}I::=0;;WHILE I<length MINV {.Safe I(M,E,I) ^ I � length M.}DO IF M!I=Bla
k THEN M::=M[I:=White℄ELSE {.I62Rea
h E ^ Safe I(M,E,I).}E::=AppendtoFree(I,E)FI;; I::=I+1OD {.True.}Fig. 5. Module AppendtoFree
set, the Counting phase must ensurethat Bla
ks Ma � BC holds. Sin
ethe mutator 
an only bla
ken nodes,this task is now trivial. With allrea
hable nodes marked we 
an pro-
eed to the appending phase whereall unmarked nodes are appended tothe free list.Appending to the Free List. Here wefollow our prede
essors: Appending agarbage node I to the free list (i.e. making I rea
hable) is modelled by an ab-



stra
t fun
tion AppendtoFree satisfying suitable axioms. In the annotated 
ode,Safe I(M,E,I) states that all white nodes with index I or larger are garbage.The pre
ondition of the assignment to E guarantees that only garbage nodes are
olle
ted (the 
onjun
t Safe I(M,E,I) is needed here to maintain the invariantthroughout the loop).5 The Multi-mutator CaseIf we allow the intera
tion with several mutators, new diÆ
ulties 
ome into play.We 
onsider a solution, �rst presented in [8℄, in whi
h the 
olle
tor pro
eedsto the appending phase only after n+1 
onse
utive exe
utions of the Propagat-ing Bla
k phase during whi
h the set of bla
k nodes did not in
rease. Observethat in the 
ase of one mutator this 
olle
tor 
he
ks twi
e whether OBC=BC, andnot only on
e, as the 
olle
tor of Se
tion x4. In [8℄ it is shown that n 
onse
utiveexe
utions suÆ
e, but we do not 
onsider this version in the paper.The program 
onsists of a �xed, �nite and nonempty set of mutator pro
essesand one 
olle
tor pro
ess. When the number of programs is a parameter, the listof programs to be exe
uted in parallel 
an be expressed using the fun
tionmap and the 
onstru
t [i..j℄, whi
h represents the list of natural numbers fromi to j (the syntax [i..j(℄ 
orresponds to [i..j-1℄).The syntax and the ta
ti
 for the generation of the veri�
ation 
onditionspresented in [10℄ have been extended to deal with this kind of program s
hemas.They are pre
eeded by the word SCHEME.SCHEME map [� j.{.Z (Muts!j).}WHILE TrueINV {.Z (Muts!j).}DO < IF T (Muts!j) 2 Rea
h E THENE::=E[R (Muts!j):=(fst(E!(R (Muts!j))),T (Muts!j))℄ FI ,,Muts::=Muts[j:=(Muts!j) (|Z:=False|)℄ > ;;{.: Z (Muts!j).}< M::=M[T (Muts!j):=Bla
k℄ ,,Muts::=Muts[j:=(Muts!j) (|Z:=True|)℄ >OD {.False.} )[0..n(℄ Fig. 6. The mutators
The Mutators. A mutator
an only redire
t an edgewhen its target is a rea
h-able node, and redire
tingmay make its old target ina
-
essible. If several mutatorsare a
tive, then one of themmay sele
t a rea
hable nodeT as new target, but anotherone may render T ina

essi-ble before the edge has beenredire
ted to T . To solve thisproblem, sele
ting the newtarget and redire
ting the edge is modelled as a single atomi
 a
tion.Ea
h mutator m sele
ts an edge Rm and a target node Tm. As in the previousse
tion ea
h mutator owns an auxiliary variable Zm that indi
ates when the mu-tator is pending before the bla
kening of a node. These three obje
ts are puttogether in a re
ord. Isabelle's syntax for a

essing the �eld Z of a re
ord vari-able Mut is Z Mut. Re
ord update is written Mut (|Z:=True|), meaning that the�eld Z of the re
ord Mut is updated to the value True. The variable Muts is alist of length n (the number of mutators) whose 
omponents are re
ords of type



mut. For example, to a

ess the sele
ted edge of mutator j we write R (Muts!j).The Colle
tor. In the 
ase of one mutator, if an exe
ution of the body does notestablish the safety property, then some white node was 
olored bla
k during theexe
ution of Propagating Bla
k. When several mutators are present, there maybe other reasons. To des
ribe them we need a new value Queue(Muts,M) whi
hrepresents the number of mutators that are queueing to bla
ken a white node.{.True.}WHILE True INV {.True.}DO Bla
kening Roots;;OBC::={};; BC::=Roots;; l::=0;;WHILE l<n+1INV {. Roots � Bla
ks M^ OBC � BC � Bla
ks M^ (Safe(M,E)_ ( (BC � Bla
ks M_ l � Queue(Muts,M))^ l<n+1)).}DO OBC::=BC;; Propagating Bla
k;;< Ma::=M,,Qa::=Queue(Muts,M) >;;BC::={};; Counting;;{. Roots � Bla
ks M^ OBC � Bla
ks Ma � BC � Bla
ks M^ (Safe(M,E)_ OBC � Bla
ks Ma_ (l<Qa ^ OBC � Bla
ks M)_ (l<Qa ^ Qa � Queue(Muts,M)))^ Qa<n+1.}IF OBC=BC THEN l::=l+1 ELSE l::=0 FIOD;;{.Safe(M,E).}AppendingOD {.False.}Fig. 7. The 
olle
tor

The auxiliary variable Qa will\re
ord" this value upon termi-nation of the Propagating Bla
kphase. The invariant of theone mutator 
ase must be
ompared with the pre
ondi-tion of the IF-THEN-ELSE in-stru
tion, be
ause both 
orre-spond to the assertion estab-lished by the Counting phase.The assertion Safe(M,E) _ OBC� Bla
ks Ma has been weak-ened with new disjun
ts, 
orre-sponding to the new situationswhi
h 
an prevent Safe(M,E)from holding. The �rst new dis-jun
t 
orresponds to the 
ase inwhi
h at least one mutator joinsQueue(Muts,M) and then 
ol-ors its new target during Count-ing. The se
ond 
onjun
t 
orre-sponds to the 
ase in whi
h nomutator performs any 
oloring. Intuitively, after n+1 non-bla
kening Propagat-ing Bla
k iterations, the property Safe(M,E) must hold, sin
e the number ofqueueing mutators 
annot ex
eed n.The 
odes of the modules are the same as in x4 up to annotations in thePropagating Bla
k and Counting phases, whi
h have to be adapted to the newinvariant.We just show the invariant of the Propagating Bla
k phase:{. Roots � Bla
ks M ^ OBC � BC � Bla
ks M ^ I � length E.^ ( Safe(M,E) _ OBC � Bla
ks M _ l<Queue(Muts,M)_ (8 i<I. : BtoW(E!i,M) ^ l � Queue(Muts,M))) }Any 
oloring establishes OBC � Bla
ks M. (Observe that only 
oloring 
an makethe queue shorter.) If no 
oloring o

urs then either all the visited edges pointto a bla
k node, or some mutator has redire
ted an edge to a white sour
e buthas not yet 
olored the target, whi
h amounts to saying that the queue grows(l<Queue(Muts,M)).



6 Con
lusions and Related WorkThe Owi
ki-Gries method splits the proof into a large number of simple interfer-en
e-freeness subproofs. These are very tedious to prove by hand, and so avoidedby humans, who prefer to split a proof into a few diÆ
ult 
ases. In order toinvestigate if the use of a theorem prover 
an palliate this problem, we haveprovided me
hani
ally 
he
ked Owi
ki-Gries proofs for two garbage 
olle
tionalgorithms. The result is: 320 out of 340 interferen
e-freeness proofs in the �nalannotations were automati
ally 
arried out by Isabelle/HOL. For the remaining20 interferen
e-freeness proofs only three lemmas had to be supplied. The proofsof these lemmas, however, were very intera
tive.We do not know of any 
omplete Owi
ki-Gries proof for any of the two al-gorithms. In his proof of Ben-Ari's algorithm [14℄, van de Sneps
heut mixes theOwi
ki-Gries method with ad-ho
 reasoning; in parti
ular, he does not providean invariant for the outermost loop, impli
itly 
laiming that doing so will be
ompli
ated. However, the invariant turns out to be simple (3 
lauses), andhas a 
lear intuitive interpretation. In [8℄, Jonker argues that \ A proof [of then-mutators algorithm℄ a

ording to the Owi
ki-Gries theory would require theintrodu
tion of a satisfa
tory number of ghost variables . . . . In an earlier versionof this paper the invariant we 
onstru
ted was rather unwieldy and the proof ofinvarian
e almost unreadable." However, our proof only uses two auxiliary vari-ables (Ma and Qa), plus a trivial auxiliary variable for ea
h mutator. Extendingour proof to the more elaborated n-mutator algorithms of [8℄ should be possiblewith reasonable e�ort.We know of two other me
hanized proofs of Ben-Ari's algorithm, 
arried outusing the Boyer-Moore theorem prover [13℄ and PVS [6, 7℄. The main advantageof our approa
h is probably the 
loseness to the original program text, whi
hsimpli�es the intera
tion with the prover: Annotated programs are rather read-able by humans, and they are also dire
tly a

epted as input by Isabelle. Inother approa
hes the program must be �rst translated into a di�erent language(e.g. LISP in [13℄).Another aspe
t of our formalization is that we only had to prove 8 lemmas(3 of them trivial) about graph fun
tions, whereas 100 lemmas were requiredin [13℄, and about 55 in [6, 7℄. The reason for this is that many trivial lemmasabout sets or lists 
ould be automati
ally proved using Isabelle's built-in ta
ti
s(rewriting, 
lassi
al reasoning, de
ision pro
edures for Presburger arithmeti
,et
) and Isabelle's standard libraries. The proof e�ort, however, took two monthsfor the one-mutator algorithm (similar to our prede
essors) and another twomonths for the n-mutator 
ase. Most of the time was 
onsumed in �nding andimproving the invariants.A disadvantage of the Owi
ki-Gries method (in its 
lassi
al version) is that it
an only be applied to safety properties, while in [8, 13, 14℄ the liveness property\every garbage node is eventually 
olle
ted" is also proved to hold.None of our two algorithms has been proved 
orre
t using fully automati
methods. In [3℄ there is a proof of Ben Ari's algorithm for 1 mutator and 4memory 
ells. In [4℄, a prede
essor of Ben Ari's algorithm is proved 
orre
t using



automati
 tools for generating and proving invariants. The key invariants, how-ever, require intelligent input from the user. The paper suggests using predi
ateabstra
tion for 
he
king or strengthening invariants in a larger veri�
ation e�ortinvolving intera
tive theorem provers, whi
h is a promising idea.Our overall 
on
lusion is that the appli
ation of a theorem prover greatlyenhan
es the appli
ability of the Owi
ki-Gries method. The 
loseness to theoriginal program is preserved, and the large number of routine proofs is 
onsid-erably automatized.Referen
es1. Isabelle home page. www.
l.
am.a
.uk/Resear
h/HVG/isabelle.html.2. M. Ben-Ari. Algorithms for on-the-
y garbage 
olle
tion. ACM Toplas, 6:333{344,1984.3. G. Bruns. Distributed Systems Analysis with CCS Prenti
e-Hall, 1997.4. S. Das, D. L. Dill and S. Park. Experien
e with predi
ate abstra
tion. In CAV'99, LNCS 1633, 160-171, 1999.5. E. W. Dijkstra, L. Lamport, A. J. Martin, C. S. S
holten and E. F. M. Ste�ens.On-the-
y garbage 
olle
tion: An exer
ise in 
ooperation. Communi
ations of theACM, 21(11):966{975, 1978.6. K. Havelund. Me
hani
al veri�
ation of a garbage 
olle
tor. FMPPTA'99. Avail-able at http://i
-www.ar
.nasa.gov/i
/proje
ts/amphion/people/havelund/.7. K. Havelund and N. Shankar. A me
hanized re�nement proof for a garbage 
ol-le
tor. Formal Aspe
ts of Computing, 3:1-28, 1997.8. J. E. Jonker. On-the-
y garbage 
olle
tion for several mutators. Distributed Com-puting, 5:187{199, 1992.9. T. Nipkow. Isabelle/HOL. The Tutorial, 1998. Unpublished Manus
ript. Availableat www.in.tum.de/~nipkow/pubs/HOL.html.10. T. Nipkow and L. Prensa Nieto. Owi
ki/Gries in Isabelle/HOL. In FASE'99, LNCS1577, 188{203. Springer-Verlag, 1999.11. S. Owi
ki and D. Gries. An axiomati
 proof te
hnique for parallel programs. A
taInformati
a, 6:319{340, 1976.12. L. C. Paulson. Isabelle: A Generi
 Theorem Prover, LNCS 828 Springer-Verlag,1994.13. D. M. Russino�. A me
hani
ally veri�ed garbage 
olle
tor. Formal Aspe
ts ofComputing, 6:359{390, 1994.14. J. L. A. van de Sneps
heut. \Algorithms for on-the-
y garbage 
olle
tion" revisited.Information Pro
essing Letters, 24:211{216, 1987.


