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Abstract. Mathematical models of transport of radioac-
tive contaminants in flowing groundwater involve large
systems of coupled advection dominated transport equa-
tions. High-resolution explicit finite volume methods, if
applied to advective part of model and combined with
appropriate numerical methods for diffusion-dispersion-
reaction part, can offer precise and monotone numerical
solutions, but they require small time steps. This paper
describes Flux-Based Methods Of Characteristics that
are extension of explicit finite volume methods, that have
no restriction on time steps and that produce numerical
solutions with valid discrete minimum and maximum
principle. Such particular method was implemented in
software package R3T (Retardation, Reaction, Radionu-
clides and Transport) and it was used successfully to
solve large systems of coupled transport equations with
different retardation factors for transport.

1 Introduction

Mathematical models of transport in groundwater flow
that are used in risk scenarios for radioactive waste dis-
posals, require extremely long time simulations, see e.g.
[2]. Consequently, this type of problems demands numer-
ical methods that allow large time steps with no exces-
sive loss of precision and with no unphysical behaviour
of numerical solutions.

Typically, transport equations for this type of prob-
lems are coupled through chemical reactions and differ-
ent chemical properties of each radionuclide can cause
different retardation of transport. In such a way, the re-
sulting mathematical models [10] are difficult to solve by
standard numerical methods.

It is well-known that high-resolution explicit Finite
Volume Methods (FVM) are suitable for the approx-
imation of advective transport [18]. If these methods
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are used through operator splitting approach with ap-
propriate numerical algorithms for diffusion-dispersion-
reaction part of problem, precise numerical solutions for
general transport models can be obtained. Moreover,
such methods preserve local and global mass balance
property, they can treat properly general boundary con-
ditions, and they reduce unphysical smearing of solutions
by numerical dispersion.

Nevertheless, the explicit FVM are designed to be
used only with “enough small” time steps (the so called
“CFL condition”).

This problem of “Eulerian type of methods” (that
are based on fixed coordinates in time) can be removed
by applying “Lagrangian type of methods”. Such meth-
ods use moving coordinates to track characteristic curves
determined by groundwater velocities. Too many numer-
ical methods to be listed here were developed in this
framework. We mention only Finite Volume Eulerian-
Lagrangian Localized Adjoint Methods (FV-ELLAM) [13]
that are the most successful in conserving the properties
of finite volume methods and in removing the restric-
tion on the choice of time steps, see also [25]. Neverthe-
less, the published FV-ELLAM implementations [3,14]
can not be viewed as a direct extension of finite volume
(“flux-based”) discretization schemes. Only recently, a
flux-based form of ELLAM has been formulated [24].

The so called “Flux-Based Methods Of Characteris-
tics” [22] (FB-MOC) were described in [8] for numerical
solution of advection dominated transport equation on
unstructured 2D/3D grids. These methods are a straight-
forward extension of (vertex-centred aligned) finite vol-
ume methods to have no CFL condition for time steps.

In this paper, we present a general concept of FB-
MOC. We define an analytical flux-based integral for-
mulation of advection equation that involves the tracking
of characteristic curves. For numerical approximation of
such formulation we follow the basic property of finite
volume discretization schemes - only transport between
neighbour cells through common boundaries can occur
during one time step. Applying such concept, the FB-
MOC can be derived from a wide class of high-resolution
FVM.
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Using the analytical flux-based integral formulation,
discretization schemes based on standard second order
methods can be constructed by introducing a time step
dependency of numerical solution in the approximation
of advective fluxes. This can be realised by defining the so
called “critical time steps” for each computational cell.
The CFL condition is then given by minimal critical time
step.

For such extensions of finite volume discretization
schemes one can find sufficient conditions to prove the
discrete minimum and maximum principle of numerical
solution. Based on these conditions, an appropriate lim-
iter can be constructed that is defined only locally and
that can be viewed as a “minimal” modification of origin
scheme to obtain the min-max principle.

One of such obtained discretization scheme coincides
for one-dimensional case with Lax-Wendroff method us-
ing slope limiter, see e.g. [18] for its description. In this
form, the method can be extended rather straightfor-
wardly for larger time steps, see [22] for one-dimensional
case. Following the approach of [8], we present analogous
extension for general (unstructured) computational grids
in R2 or R3.

Finally, the FB-MOC based on critical time step for-
mulation can reduce significantly time splitting error if
used within operator splitting methods. This is a crucial
property for successful computations of coupled trans-
port equations with different sorption kinetics. There,
the effective advective velocity is different for each com-
ponent of the system due to different retardation of the
transport. Using classical operator splitting methods with
large time step τ , a large error of order O(τ) is intro-
duced. The approach described in this paper can reduce
this error to be proportional locally to critical time steps.

The paper is organised as follows. In Section 2 we
describe briefly mathematical model. In Section 3 the
analytical flux-based integral formulation of advection
equation is introduced. In Section 4 high-resolution fi-
nite volume methods based on analytical flux-based for-
mulation are described. In Section 5 the discrete mini-
mum and maximum principle for numerical solutions is
proved. In Section 6 the Flux-Based Methods of Char-
acteristics with no restriction on choice of time steps is
derived. The standard operator splitting approach is de-
scribed in Section 7. The FB-MOC for coupled system of
transport equations is given in Section 8. Finally, some
numerical experiments are presented in Section 9, and
conclusions are summarised in Section 10.

2 Mathematical model

Let us consider several radioactive contaminants that are
transported by groundwater flow with given velocity v =
v(x). Concentration of the r-th component at some time
t and at some point x of a domain Ω ⊂ Rd will be
denoted by cr = cr(t, x).

The system is coupled through linear decay reactions
(degradations), where the decay (sink) λrscr of cr rep-
resents a source to the component cs. We consider here

only constant reaction rates λrs . Moreover, each cs can
have only one source term λrscr.

Further, each contaminant can occur not only dis-
solved in flowing groundwater, but also adsorbed (im-
mobilised) to the skeleton of porous media. If sorption
reactions are fast enough (i.e. in an equilibrium), the to-
tal mass of contaminant cr at some fixed time can be
written as the sum of dissolved and adsorbed part, i.e.
∫

Ω

Rrφ crdx =
∫

Ω

φ crdx +
∫

Ω

(Rr − 1)φ crdx .

The function φ = φ(x) denotes the porosity of the medium,
and Rr = Rr(x) ≥ 1 are the retardation factors.

Finally, considering dispersive and diffusive transport
of contaminants described by a diffusion-dispersion ten-
sor D, one ends with the following system of equations,

Rrφ ∂tc
r +∇ · (vcr −Dr∇cr) + λrsRrφ cr = (1)

λprRpφ cp.

The values of cr(0, x) are prescribed by initial con-
ditions. Moreover, we consider standard inflow/outflow
boundary conditions

n · (vcr −Dr∇cr) = n · vCr, t ≥ 0 , γ ∈ ∂Ω , (2)

where at the inflow part ∂inΩ of boundary ∂Ω, i.e. n(γ)·
v(γ) < 0 for γ ∈ ∂inΩ ⊂ ∂Ω, the values of Cr(t, γ) are
given, otherwise Cr(t, γ) ≡ cr(t, γ).

The vector n denotes the normal outward unit vector
with respect to Ω.

3 Analytical flux-based integral formulation

Any numerical method that aims to solve advection dom-
inated transport equations, must be capable of solving
the simple case of (1) - a linear advection equation

∂tc + v · ∇c = 0 (3)

with divergence free velocity field

∇ · v(x) = 0 , x ∈ Ω . (4)

We describe Flux-Based Methods Of Characteristics
for (3) - (4) and postpone the description of details for
general form of (1). Due to the same reason, we consider
only trivial homogeneous inflow boundary conditions, i.e.
Cr ≡ 0, for treatment of general case see [8,9].

Of course, the problem (3) can be solved exactly. If
c(tn, x), x ∈ Ω is known for tn, then

c(t, x) = c(tn, X(tn; x, t)) (5)

is the solution of (3) for t ≥ tn, where the point X(tn;x, t)
is obtained by tracking backward the characteristic curve
that starts at t in x and ends at tn in X, i.e.

X(tn; x, t) = x−
t∫

tn

v(X(s; x, t))ds . (6)

In general, X(tn; x, t) can lie outside of the domain Ω
if the characteristic curve intersects the inflow boundary
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∂inΩ. In such a case, due to our trivial inflow boundary
conditions, c(t, x) = 0 in (5).

Our aim is to develop numerical methods with a clear
form of local and global mass balance property. To derive
it, we rewrite the differential equation (3) to an equiva-
lent integral form that we present directly in the frame-
work of Finite Volume Methods (FVM), i.e.

∫

Ωi

c(t) dx =
∫

Ωi

c(tn) dx−
∫

∂Ωi

n · v
t∫

tn

c(s) dsdγ . (7)

In (7), Ωi ⊂ Ω for i = 1, . . . , I are non-intersecting
non-empty polygonal computational cells (”finite vol-
umes”) that cover the whole domain Ω. Moreover, we
have skipped x argument of space dependent functions
in (7).

Further, we denote

Γij := ∂Ωi ∩ ∂Ωj , (8)

where it is enough to consider (8) only for Ωj having
”non-trivial” intersection with Ωi, i.e. lines in two-dimen-
sional (2D) case or polygons in 3D case, see for instance
[7] for details.

Finally, nij denotes a constant normal vector associ-
ated with Γij that points from Ωi to Ωj . Now, one can
rewrite (7) to

∫

Ωi

c(t) dx =
∫

Ωi

c(tn) dx − (9)

∑

j∈out(i)

nij ·
∫

Γij

v

t∫

tn

c(s) dsdγ +

∑

k∈in(i)

nki ·
∫

Γki

v

t∫

tn

c(s) dsdγ ,

where the sets out(i) and in(i) of indices are given by

j ∈ out(i) if
∫

Γij

nij · v dγ > 0 ,

and k ∈ in(i) if i ∈ out(k).
Next, we introduce notations for time dependent av-

eraged concentrations ci = ci(t) in Ωi,

ci(t) :=
1
Vi

∫

Ωi

c(t, x)dx , (10)

where Vi := |Ωi|, and, finally, we define the mass sources
and sinks mn

ij = mn
ij(t) at Γij for j ∈ out(i),

mn
ij(t) := nij ·

∫

Γij

v(γ)

t∫

tn

c(s, γ) dsdγ . (11)

The equations (9) can be written now in the following
simple form,

ci(t)Vi = ci(tn)Vi −
∑

j∈out(i)

mn
ij(t) +

∑

k∈in(i)

mn
ki(t) . (12)

The equality (12) expresses clearly the mass conser-
vation principle. It states that the initial mass ci(tn)Vi in
Ωi can change only due to mass sinks mn

ij(t) at outflow
boundaries and mass sources mn

ki(t) at inflow boundaries
of ∂Ωi.

An analytical integral formulation of Flux-Based Meth-
ods Of Characteristics (FB-MOC) involves definition of
mn

ij(t) using characteristic curves (6), i.e.

mn
ij(t) = nij ·

∫

Γij

v(γ)

t∫

tn

c(tn, X(s; γ, t)) dsdγ . (13)

The formulation (12), together with (13) and (6), was
used for the description of ”flux-based modified method
of characteristics” for one-dimensional problems [22]. The
simplicity of one-dimensional case of advection equation
(3) enables to compute (12) for arbitrary large times, see
[22] for all details.

Concerning several dimensional cases, i.e. x ∈ R2 or
R3, it is in general too complicated to realise computa-
tions of (13) exactly. Especially for general unstructured
grids, some numerical approximation of mn

ij(t) must be
considered.

In following sections we present such formulations of
Flux-Based Method Of Characteristics.

Remark 3.1. Of course, the ”only” result of the exact
computation of integral formulation for a particular fi-
nite volumes mesh is a piecewise constant approximation
(10) of c(tn+1, x). If such approximation is used also for
computations of next time step, a significant interpola-
tion error is introduced. High-resolution finite volume
methods [18] that aim to reduce such error, will be dis-
cussed in the next section.

4 Finite volume discretization

Many discretization schemes of Finite Volume Methods
(FVM) for purely advection equation (3) can be written
in the following form,

cn+1
i Vi = cn

i Vi − τn
∑

j∈out(i)

cn
ijvij + τn

∑

k∈in(i)

cn
kivki , (14)

where τn := tn+1 − tn, and vij denotes the integrated
flux over Γij ,

vij := nij ·
∫

Γij

v(γ) dγ .

Of course, vji = −vij .
If cn

i := ci(tn), see (10), then cn
i Vi denotes the exact

amount of mass in Ωi at t = tn. Different discretization
schemes are recognised by different choices of cn

ij in (14).

4.1 The first order discretization scheme

The simplest particular form of (14) is the so called ex-
plicit ”upwind” or ”upstream” scheme,

cn+1
i Vi = cn

i (Vi − τnvi) + τn
∑

k∈in(i)

cn
kvki , (15)
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where vi denotes the integrated flux over ∂outΩi, i.e.

vi :=
∑

j∈out(i)

vij .

This means, particularly, that for Γij the values cn
ij in

(14) are determined with respect to the sign of vij , i.e.
cn
ij ≡ cn

i if vij > 0, and cn
ij ≡ cn

j if vij < 0.
It is clear that (15) is feasible only if τn fulfills the

CFL condition that can be written in the form

τn ≤ τCFL := min{τi, i = 1, . . . , I} , (16)

where τi is the ”critical time step” [8] for Ωi,

τi :=
Vi

vi
, (17)

In practice, the search for the minimum in (16) can be
restricted only to indices i with cn

i > 0.
If (16) is not fulfilled then coefficients in (15) after

cn
i can become negative and nonphysical behaviour of

numerical solutions can be expected, see Section 5 later.
Comparing (15) and (12), the explicit upwind scheme

can be viewed as the approximation of mn
ij(t) in (13) by

piecewise linear function in time, i.e.

mn
ij(t) ≈ (t− tn) cn

i vij for t ∈ [tn, tn + τCFL] . (18)

For piecewise constant form of c(tn, x) and for one-
dimensional case, the scheme (18) is the exact realisa-
tion of (12). This is a simple consequence of the fact
that because of (4), v = v = const, and the point
X(tn; γ, t), that is tracked backwards from the point
γ ∈ ∂outΩi, remains for t ∈ (tn, tn + τCFL) in Ωi. Conse-
quently, c(t,X(tn; γ, t)) ≡ cn

i .
For larger time steps this point will cross the inflow

boundary of Ωi, and the scheme (18) is no more appro-
priate. Extensions of (18) for larger time steps will be
described in Section 6 .

4.2 High-resolution discretization schemes

Large class of higher order (or “high-resolution”) explicit
FVM schemes [18]) tries to replace the piecewise con-
stant interpolation form of the first order scheme (that is
clearly the main source of numerical error of this method
[22,18]) by some more appropriate form.

The simplest method how to “reconstruct” such in-
terpolation form is to interpolate linearly between values
ci and cj . Particularly, the values cn

ij in (14) can be de-
termined by some convex combinations for αij ∈ [0, 1],

cn
ij = (1− αij)cn

i + αijc
n
j . (19)

If for each Ωi a representative geometric point xi ∈
Ωi is defined, i.e. cn

i :≈ c(tn, xi), then the parameter αij

can be determined from the position of intersection point
xij ∈ Γij on the line between xi and xj . Of course, such
intersection point xij ∈ Γij does not exist for arbitrary
shape of Ωi.

Another possibility (with no geometric restrictions)
is to define some approximation ∇̃cn

i of ∇c(tn, x) per
each Ωi. This is a typical approach of “reconstruction

methods”, see [26,18,8]. In such a case, the value cn
ij can

be determined by

cn
ij := cn

i + ∇̃cn
i (xij) · (xij − xi) . (20)

Our next considerations are applicable to any particular
form of (14).

The first order discretization scheme can be viewed
as an approximation of mn

ij for piecewise constant form
in space of c(tn, x) that results in a piecewise linear form
in time of mn

ij .
If c(tn, x) has a piecewise linear form like (19) or (20)

then c(tn, X(tn; γ, t)) might vary (piecewise) linearly in
time. From this point of view, the following piecewise
quadratic approximation of mn

ij(t) can be derived,

mn
ij(t) ≈ (t− tn)

(
cn
ij +

t− tn

τi

(
cn
i − cn

ij

))
vij . (21)

For one dimensional case, (21) can be viewed as an exact
realisation of (13) for piecewise linear form of c(tn, x).

Using (21), the standard discretization scheme (14)
can be replaced by the “time step depending form”,

cn+1
i Vi = cn

i Vi − τn
∑

j∈out(i)

cn
ij(τ

n) vij + (22)

+ τn
∑

k∈in(i)

cn
ki(τ

n) vki

that is valid for τn ≤ τCFL, and where

cn
ij(τ

n) := cn
ij +

τn

τi
(cn

i − cn
ij) .

Analogous extensions of (14) can be realised even for
more complex interpolations of c(tn, x), but the property
cn
ij(τi) = cn

i should be always fulfilled.
The scheme (22) coincides for one dimensional case

with Lax-Wendroff scheme, compare (22), for instance,
with description in [18].

In the following section, under some assumptions, we
prove the local minimum and maximum principle for
cn+1
i in (22). To fulfill such assumptions in general, the

“slope limiter” method might be applied that replace cn
ij

by some “limited” value c̄n
ij ∈ [cn

i , cn
ij ].

5 Discrete minimum and maximum principle

Formally, discretization schemes (14) takes the form

βiic
n+1
i =

∑

k

βikun
ik , (23)

where k runs through indices of some finite subset of
{1, . . . , I}, and un

ik are some known values.
The following Lemma states a “local” discrete mini-

mum and maximum principle for cn+1
i .

Lemma 5.1. Let parameters βii and βik in (23) fulfill

βii > 0 , βik ≥ 0 , βii =
∑

k

βik .
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Moreover, let values un
ik be bounded by

min
k
{cn

k} ≤ un
ik ≤ max

k
{cn

k} .

Then the following local minimum and maximum prin-
ciple is valid for cn+1

i ,

min
k
{cn

k} ≤ cn+1
i ≤ max

k
{cn

k} . (24)

The Lemma 5.1 is a special case of even more general
results, see for instance [15,6].

For the first order scheme (15), the assumptions of
Lemma 5.1 are clearly fulfilled if the CFL condition (16)
is valid. Particularly, the estimates (24) take the form

cn
i,min ≤ cn+1

i ≤ cn
i,max , (25)

cn
i,min := min{cn

i , min
k∈in(i)

{cn
k}} ,

cn
i,max := max{cn

i , max
k∈in(i)

{cn
k}} .

For high-resolution schemes (22) the discrete mini-
mum and maximum principle can be proved under cer-
tain additional assumptions.

Theorem 5.1. Let (16) be valid and let cn
ki, k ∈ in(i)

and cn
ij, j ∈ out(i) in (14) fulfill

cn
i,min ≤ cn

ki ≤ cn
i,max , (26)

2cn
i − cn

i,max ≤ cn
ij ≤ 2cn

i − cn
i,min . (27)

Then cn+1
i in (22) fulfills the local discrete minimum and

maximum principle (25).

Proof. Let cn
ij ≥ cn

i . Then, due to (27), there exists αn
ij ∈

[1, 2] such that

cn
ij = αn

ijc
n
i − (αn

ij − 1)cn
i,min .

Analogous properties can be obtained if cn
ij ≤ cn

i ,

cn
ij = αn

ijc
n
i − (αn

ij − 1)cn
i,max .

Substituting cn
ij into (22) and using (17), one obtains

cn+1
i Vi = (28)

cn
i

∑

j∈out(i)

vij

(
τi − τn

(
αn

ij +
τn

τi
(1− αn

ij)
))

+

+ τn(1− τn

τi
)

∑

j∈out(i)

cn
i,∗ vij(αn

ij − 1) +

+ τn
∑

k∈in(i)

vki

(
cn
ki +

τn

τk
(cn

k − cn
ki)

)
,

where cn
i,∗ = cn

i,min if cn
ij > cn

i , and cn
i,∗ = cn

i,max if cn
ij <

cn
i (for cn

ij = cn
i one takes simply cn

i,∗ = cn
i ). Using

τi − τn

(
αn

ij +
τn

τi
(1− αn

ij)
)

=

(τi − τn)
(

1− (αn
ij − 1)

τn

τi

)
≥ 0 ,

the assumptions of Lemma 5.1 are fulfilled.ut

Remark 5.1. For (19), (26) is trivially fulfilled. For (20),
the origin values cn

ki of (14) must be replaced by the
“limited” values c̄n

ki,

c̄n
ki :=





cn
i,min cn

ki < cn
i,min

cn
ki cn

i,min ≤ cn
ki ≤ cn

i,max

cn
i,max cn

i,max < cn
ki

. (29)

Similarly, the assumptions (27) are not fulfilled in
general. Nevertheless, they give straightforward hint how
to limit cn

ij if necessary.
For instance, if cn

i,min + cn
ij > 2cn

i then cn
ij in (22)

must be replaced by c̄n
ij := 2cn

i − cn
i,min. In an extreme

case, if for instance cn
i = cn

i,min, the value cn
ij must be

replaced by cn
i , and, consequently, the first order scheme

must be applied locally at Γij .

6 The FB-MOC without CFL condition

In this section, we describe the simplest variant of the
Flux-Based Method Of Characteristics (FB-MOC). The
idea is to extend any numerical approximation of mn

ij(t)
from (13), e.g. (18) or (21), for time steps τn that do not
fulfil the CFL condition (16). The algorithm, presented
here, is based on the first order scheme (15), but, as we
show later, it can be used successfully for any approx-
imation of mn

ij(t). We remind that the function mn
ij(t)

in (13) describes how much mass is transported in time
interval (tn, t) through Γij ⊂ ∂out

i Ωi.
In the following Remark we describe two properties

of discretization scheme (15) that will be used in the
general implementation of FB-MOC. In fact, the next
Remark describes the only approximations that are used
in the realization of FB-MOC.

Remark 6.1. For the approximation of mn
ij(t) in (13) the

following two assumptions must be valid:

1. arbitrary fraction of mass that starts to flow into Ωi

at time t, can start to leave it only at time t + τi;
2. such fraction of mass is transported proportionally

through entire outflow boundary ∂outΩi.

We discuss both assumptions in details. To do so, we
rewrite (15) to an equivalent form,

cn+1
i Vi = cn

i Vi −
∑

j∈out(i)

(
τn

τi

vij

vi

)
cn
i Vi + (30)

∑

k∈in(i)

(
τn

τk

vki

vk

)
cn
kVk .

The discretization scheme (30) fulfills clearly both
assumptions of the Remark 6.1.

Firstly, it assumes that only fractions of mass cn
i Vi

are transported from Ωi to neighbours Ωj , j ∈ out(i).
The fractions of cn

kVk, k ∈ in(i), that enter Ωi from Ωk,
remain in Ωi during this time interval.

Considering the analytical description (13), this is
clearly only approximation of an exact situation in gen-
eral. Flow particles that enter Ωi, for instance, through
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Γki ⊂ ∂inΩi during (tn, tn +τi) may also leave Ωi in this
time interval, and, consequently, the same must be valid
for corresponding fractions of cn

kVk.
Secondly, the second assumption of Remark 6.1 is

fulfilled for (30). The mass cn
i Vi (that can be viewed as a

sum of fractions of cn−1
k Vk from inflow contributions to

Ωi in previous time step) is transported proportionally
to all Ωj for j ∈ out(i).

In general, this assumption is only approximation of
the analytical description (13). For example, all flow par-
ticles that enter Ωi through a particular Γki ⊂ ∂inΩi,
may leave Ωi only through a single Γij ⊂ ∂outΩi. Con-
sequently, the corresponding fraction of cn

kVk is trans-
ported further only to one neighbour cell Ωj .

Using the assumptions (or approximations) of Re-
mark 6.1, it is now straightforward to extend (15) or
(22) for larger time steps.

First of all, due to our trivial boundary conditions
and the presence of no source terms in (3), the mass
ci(t)Vi in Ωi for t ∈ [tn, tn+1] can be expressed in the
form [8],

ci(t)Vi =
I∑

k=1

cn
kVk δn

ki(t) , (31)

where 0 ≤ δn
ki(t) ≤ 1. Our aim is to compute δn

ki(t) in
(31) for t = tn+1 only approximately. In such a way,
let δn+1

ki :≈ δn
ki(t

n+1), and we consider the following dis-
cretization scheme,

cn+1
i Vi =

I∑

k=1

cn
kVk δn+1

ki . (32)

We first derive the right hand side of (32) for time
steps that fulfills the CFL condition (16). Using the first
assumption of Remark 6.1, one obtains

cn
kVk =

∑

i∈out(k)

mn
ki(t

n + τk) . (33)

Considering now arbitrary mn
ki(t), that fulfill mn

ki(t
n) =

0 and (33), one can define

δn
ki(t) :=

mn
ki(t)

cn
kVk

, δn
ii(t) := 1−

∑

j∈out(i)

δn
ij(t) , (34)

and, consequently, the scheme (32) can be written for
tn+1 ≤ tn + τCFL in the form

cn+1
i Vi = cn

i Vi δn+1
ii +

∑

k∈in(i)

cn
kVk δn+1

ki . (35)

We describe the FB-MOC by extending the defini-
tions of δn

ki(t) in (32) for t > tn + τCFL. To do so, we use
strictly only the two assumptions that are defined in the
Remark 6.1.

We introduce here the so called “forward tracking”
variant of FB-MOC. Concretely, if mn

ki(t) describes the
mass that is flowing through Γki for t ∈ (tn, tn + τk), we
follow this mass further for all Γij , j ∈ out(i), and for
t ∈ (tn + τk, tn+1).

In such a way, this algorithm can compute for each
initial mass cn

kVk, k = 1, . . . , I all nonzero values of δn+1
ki

in (32). For the particular approximation of mn
ki defined

by (18), this algorithm was described in [8].
Unfortunately, it is too complicated to find a straight-

forward definition of δn+1
ki . In general, this value must

be defined as a sum of several “partial” fractions, be-
cause several fractions of cn

kVk may arrive from Ωk to Ωi

through different pathes. Such an alternative description
of the FB-MOC is in preparation [12].

In this paper we introduce a recursive procedure how
to compute δn+1

ki for a fixed k. Initially, we set δn+1
ki = 0

for i = 1, . . . , I and in the next algorithm we update
(possibly several times) these values by adding some
“partial fractions” to them, see (36) and (37) later.

Let the function mk = mk(t) denotes some arbitrary
(time dependent) fraction of cn

kVk, i.e. mk(t) ≤ cn
kVk,

that flows into some Ωi during time interval [t1, t2] ⊂
[tn, tn+1]. At the beginning of this recursive algorithm,
one has to start with mk(t) = mn

ki(t) for all i ∈ out(k)
with t1 = tn and t2 = min{tn + τk, tn+1}.

Of course, mk(t1) = 0 and mk(t) must be a nonde-
creasing function in time. This means that mk takes the
maximal value at t = t2 and we suppose that mk(t2) > 0.
To decide, if this mass mk(t2) (or some fraction of it) re-
mains in Ωi (i.e. that the value δn+1

ki has to be updated),
we discuss three possible situations.

In the first situation, one has to consider the case
t1+τi ≥ tn+1. In this case, due to the first assumption in
Remark 6.1, the mass mk(t2) remains in Ωi completely,
i.e.

δn+1
ki + =

mk(t2)
cn
kVk

, (36)

where a+=b should be understood as in programming
languages, i.e. ‘add b to a”.

In the second situation, one has to consider t1 + τi <
tn+1 and t2 + τi ≤ tn+1. In such a case, the mass mk(t2)
will leave Ωi completely, so no update of δn+1

ki , for this
moment, is necessary. Due to the second assumption of
the Remark 6.1, this recursive algorithm will be now
considered for functions mj = mj(t) and computational
cells Ωj , j ∈ out(i), where

mj(t) :=
vij

vi
mk(t− τi), t ∈ (t1 + τi, t2 + τi).

Finally, in the third situation, one has to consider
t1 + τi < tn+1 and t2 + τi > tn+1. In this case, the
mass mk(t2)−mk(tn+1−τi), that entered Ωi during time
interval (tn+1 − τi, t2), remains in Ωi, and the rest must
be considered further with this algorithm. Particularly,
the value δn+1

ki must be updated as follows,

δn+1
ki + =

mk(t2)−mk(tn+1 − τi)
cn
kVk

, (37)

(see the explanation of a+ = b before), and this recursive
algorithm must be now considered for functions mj =
mj(t) and computational cells Ωj , j ∈ out(i), where

mj(t) :=
vij

vi
mk(t− τi), t ∈ (t1 + τi, t

n+1).

It is clear that starting with δn+1
ki = 0, i = 1, . . . , I,

i 6= k, and mk(t) = mn
kj(t) from (21) for Ωj , j ∈ out(k),
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Fig. 1. The initial function c0(x) of Example 6.1 (left picture), numerical solution at t = π/8, π/4, 3π/8 and π/2 for τ = π/2/M
with M = 128 (middle picture), and analogous numerical solution for M = 1024 (right picture).

t1 = tn, t2 = tn+min{tn+1, tn+τk}, this algorithm must
finish for all k = 1, . . . , I in a finite number of recursive
steps.

The values δn+1
kk are defined for t ∈ (tn, tn + τk)

analogously to (34), particularly, δn
kk(tn + τk) = 0. For

t > tn + τk the previous recursive algorithm applies also
to δn+1

kk . Finally, the treatment of outflow boundary con-
ditions for FB-MOC can be found in [8,9].

Example 6.1. The well-known test example of rotating
Gaussian impulse with no diffusion was tested with FB-
MOC based on the first order discretization scheme (15)
on triangular mesh. The implementation was realised
with software library UG [1].

The (divergence free) velocity is chosen such that the
initial profile of exact solution rotates anticlockwise, and
it returns unchanged to the origin position at t = π/2,
see the left picture in the Figure 1.

The time step τ = π/2/M is determined by the
choice of M . The initial grid consisted of 8 right tri-
angles Ωi (i.e. I = 8 for the “grid level” 0). This grid
was 8 times uniformly refined, it means that each tri-
angle was regularly divided into 4 subtriangles for one
uniform refinement.

The plot of the numerical solution at the grid level 8
(524288 triangles) can be seen in the Figure 1, the middle
picture, for M = 128. The 9 contour lines correspond to
values 0.1, . . . , 0.9.

The choice M = 128 corresponds to “grid Courant
number” equals 25, i.e. some nonzero fraction of mass
was transported over 25 computational cells in a single
time step. The results for M = 3200, i.e. τ ≈ τCFL, are
plotted in the right picture of Figure 1. Clearly, the so-
lution is corrupted by too many interpolations steps and
it documents “strange” behaviour of FB-MOC based on
the first order scheme (18), namely, that the method per-
forms better for larger than for smaller time steps [23].

Numerical results for grid levels l = 5, 6, 7 and 8 are
compared in the Table 1 with the discrete error El,

El :=
I∑

i=1

Vi|cM
i − cexact(xi, yi, π/2)| (38)

Table 1. Numerical convergence of FB-MOC.

l M max
i=1,...,I

{cM
i } El αl

Exact t = π/2 1.000 0.0
5 16 0.526 6.254e-3
6 32 0.683 3.826e-3 0.709
7 64 0.808 2.176e-3 0.814
8 128 0.892 1.173e-3 0.891
8 3200 0.744 2.843e-3

and numerical convergence rates αl,

αl :=
log(El)− log(El−1)

log(0.5)
. (39)

The results suggest, as expected, that numerical con-
vergence rates αl approaches 1 for FB-MOC.

Remark 6.2. Finite volume methods can be divided to
two basic subclasses - the so called ”cell-centred” and
the ”vertex-centred” methods.

The cell centred FVM use the primary mesh of “finite
elements” Ωi as the mesh of computational cells, and the
corresponding averaged concentrations cn

i ≈ c(tn, xi),
xi ∈ Ωi, are placed in the middles xi of cells Ωi.

The most important message of previous Example
6.1 is that for simple computational cells, i.e. with fewer
boundary faces, the so called “grid effect” is negligible.
In general, the grid effect is caused by the second approx-
imation in Remark 6.1, and it can be recognised by an
unphysical transversal dispersion of numerical solutions.
Some possible reduction of grid effects for triangular fi-
nite element meshes in R2 were discussed in [8].

On the other hand, the vertex-centred FVM are based
on dual meshes that are constructed complementary to
finite element meshes, see also “control volume finite ele-
ment methods” [21] or “finite volume element methods”
[4]. Consequently, the vertices of finite element triangula-
tions lie in the middle of finite volume cells and standard
finite element interpolation can be used for numerical
approximation of c(tn, x) (and of ∇c(tn, x)).

The shapes of vertex-centred computational cells is
complex in general. Nevertheless, a certain freedom for
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their construction can be used to align some segments
of ∂Ωi to v, see [16] for a description of “aligned finite
volume methods”.

All numerical experiments in next sections were re-
alised using aligned FVM. Moreover, high resolution dis-
cretization scheme (22) based on (20) was used, where
∇̃cn

i was computed by averaging the gradient of standard
finite element interpolation, see also [26,20,11].

Finally, we note that another approach to reduce grid
effects is to use “dimensional splitting” of v, see e.g.
[18,19], or the tracking of integration points instead of
masses [13,14,25].

7 Operator splitting method

In previous sections we treated the Flux-Based Method
of Characteristics (FB-MOC) for advection equations
only. Our aim is to apply this method to general form
of transport equation (1). In this section, we discuss
briefly possible applications of FB-MOC using an op-
erator splitting approach (or “fractional-step methods”
[18]) .

In its “basic” form, the operator splitting approach
consists of splitting the general transport operator to
advective part and to the rest, and to solve each sub-
problem separately. The advantage of operator splitting
methods is that each subproblem becomes simpler than
the origin problem, and, formally, each equation can be
solved by different numerical methods. The disadvan-
tages is that a splitting error is introduced, indepen-
dently of how good each equation is solved. This splitting
error can vanish only for special cases, for instance if two
corresponding operators commute, see e.g. [18].

The FB-MOC for advection-diffusion case of (1), us-
ing operator splitting approach, has been described in
[8]. We skip the treatment of diffusion-dispersion here,
and we treat in details only the system of coupled trans-
port equations without diffusion-dispersion, i.e.

Rrφ∂tc
r +∇ · (v cr) + λrsRrφ cr = λprRpφ cp . (40)

Two subproblems, after operator splitting, take the
form

Rrφ∂tc
r +∇ · vcr = 0 (41)

and

Rr∂tc
r + λrsRrcr = λprRpcp . (42)

The equations (42) can be solved exactly, see e.g. [5].
If all retardation factors Rr in (40) are identical, i.e.

Rr ≡ R, then advection and reaction operators commute
and there is no time splitting error for this operator split-
ting method.

Particularly, if the right hand side of (40) is zero,
then, to solve (40), any method of characteristics can
be extended straightforwardly - one has to replace the
definition of c(t, x) in (5) by

cr(t, x) = cr(tn, Xr(tn;x, t)) exp(−λrs(t− tn)) , (43)

where

Xr(tn; x, t) = x−
t∫

tn

v(Xr(s;x, t))
Rr(Xr(s; x, t)φ(Xr(s; x, t))

ds. (44)

The difficulties arise for transport equation with some
nonzero source term λprRpcp that moves with different
effective velocity v/Rpφ than the advection of cr that
moves with velocity given by v/Rrφ. This is illustrated
clearly by the following simple example.

Example 7.1. Let us solve two equations,

∂tc
1 +∇ · (vc1

)
+ λc1 = 0, c1(0, x) = c0(x), (45)

∂tc
2 − λc1 = 0, c2(0, x) = 0,

where all data are given analogously as in Example 6.1.
This problem can be viewed, formally, as a special case
of (40) with R2 >> R1.

Clearly, the solution of (45) is c1 = c0(X(t))e−λt and
c2 = c0(X(t))(1−e−λt), where X(t) is the characteristic
curve corresponding to v.

If the standard operator splitting approach is used
with large time steps τn (i.e. the exact solution of (42) is
found first, and afterwards, the transport (41) is solved),
a large error of order O(τn) for c2 is introduced even if
the transport is solved exactly. This is clearly illustrated
by the left picture of Figure 2, where the discrete steps of
operator splitting method for a “coarse grid” are clearly
visible.

On the other hand, if operator splitting approach is
applied using critical time steps τi, see next section, the
time splitting error is of order of maximal critical time
step τmax := max{τi; i = 1, . . . , I}, see the right picture
of Figure 2.

8 FB-MOC for coupled transport equations

Firstly, we derive discretization scheme for coupled transport-
reaction equations (40) using standard operator splitting
method, i.e. the reaction equations (42) are solved ex-
actly, and the advection equations (41) are solved by
high-resolution finite volume methods.

To use properly the analytical solution of (42), let
us define the following auxiliary problems for functions
σpk

p0
= σpk

p0
(t),

d

dt
σp0

p0
+ λ(p0p1)σp0

p0
= 0 ,

d

dt
σpk

p0
+ λpkpk+1σpk

p0
=

Rpk−1

Rpk
λpk−1pkσpk−1

p0
, (46)

with initial values

σp0
p0

(0) = 1 , σpk
p0

(0) = 0 ,

where σp0
p0

is placed at the top of decay chain (i.e. no
source in (42)), and k (or pk) runs further through indices
of all successors in the decay chain. If Rr = Rr(x) then
(46) must be solved for each Ωi.

The exact solution of (46) can be found in several
papers, see e.g. [5]. Of course, σp0

p0
(t) = e−λp0p1 t.
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Fig. 2. Numerical solution c1 and c2 of Example 7.1 after 16 uniform time steps τ with standard operator splitting (the left
two pictures, error of order O(τ) with τ >> τCFL) and analogous numerical solution with application of algorithm in Section
8 (two right pictures, error of order O(τmax) with τmax being maximal critical time step). Note that unsatisfactory numerical
approximation of c1 is due to coarse computational grid.

The discretization scheme for advection-reaction sys-
tem (40) can be now written in the form

cr,n+1
i Rr

i φiVi =
∑

p

σr
p(τn) (cp,n

i Rp
i φiVi − (47)

τn
∑

j∈out(i)

vij cp,n
ij (τn) + τn

∑

k∈in(i)

vki cp,n
ki (τn)) ,

where p starts with p = r, and it runs further through
indices of all predecessors of cr in the decay chain. The
values φi represent averaged values of φ in Ωi and, anal-
ogously, the values for Rr and Rp are defined.

The definition (17) of critical time step τi must be
extended to τ r

i ,

τ r
i :=

Rr
i φiVi

vi
, (48)

and the CFL condition (16) must be replaced for systems
of equations by

τn ≤ τR
CFL := min

i
min

r
τ r
i . (49)

An extension of (47) for larger time steps is analogous
to (32) for single advection equation, i.e.

ci(t)Vi =
∑

p

I∑

k=1

cn
kVk δn,p

ki (t) , (50)

where the index p runs, formally, over indices of all com-
ponents of the system.

One can start again with an arbitrary function mr
k =

mr
k(t) and time interval (t1, t2) that describes how much

fraction of mass of cr
kVk enters some computation cell Ωs

i ,
where the notation Ωs

i emphasises that Ωi is treated for
cs in (40). Additionally to the previous approach, one
needs to register a time tdec ∈ (tn, tn+1] that denotes
the next discrete time when the decay step of operator
splitting procedure must be realised.

Initially, the function mr
k(t) is considered for each

j ∈ out(k), k = 1, . . . , I and for all indices p in the form,

m(t) = (t− tn) vkj cp,n
kj (t− tn) σr

p(t) ,

where cp,n
kj is defined analogously to (22), the index p

starts with r and it runs through indices of all successors

of decay chain. Further, t1 = tn, t2 = min{tn +τ r
k , tn+1},

tdec = min{tn + τp
k , tn+1}.

The “distribution” of m(t) is identical to the treat-
ment in Section 6. Only if tdec < tn+1 then before contin-
uing the transport to next neighbour cells at outflow, the
decay step must be considered. There are several possi-
bilities how to do this, and, formally, the partial trans-
port step in algorithm of FB-MOC can be “interrupted”
at any Ωs

i for some time t where tdec ≤ t ≤ tdec + τ s
i . At

this moment, the decay step must be realised, and the
transport must continue with updated value of tdec.

Such algorithm was realised in the software package
R3T (Retardation-Reaction-Radionuclides Transport), and
more details will be published elsewhere.

9 Numerical experiments

To illustrate the behaviour of FB-MOC for coupled trans-
port equations, two nontrivial examples are presented.

Example 9.1. To test the Flux-Based Method Of Char-
acteristics for coupled transport equations with different
retardation factors, we choose an extended version of ro-
tated Gaussian impulse with three components:

R1∂tc
1 +∇ · (vc1 − ε∇c1

)
+ R1λ12c1 = 0 ,

R2∂tc
2 +∇ · (vc2

)
+ R2λ23c2 = R1λ12c1 ,

R3∂tc
3 +∇ · (vc3

)
= R2λ23c2 ,

where v = 4(0.5 − y, x − 0.5), R1 = 1, R2 = 2, R3 = 4,
further λ12 = 0.1, λ23 = 0.05, and, finally, ε = 0.0001.

The exact solution C1 is known only for c1,

C1 =
1

1 + 103t ε
exp

(
− (x̃ + 0.25)2 + ỹ2

0.004 + 4tε
− λ12t

)
, (51)

where

x̃ = (x− 0.5) cos(4t) + (y − 0.5) sin(4t) ,

ỹ = (y − 0.5) cos(4t)− (x− 0.5) sin(4t).

The problem is solved on a square (−1,−1)× (1, 1) with
trivial boundary conditions (2) (that are fulfilled by C1
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Fig. 3. Numerical solution of Example 9.1 at t = π/2 for τ = π/2/2048 (top picture) and for τ = π/2/128 (bottom picture).

only approximately). The initial condition for c1 is taken
from (51), the components c2 and c3 are initially zero.

The computations were realised with numerical li-
brary UG [1] using aligned vertex-centred dual mesh
[16]. The second order discretization scheme (22) was
used with limiter described after Theorem 5.1 and with
FB-MOC described in section 8.

The initial grid (“grid level 0”) consists of 4 triangles
with single inner grid node (0, 0). An uniform refinement
is used to obtain next grid levels with each triangle from
previous level divided regularly to 4 similar subtriangles.

Numerical solutions for c1 are compared for different
grid levels and different time steps τ := π/2/M in the
Table 2, where the discrete errors El from (38) and the
numerical convergence rates αl from (39) are listed.

Table 2. Numerical results for Example 9.1

l M C1
max C2

max C3
max E1,l α1,l

0.739 ? ? 0.0
5 16 0.350 6.98e-3 1.79e-3 5.96e-3
6 32 0.479 8.11e-3 2.08e-3 3.69e-3 0.692
7 64 0.580 8.96e-3 2.28e-3 2.14e-3 0.786
8 128 0.649 9.51e-3 2.40e-3 1.17e-3 0.870
8 384 0.648 9.63e-3 2.44e-3 1.17e-3
8 2048 0.708 10.0e-3 2.53e-3 0.36e-3

The Figure 3 shows numerical solutions on the grid
level 8. The top picture shows all 3 components for t =
π/2 that were obtained with M = 2048 that corresponds
roughly to the Courant number τ/τCFL equals 1, i.e. the
discretization scheme (47) with CFL condition was used.
The bottom picture was obtained for M = 128 (Courant
number≈ 9). The equidistant contour lines for each com-
ponent are the same for M = 2048 and for M = 128.

The numerical solution with CFL condition fulfilled
approximates C1 with the smallest error, but the compu-
tational time was the longest, it took 15,5 hours on PC
Linux machine. The computations with M = 128 took
only 1,67 hours, but, of course, the precision is lower.
It is important to note, see also the Table 2, that there
are practically no differences in numerical solutions for
M = 128 and M = 384 (so the picture was omitted for
M = 384), but the computations for M = 384 took 2,5
hours.

The results of this example confirm our expectations.
The FB-MOC with no CFL condition on the choice of
time step is suitable for this type of coupled transport
problems. There is only slight difference between numer-
ical results for Courant number 9 and 3, but computa-
tions with Courant number 3 required twice longer com-
putation time. Nevertheless, with smaller time steps (i.e.
with smaller Courant number), the precision of numeri-
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cal results will improve, and for Courant number bellow
1 the FB-MOC coincide with high-resolution finite vol-
ume methods.

Example 9.2. Finally, we briefly describes “typical” (two-
dimensional) application of the software package R3T
(Retardation, Reaction, Radionuclides and Transport).
At the top of Figure 4, the full picture of domain that
is approximately 6 kilometres long and 150 m high, is
plotted together with coarse computational grid. The
zoomed pictures bellow show twice locally refined grid
(the final grid was refined analogously 5 times) and some
stationary velocity field that was obtained using the pack-
age D3F [7].

The last three zoomed pictures at the bottom show
numerical solution corresponding to concentrations of
Americium, Neptunium and Uranium at some fixed time,
where the contour lines represent 1% to 10% of the max-
imum value at this time point. Initially, there was no
concentration in domain, and the time evolution of con-
centrations is caused by small time dependent source
inside of the domain. All parameters in (1) are nonzero.

The porosity of the medium in the middle of domain
is φ = 0.2. The transport of Americium 241 (top picture)
has the largest retardation factor RAm = 1001, and it is
spread only slightly outside of the source position. The
middle picture shows the concentration of Neptunium
237 with RNp = 11, and the last picture shows the con-
centration of Uranium 233 with RU = 8.

The numerical solution was obtained with FB-MOC
for Courant number equals approximately 9. We do not
attempt to present here any rigourous analysis of this ex-
ample, and more comprehensive description will be pub-
lished elsewhere. This example is only small subproblem
of origin problem with 26 components, and analogous
problem is solved for three-dimensional domain.

10 Conclusions

The Flux-Based Methods Of Characteristics (FB-MOC)
offer several advantages when compared with other Eulerian-
Lagrangian methods. First of all, the FB-MOC are based
on “flux-based” discretization schemes like Finite Vol-
ume Methods (FVM), and, consequently, they can share
their popular properties - the discrete local and global
mass conservation, straightforward treatment of general
boundary conditions, and reduced numerical dispersion
using high-resolution schemes. Moreover, they are for-
mally not restricted by CFL condition on the choice of
time steps, and they are free of unphysical oscillations
for numerical solutions.

The most important advantages of FB-MOC is the
possibility to couple numerical treatment of advection
equations with other numerical (or exact) methods using
“local form” of operator splitting methods. In such a
way, large splitting errors, related to standard form of
operator splitting methods, can be avoided.

The FB-MOC can be easily extended for advection
problems with non-divergence free velocity field, i.e. for
flows induced by sources and sinks, see [9]. Furthermore,

an extension for nonlinear form of retardation factors
R = R(c), at least in one-dimensional case, is possible
[17].

The simplest variants of FB-MOC without CFL re-
striction, as described here or in [8], exhibit expected nu-
merical convergence rates approaching 1. Nevertheless,
opposite to [8], the variant of FB-MOC described here
that is based on high-resolution discretization methods,
will improve with smaller time steps.

Finally, let us note that another perspective approach
for further improvements of FB-MOC is the tracking of
integration points instead of fractions of mass. Such ap-
proach, together with unlumped version of mass matrix
[23], was successful in implementations of ELLAM [25],
where grid effects and loss of peak concentrations could
be reduced.
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