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Abstract - The aim of this paper is to investigate curve or sur ~ successive application of this method is that with human
face design and modeling with geometric constraint by subdi  body data and suitable lengths, we can design his clothes.
vision scheme. To construct a curve with a given length, con- The organization of the paper is as follows. In section 2
straintis employed on the free parameter of a newly proposed \ye present our constraint problem and give its feasibility.
4-point approximating subdivision scheme. Feasibility tahis Section 3 gives the convergence and smoothness analysis
problem s investigated, convergence and smoothness ansity of the scheme. Some further discussions about strong de-

are presented, and more properties about the cases of degen- ) di ) d .
erate or strong-degenerate polygon are discussed. It is siva generation are proposed in section 4. And some geometric

that the problem of curve design with arc-length constraint  €xamples are givenin the last partto illustrate the efficyen
can not be solved by using the subdivision scheme for strong- Of our method.
degenerate initial polygon. In the end of the paper, some geo T
metric modeling examples are given to illustrate the efficiecy '
of the mentioned method.

PROBLEM AND ITS FEASIBILITY

Reference [7] proposed a 4-point approximating subdivi-
Keywords— Subdivision; Arc length constraint; Degeneration  sion scheme that the polygd? = (PF) is mapped to a

i k+1 _ (pk+l i .
| INTRODUCTION refined polygonP = (P"") by applying the follow

ing rules,
Common geometric modeling is usually to construct
maton, whie m some practical applications Such 25 CAD, A R
simulating deformations of objects, animation etc, only in szﬁ = —wph  + (Z%L_Fw)Pi?L 5 1)

terpolation and smoothness are not enough, and some geo-
metrical or physical constraints are necessary. As to arc
length constrained curve design, Damme & Wang proposed

S3 curve interpolation with constrained length, and gavgng proved scheme (1) generates a limit curve&dffor
its error estimation[1], Roulier & Piper investigated para,, ¢ (—1, 1), If w changes at each recursion step, (1) will
metric curves constrained by boundary conditions and aff-

length[2]. In this paper, we are trying to design a discrete
curve subject to arc length by subdivision schemes.

+(4 +w)Pf, —wPk,

Subdivision schemes have become important tools in the PZH = —wpppl + (% + wiy1)BF
fieId§ of computer aidgd geometric de_sign, digital human . +(i + wk+1)Pz-’ill— wk+1pﬁrg @)
design, computer fashion design and image process in re- Pyt = —wep1ph | + (3 + wipr) PP
cent years because it provides a uniform and efficient way +(3 + wiy1)PFy —wi PE,

to describe smooth curves and surfaces. Its beauty lies

in the elegant mathematical formulation and simple imple-

mentation. During the last 30 years, from Chakin’s "cutting-et P° = { P/}
corners” algorithm [3], many subdivision schemes were

proposed. Especially we notice that there is a free parg@g* — {pik}fiffl? be control polygon aftek recursive re-
meter in each 4-point subdivision scheme, such as 4-poifstement by (2), denote

interpolating scheme by Dyn [4], 4-point interpolating and

ternary scheme [5], and also four newly proposed 4-point

Ky
approximating subdivision schemes [6], [7], [8]. The free LF =32 07 [PEPEL

parameter plays a very important role in the determinatiognich is the perimeter of control polygd?¥. To design a

of the smoothness of the limit curve and can be used {Q,rve of lengthi, we construct a monotone number series
control the shape of the limit curve. Interpolating scheme{sln}oo_1 such thatiim,, ...l, = I. Andw, is determined
have good shape-preserving, but they don’t keep good fagy "

ing while the free parameter is ranging. So we choose an
approximating scheme to generate a smooth curve which
satisfies the length constraint and at the same time keePenstraint equation (3) can be solved by Newton-Raphson
good shape-preserving by adjusting the free parameter. adgorithm.

n+2
1=—1

be an initial control polygon on plane,

LF =1l k=12, (3)



Definition 1 The polygon{ P;}!"2, is called a degenerate and¢ the angle ofP} P}, and P}, ; P |, then

1=—

control polygon, if
Pi71_2p'i+2p’i+2_P’i+3 :O,z:O,l,,n—l,

Otherwise{ P;}7*?, is non-degenerated.

Definition 2 The polygon{P;}7*? is called a strong-

i=—

degenerate control polygon, if
‘Pi—l _3P7,+3P7,+1 _Pi+2 :O,i:O,l,"'7’]’L,
Theorem 1 SupposeP? = {P?}!+2

i=—

1 is an initial control

polygon,P* is the refined control polygon aftérsubdivi-

gf'H(w) (i + 2w)ry + wrae®?|?
(271 + rocosh)? + ro?sin?0|w?

|
[
+ (r?+ %7’17"26089)&} + 11—61"12.

(4)

P* is non-degenerated, so there exists at least@sach
that PF_, — 2PF + 2PF , — PF_, # 0, that is to
say the coefficient of the square termgﬂ“(w) is pos-
itive, hence there exists a sufficiently largesuch that

sions by (2). IfP* is non-degenerated, then for arbitraryg);” (&) > lr+1. Noticing that (1) will be Chaikin’s algo-

lp41 > L, their existsoy, 1 such thatL* ! = 1,1,k =
1,2,---
Proof. From (1) we get

Pk pk

k+1 pk+1 1
i L T
— b
Py Py = (7 +2w) PPy + wpgy 3Py

i=0,1,---,2Fn — 1, then,

2k+tln 1 2Fn—1
k k k k
LA Z |P +1Pi++11|: Z |P2i+1p2i-’-|_—11
i=0 i=0
2Fn—1
k+1 pk+1
+ Z |P2ii1p2iiz
i=0
anfll 2kn—1 1
= Z §|Pikpﬁrl|+ Z |(Z+2W)Pikpi]12+wpf+3pffl|
i=0 i=0
1 2kn—1 1
k k pk E Kk k
- §L * Z |(Z+2W)Pi Potwpiispi 1| < g (w)
i=0

Itis obvious thay**+! (w) is continuous orf—oo, 0o). Fur-
ther we consider

1
gi W) = |(§ + 20)PEPfy, + WPl PP

Owing to the facts that the map from poifitz, y) on plane

rithm if w = 0, we getg"+1(0) < L* < I, from the geo-
metric rule of Chaikin’s algorithm(see Fig. 1). Hence there
existswi 1 € (0,&), such thatLk+! = gFtl(w,, ) =
lkg1-

Fig. 1. Chaikin’s Cutting Corner algorithm. The length of

P**+1(solid lines) is less than the length Bf (dashed lines).

Ill. CONVERGENCE ANDSMOOTHNESSANALYSIS

The analysis of the subdivision scheme determines
the smoothness of each component of the generated
curve/surface. Since each componentis a scalar function
generated by the same subdivision scheme, it is sufficient
to analyze control points on'R9]. Here we will give a
proof similar to [10]. Let{f°}"*2 be a number series,

i=—1
and {12742 pe the number series aftérrecursive re-
finement by (2). Define the piecewise linear function inter-

polating (4, fF) by:

R = (1 =25 +a) fF + (2% — i) £,

1 1+1
<t<?,

o < i=0,1,---,2"n — 1,

to vectorOP is one-to-one, and that the map from pointwe have the following theorem:

P(z,y) on complex plane to complex + yi is one-to-

complexz + yi. denoter; = |PFPE,|, ro = |PEPF |,

Theorem 2 If there exists an integelk € Z+, such that
one, we can substitute length of veafdP with modulus of ~ for everyk > K, |wy| < 2

3. then there exists a function
f € CYo,n], andlimy,_.oo f* = f.



SIS

Proof. While ¢ € [, i; ), Defined¥ = 2*(fF, — fF),i=0,1,2,---,2n — 1, then,

. i i . i korl _ 2k+1(fk_+1 _ k+1) _ dk
[ - f1 (t) = _wk;ﬂi—lfifl + (_kz + wrt1) fi dk+1 _ 2k+1(f2kz_111 fzkl+1)
+ (G P — e T T e ®
= w1+ 3R - 1D L Lot 2 )
k+1 i\ i 1k i+1 S + (l 4 kaﬂ)dk _ kaﬂdk )
= w1 (e — fif); 2 ! o

Define a piecewise linear function interpolati@, d¥) as

+1
2

Whilet € [ , 5), denoter = 27t — 4,
db(t) = (1 — 28t +4)d¥ + (28t —4)dF,
PO = O = w1 20)(fF = £ o
+  [Quwrtr — 5)r + 5](fi k_fi) o" <t< 2—k,i:O71,...,2kn_2
+ [(gwkﬂ +3)r — “ZkJrl](fz;rz
- fi+1) - 2wk+1x(fi+3 - fi+2), o
while t € [5&, 52), denotex = 2%t — i for simplicity,
S0, then,
k1 k 3 k k d"—dbt) = [(1- 2$)d§z+1 + 2z dl2€z'++11]
|£57 (@) = £R )] < (6lwrta] + Z)maxilfi—i-l — fi’l- —[(1 = z)df + 2df,]
= 4&]]94_1 (d’L - d’L*l) 4&]]94_1 (df+2
_déﬂﬂ);
Further, we estimatgf® , — fF|.
Whilet € [ 3 l;—,}), denoter = 2%t — i for simplicity,
f2:i+1 —f%:%( z+1 7,k 1) . .
f2i+2 _f2i+l b1 b1 1 h1 dk+l - dk(t) = [(1 - 2$)d2]é:1 + 2z d2;:*2]
=—wi(fi — i) + (3 Twe)(fin =1 = x)df + xdf4]
N = 2wy (1 - 20)(df —db )
+(5 + wi)( 111_2; i +%(df+l - dF) — 2wp41(1 — 2z)
—fiah) —wn (i = FEED. (diye — ditr)-
S0, So,

1
1 _ _ |d* 1 (t) — dF ()] < (dwpsr| + = )maz;|dF,, — d¥).
[flen = 1< (Alok] + §)maxi| L=, 5

Further, we estimatgl? , — d”

il

So the following inequation holds

k _ ko _ k— k—1
1FHL(E) = FH(8) oo = mapepom| () — £5(1)] 341 d3; = —2wpd; 7y + (= :%Wdz
—l—( + 2wk)dl+1 2w;€d

= 2wk(dk ! df 11) (df+1l df_l)

k . . — 2wy (i) kdfﬂl ); .
6|Wk+1| + H 4|wJ| + 5 maxil il T fz | d§i+2 - d§i+1 = 2wk?dz 11 - ( + 2wk)di_1
=1 —(—% +2wp)df ! - Zwkdk_
= (@ —d )+ L
. k k
while j > K, 4w;| + % < 1, then, +2wk(dz+21 d1+11)

limg— oo Hf:K+1(4|wj| + 1) = 0, hence{f*(t)};°,is  So,

a Cauchy series, so there exigig) € C[0,n], such that

limg—oo fE(t) = f(t), and f*(t) converges tof (t) uni- -
formly. |dFyy — dF] < (4lwn| + )maxl|dz+1 —d;,



Hence,

A1 () — d* ()| oo = mazpcpon|d(2) — d¥(2)]

k+1

H(4|w3|+ )ma$1|dz+1 d?).
=1

<.

while j > Kdw| + & < 1, then,

limi—co [T 51 (4lws| + 2) = 0, hence{ f*(t)}32, is
a Cauchy series, so there exig{$) € C|0,n], such that
limg—ood(t) = d(t), andd*(t) converges tai(t) uni-
formly.

Next we prooff’(t) = d(t).

Denote

Notice thatPy; ™ Pyt = L PFPE | we get

i=0 ! " K |P21iP21i+1| = |P21i+1p21i+2| = g
then, i , .
With the recursionP* is a regular2*n—polygon, so the
limit is circle.
2 okoN\ ;o4 ‘o Next consider the value af. SinceP* and P**+! are reg-
g'(t) = < ; )5(5)11(1 - 5)2 nelfE ular polygons, saPy ' Pyt | = 54+, |PFPL | = &.
1=1

Let ®O be the circumcircle oP* (See Fig 2), and;, be
the radius of>0, oy, = /PFOPF, = 3%, we can eas-

n n n ’ ily calculate that PFPF,,| = 27y sin(ay,), |PF PF4| =

1=0 . a
21y sin(2ay), Tk = o ()
kn—1
_ Z (2’% - 1> (i)i(l _ E)an_i_ldk From (3) and the proof of theorem 1, we obtain
i n n kN
=0
a 1 . .
Noticing that (5) is an interpolating subdivision scheme, b 9r+1 — (1 + 2wk 41)2ry sin(ag) — wWi12ry sin(2ay,).
Weierstrass theorem we get that(t) converges tof (¢),
and thaty; (t) converges tai(t) uniformly, hencef’(t) =
d(t). Hence,
The following phenomenon seems to be very interest from 1 a 1
! s sin(%) — - sin(ay)
Iots of numerical tests that the free parametgconverges Weyr = =——2 4 .
to =5 in the subdivision scheme (2) with arc length con- 2sin(ay) — sin(20%)

stralnt The full proof of the above statement for general
case has not been completed yet. Here, we shall give tBe,
proof for a special case.

proposition 1 Let an initial control polygon be a regular Y L
n—polygonP? and letl;, = na in (3), whereua is the length w= lim wy = lim 2 3 8in(§) — gsin(a) _ i.
of each edge of". Thenlimy_.oc wi = 75. k—oo0 a—0 2sin(a) —sin(2a) 32
Proof The limit curve is a circle of perimeteta. In fact,
from the symmetry of control polygon and (2) we get that

IV. DISCUSSION ABOUTSTRONG DEGENERATION
1pl 1pl 1 1 .

|POP1|:|P2P3|:"'|P2n72p2n71|7 . . . . . . .

In this section we will give a special discussion about

|PlPy| = |PiPi|=---|P), _,P5,| strong degeneration.



Theorem 3 SupposeP® = {P?}7"2 is an initial con-  So, PFY! — 3P + 3pfit — P = 0,0 =
2'n+2
i=—1

is the control  0,1,---,2F1n,

trol polygon on plane, an#’ = {P!
Now consider the converse direction.Rf "' — 3P/ 4

polygon afted refinementby (2); € Z*, if P* is strongly . .
degenerated, theR* is degenerated. 3P — P =0,i=0,1,---,2"!n, then
Proof. If PF, — 3PF +3PF, — PL, = 0,i =
0,1,---,2%n, then
2i+4+1 2142 2143

Pyt =3P 43P - Pyt =0

{ P2]€'L+1 _3Pk+l +3Pk+1 _ Pk-‘rl -0
2142

PF,—2PF + 2Pi]12 - Pi]ka = i+3 ~ 12it4

i=0,1,---,2n.

k ko apk k k_opk k k
(B =3P +3P] =P o)+(B =3P +3P] s — P 3) By (2), we get

=0, i=0,1,---,2"n~1 w41 (PFy —2PF +2PF , — PF3) =0;

Wk+1(Pi]iz - R]il - 2Pz'k =+ 2Pz‘ﬁ1 (6)
+Ply — Pfg) + (=P, +3P} —3Pf,

+Pi]f+2) =0.

. That is to sayP* is degenerated.

Theorem 4 SupposeP’ = {PP}7*2 is an initial con-

trol polygon on plane, an#! = {P!}2"*2 is the control
From the first expression of (6) we get

polygon after/ refinement by (2)] € Z*, thenP**! s

. . k k k k
strongly degenerated if and only#* is strongly degener- w1 (Py —2P7 ) + 2P, — Piy)+
atedk =0,1,---
Proof. If P*, — 3PF +3PF, — PE, = 0,i =
0,1,---,2kn, thlen i i Wk+1(Pik—1 - 2Pik + 2Pi]:-2 - Pi]:-?))
k+1 k+1 k+1 k+1
Pyt — 3P2iil + 3P2iiz - Pz¢i3 = wip (Ply—PE, —2Pf + 2Pi]:-1 +Pi]:-2 - Pﬁm) =0,

= 2Wk+1 (sz—l - 2Pz'k + 2Pilf%2 - lefk?)) (6) we get

= 2w [(PE, — 3P + 3Py, — Pfy) —Ply +3Pf — 3P, + Pfi, = 0.

Hence we obtaiP” is strongly degenerated.
By Theorem(3),(4) we get to know that if the initial control
polygon P is strongly degenerated, then for evéryc

+(P} - 3Pi]:-1 + 3P']12 - Pﬁm)] = 0;

K2

From the above expression and the second expression of

Z*, P* is strongly degenerated. In this case, there is no

solution for constraint equation (3).
k41 k+1 k+1 k+1 _
Pyily = 3Pyn + 3Py — Pyl = In fact, if P* is strongly degenerated, the?y,; can be
expressed by¥, PF, Pk,

1
- werPEy+ (Z + wit1) PF

i(i+1) . .
3 . 3 . Py, = 5 P} +[-3—(i+3)(i—1)Pf
+ (_Z + 2wp+1) Pl + (Z = 2wit1) Py
(t+4)(i—1)

1 . . + Br—a—Ir

- (Z +wi1)Plg + wer1 Py
By (1) the recursive process can be expressed in matrix for-

- _ k _ gpk k _ pk
= (P =3P 43P0, — Py malism as follow

1

" PF 3Pk +3PF, - Pk
+ (4 warl)( i i+1 + i+2 z+3) POk; % — 2w é + 4w 2w k P(()J

PF | = 72w §tdw 2w P

— wkr1 (P =3P, + 3P — Piy) =0. Py —2w % +dw § - 2w Py



PFPE = (55 — #5)POP) + e PPPi = 1,2, - -

Hence,
e T i
LF= Y |(2—k—4—k)P(?PP+4—kPPP20|
1=0

n 0 0 n’ 0 0
<(?—”—1)|P0P1|+7|P1P2|-

We can see from the above that in this ca$es indepen-
dent ofw and thatZ* is limited uniformly.

V. GEOMETRICEXAMPLES

Given a concave initial control polygon of perimeter 14,
scheme (2) generates a limit curve of length 16 (Fig. 2); If
the initial control polygon is a regular polygon of perimete
l,andin (3)* =1,k =1,2,---, then we obtain a circle of
perimeter (Fig. 3.); Given a unit cylinder and a generatrix,

scheme (2) can generate rotary surfaces as Fig. 4 and Fig.

5. Fig. 6 is a human jacket based on virtual human body,
the initial data are human slices coming from visible human

server in Peripheral System Laboratory. For each slice we
extract its contour which serves as the control polygon, and
let the arc length be 1.1 times of the perimeter of the con-
tour. This s just our primary attempt on this problem, there

are some further work to do for industry design.

Fig. 4.

Fig. 5.

Fig. 6.

Fig. 3.
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