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Summary

The subject of this diploma work is the analysis of behavioural properties in hier-
archical Petri nets. As a result of the analysis we can conclude on the presence or
absence of these properties. I have investigated a composite property: the existence
of dead-locks in bounded Petri nets.

As the analysis of behavioural properties is a computationally hard problem, we
usually structure a huge Petri net with many elements using hierarchical decompo-
sition. This way we hope to conclude about the analysis results for the overall net
from the results for the sub-nets and from the way they are composed together. The
structuring obeys strict syntactical rules. It is an important technical assumption in
my diploma thesis that I have assumed a two-level hierarchy for the decomposition.

In order to solve the problem in an abstract way, a formal description of the Petri
net together with a formal description of the composition net is needed. The last
net plays an important role in evaluating the analysis results of the Petri sub-nets.

The proposed deadlock detection algorithm is based upon the hierarchical struc-
ture and on the deadlock analysis of the sub-nets using Boolean algebra. Two
basic cases have been identified in the design of the algorithms: the case of safe
(1-bounded) Petri nets and the k-bounded Petri net case.

I have used Boolean variables for describing the Petri nets. The first case is
considered as a basic case. In the second case I had to modify the basic case so that
Boolean variables could be used. Therefore I have applied binary encoding in order
to be able to use Boolean variables.

I have implemented both versions of the deadlock detection algorithm using
Matlab [9].

I have analyzed the resulted algorithms and their applicability conditions.

Keywords: hierarchical Petri nets, Boolean algebra, behavioral properties, bound-

edness, deadlock analysis.



Tartalmi osszefoglalé

Diplomamunkam téméja hierarchikus Petri halok viselkedési tulajdonsagainak vizs-
galata. A vizsgédlat eredményeképpen viselkedési tulajdonsiagok hidnyéara vagy meg-
létére kovetkeztethetiink. Egy Osszetett tulajdonsagot vizsgaltam: a holtpont 1éte-
zését korlatos Petri halok esetén.

Mivel nagy méretii, sok elemet tartalmazéd Petri halék analizise algoritmikusan
bonyolult feladat, ezért a hélét strukturaljuk hierarchikus dekompozicioval, remélve,
hogy a kisebb méreti halok elemzési eredményeibdl és az osszetétel tulajdonsagaibol
kovetkeztethetiink az egész halé tulajdonsagaira. A strukturalast szigori szabélyok
betartasaval végezziik. Lényeges technikai megszoritas, hogy diplomamunkamban a
legegyszeriibb kétszintes hierarchiat feltételeztem.

A feladat absztrakt megoldasahoz sziikséges a vizsgalt Petri hald, valamint a
hierarchikus kapcsolatot leird héalé formalis leirasa is, mely jelentOs szerepet jatszik
az alhalokrdl rendelkezésre allé informaciok kiértékelésekor.

A kifejlesztett holtpont detektald eljaras a hierarchikus szerkezeten és az alhalok
Boole-algebrai eszkozokkel torténd holtpont analizisén alapul. Az algoritmus ter-
vezése soran két esetet kiilonboztettem meg: az 1-korlatos (biztonsagos) és a k-
korlatos Petri hélokat.

Mindkét esetben Boolean valtozokat hasznaltam a Petri hald lefrasara. Az els6
eset tekintheté az alapesetnek. A masodik esetben az alapesetet moédositani kell
oly médon, hogy alkalmazhatok legyen a Boolean valtozék. Ezért binaris kddolast
alkalmaztam, hogy attérhessek a Boolean valtozok hasznélatéra.

A hierarchikus Petri halé holtpontjat detektalalé algoritmus a két kiilonbozé
esetre vonatkozé valtozatait Matlab [9] programozési nyelven implementaltam.

A kapott algoritmust elemeztem és vizsgaltam annak alkalmazhatésagat.

Kulcsszavak: hierarchikus Petri halo, Boolean algebra, viselkedési tulajdonsagok,

korldtossdg, holtpont vizsgalat.
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1 INTRODUCTION

1 Introduction

1.1 Problem statement

Discrete event dynamic systems (DESs) are such time-varying systems that their
variables have discrete values. The behaviours of such systems is usually deter-
mined by discrete environmental effects, for example discrete change of the values of
some external signals or disturbances and/or operator’s interferences. This system
class includes industrial operating procedures, for example manufacturing processes
in machine industry , procedures of control and security systems built up from dis-

crete circuit elements, and so on.

A wide class of discrete event dynamic systems can be well described by low level
Petri nets. This modelling technique supports the dynamic analysis, but in general
case the analysis is a computationally hard problem. As the result of the analysis
we conclude on the lack or presence of structural and/or behavioural properties (for

example deadlock-freeness, boundedness, liveness).

The models of huge DESs containing many variables are becoming increasingly
complex, which render the analysis more difficult. In order to avoid computational
explosion we use model structuring methods, such as hierarchical decomposition.
From mathematical point of view, hierarchical Petri nets are collection of embedded

Petri nets where the embedding is driven by strict rules.

In this diploma work I analyze how one can efficiently deduce some behavioural
properties (deadlock-freeness and boundedness) of the composite overall net from
the behavioural properties of the component Petri nets and from the Petri net which
describes the connections in the case of two-level hierarchical Petri nets. I complete
the theoretical analysis with simulation tests on a freeware Petri net simulation

software.
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1.2 Preliminaries|2]

An important class of dynamic systems is the class of discrete event systems (DES).
Discrete event systems are described by so called language models which are usually

represented by discrete automata.

When we speak about DES? When the state space of a system is naturally
described by a discrete set like {0, 1,2, ...}, and state transitions are only observed
at discrete points in time. We associate these state transitions with "events” and

talk about a ”discrete event system”. DESs satisfy the following two properties:
1. Their state space is a discrete set.
2. The state transition mechanism is event-driven.

In event-driven systems, it is only the occurrence of asynchronously generated dis-
crete events that forces instantaneous state transitions. In between event occurrences
the state remains unaffected. Conventional differential equations are not suitable

for describing such ”discontinuous” behavior.

We would like to use discrete event modelling formalisms that would allow us
to represent languages in a manner that highlights structural information about the
system behavior and that is convient to for synthesis and analysis. Discrete event
modelling formalisms can be untimed, timed, or stochastic, according to the level of

abstraction of interest.

Two main discrete event modelling formalisms are automata and Petri nets.
These formalisms have in common the fact that they represent languages by using a
state transition structure, that is, by specifying what the possible events are in each
state of the system. The formalisms differ by how they represent state information.
They are also amenable to various composition operations, which allows building
the discrete event model of a system from discrete event models of the system com-

ponents. This makes automata and Petri nets convenient for model building.

The main elements of a DES are:
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e a discrete state space, denoted by X,
e a discrete event set, denoted by F.

An automaton is a device that is capable of representing a language according
to well-defined rules. The simplest way to present the notion of automaton is to
consider its directed graph representation, or state transition diagram. We use the

following example for this purpose.

a,g

Figure 1: State transition diagram

Consider the directed graph in Fig. 1, where nodes represent states and labelled
arcs represent transitions between these states. This graph provides a complete
description of an automaton. The set of nodes is the state set of the automation,
X ={z,y,z}. The set of labels for the transitions is the event set (alphabet) of the
automaton, F = {a,b, g}. The arcs in the graph provide a graphical representation

of the transition function of the automaton, which is denoted as f: X x F — X:

f(z,a) =z fz,9) =2
fly.a) =z f(y,0) =y
f(Z,b):Z f(z,a):f(z,g):y

The notation f(x,a) = = means that if the automaton is in state y, then upon the
"occurrence” of event a, the automaton will make an instantaneous transition to

state z.
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Two more ingredients are necessary to completely define an automaton: an ini-
tial state, denoted by x(, and a subset X,, of X that represents the states of X that
are marked. Marked states are also referred to as ”accepting” states or "final” states.
The initial state is identified by an arrow pointing into it and states belonging to

X, are identified by double circles.

A deterministic automaton, denoted by A, is a five-tuple
A= (XaEafamem)
where:

X is the set of states,

E is the finite set of events associated with the transition in A,

f: X x E — X is the transition function: f(z,e) = y means that there
is a transition labelled by event e from state x to state y; in general,
f is a partial function on its domain

xo is the initial state,

X,, C X is the set of marked states.

If X is a finite set, we call A a deterministic finite-state automaton (DFA).

The alternative to automata for untimed models of DES is provided by Petri
nets. These models were first developed by C. A. Petri in the early 1960’s. Petri
nets are related to automata in the sense that they also explicitly represent the

transition function of DES.

It can be proved that an automata can always be represented as a Petri net; on
other hand, not all Petri nets can be represented as finite-state automata. Conse-

quently, Petri nets describe a larger class of systems than finite automata.

Petri nets are subject of this diploma thesis, therefore their description will follow

separately in the next chapter.



2 DEFINITIONS AND PROPERTIES

2 Definitions and basic properties[6, 7]

In this chapter the most important definitions are briefly summarized from the

viewpoint of this diploma thesis.

2.1 The basic components of Petri nets

A Petri net consists of places and transitions, and describes the relations between
them. As the names of these elements show, places refer to static parts of the mod-

elled system while transitions refer to changes or events occurring in the system.

The mathematical representation of Petri nets consists of the sets of transitions
and places, the functions describing the relations between them and a function that
describes the dynamic state of the net. The graphical representation of Petri nets
is a bipartite directed graph where places are drawn as circles and transitions are
drawn as bars or boxes. Logical relations between transitions and places, i.e. be-
tween events and their preconditions and consequences are represented by directed

arcs.

pl

p3

Figure 2: A simple Petri net

Transitions can be seen as the steps or substeps of operating procedures while
places imply the preconditions and consequences of these steps in a controlled dis-
crete event system.

In a complex system a consequence of an event is a precondition of other events.



2 DEFINITIONS AND PROPERTIES 2.1 The basic components of Petri nets

We generally use the term ”condition” instead of both precondition and consequence.
In a Petri net model we use the expressions input place and output place rather than
precondition and consequence if it is necessary to emphasize the relation between a

place and a transition.

The validity (or occurrence) of a condition in the modelled system can be repre-
sented by the presence or absence of tokens in the appropriate place in the net or by
nonnegative numbers (in the mathematical representation). If the condition is not
valid in the real system, then there is no token in its place or the value associated
to it is equivalent to zero. On the other hand, if the condition is valid, then there
is a token in its place or its value is equivalent to one (or ”"true”). In certain cases,

there can be more than one token in a given place.

In the so-called low-level Petri nets there is no distinction made between the
tokens. This means that the items represented by the tokens in a given place are
either the same or the differences between them are not relevant from the point of

view of the modelling goal.

The modelling of the investigated system using places, transitions and arcs means
the description of the static structure of the system. This is useful in itself because
it helps the understanding of the system structure and it is also used in the analysis.
At the same time, the Petri net we obtain as a result makes it possible to carry out
behavioural investigations, when we want to know what will happen in the system

starting from an initial state.

The firing of transitions in the net follows the behaviour of the real system: an
even can occur if all of its preconditions are fulfilled. In the Petri net, a transition
is called enabled if all of input places are valid. If a transition is enabled then it can
fire. If an event occurs in the real system then the transition referring to this event

must be fired in the net.

During the firing of a transition the appropriate number of tokens is removed

from the input places and added to the output places. The logical relations between

10
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places and transitions define the number of tokens to be removed or added.

2.2 The formal definition of Petri nets

A Petri net is a 4-tuple
N=(P,T,F, W) (1)

where:

P ={p1,...pm} is a finite set of places,

T = {t1,...t,} is a finite set of transitions,
F C(PxT)U(T x P) is the set of arcs,
W:F —{1,2,3,..} is a weight function,
My : P — N is the initial marking,
PNT=0and PUT # 0.

The input function is defined as
I:T— P> It)={pj€P|(pj,ti)) € F and j=1,..n;}, (2)
and the output function is defined as
O:T— P*, O(t;)={p; € Pl(ti,pj;) € F and j=1,..m;}. (3)

The input function and the output function partition the set F' into subsets F

and Fp, i.e. FfUFp=F and F;NFp = 0.

We use the following symbols for a pre-set and post-set (where F is the set of all

arcs):
*t = {p|(p,t) € F} is the set of input places of ¢ ,
t* = {p|(t,p) € F'} is the set of output places of ¢ ,
*p = {t|(t,p) € F} is the set of input transitions of p ,
p* = {t|(p,t) € F} is the set of output transitions of p .

11



2 DEFINITIONS AND PROPERTIES 2.3 Markings
2.3 Markings

An arbitrary distribution of tokens on the places is called marking. The initial dis-

tribution of tokens on the places is called the initial marking and it is denoted by M.

pl

Figure 3: A Petri net with markings

The marking function gives the distribution of tokens in a given net state:
M:P— N
A Petri net with a given initial marking is denoted by

PN = (P, M)

2.4 The firing of transitions
The firing rules of transitions are the following:

1. A transition ¢; is said to be enabled if there is least w(p;, ;) token on each

input place p; of t; :
M(pi) = w(pi,t;)  for Vp € P
where w(p;, t;) is the arc weight.

2. An enabled transition may or may not fire depending on whether or not the

event modelled by the transition actually takes place in the real system.

3. At firing of transition ¢; the value of the marking function of a place is de-

creased by the weight of the arc connecting the given places place to transition

12
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tj, and is increased by the weight of the arc from transition ¢; to the given

place:

M"(p;) = M'(p;) — w(pi, t;) + w(t;,pi)  for Vp; € P

As it can be seen, we generalized the increases and decreases for all places in
the net. These operations have no effect on the marking value if there is no
logical relation between the given places and transition so this generalization

enables a simpler treatment of markings.

Figure 4: A Petri net before and after firing a transition

2.5 Self-loop

If a place is an input and output place of the same transition then this place-
transition pair is called a self-loop (see Fig. 5). If the weights are the same in both
cases then the firing of the transition does not change the marking value on that
place. It can be proved that if the place belonging to the loop cannot be found in
the input set of any other transition and the transition has no other input place then
once the transition becomes enabled, it remains enabled throughout the execution

of the net. A Petri net without self-loop is said to be pure.

2.6 Capacity of places

Up to this point we assumed that places can have an infinite number of tokens, i.e.
there is no constraint on the marking value of a place. A net of this type is called

an infinite capacity net. However, real discrete event systems are different.

13
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N
AR

Figure 5: A self-loop

For a finite capacity net we have to add a new function, K, which is the capacity

function to the formal definition:
K:P—NT,

and we have to modify the rule for transitions to be enabled.

A transition ¢; is said to be enabled if there is at least w(p;,t;) token in each
input place p; of t; :
M'(p;) > w(pi,t;)  for ¥p; € P

and after the firing transition of ¢; the markings in its output places does not exceed

their upper limits:

M"(pi) < K(pi) for Vpi€ P
where
M"(pi) = M'(p;) — w(pi, t;) +w(ty, pi) -
This modified rule is called a strict transition rule whereas the former rule for an

infinite capacity net is the (weak) transition rule.

2.7 The analysis of Petri nets

A Petri net is more than a description of system structure: nets are intended to
be executed. Such execution can provide information about system dynamics that
could never be derived by looking at a static model and considering its implications.
There is just too much information involved in the functioning of a complex system

for the unaided human mind to cope with.

14
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Petri nets can be used for modelling a large variety of systems especially those

containing concurrent events.

Modelling a system and the execution of its Petri net model give a lot of infor-
mation about the basic structure and processes taking place in it but the analysis

also ensures provable consequences.

2.7.1 Analysis problems for Petri nets

Petri net properties can be divided into two major classes: behavioural (or marking
dependent) properties and structural properties which are independent of the initial
marking, i.e. initial state. Several properties can be identified and analyzed for

Petri nets.

The most important Petri net properties include:

e Behavioural properties: which depend on the initial marking (these are most
most interesting properties)
— reachability
— boundedness
— schedulability
— liveness
— conservation
e Structural properties: which do not depend on the initial marking (often too
restrictive)
— consistency
— structural boundedness

— place and transition invariants

2.7.1.1 Safeness and boundedness For a Petri net one of the most important

question is boundedness. Boundedness and its special case safeness are related to

15



2 DEFINITIONS AND PROPERTIES 2.7 The analysis of Petri nets

the limited capacity of places.

A place in a Petri net is bounded if the number of tokens in that place never ex-

ceeds a given value. If this maximum value is equal to 1 then the place is called safe.

The interpretation of safeness and boundedness depends on the system to be
modelled. The presence of more than one token in a place may mean many different
things. For example, there can be two pumps in the system, which are represented

by two tokens in a place.

The examination of boundedness and safeness can be done for a group of places
or for all places in the net. If all places are safe then the net can be called a safe
Petri net. If an upper limit k£ that holds for all places can be determined in the net

then the net is a k-safe Petri net.

2.7.1.2 Conservation The conservation property is related to the changes in
the sum of tokens in Petri net during execution. A Petri net is strictly conservative

if the number of tokens is the same in all markings starting from an initial marking.

Strict conservation is a very strong property. It can be useful in the case of
modelling resource allocation systems where tokens may represent the resources. It
is a very natural requirement for these systems that tokens are neither created nor

destroyed there.

It is possible to assign conservation weight to places and check the sum based
on the linear combination of tokens computed using the place weights. In this case
the weighted sum for all reachable markings should be constant for a conservative

Petri net.

The investigation of conservation can be done for a subset of places, too.

2.7.1.3 Liveness Liveness addresses the question whether it is always possible

to activate a specific transition or the system can reach a state where this transition
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is "dead”. As a generalization of this problem we can investigate whether the system
can reach a state where there is no enabled transition at all. This state is called a
deadlock. A system can get into a deadlock when the operating procedure is over
but it could also happen that the process stops before the final state. A deadlock is
very dangerous in the latter case because it refers to a state where the operator has

no possibility to intervene; that is, the system is out of control.

Liveness implies the lack of deadlocks, but not viceversa.

A Petri net is live if and only if from any reachable state and for any transition

it is possible to reach a state from which the transition is firable.

2.7.1.4 Reachability and coverability During execution different markings
can be reached in a Petri net starting from a given initial marking M. These mark-
ings are either desirable or undesirable from the viewpoint of the operation of the
modelled system. The reachability problem addresses the question whether there
is a marking M" in the reachability set of My such that M” > M’ i.e. M" covers
a predefined marking M”. (A marking M" covers marking M’ if Vi : M > M/ |
i.e. each component of marking M” is greater than or equal to the components of

marking M'.)

The investigation of reachability and coverability can be done for a restricted set

of places, too.

2.7.1.5 Structural properties The most important structural question in the
analysis of Petri nets is the determination of place and transition invariants. A place
invariant is a set of places, in which the sum of tokens remains constant, indepen-
dently of which transition fires. Tokens of this set of places are neither generated

nor consumed, only "moved” between places.
A transition invariant is a set of transitions. When these transitions fire starting

from an initial state then the system returns to the same initial state. Transition

invariants correspond to the cyclic behaviours of the modelled system.

17
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2.7.2 Analysis techniques

There are two major classes of Petri net analysis techniques: the construction and

analysis of the reachability tree and using matrix equations.

The aim of constructing a reachability tree is to answer the initial state depen-
dent questions. It involves the determination of all possible markings that belong to
a given initial state. On the another hand matrix equations are used for determining

structural properties.

Both techniques can be implemented on a computer. The use of computers is very
important during the analysis because apart from some simpler cases the analysis

of the above mentioned properties is very difficult without software support.

2.7.2.1 Reachability tree The reachability tree technique involves the enu-
meration of all reachable markings from a given initial marking. The method of
constructing a reachability tree is the following. Starting from the given initial state
(marking) as the root of the tree we determine the enabled transitions. Then we fire
the enabled transitions to generate new markings. These new markings that will be
added as new nodes to the tree. These new nodes are connected to their parent node
by directed arcs, which have the colour (weight) of the fired transition. We repeat
this process for every new node until there is no enabled transition. The terminal
nodes of tree are the ”idea” markings where there are no enabled transitions. An

example is seen in Fig. 6.

000
(1,1,1,0)

© >N

(0,0,1,1) (1,0,0,2)

Figure 6: A Petri net and its reachability tree
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It is easy to see that even simple bounded Petri nets can have an infinite reach-
ablility tree. To avoid infinite trees we do not perform the investigation of an enabled
transition if the new marking is either equal to an earlier one in the tree or it covers

another marking which is found on the path leading from the root to this new node.

In the first case, equality, we can mark the new node as a duplicate node. There
is then no need to check the enabled transitions and the new markings resulting
from the firing of these transitions because it has already been done for the first

appearance of this node in the tree. An example see in Fig. 7.

(1,0
l ol (10
(0,1) l 1
K s
(1,0) <:> l 2
l 1 a0
0.1) l 1
tL l t2 .
0,1)
Pt b2 (1,0)

Figure 7: A Petri net and its infinite reachability tree and its reachability tree with

duplicate nodes

The second case (see an example in Fig. 8), when the new marking covers an
earlier one lying on the path from the root, refers to the cyclic behaviour of the net.
This means that there is a loop of transitions that can be performed an arbitrarily
number of times. It is unnecessary to indicate all nodes belonging to each appear-

ance of this loop but somehow we have to refer to them.

The introduction of symbol w can solve the loop indication problem. The symbol

w represents an arbitrarily large number of tokens. For any constant a the following
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(1,0,0)

l a
0,1,1) (1,0,0)
l 2 l a
Lol (T—) ©1w)
l a l 2

(0,1,2) (1,0,w)

tl
|«

(1,0,2)

yl

p3

Figure 8: A Petri net and its infinite reachability tree and its reachability tree with

using of symbol w

1s true:

wFta=w, a < w, w < w.

Having constructed the reachability tree of a Petri net, most of the analysis of

its properties can be performed by searching in the tree as follows:

e A Petri net is bounded if and only if the symbol w does not appear in any of

the markings of the tree.

e A Petri net is safe if and only if only zero and one values (0’s and 1’s) appear

in the markings of the tree.

e A transition is dead if and only if it does not appear in the tree (as edge

weight).

e The reachability and coverability problems can be solved by searching for the

predefined marking(s) in the tree.

The main disadvantage of the analysis with the reachability tree is its exhaus-
tive characteristic. Despite the introduced modifications in the construction, the

reachability tree can be very large and this can cause the time and space needed for
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2 DEFINITIONS AND PROPERTIES 2.7 The analysis of Petri nets

the construction and search to grow exponentially, therefore this analysis is usually

computationally hard.

2.7.2.2 Analysis with matrix equations An analysis using the reachability
graph gives information about the behaviour of the net starting from a given initial
state. It would be a great advantage if it could somehow be generalized and we
could find a method which solved the analysis problem in a shorter time and in a
simpler way than the generation of trees. The invariance analysis can partly give an
answer to this request. Using the matrix based description of the Petri net model

we can analyze the structural properties of the system.

The representation of Petri net by matrices Let us represent the Petri
net model of the investigated system by an incidence matrix. The first index of an
element in the incidence matrices refers to the corresponding place, while the second
index refers to the corresponding transition. The number of rows is equal to the
number of places and the number of columns is equal to the number of transitions.
An entry in the matrix is equal to the difference between the weights of the outgoing

and and incoming arcs of a transition-place pair:

— 1t -
hiy = hi; — hy;

hij an entry of incidence matrix H = [h;;];
hi = w(p;,t;) is the weight of the arc from place i to transition j;

h;; = w(t;,p;) is the weight of the arc from transition j to place 7.

From the point of view of engineering meaning, incidence matrices can be inter-
preted as follows. An element of an incidence matrix gives the relation between a
place and a transition. If an element h;; is not equal to zero then transition ¢; and
place p; are connected. If h;; is a positive number then place p; is a precondition

of transition ¢; while if h;; is a negative number then this place is a consequence of it.

A zero entry can have different meaning. It can mean that there is no connection

between the given transition and the given place but we get the same entry if the
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pl
t1

p2 p4
1 OC
O C
p3 4 =0 1 1
0o 1C
T

Figure 9: A Petri net and its incidence matrix

given place is both an input place and an output place of transition having the same
weight. To avoid this information loss we assume that the investigated Petri net is
pure, i.e. it does not contain any self-loops. If it contains one then we can eliminate
it by adding a dummy transition-place pair to this self-loop. The column vector
of an incidence matrix gives then all the preconditions and consequences of a given

place and the transitions of the net.

2.8 Hierarchical Petri nets|[1]

One of the main advantages of modelling with Petri nets is the capability to describe
hierarchical systems. This means that the system to be modelled can be described
on different levels. In the case of a complex system the models of subprocesses can be
made first and checked separately then they can be built into the model of the whole
system. Both transitions and places can be considered as composite elements; i.e.

subnets can be built into them. This process can be repeated in arbitrary depth[6].

In the case of large systems containing a large number of similar subprocesses
another advantage of this method is that the subnets of these elements have only
to be made in one instance in advance, then they can be used as modular elements

during the modelling process which simplifies the modelling task [6].
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2 DEFINITIONS AND PROPERTIES 2.8 Hierarchical Petri nets

Figure 10: Decomposition of Petri net elements

Let the low level Petri net (denoted by H) be defined in the following way:
H=(PT,I,0), (4)
where:

P finite nonempty set of places,

T  finite nonempty set of transitions,

I I: T — P* the input function (see Eq. (2)),
O O :T — P> the output function (see Eq. (3)).

The difference between definition (1) and definition (4) is the following: here we have
a decomposed the set of edges by the input and output functions and the weight

function W is also modified to have:
W:F—1.

The Petri net of the plant-level modelled system, i.e. the net without any substi-
tuting subnet, will be called supernet in this report. Embedded Petri nets describ-
ing operating procedures on the unit-level are called subnets. The overall Petri net
containing the plant-level procedures with all of its substituting subnets is termed

complete net in the following.

2.8.1 Definition of subnets

2.8.1.1 Subnet substituting a transition Net H; = (P;,T;, I;, O;) is called
the subnet substituting transition t; € T. The interpretation of the sets of the

subnet and the relation of these sets to the set of the supernet is the following:
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1. The set of places (P) in the supernet can be partitioned into subsets Q and Q
such that

P=QUQ, QNQ=10.
The element of the subsets @ and @ are the following:
Vg € Q:#(q,0t:)) #0 OR #(q,I(t;)) # 0,
i.e. the elements of () are either inputs or outputs of transition ¢;, and
Vg€ Q:4(7.0(t:) =0 AND #(q I(t;)) =0,
i.e. the element of () are not in connection with transition ¢;.
2. Let the set P; be the set of places of the subnet %;:

QNQONP=0.

The set of () can be partitioned in the following way:
Q=Q1UQs

VQ1 S Ql . #(qlvj(tl)) 7é 0>VQ2 € QQ : #<q27[(tl)) 7& 0

i.e. the elements in (); are the input places to ¢; and ()5 consists of the output

places.
3. Let T; denote the set of transitions in the subnet:
TNT, =0, |T;] >1.

There is one and only one transition in the set 7; which inputs refer to the

inputs in #;:

e € Ti: Vg1 € Qu = #(q, Lilte)) = #(qr, 1(1:))

and there is one and only one transition in the set T; which outputs refer to

the outputs in ¢;:

Eltv € E : VQ2 € QZ : #(Q2701(t1)>> = #(qu O(tl)) :
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4. The element of the set P; are the inner places of the subset, so they must not

be neither inputs of £, nor outputs of ¢,:
Vr € -P'L : #(7"7 Iz(t€>) - Oa #(Ta O’L(tv)) =0.
Every inner place has to be an input and an output of at least one transition:

Vr e P;: Eltl,tQ S #(T, ]z(tl)) 7é 0,#(’/“, Ol(tg)) 7& 0.

2.8.1.2 Subnet substituting a place Net H; = (P;,T},1;,0,) is called the
subnet substituting place p; € P. The interpretation of the sets of the subnet and

the relation of these sets to the set of the supernet is the following:

1. The set of transitions (7") in the supernet can be partitioned into subsets S
and S such that
T=5uUS, SnS=90.

The element of the subsets S and S are the following:
Vs € 5:#(p;, 0(s)) #0 OR #(p;, I(s)) #0,
i.e. the elements of S are either inputs or outputs of place p;, and
Vs €S :#(p;,0E) =0 AND #(p;,1(3)) =0,
i.e. the element of S are not in connection with place Dj-
2. Let the set T} be the set of transitions of the subnet p;:
SNSNT;=10.
The set of S can be partitioned in the following way:
S =51US5,

Vsl S Sl : #(pj,[(sl)) 7é O,VSQ S SQ : #(pj,I(SQ)) # 0

i.e. the elements in S; are the input transitions to p; and S consists of the

output transitions.
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3. Let P; denote the set of places in the subnet:
PNP =0, |P>1.

There is one and only one place in the set P; which inputs refer to the inputs
n pj:

Ipe € Py Vs1 € Sy #(pe, Li(51)) = #(pj, [(51))

and there is one and only one place in the set P; which outputs refer to the

outputs in p;:
dp, € P; : Vsy € Sy #(pw, Oj(s2)) = #(p;, O(s2)) .

4. The element of the set T} are the inner transitions of the subset, so they must

not be neither inputs of p. nor outputs of p,:

vt € Tj - #(pe, 1;(1)) = 0, #(pv, O;(1)) = 0.

Every inner transition has to be an input and an output of at least one place:
Vt € Ty : 3p1,p2 € Py #(p1, I;(t)) # 0,4 (p2, O;(1)) # 0 .

2.8.2 Definition of the complete net

Let H = (P,T,1,0) be a low level Petri net, H; = (P;,T;,I;,O;) be a subnet
substituting ¢, € T and H; = (P;,1},1;,0;) be a subnet substituting p; € P as
defined above. Then net H, = (P, T3, I;, O;) is defined to be the complete net built
up from H, H; and H;, where

B =P \{p;))URUP;,

T, = (T\ {:})UT,UT} |
Ii=(IULUL) \ {(t.K)K € B} \ {(Lp)IL € P)

U {(te,q)lg € Qi} U {(s1,pe)|51 € S1}

and
O;=(0U0;U0)) \ {(ti, K)|K € P°} \ {(L,p;)|L € P}

U {(tv, 22)|g2 € @2} U {(s2,p0)|52 € S5} .
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2.8.3 Example for a hierarchical Petri net

Let we see an example to understand the previous definitions. A supernet H is seen

in Fig. 11.

p1 P pi2

Figure 11: The supernet

By the previous definitions we give subnet H = (P, T, I,O), where:

= {p17P,p7,p12}

{tlvT}

= {(p1,t1), (P,T),(pr,T)}
= {(P, tl)a (]912,T)}

SO ~ 3 7T
I

There are two subnet, one is substituting place P and other one is substituting

transition 7. So the complete net is seen in Fig. 12.

Figure 12: The complete net

The subnet H; substituting place P is writing as Hy; = (P, 11, I1,0O1), where:

Py = {p2, 13,3 p1, D6}

Ty = {ta,ts,t4}

I = {(p2,t2), (p3,t3), (Pasta), (Ps5,ta)}
O1 = {(ps;12), (pa; t2), (P5,t3), (Pe, ta) }
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The subnet Hj substituting transition 7" is writing as Hy = (P, T3, I3, O), where:

P, {ps, P9, P10, P11}
T2 = {t57t67t77t8}
I, = {(ps,ts), (ps,tr), (P10, ts), (P11, ts)}

Oz = {(ps,ts), (Po,t5), (P10, t6), (P11, t7) }

Therefor the complete net H = (P,T,1,0) computes as we wrote in Section

2.8.2, where:
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3 Modelling safe Petri nets with

Boolean algebras[3]

3.1 Notations

Let N = (P, T, F, M) be a safe Petri net. The set of reachable markings from M is
denoted by [M). If a transition t is enabled at a marking M, we denoted by M][t).
A marking in [Mj) can be represented by a set of places M = {p1,...,pm}, pi € P,
where p; € M denotes the fact that there is a token in p,. Therefore, any set of
markings in [M) can be represented by a set M of subsets of P. Let Mp be the set
of all markings of a safe Petri net with |P| places (|[Mp| = 2/”1). The system

(2MP7 U7 ﬂ, ®7 MP)

is the Boolean algebra of sets of markings. This system is isomorphic with the

Boolean algebra of n-variable logic functions, where n = |P)|.

We will indistinctively use p; to denote a place in P, or a variable in the Boolean
algebra of n-variable logic functions. Therefore, there is a one-to-one correspondence
between markings of Mp and vertices of B". A marking M € Mp is represented by
means of an encoding function that provides a binary mapping from Mp into B",
that is, £ : Mp — B", where the image of markings M € Mp is encoded into an
element (p1,...,p,) € B™, such that:

L if pi € M,
0 if pi & M.

bi =
3.1.1 Simple example

Let us look at a simple Petri net seen in Fig. 13. We use this Petri net throughout

this section.

As an example, in Fig. 13 both the vertex (1,0,0,0,0,0,0) € B” and the cube
P1D2D3P4P5PeP7 represent the markings in which p, is marked and ps, ps, ps, s, P, P7

are not marked.
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Figure 13: Simple Petri net

3.2 Characteristic function

Let V' C B™ be the set of vertices in the Boolean algebra of n-variable logic functions.
The characteristic function xy of the set V' is defined as the logic function that

evaluates to 1 for those vertices of B™ that are in V/, i.e.
veB" tveVey(v)=1.

Extending the previously introduced encoding function £, each set of markings

M € 2M7 has a corresponding image V € B™ according to & defined by:
V={veB" : AM e M,v=E(M)} .

Then the characteristic function of the set of M is a function yn : B" — B,
that evaluates to 1 for those vertices that correspond to markings belonging to M;
that is, xapr = xv. From now on, and for sake of simplicity, we will use M and

to denote the characteristic function of the set of markings M.

Characteristic functions can also be used to represent binary relations between
sets of markings; that is, subsets of a Cartesian product between both sets. Given
two sets M and M’, to represent the binary relation R C M x M’ it is necessary
to use different sets of variables to identify the elements of each set. Taking sets
of Boolean variables {pi,...,p,} for M and {qi,...,¢,} for M’ the characteristic
function is defined by:

XR(p17 <oy Pny 41, 7%1) =1&
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M, M) e R:[EM) = (p1y.e, pn) NEM") = (g1, .., n)] -

Given the binary relation R between sets M and M’ the elements of M that
are in relation with some element of M, is defined by the set R(M); such that:

RM)={MeM:3IM e M (M,M") € R},
and its characteristic function of yg(M) is computed as:

XR(M)<p17 7p7l) = E|q17--~7QnXR<p17 ces Py qiy ey Qn) .

3.3 Transition firing

The structure of Petri net defines a set of firing rules that determine the behavior
of the net, called transition firing rules. The transition function for a transition ¢

of the net, is a function:

(52MPXT—>MP, (5>

that transforms a marking M € M, into new marking(s) M’ € Mp by firing the
transition t € T (M’ = §(M,t)). The corresponding markings in M’ are generated
assuming that ¢ is enabled in M; otherwise, the empty marking §(M,t) = () is gen-

erated.

This concept is equivalent to the one-step reachability in Petri nets; M’ is reach-
able from M in one step if there is a transition ¢t € T such that M’ = §(M,1).
According to this objective, the transition function § = (01, ...,0,p|) for a transition
t € T defines how the contents of each place is transformed as a result of firing a

transition, and it is defined:

1 if pett
Viel,....|P| &(p1,-.pnt) =E;-q 0 if p; € tandp; ¢t°

p; otherwise

By firing transition ¢, the function returns 1 if p is in its post-set, 0 if p is in its pre-set
(but not a self-loop), and otherwise remains with the same value. Additionally, E;
is the characteristic function of the set of markings in which transition ¢ is enabled,

defined as:
B=Tln. ©)

pi€®t
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Extending the concept to k-steps reachability, a marking M, is reachable in k steps
from the initial marking M if there is a sequence of markings My, Ms, ..., M}, and

a sequence of transitions tq,ts, ..., t such that, 6( My, t1) = My,...,0(My_1,tx) = M.

In order to manipulate the firing of transitions in sets of markings rather than
using a marking-per-marking basis, the transition function of a transition can be

redefined as a function

§:2Mr x T — 2Mr (7)

that for a given transition ¢ € T" transforms a set of markings M into a new set of

markings M’ i.e.
M =M, t)={M' € Mp : IM € M, M[t)M'} .

Transition functions for net transitions can be further generalized to be the transition

function of the whole Petri net:
A 2Mp _, oMp (8)

where all transitions are simultaneously fired in the same function. A transforms a
set of markings M into the set of markings M’ that can be reached from M in one

step (one transition firing). Equation (8) can be obtained by computing:

AM) = ] sM, 1) .

Yt, €T

Note that (8) calculates the image of several markings simultaneously. A per-

forms the constrained image computation of the net.

There are two different techniques to implement the constrained image compu-
tation for transitions by

e topological image computation,

e transition relation tmage computation,

In the remainder of this section we will study the topological image computation
and the transition relation image computation. We refer the reader to [8] for the

other techniques.
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3.3.1 Simple example (Continued)

Following the example in Fig. 13 that contains the Boolean variables pq,...p7, the

transition function for the transitions in the Petri net are the functions:

01, 02, 03, 04, d5, d¢, 07,
d(M,t) = ( 0, D1, D1, pipa,  PiPs,  DiPe, Db, ),
d(M,t) = (0, P1ib2,  PiPss D1, P, Pbes PP, )
o(M,t5) = ( pp2, O, paps,  D2Pas  Paps, P2, PPr ),
6(M,ty) = ( pips,  P2p3, 0, Pspa,  DPaDs,  D3De, D3, ),
0(M,ts) = ( pipay DP2Pa,  P3Da, 0, PaPs, D1y PaDr, ),
6(M,t¢) = ( pwps, Dpaps,  DP3Pss  DaDs, 0,  pspss  Ps, ),
6(M,tz) = ( pepr, P2p6P7, DP3PePr, PaPeD7s Dspebr, 0, 0, )

Therefore, firing transition t; from markings pipspspapspep7 and Dipap3PaPsPeP7

results into:

D1P2p3PaPsPePr = O0(p1D2DsPaPspepr, t1)

D1P2D3DaPsPeD7 = 0(D1p2psDaPspebt, th) -

The transition function for the Petri net is the function:

AM) =(  pi(p2+ ps+ ps+ps5) + Pepr,
p2(p1 +P3+ps+Dps +p6p7) + p1,

p3(p1 + p2 + Ps+ ps + pepr) + D1,

D5(P1 + P2 + P3 + pa + pepP7) + P1,

(
(
( )
pa(p1 + P2 + p3 + ps + pepr) + p1,
( )
pe(p1 + p3 + ps) + P2 + pa,

(

pr(p1 +p2 +p1) +p3s+ps ).

3.3.2 Topological image computation

Constrained image computation for transitions can efficiently be implemented by
using the topological information of the Petri net and the characteristic function of

sets of markings. First of all, we will present the characteristic function of some
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important sets related to a transition t € T :
E, = H pi  (t enabled),
NPM, = H Di  (no predecessor of t is marked),

ASM,; = H pi  (all successors of t are marked),

NSM, = H Pi  (no successor of tis marked).

Given these characteristic functions, the constrained image computation for transi-

tions is reduced to calculate:

(M, t) = (Mg, - NPM,) ygpr, - ASM, . (9)

3.3.2.1 Simple example (Continued) We will show by an example how this
formula ”simulates” firing a transition ¢. In the example of Fig. 13, given the set of

markings M = {{p2 ps} {p2 pr} {ps pr}}, with its characteristic function:

M = Dipap3papsPeD7 + P1P2D3DaPsPeP7 + DiP2P3P4PsDeD7

we will calculate M" = §(M, t3). First, Mg, (the cofactor of M with respect to
E:, = po) selects those markings in which ¢3 is enabled and removes its predecessor

places from the characteristic function:

M, = P1psPaPsPeP7 + D1D3PaP5P6P7

Then the product with NPM,, = p; simulates the elimination of the tokens in the

predecessor places:

Meg,, - NPMy, = p1p2psPaPsPePt + P1D2D3P4PsPePr -

Next, taking the cofactor with respect to NSM;, = pg removes all successor places

from the characteristic function:

(Mg, - NPMy,) N, = P1P2PsPaPspT + Pip2Pspapspr -

Finally, the product with ASM;, = ps adds a token in all successor places of ¢3:

(Mg, - NPM,,) wor,  ASMig = PiPapspaDspeD7 + PiD2PsPaPsPepr

generating the characteristic function of the set of markings M’ = {{ps ps} {ps p7}}-
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3.3.3 Transitional relation image computation

The transition function relates sets of markings M’ = §(M, t) such that the mark-
ings in M’ are reachable from M after firing transition ¢. The relation defined by ¢
can also be represented by a characteristic function in which there are two different
sets of variables, {p1,...,pn} for M and {q, ..., q,} for M’ respectively (n = |P]).
According to the definition of function ¢, its characteristic function is described by
the binary relation®:

1P|
Rt(q17 <oy Qn, P1, 7pn) = H (% = 51'(]91» apnat)) .

i=1
Finding the set of markings M’ that can be reached after firing transition ¢ from
any marking in the set M (the constrained image computation for transitions) is

reduced to compute:
M/ - EIle--,PnRt(qlu <5 Qn,y P1, 7pn) . M . (10)

The transition relation of the whole net can be computed following an interleav-
ing model, in which only one transition is fired at the same time, i.e.

P

Rt<q17 o3 qn, P1, 7pn) = U H <Q’L = 51 <p17 7pn7t>>

teT | =1

The main computation problem in image computation with the transition rela-

tion appears when taking the conjunction Hyjl.

3.3.3.1 Simple example (Continued) As anexample, we compute the charac-
teristic function for the transition relation of ¢; in Fig. 13. Note that in this example

the following set of Boolean variables are required: {p1, ..., p7} and {qi, ..., ¢-}. Then

Ri(qus s @7, 01, 507) = Q- (@2 =p1) - (@3 =p1) - (qa = pipa) -
(g5 = p1ps) - (96 = p1pe) - (g7 = p1p7)
= @ (qep1 + E&D1) - (@391 + GP) -
(g1p1pa + @a(p1 + P1)) - (gsp1ps + G5(p1 + Ps)) -
(g6p1ps + T6(P1 + D)) - (qrp1pr + G (P1 + 7)) -

'Note that the operation a = b stands for a equivalent to b and it is defined as ab + ab
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3.4 Reachability set computation

The algorithm presented in Fig. 14 below traverses the Petri net and calculates
the reachability set from the selected initial marking. The union and difference of
sets of markings are performed by manipulating their corresponding characteristic

functions.

traverse_Petri_net (P, T,WM)
{

/* Let dbe the transition function of the transitons in T */
Reached : = From:= {M};
r epeat
To : = [O;
foreach tOT do To := To O A Fromt);
New : = To - Reached;
From : = New,
Reached : = Reached O New;
until (New = 0);
return Reached; /* The set of all reached marking fromMz */

Figure 14: Algorithm for symbolic Petri net traversal using the ¢ function

YO AN
&y
t4 ts

{Pg, P}
M

7

Figure 15: Symbolic reachability tree of the example Petri net (Fig. 13)

3.4.0.2 Simple example (Continued) As an example, take the initial mark-

ing {p1} of the example depicted in Fig. 13. After the first iteration of the repeat
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3 SAFE PETRI NETS - BOOLEAN ALGEBRAS 3.5 Verification of properties

loop, the algorithm yields (by firing transitions ¢; and t3) to To = {paps + paps},
New = {paps + paps} — {p1} = {p2ps + paps}, Reached = {p1 + pap3 + paps}.

The final set of reachable markings is shown in Fig. 15, where the nodes represent

markings and the edges the firing transitions.

3.5 Verification of Petri net properties

In this section we show how safe Petri net properties can be verified by Boolean
manipulation on the set of reachable markings. From the wide range of properties
that can be verified with this approach we have chosen two of them as examples:

safeness and liveness.

3.5.1 Safeness verification

Using Eq. (9) (the cofactor with N.SM;), markings with more than one token in any
place are removed from the set of reachable markings. However, in the case when
the transition relation is used to implement the image computation procedure, non-

existing markings may be introduced.

Detecting unsafeness can be done by identifying a marking M in which a transi-
tion ¢ is enabled, and some successor place p € t* not included in a self-loop (p ¢° t),
is already marked. In that situation, after firing transition ¢, place p will contain

two tokens. Formally, a Petri net is not safe if:
M € [My),teT,peP) : [M[t)yApet®* Ape®tANM(p)=1] . (11)

Given the set of reachable markings [My), the algorithm decipted in Fig. 16
detects whether a Petri net is safe or not, by checking one equation for each tran-
sition. On the other side, in case the transition relation is used for the reachability
computation, safeness must be guaranteed every time a transition ¢ is going to be
fired from a set of markings. Given the set of markings From in the algorithm of Fig.
14, the safeness of the Petri net can be assured at each iteration of the algorithm

by checking that the following formula holds:

VteT : |From- E;- Z p="0] . (12)

(pet®)A(pE°t)
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is_safe (P, T, WM, [M))

{
foreach tOT do

Succ_p = [0O;
Enabled := [M)* E;
foreach (p, Ot° 0O p, O °t) do
Succ_p := Succ_p + p;;
if (Enabled * Succ_p #0) then return fal se;
return true;

}

Figure 16: Algorithm for safeness checking of ordinary Petri nets

3.5.2 Liveness verification

A Petri net is said to have a deadlock if there is a marking where no transition can
be fired. A transition is said to be dead if it can never be fired in any firing sequence
from the initial marking M. A transition that can be fired at least once in some

firing sequence from M, is said to be potentially fireable.

The set of markings where a deadlock occurs is calculated as follows:

Deadlock = [[Mo) : HE 0| . (13)
teT
The set of markings where a transition ¢ is potentially fireable is calculated as:
Fireable(t) = [My) - E; . (14)

Then, if Fireable(t) = (), then transition ¢ is dead, otherwise it is live.
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4 Extension to weighted and bounded
Petri nets[3, 4]

This section presents the modifications needed to extend the Boolean manipulation

techniques to k-bounded Petri nets.

4.1 Place encoding

A k-bounded place p € P can be represented with a set of Boolean variables, v*, ..., v?
to encode the up-to-k possible number of tokens. The number of required variables
depends on the type of encoding. Two different encoding strategies will be proposed:
one-hot encoding and binary encoding. If a one-hot encoding is used, k variables are
needed. For example, in a 3-bounded Petri net the number of tokens in a place
p could be represented by three variables. With a binary encoding [loga(k + 1)]
variables would be required (see Table 1), where [z| (round x) is the nearest integer

of x towards infinity.

#tokens | one-hot encoding | binary encoding
0 v3v2yl 2ol
1 320! 2l
2 B vl
3 vl vl

Table 1: Encoding of k-bounded places (k=3)

The one-hot encoding can be implemented using a transition function simpler
than the binary encoding, however, the number of variables, which is a critical
parameter during the computation mechanisms, is larger than for the one-hot en-

coding.

4.2 Simple example

Let us look at a simple Petri net can seen in Fig. 17. We use this Petri net

throughout this section.
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4 WEIGHTED AND BOUNDED PETRI NETS 4.3 Transition firing

Figure 17: Bounded Petri net with an upper bound of two tokens

4.3 'Transition firing

This section introduces the transition functions and transition relations required to
implement weighted Petri nets using both binary and one-hot encodings. According
to this objective, the transition function described in Eq. (5) for a transition t of

the net, should be redefined into:

¢

M(p;) — W(pi, 1) if pett\1t°,

8i(p1, -y Pnst) = By - (»:) ) . )
M(p;) = W(ps,t) + W(t,p;) if pi €t*N®t,
M (p;) otherwise.

\

Where FE; is the characteristic function of the set of k-bounded markings in which

transition ¢ is enabled. For a weighted Petri net:

E=[[Mp) zwWp1). (15)

pe®t
4.3.1 Binary encoding

Assuming that the number of tokens in place p is represented by a number of Boolean
variables p', ..., p%?, and that the weight W (p, t) is represented by the same number
of binary encoded Boolean constants w!, ..., w®?. Then the relation M (p) = W (p,t)

40



4 WEIGHTED AND BOUNDED PETRI NETS 4.3 Transition firing

can be described by the equation?:

M(p) =2 W(p,t) = (p™r > whr) +

(T

)
P ® whe) - (pFr—1 @ wko 1) . (prfz w2 4

(pKe @ wkr) - (pEr—1 @ wke=1) . . (p2 D w?) - (p' - wl) +

P &) - (R T a Wl D) - (FEw?) - (T o) |
where @ denotes the exclusive "or” operation.
Hence, assuming that K, is the number of Boolean variables to represent a

place p, the markings in which a transition t is enabled to fire are defined by the

characteristic function:

BTl [z [wxm- [ wew)

pe*t Li=1 j=i+1

Kp

+ [ & w)

=1

(16)

Once we have decided that transition ¢ is enabled to fire in a given marking, we have

to effectively implement the transition firing by:

1. eliminating the corresponding tokens from any place in the pre-set of transition

t, and
2. adding the corresponding tokens to any place in the post-set of transition ¢.

Assume that the number of tokens in place p is represented by a number of (bi-

nary encoded) Boolean variables p!, ..., p», and that the number of tokens that must

2Recall that (a = b) stands for (a +b), (a = b) for (a ©b), and (a > b) for (a-b)
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be subtracted is represented by the same number of Boolean constants w!, ..., w’r

(either subtracting W (p,t) or w(t,p) —W(p,t) if W(p,t) > W (t,p)). In those cases,
the relation §(M,t) is equivalent to the subtraction of two natural numbers, that

can be described by the set of equations:

(61 (M, 1),...,6%7 (M, 1)) =
Et-(pl@wl, and By =p!-w!

p269w2@31, and 3221?'1024‘31'(172@102)

pr o wkr @ Bk,-1 ) and Bg, = ]E cwr 4 Bk, 1" (pHr @ whr) .

On the other hand, the number of tokens that must be added is represented by
the same number of boolean constants w?, ..., w’? (either adding W (¢, p) or w(t, p) —
W(p,t) if W(t,p) > W(p,t)). In those cases, the relation (M, t) is equivalent to

the addition of two natural numbers, that can be described by the set of equations:

(61 (M, 1), ...,6%7 (M, 1)) =
Et~(p16]9w1, and Cp=p'-w'

P’ ®w e 0y, and Co=7p* - w*+ By - (p* ® w?)

pr @ wkr @ Crp—1 ) and By, = pie ke 4 Crp—1 - (pr &) pr) .

Therefore, in order to implement an image computation based on transition
relations for weighted Petri nets, we only need to redefine the characteristic function

of the function ¢ (see Eq.(10)) into:

|P| Kpi

Rt(ql» «os Qn, P1, 7pn) = H H (QZ = 63 (pl: 7pn7t)) .

i=1 j=1
The function (55 for the j-variable encoding the tokens in a place p; is described
by:
( pl@w @B, if p; et t\1t°,
plow ®Ci_y if piet\p e,
S (p1y e Pst) = Er - plow @ Bj_y if piet®Npi €t AW(pi,t) > W(t,p,),
plow @®Ciy if pi€t®Np €t AW(t,p) > W(pst),

P otherwise;
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4 WEIGHTED AND BOUNDED PETRI NETS 4.3 Transition firing

where the carry (C') and borrow (B) functions are defined as:

o]0 if 5=0

Tl Pewi o ew) ifj21
0 1f 7=20

o I

pl-w 4 Biy-(pl@wl) if j21
and finally, taking the appropriate constant value w’ in each case:

( .

W (pi,t) if pi €t t\

W — o W(t, p; if pi€t®\pi €L,
(W(pi,t) = W(t,po)) if pi €t Np €t AW (ps,t) > W(t,ps),
(W (t,pi) = W(pi,t))? if pi €t*Np; €t AW (t,p;) > W(ps, t).

4.3.1.1 Simple example (Continued) Given the example in Fig. 17, the

characteristic functions with binary encoding for each transition will be:

E,=@ 1) -0io0)+ @ +0)+(piol) 0 ®0)=p +p7,
Ey=@-1) -0l ®0)+ @ +0)+(pi@®l) (pi®0)=p +pi,
Ey=p-0)-p3@ 1)+ (3 +1)+ (s ®0)- (p3®1) =p3 ,
Ey=(p3-0)- @)+ @ +1)+(p300)- (1) =p3 .

The transition functions for each transition will be:

01(p1, s p3 1) = By - (1 @ 1®0) = By, - (ph) |
03 (pry D3y t1) = By - (07 © 0@ (pt- 1)) = By, - (R @ pl)
03(p1, s pst1) = By - (b @ 1®0) = By, - (pd) |
03(pr ey t1) = By - (13 0@ (p3- 1)) = By - (93 @ 1))
03(p1, s p3 1) = By - (b @ 1®0) = By, - (pd) |
05(p1, o psst1) = By - (05000 (- 1)) = By, - (B3 © pi) -
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4.3.2 One-hot encoding

Assume that the number of tokens in place p is represented by a number of (one-hot
encoded) Boolean variables p!, ..., pr  and that the weight W (p,t) is represented
by an integer constant. The relation M (p) = W(p,t) holds if any of the variables
pY, ..., p"r is active (where w = W (p, t)). Hence, assuming that K, is the number of
Boolean variables required to represent a place p, the markings in which a transition

t is enabled to fire are defined by the characteristic function:

AeT1 Y

PE*t | j=W(p,)

The required token increase and decrease that corresponds to transition firing
simply implies shifting left or right the active bit in each word p', ..., pr according to
the number of tokens that must be subtracted or added respectively. For example,
the relation 0(M,t) = E; - (M(p) — W(p,t)) is implemented by shifting left w =

W (p,t) times the active variable, i.e. the set of equations:
(51(M, t), ..., 0% (M, t)) =F - (pw+1,pw+2, L pir0, ., 0) .

On the other hand, the relation §(M,t) = E;, - (M(p) + W (t,p)) is implemented by

shifting right w = W (¢, p) times the active variable, i.e. the set of equations:

(51(M’ t)7 "'75KP<M7 t)) = Et ’ (07 "'7072? T 'pr7p17 "'7pr7’LU717priw> )

Note that the selected one-hot variables encode M (p) = 0 as pl-p2---pKo. Therefore,
increasing the number of tokens in p from 0 to W (t,p) (i.e. activating variable p*)

requires detecting this special case.

The function 53 for the j-variable encoding the tokens in a place p; is described

by:
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g if (pi€®t\t*V(p; et Np; €t

AW (pit) > W(t,pi))) A (J = Ky —w),
0 if (pett\t*vV (p et np et

AW (pist) > Wt pi))) A (5> Kp —w),
Y if (ppet*\p e tV(p et np et
07 (1, +ves s t) = By - AW (L, pi) > W (pi, 1)) A (J > w),
pipt af (et \p etV (p et Np et
AW (L, pi) > W(pi, 1)) A (j = w),

0 z'f(pz-Et'\pie’t\/(piet'ﬂpie't
p{ otherwise;

\
and again, taking the appropriate constant value w in each case:

(

(pi t) if pi €t t\ 1,

(t, pi) if pi €t°\pi €° L,

Wipi,t) = W(t,p:) if piet*Np; €t AW(pit) > Wi(t,pi),
(t,pi) — Wi(pi,t) if ps €t*Np; €t AW (t,p;) > Wi(ps,t).

\

4.3.2.1 Simple example (Continued) Given the example in Fig. 17, the

characteristic functions with one-hot encoding for each transition will be:

Ey, =pi + i,
Et2 :p%_{-p% 9
Etg :p% )

Et4 :p§ .

4.4 Boundedness verification

The overall transition system works under the assumption that no place can contain
more than a given number of tokens - say k. This upper bound can be either self-
imposed by the designer or limited by the number of Boolean variables allocated
to represent the place; that is, the number of Boolean variables K, should be least

equal to [loga(k + 1)] when using a binary encoding, or k£ when using a one-hot
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encoding.

While using a binary encoding of places, a violation of the required boundedness
condition for place p can be interpreted as an overflow in the operations to compute
the actual number of tokens that should be placed in p after firing a transition ¢t €°® p.
Hence, each time a transition ¢ is enabled to fire the k-boundedness of the Petri net
can be verified by using the specific carry function in each place in the post-set of
t; that is,

From - E; - ZCKp

pet®

#0. (17)

over flow(t) =

A second option is to verify if there exists any place that exceeds a particular
tokens limit £ at a given place p. Taking a binary encoding of the places, the upper
bound k described as a set of constants k!, ..., k% and since (a > b) = (a - b), the

relation M (p) > k can described by the equation:
M(p) >k = (% kKr) +

(P @ ko) - (pfr . K1) 4
(pFr @ k&) - (pFo T @ kK1) - (pfe 2 |Fo2) 4

Hence, the markings that contain more tokens than the upper limit k& at place p

are characterized by the equation:

B =3 |0 B [ ¢&m

A similar characterization can be derived for a one-hot encoding of variables.
The relation M (p) > k holds if any of variables p*!, ..., p®» is active. Hence, the
markings that contain more tokens than the upper limit £ at place p are characterized

by the equation:

Kp
Bi(p) =) v
=1
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5 Algorithms

Combining the Petri net analysis methods based on Boolean representation with
the concept of hierarchical Petri nets, it is possible to develop efficient Petri net
analysis algorithms. The purpose of this section to present out ”decision of deadlock”
algorithm for hierarchical Petri nets. Firstly, the question of firing transitions will
be discussed. Then we will apply it to analyze the subnets, and we will use these

results for deciding if there is any deadlock in the overall system.

5.1 The idea

Since the size of Petri nets usually very large and Petri net deadlock analysis is
an NP problem the number of computational steps may grow exponentially with
the size of the net. The idea is to reduce a Petri net into smaller parts (we called
subnets) and analyze these subnets in about polynomial time. Therefor we can

merge there results and finally make decision on the presence of a deadlock.

5.2 Partition problem

A basic problem in decomposing Petri nets is how we construct subnets. A subnet
can be substituted either for a transition or a place. The substituting depends on
the structure of subnet. If the subnet is beginning with a transition and ending in
a transition, the subnet is substituting for a transition. In the other case, if the
subnet is beginning with a place and ending in a place, the subnet is substituting

for a place. The requirements of a substituting subnet are the following:

e there are one input connection place/transition and one output connection
place/transition which connect the subnet to the supernet, and there isn’t

further connection between a subnet and the supernet and another subnets,

e a subnet has one input place/transition and one output place/transition.

5.3 Decision algorithm

For that to make the decision on the presence of deadlock of a Petri net with a given

marking, it is enough if we can find at least one transition which is enabled and
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doesn’t cause overflow. If we can find a transition which fulfills the afore-mentioned
requirements, the complete net has no deadlock with the given marking, otherwise

the complete net has a deadlock with the given marking.

We must then analyze the supernet and one after the other all the subnets and
merge the obtained information with the information of supernet. This process is
repeated until we have found an appropriate transition or we have examined all

subnets and haven’t found an appropriate transition.

5.3.1 Analyzing a subnet

How we can analyze a subnet? During the analysis the algorithm computes the value
of the characteristic function E; of every transition ¢. If a transition is enabled, it

must be checked whether it causes any overflow.

For analyzing we use the incidence matrix of a subnet and the given marking
vector. The incidence matrix as it was defined in section 2.7.2.2 has the following

constraints:

e if the subnet is substituting for a transition, in the incidence matrix of the
sunbet the first transition being the input transition, and the last transitionin

being the output transition.

e if the subnet is substituting for a place, in the incidence matrix of the sunbet

the first place being the input place, and the last place being the output place.

These constraints simplify the computation.

5.3.2 Merge the information

After analyzing a subnet we only give some information which is relevant for dead-
lock analysis about it. This is obtained by searching an appropriate transition which
is enabled in the subnet. If we can find one, the algorithm would terminate and give
answer "live”. Otherwise we can check the subnet and the supernet input and out-
put connections. In this case we must to distinguish if the subnet is substituting for

a transition or the subnet is substituting for a place.
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Figure 18: Self-loop elimination

The incidence matrix of the supernet has the following constraints:

e places which are denoted subnets being in the beginning in the rows of the

incidence matrix,

e similarly, transitions which are denoted subnets being in the beginning in the

columns of the incidence matrix.

The other requirement the analyzed Petri net doesn’t contain self-loop. Because
the incidence matrix can not represent the self-loop. So if the Petri net contains
self-loop we must to set free it. We give a new transition and a new place into the

Petri net as you can see in Fig. 18.

5.4 Developing the algorithms

We have developed two cases of the above mentioned algorithms. The first case is
when the Petri net is safe, the second case is when the Petri net is k-bounded.

In the k-bounded case we use binary encoding for coding places and transitions.
Together with the binary encoding we used the appropriate extended equations for

k-bounded Petri nets (see the equations of the section 4).
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6 Simulation results

This section contains simulation result which we used to verify and validate our

deadlock testing algorithms for hierarchical Petri nets.

6.1 Description of the overall Petri nets

The implemented deadlock detection algorithm was tested on a previous example
Petri nets which can be seen in Fig. 12 the safe case and Fig. ?? the k-bounded

case.

6.2 The hierarchical models used
6.2.1 The safe case

We have decomposed the overall Petri net by two subnets in the Petri net as shown

in Fig. 12. So we have following nets in our hierarchical Petri net structure:

e the supernet H (see in Fig. 11)
e the first subnet H; which is substituting for place P

e the second subnet Hy which is substituting for transition 7°

First we construct the incidence matrices of the supernet and the subnets. For
the construction of the incidence matrices Visual Object Net++ v2.0a [5] was used
and we transformed them the necessary forms. The following incidence matrices

describe the supernet H and the two subnets H; and Hs:

- . 1 0 0 - q
1 -1 -1 1 0
-1 1 0
0 1 -1 0 1 0
H = H=|-1 0 1 Hy =
1 0 0O -1 0 1
0 -1 1
-1 0 0 0O -1 1
- - 0 0 -1 - -

6.2.2 The k-bounded case

We have decomposed the overall Petri net by three subnets in the Petri net. So we

have following nets in our hierarchical Petri net structure:
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6 SIMULATION RESULTS 6.2 The hierarchical models used

e the supernet H (see in Fig. 19)
e the first subnet H; which is substituting for transition ¢,
e the second subnet H, which is substituting for transition ¢,

e the third subnet H3 which is substituting for place ps3

t1 2

pl p2

) )

/ /

3 t4
|_\ ] M l“

/

p3 p4

Figure 19: The supernet of the k-bounded Petri net

pll

112

t1 p12 t14

t13

pl13

Figure 20: The subnet substituting for transition ¢;

First we construct the incidence matrices of the supernet and the subnets. For
the construction of the incidence matrix and we transformed them the necessary

forms. The following incidence matrices describe the supernet H and the three
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p21 p24

t21

Figure 21: The subnet substituting for transition ¢,

t31

Figure 22: The subnet substituting for place ps3

subnets Hy, Hy and Hs:

1 -1 0 0
11 0 1
1 1 0 0
H= H=|-11 -11
1 -1 1 -1
1 -1 1 1
0 0 -1 1
1 1 0 0
3 1 1 1 1 2 0 |
1 0 1 0 1 -1 1
H, = Hy —
0 -1 —1 2 0 -1 1
0 -1 0 1 0 0 1|
0 0 —1 1
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In this case the bound (k) is 3. Therefor, we need 2 variables for binary encoding

a value.

6.3 Implementation of the deadlock detection algorithm

The algorithms were implemented in Matlab’s programming language[9]. The com-
plete source code of the algorithms can be found in the Appendix (Section 8.1 —
8.5). Have we only give the input-output description of the main part of the source

code.

Notation Since Matlab programming language doesn’t use Boolean variables, so
we should have correction this gap. The 1 denotes the value of the Boolean " True”,

and 0 denotes the value of the Boolean ”False”.

6.3.1 Detection algorithm

Safe Petri nets The commented source code of the method can be found in
Appendix 8.1.
File name: SAFE_DETECTION.M

main_A: the incidence matrix of the supernet

main M: the marking vector of the supernet

subnet_A: the incidence matrix of all subnets

subnet_M: the marking vector of a subnets

place_subnet number: the number of transitions in the supernet

transition_subnet_number: the number of transitions in a supernet

Output
the value of the return and written message: write "deadlock” and return 1
if the Petri net with a given marking is deadlock, otherwise write "live” and
return 0

Operation

The procedure is the implementation of the algorithm described in Section 5.3.

This method is specialized in safe Petri nets.

23



6 SIMULATION RESULTS 6.3 Implementation of the algorithm

k-bounded Petri nets The commented source code of the method can be found
in Appendix 8.3.
File name: BOUNDED _DETECTION.M
main_A: the incidence matrix of the supernet
main M: the marking vector of the supernet
subnet_A: the incidence matrix of all subnets
subnet_M: the marking vectors of all subnets
place_subnet number: the number of transitions in the supernet
transition_subnet _number: the number of transitions in a supernet

Bound: the value of the bound

Output
the value of the return and written message: write ”deadlock” and return 1
if the Petri net with a given marking is deadlock, otherwise write "live” and
return 0

Operation

The procedure is the implementation of the algorithm described in Section 5.3.

This method is specialized in k-bounded Petri nets.

6.3.2 Analyze a subnet

Safe Petri nets The commented source code of the method can be found in
Appendix 8.2.
File name: SAFE_ANALYZE_SUBNET.M

Inputs

A: the incidence matrix of a subnet

M: the marking vector of a subnet

Output

result: combination of the characteristic functions of subnet (Et) and the over-

flow vector of a subnet (0v)

Operation
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6 SIMULATION RESULTS 6.3 Implementation of the algorithm

The procedure is the implementation of the algorithm described in Section
5.3.1. This method is specialized in safe Petri nets. The characteristic function

calculation uses the Eq. (6). The overflow checking uses the Eq. (12).

k-bounded Petri nets The commented source code of the method can be found
in Appendix 8.4.
File name: BOUNDED _ANALYZE SUBNET.M

code_A: the encoded incidence matrix of a subnet
code M: the encoded marking vector of a subnet
Bound: the value of the bound
Output
result: combination of the characteristic functions of subnet (Et) and the over-
flow vector of a subnet (0v)
Operation

The procedure is the implementation of the algorithm described in Section
5.3.1. This method is specialized in k-bounded Petri nets. The characteristic
function calculation uses the Eq. (15) which specialized in k-bounded case

(Eq. (16)). The overflow checking uses the Eq. (12).

6.3.3 Encoding function for bounded analyze

The commented source code of the method can be found in Appendix 8.5.
File name: CODE.M
Inputs

In: the matrix what we want to encode

Bound: the value of the bound

Output

result: encoded K

Operation

The function is encode the input matrix with using binary encode.
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6.4 Evaluation of the algorithms

As we see in the source code of the algorithms, the k-bounded case is more difficult
than the safe case. As a result of the encoding we obtained much more variables that
we could handle. So the conditions in the safe case are simple, but these simplest

conditions are becoming complex and they aren’t comprehended.

If we increase the bound, the number of the variables is exponentially increasing
and the time of the evaluation of the conditions is increasing too. But if we restrict
the size of any subnet, we can bound the execution time. Or if we restrict the max-

imum value of the bound k, we can also bound the execution time.
These algorithms are facilitated by the usage and the utilization of large Petri

nets. Their usefulness comes into the surface as we get much more information by

using them which we can’t see because of the large size.
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7 Conclusions and possible future work

Algorithms for deadlock analysis in hierarchical Petri nets have been proposed in
this diploma work. The method is based on Boolean variable description of Petri
nets and their operation and on their hierarchical decomposition. We have achieved
partial results for hierarchical Petri nets, where we can detect deadlocks in a given

Petri with a given initial marking.

Two variants of the deadlock detection method have been developed and imple-
mented according to whether the Petri net is safe or k-bounded. Accordingly, I have

constructed algorithms for two cases: safe and k-bounded Petri nets.

The idea of hierarchically decomposing a complex Petri net made the analysis
much faster and more efficient. This is, because we usually don’t use the whole net
at the same time, just one subnet. Theis way the execution time is decreasing.

At the same time, however, the binary encoding leading to Boolean variables
increases exponentially the number of variables in the k-bounded case, therefore it

increases the execution time.

The algorithm for the safe (k = 1) case is used for analyzing a complex test prob-
lem. If we determine all the possible markings and execute this algorithm for every
marking we can generate the set of all dead markings and the set of all live markings.

In the future there are several topics to be investigated further:

1. Generalize this algorithm for higher complexity (more than 2 levels) hierarchi-

cal Petri nets.

2. How we can efficiently transform a k-bounded Petri net into a safe one? What

is the difference between the execution time of the algorithms.

3. How we can transform a colored Petri net into a safe one.? How will change

the execution time for this case?
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8 Appendix — Source code of the algorithms

8.1 The deadlock detection algorithm - safe Petri nets

%File: SAFE DETECTION.M

%Description: Algorithm for decides a given hierarchical Petri net is deadlock
% or live with a given initial marking

%Inputs: main_A,main M,subnet_A,subnet M,place_subnet number,

% transition_subnet number

%0utput: write ’’deadlock’’ and return 1 if the Petri net with a given marking
% is deadlock, otherwise write ’’live’’ and return O

%Author: Erzsébet Németh

%Last modified: 05 03 2002

%analyze of the supernet
result=safe_analyze_subnet(main_A(place_subnet number+l:size(main A,1),
transition_subnet_number+1:size(main_A,2)),
main M(place_subnet number+1:size(main A,1)));
main_Et=result(l:size(main_A,2)-transition_subnet_number) ;
main_Ov=result(size(main_A,2)-transition_subnet _number+1:size(result,2));
for a=1 : transition_subnet_number
main_Et=[0 main_Et];
main_Ov=[-1 main_0v];
end
main m=size(main_A,2); % the number of transitions in the supernet

main n=size(main_A,1); % the number of places in the supernet

% for all subnets which are substituting for a place

for which replaced=1 : space_subnet number
% select the corresponding subnet and its marking vector
sub_A=subnet_A[which replaced];
sub_M=subnet _M[which replaced];
% analyze the subnet
result=safe_analyze_subnet (sub_A,subM);
sub_Et=result(l:size(sub_A,2));
sub_Ov=result(size(sub_A,2)+1:size(result,2));
sub_m=size(sub_A,2); % the number of transitions in the supernet

sub_n=size(sub_A,1); % the number of places in the supernet

%search adequate transition
i=1;
while i <= subm
if sub Et(i) == 1 & sub 0v(i) ==

’live’
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return 0O
end
i=i+1;
end

% if there isn’t a token in the input place

if subM(1) ==
for k=1 : mainm
if main A(which replaced,k) == -1

% transition in the supernet which consequence is the input place
% doesn’t cause overflow
main_0v(k)=0;

end

end

% for all subnets which are substituting for a transition

for which_replaced=1 : transition_subnet_number
% select the corresponding subnet and its marking vector
sub_A=subnet_A[place_transition number+which replaced];
sub_M=subnet_M[place_transition number+which replaced];
% analyze the subnet
result=safe_analyze_subnet (sub_A,sub.M);
sub_Et=result(l:size(sub_A,2));
sub_Ov=result(size(sub_A,2)+1:size(result,2));
sub_m=size(sub_A,2); 7 the number of transitions in the supernet

subn=size(sub_A,1); % the number of places in the supernet

%search adequate transition
i=1;
while i <= subm
if sub Et(i) == 1 & sub 0v(i) == 0
’live’
return 0
end
i=i+1;
end
main Et (which replaced)=1;
preset=0;
for j=1 : mainn
if main_A(j,which_replaced)==
preset=1;
main Et (which replaced)=main Et(which replaced) &
main A(j,which replaced)*main M(j);

end
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end

if preset == 0 % if pre-set of t_(which_replaced) is empty set
main Et(which_replaced)=0;

end

contain=0;

% recompute the value of sub_Ov(1)

sub_0v(1)=0;
for j=1 : subn
if sub_A(j,1) == -1 % consequence of which replaced
contain=1;
sub_0v(1)=sub_0v(1) | subM(j) ;
end
end

if contain ==
sub_0v(1)=0;
end
if main Et(which replaced) == 1 & subOv(1l) == 0
’live’
return 0
end
% analyze the output transition
contain=0;
% recompute the value of main Ov(which_replaced)
main_Ov(which _replaced)=0;
for i=1 : mainn
if main A(i,which_replaced) == -1 J, consequence of which replaced
contain=1;
main_Ov(which_replaced)=main_Ov(which replaced) | main M(i);
end
end
if contain ==
main_Ov(which_replaced)=0;
end
if sub_Et(subm) == 1 & main Ov(which replaced) =1
’live’
return 0

end

% reanalyze the supernet
% is there an enabled transition which doesn’t cause overflow?
i=1;
while i <= mainm
if main Et(i) == 1 & main Ov(i) ==

’live’
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return 0O
end
i=i+1;
end
’deadlock’
return 1

8.2 The subnet analyze algorithm - safe Petri nets

%File: SAFE_ANALYZE SUBNET.M

%Description: Algorithm for compute the characteristic function for each
% transition and check the overflow

%Inputs: A,M

%0utput: result

%Author: Erzsébet Németh

%Last modified: 05 03 2002

% initialization of variables and parameters
n=size(A,1); ' the number of places
m=size(A,2); % the number of transitions
Et=zeros(1,m);
% E_t vector
% Et(i) =1 if t.i is enabled
% Et(i) = 0 if t_i is not enabled or pre-set of t_i is empty set

Ov=zeros(1,m); % Overflow vector

% 0v(i) = 1 if t_i is enabled and t_i causes overflow
% 0v(i) = 0 if t_i is enabled and t_i doesn’t cause overflow
% 0v(i) = -1 if t_i isn’t enabled

% beginning of the algorithm
i=0;
% for all transitions
while i < m
i=i+1;
Et(i)=1;
preset=0;
for j=1 : n
if A(j,1) ==
preset=1;
Et(1)=Et(i) & A(j,1i)*M(j);
end
end
if preset == 0 % if pre-set of t_i is empty set
Et(i)=0;
end

61



8 APPENDIX - SOURCE CODE OF THE ALGORITHMS

Ov(i)=-1;
% Overflow-check for enabled transition
if Et(i) ==
0v(i)=0;
preset=0;
for j=1 : n
if A(j,1) == -1
Ov(i)=0v(i) | M(3);
preset=1;
end
end

if preset == 0 % if post-set of t_i is empty set
ov(i)=-1;
end
end
end
result=[Et 0v];

8.3 The deadlock detection algorithm - bounded Petri nets

%File: BOUNDED _DETECTION.M

%Description: Algorithm for decides a given hierarchical Petri net is deadlock
h or live with a given initial marking

%Inputs: main A,main M,subnet_A,subnet M,place_subnet number,

% transition_subnet _number,Bound

%0utput: write "deadlock" and return 1 if the Petri net with a given marking
% is deadlock, otherwise write "live" and return O

%Author: Erzsébet Németh

%Last modified: 05 03 2002

% the number of required variables to encode values of elements of

% incidence matrix and values of elements of marking vector

k=ceil (log2(Bound+1));

% encode the supernet

code_main_A=code(main_A,Bound) ;

code_main_M=code(main_M,Bound) ;

% analyze of the supernet

result=bounded_analyze_subnet (code main_A(place_subnet number+1:size(code main A,1),
transition_subnet _number+1:size(codemain_A,2)),
code main M(place_subnet _number+1:size(code main_A,1)) ,Bound);

main Et=result(l:size(main_A,2)-transition_subnet_number) ;

main_Ov=result(size(main_A,2)-transition_subnet_number+1:size(result,2));

for a=1 : transition_subnet_number

main_Et=[0 main_Et];
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main_Ov=[-1 main_0v];
end
main m=size(main_A,2); % the number of transitions in the supernet

main n=size(main_A,1); % the number of places in the supernet

% for all subnets which are substituting for a place
for which_replaced=1 : place_subnet_number
% select the corresponding subnet and its marking vector
sub_A=subnet_A[which _replaced];
sub_M=subnet M[which_replaced] ;
% encode the supernet
code_al_A=code(sub_A,Bound) ;
code_al_M=code (sub_M,Bound) ;
% analyze the subnet
result=bounded_ana1yze,subnet(code,algA,code,alJW,Bound);
al_Et=result(l:size(al_A,2));
al _Ov=result(size(al_A,2)+1:size(result,2));
al m=size(al_A,2); % the number of transitions in the supernet

al n=size(al_A,1); % the number of places in the supernet

%search adequate transition
i=1;
while i <= subm
if sub Et(i) == 1 & sub Ov(i) ==
’live’
return O
end
i=i+1;
end
% if there isn’t a token in the input place
exist=0;
for b=1 : k
if code_sub M(which replaced,b)
exist=1;
end
end
if exist ==
for b=1 : mainm
if codemain A(which replaced,b,k+1) ==
% transition in the supernet which consequence is the input place
% doesn’t cause overflow
main 0v(b)=0;
end
end

end
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% for all subnets which are substituting for a transition
for which_replaced=1 : transition_subnet number
% select the corresponding subnet and its marking vector
sub_A=subnet_A[place_transition number+which replaced];
sub_M=subnet _M[place_transition number+which replaced];
% encode the supernet
code_sub_A=code(sub_A,Bound) ;
code_sub_M=code (sub_M,Bound) ;
% analyze the subnet
result=bounded_analyze_subnet (code_sub_A,code_sub_M,Bound) ;
sub_Et=result(l:size(sub_A,2));
sub_Ov=result(size(sub_A,2)+1:size(result,2));
sub_m=size(sub_A,2); % the number of transitions in the supernet

sub_n=size(sub_A,1); % the number of places in the supernet

%search adequate transition
i=1;
while i <= mainm
if sub Et(i) == 1 & sub Ov(i) ==
’live’
return 0O
end
i=i+1;
end
main Et (which replaced)=1;
exist=0;
for j=1 : mainn
if codemain A(j,which replaced,k+1) ==
exist=1;
result=bounded_analyze_subnet ([code main A(j,which replaced,:)],
[codemain M(j,:)],Bound);
enabled=result(l);
main_Et(which replaced)=main Et(which_replaced) & enabled;
end
end
if exist == 0 % if pre-set of t_(which replaced) is empty set
main Et (which_replaced)=0;
end
contain=0;
% recompute the value of sub_0v(1)
sub_0v(1)=0;
for j=1 : submn
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if code_sub_A(j,1,k+1) == 1 % consequence of which replaced
contain=1;
sub_Et(1)=1;
newrow=zeros(1,sub.m) ;
newrow(1)=1;
result=bounded_analyze_subnet (code([sub_A;newrow] ,Bound),
code([sub_M;1],Bound) ,Bound) ;
sub_0v(1)=sub_0v(1) | result(subm+1) ;
end
end
if contain ==
sub_0v(1)=0;
end
if main Et(which_replaced) == 1 & sub. 0v(1l) ==
’live’
return O
end
% analyze the output transition
contain=0;
% recompute the value of main Ov(which_replaced)
main Ov(which_replaced)=0;
for i=1 : mainn
if codemain A(i,which replaced,k+1) == 1 7 consequence of which_replaced
Overflow=0;
contain=1;
% for each post-set place compute the new value of M(p)
% calculate the value of M(p)+W(t,p)
carry_1=0;
carry=0;
newM_p=[];
for 1=1 : k
carry_i=carry;
a=code_main M(i,1);
b=code main A(i,which replaced,l);
newM_p=[newMp , (carry_1*( a* b+axb)) | ( carry_1*(a* b+ axb))];
carry=carry_i*b | (ax(carry_i* b | carry_i*b));
end
if carry ==
Overflow=1;
else
% newM_p > Bound ?
valueM=newM p(1) ;
for q=2 : k
valueM=valueM+newM_p(q)*2~(g-1);
end
if valueM > Bound
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Overflow=1;
end
end
main Ov(which replaced)=main Ov(which replaced) | Overflow;
end
end
contain ==
main Ov(which replaced)=0;
end
if sub_Et(subm) == 1 & main Ov(which replaced) =1
’live’
return O

end

% reanalyze the supernet
% is there an enabled transition which doesn’t cause overflow
i=1;
while i <= main.m
if main Et(i) == 1 & main Ov(i) ==
’live’
return 0O
end
i=i+1;
end
’deadlock’

return 1

8.4 The subnet analyze algorithm - bounded Petri nets

%File: BOUNDED_ANALYZE SUBNET.M

%#Description: Algorithm for compute the characteristic function for each
% transition and check the overflow

%Inputs: code_A,code M,Bound

%0utput: result

%Author: Erzsébet Németh

%Last modified: 05 03 2002

% initialization of variables and parameters
n=size(code_A,1); % the number of places
m=size(code_A,2); % the number of transitions
Et=zeros(1,m); % E_t vector
% Et(i) = 1 if ti is enabled
% E_t(i) = 0 if t.i is not enabled or pre-set of t_.i is empty set
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Ov=zeros(1l,m); % Overflow vector

% 0v(i) = 1 if t_i is enabled and t_i causes overflow
% 0v(i) = 0 if t_i is enabled and t_i doesn’t cause overflow
% 0v(i) = -1 if t_i isn’t enabled

% beginning of the algorithm
i=0;
% the number of required variables to encode values of elements of
% incidence matrix and values of elements of marking vector
k=ceil (log2(Bound+1)) ;
% for all transitions
while i < m
i=i+1;
Et(i)=1;
% for all places
summa=0;
summa2=1;
preset=0;
for j=1 : n
if code A(j,i,k+1) == 0
preset=0;
for 1=1 : k
if code A(j,i,1) > O
preset=1;
end
end
if preset
for ii=1 : k
product=1;
volt=0;
for jj=ii+l : k
product=product & ( codeM(j,jj) == code A(j,1,jj));
volt=1;
end
summa=summa | ((codeM(j,ii) * code A(j,i,ii)) & product);
end
for 1=1 : k
summa2=summa2 * (codeM(j,1) == code A(j,i,1));
end
end
end
end
summa=summa | summa?2;
Et(i)=Et(i) & summa;
if preset == 0 % if pre-set of t_i is empty set
Et(i)=0;
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Ov(i)=-1;
% Overflow-check for enabled transition
if Et(i) ==
0v(i)=0;
postset=0;
% for each post-set place compute the new value of M(p)
for h=1 : n
if (code_A(h,i,k+1) == 1)
% calculate the value of M(p)+W(t,p)
postset=1;
carry_1=0;
carry=0;
newM_p=[];
for 1=1 : k
carry._i=carry;
a=code M(h,1);
b=code_A(h,i,1);
newM_p=[newM p , (carry_1*x( ax b+axb)) | ( carry_1*(ax b+ a*b))];

carry=carry_i*b | (ax(carry_i* b | carry_i*b));
end
if carry == 1

Ov(i)=1;
else

% newM_p > Bound 7

valueM=newM p(1);

for g=2 : k
valueM=valueM+newM_p(q)*2~(g-1);

end
if valueM > Bound
Ov(i)=1;
end
end
end
end
if postset == 0 % if post-set of t_i is empty set
Ov(i)=-1;
end
end
end

result=[Et 0v];

8.5 The encode function - bounded Petri nets

%File: CODE.M
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%Description: Encode the input with using binary encoding
%Inputs: In,Bound

%0utput: result

%Author: Erzsébet Németh

%Last modified: 05 03 2002

% the number of required bits for encoding a value kk=ceil(log2(k+1));
result=zeros([size(In) kk]);
for i=1 : size(In,1)
for j=1 : size(In,2)
if In(i,j) < 0
result(di,j,k+1)=1; % sign bit
In(i,j)=-In(i,]);
end
for h=1 : kk
if In(i,j) >= 2" (kk-h)
result(i,j,kk-h+1)=1;
In(i,j)=In(i,j)-2" (kk-h);
end
end
end

end
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